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Introduction 

F o r  a n y  set  X we denote  by A ( X )  the  l inear  measure( l )  of X and  by  A(X0) the  

l inear  measure  of the  p ro jec t ion  of X onto a hne perpendicu la r  to  the  di rect ion 0. W e  

wri te  /~ (X) for the  grea tes t  lower bound  of A (Xo) t aken  over  al l  d i rect ions 0. We shall  

consider  th ree  classes of p l ana r  sets, n a m e l y  measurab le  sets, connected  sets, and  arcs.  

F o r  each class we shall  f ind the  upper  bound  of the  ra t io  lu ( X ) / A  (X). 

F o r  the  class of measurab le  sets the  resul t  is connected  wi th  the  proper t ies  of regular  

and  i r regular  sets and  is a consequence of the  proper t ies  of these sets es tab l i shed  b y  

Besicovi tch.  F o r  the  class of connected  sets and  for the  class of arcs ;u (X) is the  min ima l  

w id th  of the  convex cover of X or i ts convex hull  as i t  is somet imes  called. The p rob lem 

of the  re la t ionship  be tween this  funct ion and  A (X) is one be tween a set and  its convex 

cover. T h e r e ' a r e  of course a large number  of such proper t ies  and  a fu r the r  resul t  of th is  

t ype  is g iven in Sect ion 5. 

An  in teres t ing  fea ture  of this  p rob lem is the  d i f f icu l ty  of de te rmin ing  comple te ly  the  

class of ex t r ema l  figures. F o r  the  class of measurab le  sets the  upper  bound  of # ( X ) / A  (X) 

is never  a t t a ined ,  bu t  we give examples  to  show t h a t  the  upper  bound  which we es tabl ish  

is in fact  the  least  upper  bound.  On the  o ther  hand  bo th  the  upper  bounds  for the  class of 

connected  sets and  for the  class of arcs  are  a t t a ined ;  in the  f irst  class b y  a set  composed of 

three  equal  segments  equa l ly  incl ined to  one ano ther  and  in the  second c a s e  b y  an  arc  

* Editor 's  no te . - -Th i s  paper was received on January 4, 1957. Without our knowledge it has 
appeared during 1957 as part of the book Problems in  Euclidean Space, London 1957, by the same 
author. 

(1) Hausdorff one.dimensional measure. See [1], where it is referred to as Carath6odory measure. 


