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1. Introduction 

A n  examina t i on  of tab les  [3; 5; 8; 12; 15] of the  positive(2) zeros of fami l ia r  special  

funct ions,  such as Bessel functions(a) a n d  var ious  or thogonal  polynomials ,  suggests  t h a t  

sequences of differences cons t ruc ted  f rom those  zeros behave  in a regula r  manner .  Indeed ,  

cer ta in  heur is t ica l ly  observed  regular i t ies  are  exp lo i t ed  sys t ema t i ca l l y  b y  t ab l e -maker s  as 

checks on the i r  computa t ions  [1; 5, p. 404; 12, esp. pp.  liii-liv].(4) 

Rigorous  s t u d y  of th is  useful  phenomenon,  however ,  does no t  a p p e a r  to  have  pro-  

gressed beyond  considera t ion  of the  second differences of zeros of S t u r m - L i o u v i l l e  funct ions  

(solutions of the  S tu rm-L iouv i l l e  di f ferent ia l  equa t ion  y "  +](x)y=O).  Here  S t u r m ' s  com- 

par i son  theorem [13; 14, pp.  19-21] has  been  the  pr inc ipa l  tool.  

F o r  instance,  denot ing  b y  ( c ~ ,  n = 1,2 .... , the  ascending sequence of posi t ive  zeros of 

an  a r b i t r a r y  Bessel funct ion  C~(x) of order  u, Ch. S t u r m  [13, pp.  173-175] used his compar ison  

theo rem to show t h a t  the  second (forward) differences A~c~n, n = 1,2 .... .  are  al l  pos i t ive  if 

Iv] <�89 and  are  all  nega t ive  if [~, 1>�89 I n  the  same manner ,  s imilar  resul ts  have  been 

es tabl i shed  for Hermi te ,  Laguer re  and  Legendre  po lynomia l s  a n d  o ther  S t u r m - L i o u v i l l e  

unct ions.  
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(2) All quantities discussed throughout this paper are assumed to be real. 
(a) By a Bessel function we mean any real solution of the Bessel differential equation, not 

merely J~ or Yr. 
(4) The regularities now used to check tables are not the ones discussed in this paper. How- 

ever, the ones established here can also be used conveniently for this purpose. 


