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Introduction. T h e  p r i m a r y  o b j e c t  of  t h i s  p a p e r  is  to  o b t a i n  e x i s t e n c e  

t h e o r e m s  fo r  t h e  a b s t r a c t  c o m p l e t e l y  i n t e g r a b i e  ~ d i f f e r e n t i a l  e q u a t i o u  

d~f(x) : F(x, f(x), ~), 

w h e r e  t h e  l e f t  m e m b e r  is t h e  F r 6 c h e t  d i f f e r e n t i a l  s of  f ( x ) w i t h  i n c r e m e n t  ~, 

a n d  t h e  r a n g e s  a n d  d o m a i n s  of  t h e  f u n c t i o n s  i n v o l v e d  a re  in  B a n a c h  spaces .  4 

By a g e n e r a l i z a t i o n  of  t h e  w e l l - k n o w n  m e t h o d  of  success ive  a p p r o x i m a t i o n s  a n d  

t h e  use  o f  m o s t  of  t h e  k n o w n  a n d  s eve ra l  n e w  p r o p e r t i e s  of  a b s t r a c t  d i f f e r e n t i a l s  

a n d  i n t e g r a l s ,  we p rove  two  m a i n  t h e o r e m s ,  one  loca l  in  c h a r a c t e r  a n d  t h e  o t h e r  

' i n  t h e  l a r g e ' ,  by  m e a n s  of  w h i c h  we o b t a i n  n e w  e x i s t e n c e  t h e o r e m s  f o r  P f a f f i a n  

d i f f e r e n t i a l  e q u a t i o n s  in  H i l b e r t  space  a n d  t h e  w e l l - know n  space  of  c o n t i n u o u s  

f u n c t i o n s ,  a n d  a l so  a n e w  e x i s t e n c e  t h e o r e m  fo r  a b s t r a c t  i m p l i c i t  f u n c t i o n s .  

K e r n e r ' s  r e c e n t  t h e o r e m  5, in  w h i c h  F(x, f(x), ~)is i n d e p e n d e n t  of  f(x), is a n  

i m m e d i a t e  c o r o l l a r y  of  t h e  f i rs t  m a i n  t h e o r e m .  By s p e c i a l i z i n g  t h e  B a n a c h  spaces ,  

we o b t a i n  s e v e r a l  of  t h e  r e c e n t  i m p r o v e m e n t s  in  t h e  t h e o r y  of  t h e  c l a s s i ca l  

i Presented to the Amer. Math. Soc. 0934)- Cf. Bull. Amer. Math. Soe., 4 o, 53 ~ (I934). 
2 The condition of complete integrability (the premise in (ii) of Theorem I) is suggested by 

a theorem of Kerner on the symmetry in the increments of a repeated Fr6chct differential; it is 
definitely a necessary condition for the existence of the solution in Theorem II. 

s M. FRI~;CrtET, Annales So. Ec. Norm. Sup., t. 42, 293--323 (I925). See also T. H. ]Ill, DE- 
BRANT and L. M. GRAVES, Trans. Amer. Math. Soe., 29 (I927). 

4 S. BANACH, Fund. Math., 3, I33--I8I  (t922). See also his book, Th6orie des op6rations 
lin6aires, 0932). A Banaeh space is briefly a complete normed vector space closed under multi- 
plieation by real numbers. 
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