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1. Introduction 

Let  (~ be a locally compact  Abelian group and  let ~t denote a regular probabi l i ty  

measure on (~. I f  {~n, n ~> 1} is a sequence of independent  (~ valued r andom variables 

each having # for their probabil i ty law, then  the random walk with initial point  S O is the 

Markov chain Sn =So § + . .-+ ~n. I f  @o is the minimal closed subgroup of (~ generated 

by  the support  S(#) of ~, then Po(S~ E q~o for all n >/1) = 1, where P~(. ) denotes conditional 

probabi l i ty  given S O = x. Hencefor th  we will assume tha t  (~0 = ~-  This entails no real loss 

in general i ty and  is essential for the proper  formulat ion of our results. I n  addition, through-  

out  the first 13 sections of the paper  we always assume tha t  (~ is also noncompact .  For  

a compact  (~ the corresponding results (where meaningful) are far  easier to establish. We 

will discuss these in our final w 14. 

Basic nota t ion and  concepts used th roughout  the paper  are listed in w 2. The reader  

should refer to this section while reading the introduct ion as the need arises. 

A random walk is said to be recurrent if for some compact  neighborhood N of 0, 

~ = I P o ( S ~  EN) = ~ .  Otherwise the walk is called transient. I t  is a k n o w n  fact (see Loynes  

[7]) t ha t  for a recurrent  walk ~ I P x ( S  n E_N) = c~ for all x and  open sets N,  while for a t ran-  

sient walk ~n=lPz(Sn EK) c~ for all x and compact  sets K. Moreover (Loynes [7]) in a re- 

current  walk, Px(VN < cr  for all open sets N # O .  A random walk is nonsingular if 

for some n >~ 1, /x (n) has a nonsingular component  relative to the H a a r  measure on (~. 

For  a nonsingular walk the sets N in the above s ta tements  m a y  be t aken  to be Borel 

sets of positive Haa r  measure. 

Briefly, our main goals in this paper  are five-fold. First, to  establish the renewal 

theorem for t ransient  r andom walks on (~. This will be done in w 4 and  will be the only 

place tha t  t ransient  walks are discussed. The remainder  of the paper  is devoted  to recurrent  
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