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Introduction. The primary object of this paper is to obtain existence
theorems for the abstract completely integrable® differential equation

d:f (@) = F(x, flx), §),

where the left member is the Fréchet differential® of f(z) with increment £,
and the ranges and domains of the functions involved are in Banach spaces.*
By a generalization of the well known method of successive approximations and
the use of most of the known and several new properties of abstract differentials
and integrals, we prove two main theorems, one local in character and the other
‘in the large’, by means of which we obtain new existence theorems for Pfaffian
differential equations in Hilbert space and the well-known space of continuous
functions, and also a new existence theorem for abstract implicit functions.
Kerner's recent theorem®, in which F(x, f(x), £) is independent of f(x), is an
immediate corollary of the first main theorem. By specializing the Banach spaces,
we obtain several of the recent improvements in the theory of the classical
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? The condition of complete integrability (the premise in (ii) of Theorem I) is suggested by
a theorem of Kerner on the symmetry in the increments of a repeated Fréchet differential; it is
definitely a necessary condition for the existence of the solution in Theorem II.
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