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O. Introduction 

Le t  A be a classical scalar pseudo-different ial  opera to r  of  order  m (cf. K o h n  --  
~qirenberg [7]) in an open subset  f2 of  R". We are in teres ted  in es t imates  of  A 
f rom below of  the  form 

Re (Au ,  u) ~ CluJ~,) , u e C~(K) (0.1) 

where K is a compact  subset  of  f2 and ]u](s) is the  no rm of  u in the  space 
H(s ) of funct ions wi th  der ivat ives  of  order  s in L 2 and (v,  u ) =  f vadx. I f  
s ~ m/2 the  es t imate  is always t rue  for some C since (Au ,  u) is cont inuous 
in H(,,/2). On the  other  hand,  if  s < m/2 it  is easy to  see t h a t  (0.1) implies 

Re am(x, ~) >_ 0 (0.2) 

where a m is the principal  symbol  of  A. In  the  opposi te  direct ion GSrding [3] 
p roved  t ha t  if  (0.2) is valid, t hen  we can for eve ry  e > 0 and  every  s f ind  a cons tan t  
C - - - - C ( K , e , s )  such t h a t  

Re  (Au , u) + elu]~,) ~ Clu](:,) , u e C~(K) (0.3) 

i f  tt = m/2. A simple modif ica t ion of  the  proof  gives the  same resul t  for an y  
# >  ( m - -  1)/2. In  fac t  if A satisfies (0.2) and  m / 2 > t t >  ( m - -  1)/2 then  we 
can write 

(A -4- A*)/2 + e(1 + [D[2) ~ = P*P  + Q 

where P and Q are pseudo-different ial  opera tors  in K2 and  the  order  of Q does 
no t  exceed m - -  1. 

Howeve r  the  s i tua t ion becomes more  complex when # - ~  ( m -  1)/2. I t  was 
p roved  by  HOrmander  [5] t h a t  (0.2) does imply  t h a t  (0.3) is val id  for some e > 0, 
bu t  to  have  (0.3) for eve ry  e > 0 we must  clearly in addi t ion to  (0.2) place a 
restr ic t ion on the terms in A of  order  m - -  1. In  this paper  we shall s t u d y  necessary 
and  sufficient conditions on A for (0.3) to  be val id  for  eve ry  e > 0 when 


