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I n  th is  paper  we develop a theo ry  of re la t ive  in teg ra t ion  in recurs ive  funct ion  

t h e o r y  and  a p p l y  i t  to  es tabl ish  the  f u n d a m e n t a l  p roper t ies  of the  r e l a t ive ly  ex- 

ponent ia l ,  logar i thmic  and  circular  funct ions  which are the  ' ana logues '  in the  r a t iona l  

space of recurs ive  funct ion  t h e o r y  of the  classical funct ions  of the  same names.  

The present  account  is self conta ined  and  m a y  be r ead  wi thou t  reference to  the  

l i t e ra tu re  on recursive funct ion theory .  1 

Recurs ive  funct ion  theory  is a deve lopmen t  of a free va r i ab le  fo rmal i sa t ion  of 

a r i t hme t i c  in t roduced  b y  Th. Skolem. ~ The  e l e me n ta ry  formulae  of th is  sys tem are  

equat ions  be tween  ' t e rms ' ,  and  the  class of formulae  is cons t ruc ted  from the  ele- 

m e n t a r y  formulae  b y  the  opera t ions  of the  p ropos i t iona l  calculus. The te rms  are the  

free numera l  var iables ,  the  sign 0, and  the  signs for funct ions.  As funct ion  signs 

we have  S (x) for the  successor funct ion,  and  signs for funct ions  in t roduced  b y  re- 

cursion. The de r iva t ion  rules comprise  the  propos i t iona l  calculus, the  subs t i t u t ion  of 

t e rms  for numera l  var iables ,  the  schema 

the  induc t ion  schema 

a=b-->(a (a)-->a (b)), 

r (o), a (n)-+~ (S (n)) 
Q (n) 

1 A list of publications on recursive function theory is given in the Bibliography of the 
author's "Constructive Formalism" (Leicester, 1951). 

2 In his paper "Begriindung der elementaren Arithmetik durch die rekurrierende Denkweise . . . " ,  
Videnskapsselskapets Skri/ter (Kristiania 1923), 2, Vol. I w 7 pp. 3-38. 


