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w i .  

The  main  theorem obta ined  in the  presen t  no te  is t he  following: - -  Except 

at a countable set o/ points, the lower derivate on either side is not greater than the 

upper derivate on the other side; i. e. using an  accep ted  no ta t i on  which explains  

itself 1 

l-(x) <_l + (x), 
and  also 

1+ (x) </-(x). 
T h e  pr imi t ive  fonct ion ](x) m a y  be a n y  func t ion  w h a t ev e r  of the  single real 

var iab le  x. I f  ](x) is a cont inuous  func t ion ,  thi  s t heo rem enables  us to  assert  

tha t ,  excep t  a t  a coun tab le  set  of points ,  /(x) has a t  least  one symmet r i c  deri-  

va te ,  t ha t  is to  say there  is a t  least  one sequence of posi t ive ,  and one sequence 

of nega t ive  values of h, bo th  wi th  zero as limit,  co r responding  to  each po in t  x, 

such t h a t  the  i n c r e m e n t a r y  r a t ion  (/(x + h ) - - / ( x ) ) / h  has the  same l imit  for  

the  two sequences.  I define accord ingly  the mean symmetric derivate o] a con- 

tinuous ]unction f(x) to  be the  t r igonomet r ic  mean  (w 7 ) b e t w e e n  the  g rea t e s t  and  

least  symmet r i c  de r iva t e  a t  each p o i n t ;  the mean symmetric derivate o] a con- 

tinuous ]unction then exists except at most at a countable set o/ points; it agrees 

with the di]]erential coe]]icient, wherever this exists, and is ]inite except at a set o/ 

points o] content zero. 
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