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A COMPARISON TEST FOR MARTINGALE INEQUALITIES

By Buraess Davis

Rutgers—The State University

1. Introduction. If f = (f1, f2, ---) is a sequence of real valued functions on
a probability space we define its difference sequence d = (dy ,ds, --+) by di = f1,
d; = fi — fiz, 4 > 1, and use the following notation: f,* = max (|fi], - -+ , Ifal),
F* = supafa*, 8a(f) = [Zi=ddl, S(f) = Su(f) = sup,Su(f), and [f], =
Sup, ||falls , where ||f4||» is the L” norm of f . ||f||» will be called the L” norm of the
sequence f and f will be said to be L” bounded if it has finite L” norm.

In [2] Burkholder derives a number of martingale inequalities from Theorem 6
of that paper, which states: There is a real number M such that if f and ¢ are
martingales relative to the same sequence of o-fields and S,(g) = S.(f),n = 1,
then AP(¢* > \) < M ||f|.,» > 0.

The proof of this result is based on a widely applicable method, which yields,
however, no information about the size of /. In [6] Gundy gives proofs capable of
providing numerical bounds for M for several of the inequalities established in [2].
However, only a special case of Theorem 6 is obtained, that in which g is a trans-
form of f under a uniformly bounded multiplier sequence. Here a proof providing
numerical bounds for M is given for a strengthened version of Theorem 6
and an additional inequality is obtained for ¢* if the f of Theorem 6 is uni-
formly integrable.

In the final section several existing results about the convergence of L' bounded
martingales f are shown to follow easily from information concerning S(f).

2. A comparison test for martingale inequalities. If f = (fi, fo, ---) is a
martingale with difference sequence d then

B(f) = B(2iad)") = B(2Ziad?) = E((8.()").

Since E(f,*") < 4E(f.}) by an inequality due to Doob ([4], page 317) we have
upon taking limits the basic relation:

(1) E(8(f)") £ E(f*) = 4B(S(f)").
We will make use of the result proved in [2] and [4], if f is a martingale
(2) AP(S(f) > N) = 22/fllx, N> 0,

(Burkholder proves there is a real number M for which A\P(S(f) > \) = M ||f]1,
and Gundy’s method gives numerical bounds for M ). In particular (1) will be
used to translate the information (2) gives us about S(f) into information about
f*. No effort is made to minimize the constants involved.
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