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THE LAW OF THE ITERATED LOGARITHM FOR MIXING
STOCHASTIC PROCESSES!

By Warurer Puivipp

Unaversity of Illinois

1. Introduction. Let (¢, ,n = 1,2, -..) be a sequence of random variables
centered at expectations with finite variances. Suppose that

1) 3N2 = E(EngN En)2 — ® N — ©)
2) Svy1/sy — 1 (N — «)
and that

(3) v = B w1 n)’ = (s —sa?) (L +0(1)) (as su — su> — o).

Let M . be the o-algebra generated by the events {¢, < a},a < n < b. Wesay
that the Borel-Cantelli Lemma holds for the process (£.) if ), P (4;) = o implies
that P(4zi.0.) = 1 where Ay e My 1 (1 S mp < my < ---).

The standard proof of the law of the iterated logarithm yields the following

THEOREM 0. Let (£,) be any stochastic process satisfying (1)—(3) for which the
Borel-Cantells Lemma holds. Suppose that uniformly in M and x

@) Psuy Zneuniba < @) = @) [20 67 dt 4+ 0 ((log saw) ™), n > 0,

and that for some constants C > 0, 0 < py = O((log log sx)?) and e sufficiently
large

) P(maxléngN Zkén & >e€) = CP(ZIagN & > € — pasw).
M oreover, suppose that (5) holds with &, replaced by —&, . Then
(6) P (lim SUPy-o (28 log log sy’) D ucn & = 1) = 1.

In short the law of the iterated logarithm holds for any process for which the
Borel-Cantelli Lemma, the central limit theorem with a reasonably good re-
mainder and a certain maximal inequality are valid. The proof of Theorem 0 can
be found in Logve [4, pages 260-263] (see also [1], [5]) where instead of the ex-
ponential bounds we use the fact that for 7 > 0

P bn > msuw) = 2r) 7 exp (=37) (1 + 677°) + 0 ((log saw) ™)
with 0 < 6 < 1. This follows from (4) and the well-known [1, page 175] estimate
[2e dt = a7 exp (—32%) (1 + 027%).

Moreover, we choose 7 to be the largest integer n with s, < ¢, where ¢ > 1is
the constant occurring in [4, page 261], (s, is not assumed to be monotone).
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