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Introduction 

I t  is well known tha t  the regularity of minimal submanifolds can be reduced to the 

study of minimal cones and hence to compact minimal submanifolds of the sphere. A phe- 

nomenon related to regularity was discovered b y  Bernstein [3] in 1915. The Bernstein 

Theorem says tha t  an entire solution to the minimal surface equation in two variables 

is a plane. An answer to the extrinsic rigidity question of whether a minimal submanifold 

which lies in some neighborhood of a standard sphere must  actually be a standard sphere 

is of interest in relation to the above topics as well as in its own right. 

Efforts to generalize Bernstein's Theorem were made by many  authors. The work of 

Simons [16] completed the proof in codimension one up to dimension 7. Bombieri, de 

Giorgi and Guisti [4] gave a counterexample in dimension 8. For two-dimensional graphs, 

Osserman [14] proved a version of Bcrnstein's theorem assuming the normal vectors omit 

a neighborhood of the sphere. Simons [16] proved tha t  a minimal cone whose normal planes 

lie in a sufficiently small neighborhood is a plane and hence Bernstein's theorem is true 

for a graph whose normals satisfy the same condition. Reilly [15] enlarged the neighbor- 

hood. His estimate says tha t  if a cone has the property tha t  the normals satisfy <N, A> > 

V(2k -2 ) / (3k -2 )  for some fixed k-plane A, then the cone is a plane. For two-dimensional 

minimal graphs Barbosa [2] improved the neighborhoods to an open hemisphere. More 

specifically, Barbosa showed tha t  a compact  minimally immersed sphere in S ~+~ such tha t  

its normal satisfy <N, A> > 0  for some fixed A is totally geodesic. The theorem was also 

proved by S. T. Yau [17] for S 2 in S 4 and by Kenmatsu  [10] under the stronger assump- 

tion of a bound on <N, A>. Lawson and Osserman [12] constructed a series of examples of 
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