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COMPUTING THE TOPOLOGICAL DEGREES
VIA SEMI-CONCAVE FUNCTIONALS

DONGDONG SUN — GUOWEI ZHANG

ABSTRACT. We construct two retracts in Banach spaces and compute the
topological degree for completely continuous operator by means of semi-
concave functional. The results extend and complement the previous con-
clusions.

1. Introduction

Computation for topological degrees plays a very important role in the fixed
point theory, see the references [1]-[9], [11]-[17], [19]-][22] listed in this paper and
others. In [14] there are the following results.

THEOREM 1.1. Let Q) be a bounded open set in a real Banach space E, 6 € Q
and A:Q — E be completely continuous. Suppose that

|Az|| < ||z||, Ax#z, forallx € 09,
then the topological degree deg(I — A,Q,0) = 1.

THEOREM 1.2. Let Q be a bounded open set in infinite dimensional real
Banach space E, 0 & 0Q and A:Q — E be completely continuous. Suppose that
|Az|| > ||z|l, Az #=x, for allxz € 09,
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then the topological degree deg(I — A,,6) = 0.

Through these computations for topological degrees the fixed point theorem
of domain expansion and compression was deduced. By replacing the norm with
uniformly continuous convex even functional in [22], the above two theorems
about the computation for topological degrees and the fixed point theorem of
domain expansion and compression were extended. Some other interesting re-
sults of this kind can be found in [1], [5], [6], [8], [11], [13]. What about the
concave functional case? It is the purpose to answer the question in this paper.
In particular, the computations for topological degrees, together with the previ-
ous ones, will make it flexible to use the topological degrees in a wider variety
of situations.

In order to compute the topological degrees, we construct two retracts by
the semi-concave functional. The retracts formed by the convex functional are
showed in [21], [22].

Let E be a real Banach space with the zero element denoted by 6. For the
theory and properties of the topological degree in Banach spaces we refer to [9],
[12], [14], [20].

a:F — R is said to be a semi-concave functional on E, if for all x € F,
A€ 0,1 and M > 0,

a(Az+ (1 —N)Mzx) > da(z) + (1 — Na(Mz).

« is bounded if its range of bounded set in F is bounded. Throughout this paper
we denote the open ball centered at 6 with the radius R > 0 by Br = {z € E |
llz|| < R} and [z] stands for z/||z|| for z € E \ {#}. We make the following two

assumptions:
(Hy) a(f) =0 and a(z) > 0 for x # 6;
(H2) a(z) — o as ||z]| — oc.
A subset X C F is called a retract of E if there exists a continuous mapping

r:E — X, a retraction, satisfying r(x) = z, ¢ € X. By a theorem due to
J. Dugundji [10], every nonempty closed convex subset of E is a retract of E.

2. Main results

LEMMA 2.1. Let a: E — [0,00) be a bounded continuous semi-concave func-
tional satisfying (Hy) and (Ha), then ||z|| — 0 as a(z) — 0.

PROOF. If the assertion is false, then there exist dp and {z,} C E such that
a(x,) < 1/n and ||z,| > dp. Since ||nz,| > ndy — oo as n — oo, we have from
(Hz) that a(nz,) — oo as n — oo and a(nz,) > 1 for sufficiently large n.
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It follows from the semi-concavity and (H;) that

a(z,) = a(ln:cn> 2 la(na:n),

n n

thus a(x,) > 1/n for sufficiently large n, which is a contradiction. O

LEMMA 2.2. Let E be an infinite dimensional normed linear space. If a: E —
[0,00) is a uniformly continuous, even, semi-concave functional satisfying (Hy)
and (Ha), then D = {x € E | a(z) > R} is a retract of E for all R > 0.

PRrROOF. We divide the proof into the following parts:

(i) Since E is an infinite dimensional normed linear space, there exists an
unbounded linear functional f on E and the kernel of f, Ey & E is a dense
subspace. Hence Dg) = Dgr N Ey is dense in Dg.

It follows from (Hs) that D = {# € E | a(z) < R} is bounded and thus
there exists R* > 0 such that D, C Br« = {z € E | ||z|| < R*}. Since
conv Bp. =conv{z € E | ||z|| > R*} = F and Bj. C Dg, we have convDp = FE
and from Theorem 2 in [18] that I|p, has a continuous extension

(2.1) F:EHDRUCOHVDQ) C DrU (convDr N Ey) = Dr U Ejp.

(ii) Since « is uniformly continuous and a(f) = 0, there exists § > 0 such
that if ||ly|| <6,

(2.2) aly) < R/3
and for any x € E,
(2.3) la(z —y) —alz)| < R/3.

By Lemma 2.1 for 0 < m < ¢, there exists 0 < Ry < R/3 such that

(2.4) lz]| <m if a(x) < Ry,
and thus
(2.5) alz) > Ry if ||z|| =m.

Moreover, by (2.2)
(2.6) alz) < R/3 if ||z]| = m.

(iii) Again by the uniform continuity of @ and «(f) = 0, there exists 0 <
01 < 4 such that if ||y]| < 01,

(2.7) a(y) < Ry1/8
and for any x € E,

(2.8) la(z —y) — a(z)] < R./8.
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One can take zq satisfying
(2.9) 0 < |lzoll <61
and, in particular, g ¢ F(FE). If otherwise, by (2.1)
(2.10) {reFE|0<|z|| <0} C F(E)C DrUEj.

Then for all x € E\ {6}, let y = é12/|z||. Thus ||y]| = 6 and y € F(E). It is
easy to see from (2.7) and (2.10) that y &€ Dg and y € Ey. Therefore, f(y) =0
and f(x) = 0 which implies f = 6, a contradiction.
(iv) Now we show that a(y(z)) #O0forz € {x € E| 0 < a(x —x0) < Ry/2},
where
vio) = (1= 22020 ) oyl — ) +

If it is false, y(z) = 0 and

20(x —
a(z xo)m
Ry

—Tg = %:xo)(m —x0) + <1 - 2Oé(g;%:mo))(m[%‘ — @0)).

By the semi-concavity, we have

720((3;%: Zo) a(z—zo)+ (1—20[(3;%: Zo)

If 0 < a(z — z9) < Ry/4, it follows from (2.5) and (2.11) that
(2.12) alzg) > <1 - 2a(9;£—aco)>a(m[x — z0]) > %;
1

If Ri/4 < a(z — ) < Ry1/2, it follows from (2.11) that

(2.11) a(xg) = a(—xz9) > )a(m[x—xo]).

2a(x — o)

R
Thus a(z) > R1/8 which contradicts to (2.9) and (2.7).

(vV)yz ¢ Drtforze{re FE|0<alr—=xy) <Ri/2}. In fact, from (2.3) and
(2.9) we have a(x) < R/3 + ax — xp) < R.

(vi) a(z) # 0 if ez —x9) > Ry /2}. In fact, a(x) = 0 implies that x = 6 and
a(zg) = a(f — o) > R1/2 which contradicts to (2.9) and (2.7).

(vii) We prove a(y(z)) < Rforz € {x € E | 0 < a(x — mg) < R1/2}, where
y(x) is as in (iv).

Since a(z) < a(x —xo) + R1/8 < Ry by (2.9) and (2.8), it follows from (2.4)
that ||z]] < m < 4. Then by (2.3) we have

(2.13) a(zg) >

(2.14) aty(o)) < af (1= 25200 ) @yl — ) ) + 5.

Since )
H (1 _ 20z —x) x"))xo < lwol < 61 < 6
R
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by (2.9) and

<m <6,
R =m

it follows from (2.3) and (2.2) that

(2.15) a(<1—2agg?“0)@o+n¢z—xd0;g

We have from (2.14) and (2.15) that a(y(z)) < R.
(viii) By (Hz) there exists M > 0 such that o(z) > R+ 1 if ||z]| = M.
(ix) Denote Wg, = {z € E | a(x — x9) > R1/2} \ Dg and define

a(Mly(z)]) - R R —a(y(z))

a(M[y(z)]) — aly(z)) a(M[y(z)]) — aly(z))

for 0 < a(z — m9) < &4, where y(z) is as in (iv);

3

w| =

R _2R
-

G(x) =

y(x) +

My(x)],

= aQIR) —o@)” " Q) —af@)

for x € Wg,; and
G(z) ==z, forz € Dg.
Tt is easy to see from (iv)—(viii) that G: E'\ {zo} — E is well defined.
Obviously, if a(x — zg) = R1/2, y(z) = z; and if a(z) = R,
a(M[z]) = R R — a(x)
(M) —a@) " a(M[]) - ale)

[] = @.

111

Therefore G is continuous. Now we show G(E \ {z¢}) C Dg. In fact, we have

from the semi-concavity of « that if x € Wg,,

oMz -k oy, Boa@)
G 2 SOME]) —a@ ™Yt a0IR) - a@)

and if 0 < a(z — z0) < R1/2,

Let r = GF:E — Dpg. Obviously, r is continuous and r(z) = =z, for all

x € Dg, i.e. Dg is a retract of F.

O

THEOREM 2.1. Let Q) be a bounded open set in infinite dimensional Banach
space E with § € Q. Suppose that A:Q — E is completely continuous and

a: E — [0,00) is a bounded, even, uniformly continuous semi-concave functional

satisfying (H1) and (Ha). If

(2.16) a(Azx) > a(x), Az #z, forallx e dQ,
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then the topological degree deg(I — A,,6) = 0.

PROOF. First we assert inf,coq a(x) > 0. If otherwise, there exists {z,} C
08 such that a(z,,) — 0, then by Lemma 2.1 we have ||2,,|| — 0 which contradicts
0 €.

Let R = inf,cpq a(x) and D = {x € E | a(zx) > R}. It follows from 6 ¢ Dp
that

(2.17) d% inf |z >o0.
z€DR
It follows from the boundedness of « that there exists Ry > 0 such that
(2.18) a(z) <Ry forzeQ
and by (Hgz) there exists M; > 0 such that
(2.19) alx) > Ry if ||z|| > M.

From (2.17) there exists a constant M > 1 sufficiently large such that Md >
sup, g ||lz| and Md > M;. Hence

(2.20) (MDgr)NQ =10,

where MDgr = {Mz | © € Dg}. In fact, if there is x € Dg such that Mx € Q,
thus ||[Mz| < Md and ||z|| < d, a contradiction to (2.17).

Let H(t,x) = (1 — t)Azx + tM Az, for all (t,x) € [0,1] x Q. Obviously,
H:[0,1] x Q — E is completely continuous. Suppose that there exist xog € 90
and to € [0,1] such that (1 — tg) Az + toM Axg = xo. Obviously ¢y # 0 and we
have from a(Azg) > a(xg) > R that Axg € Dg. Hence ||Axg|| > d by (2.17)
and ||M Azl > Md > M;. Consequently, it follows from (2.18) and (2.19) that

(2.21) a(MAzg) > alxg).
From the semi-concavity of «, (2.16) and (2.21) we have
a(Azo) =a((1 — tg) Az + toM Azp)
= (1 —to)a(Axo) + toa(MAxg) > (1 —to)a(zo) + toa(zo) = a(zo),

a contradiction. Then by the homotopy invariance property of topological degree,
we have

(2.22) deg(I — MA,Q,0) =deg(I — A,Q,0).

Since Dy, is a retract of E by Lemma 2.2, there exists a retraction r: F — Dpg
satisfying r(z) = x, * € Dg. Let A = rA. It is clear that A:Q — Dy is
completely continuous. From «(Az) > a(z) > R for z € 99, it follows that
A(8Q) C Dg. Therefore, Az = Az for z € 9Q and hence

(2.23) deg(I — MA,Q,0) = deg(I — MA,Q,0).
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If deg(I— A, ©,0) # 0, by (2.22) and (2.23) we have that deg(I — M A, Q, §) #
0 which implies that M A has a fixed point «* in Q. Thus z* = M Az* € M Dpg
which contradicts (2.20). O

LEMMA 2.3. Let a : E — [0,00) be a bounded continuous semi-concave
functional satisfying (H1) and (Hz), then D = {x € E | a(z) < R} is a retract
of E for all R > 0.

ProOOF. We divide the proof into the following steps:

(i) It follows from (Hy) that Dp is bounded and Dy, = {z € E | a(z) > R}
is nonempty. Taking R; > 0 such that D C {z € E | ||z|| < R1} & Bg, and
DN Bg, #0.

Because Bp, is a closed convex set, there exists a retraction g1: £ — Bpg,.

(ii) Since a(x) is bounded, there exists a constant M > R such that a(z) < M
for z € D, N Bg,. From the boundedness of Dy11 = {z € E | a(z) < M + 1},
there is Ry > Ry such that a(x) > M + 1 for x € dBg,. Since 6§ ¢ D}, define

a(Rele]) — R

g2(x) = m(x — Rp[z]), for all x € D), N Bp,.

Obviously, g5 is continuous.

(iii) For x € D%, N Bg, define g3(z) = g2(z) + Rz[z] for ||g2(x)|| < Rz and
g3(x) = 0 for ||lg2(2)[| > Rs.

Now we show that g3: D; N Br, — E is continuous. In fact, if ||g2(2)|| < Ra,

ie.
(2.24) lga ()| = Jﬁﬁgq_ﬁﬂx_Rﬁm’
then

a(Rsfz]) — R
(

(o) = (ST el - R + e i

These imply g3(z) = 6 when ||g2(x)|| = R and hence g3 is continuous.

(iv) Define g4(z) = g3(x) for € D’y N Bg, and g4(z) = x for z € Dpg.

Forz € {x € E | a(x) = R}, g2(x) = x— Ro[z] and ||g2(x)|| = Rz —||z]| < Ra,
and then gs(x) = x. Therefore, g4: B, — E is well defined and continuous.

(v) In the following we prove that a(gs(z)) < R for € D’y N Bpg,, ie.
g1: Br, — Dp.

Actually, when ||g2(2)|| > Rz, a(gs(z)) = 0 < R; when ||g2(2)|| < Rao, it
follows from «(x) > R that

a(Refz]) — R

a(Rola]) =1

a(z)
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and hence

a(Rofr]) — R
a(Ry[z]) - a(z)

~ (it ot (7 1) 1)l

_a(Rfe)—o@) (1 aBal]) —a@)),
= " a(Bala]) R"?’()+<1 a<R2[x1>—R)R2[ )

From the semi-concavity of « and gs(z) = M Ra[x] where

g3(x) = (z — Ra[z]) + Ra[]

a(Bal) R (|2
M= aRala]) — o) ( R, 1) =0
by (2.24), we have
o(Ralz]) — alx) alRfs) o) o
ata) = L= gy (a)) + (1 - L= Yoo,
algo(a)) < STLLED R (m “1a(Bala) = B

(vi) Let g(x) = ga(g1(x)), for all € E, then g: E — Dp is a retraction. [

THEOREM 2.2. Let o : E — [0,00) be a bounded continuous semi-concave
functional satisfying (Hy) and (Hs). Suppose that Q is a bounded open set in E
with 0 € Q and A:Q — E is completely continuous. If

(2.25) a(Az) < a(z), Az #z, forallx € 09,
then the topological degree deg(I — A,Q,0) = 1.

PrOOF. The operator A can be extended, yet denoted by A, such that
A:FE — FE is completely continuous. We divide the proof into the following

steps:

(a) Let R = sup, g a(x), and hence R < oo since a is a bounded functional.
Obviously,
(2.26) QCcDr={re€E|a(z) <R}

By Lemma 2.3, D is a retract of E. Take a retraction g: F — Dpg and define
the completely continuous operator A; = gA: E — Dpg. It follows from (2.25)
that a(Az) < a(x) < R, i.e. Az € Dg for x € 99, therefore, A1z = Ax, for all
x € 01 and

(2.27) deg(I — A,Q,0) =deg(I — A1,9,0).
(b) By the boundedness of Dp there exists Ry > 0 such that

(2.28) Dr C B, = {z € E| || < Ri}.
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For z € {x € E | ||z|| = R1}, we have from Ayxz € Dg that ||A1z|| < Ry = ||z,
and thus by Theorem 1.1,

(229) deg([ - Al,BRNH) =1.

(c) Let ' = Bpg, \ Q, then Q' is a bounded open set and ' # ) by (2.26)
and (2.28). Moreover, Q) = 0Bpr, U 0.
Let 7 = inf g ||lz[|, then 7 > 0 since 6 ¢ Q. Take 0 < m < 1 such that
mRy < r. If x € 09, then x € ¥, and hence ||z|| > r; if © € OBpg,, then
lz|| = R1 > r. Therefore, we have from A;(E) C Dp and (2.28) that for
x € O, [[mAjz|]| < mRy < r < ||z|, i.e. mAjx # z, for all x € 9. Now we

will show
(2.30) deg(I —mA;,Q,0) = 0.

If otherwise, there exists z1 € ' such that mA;x1 = z; which leads to a
contradiction, that is, |[mAiz:|| < mRy <r =inf g [|z]| < [J21].

(d) Consider the completely continuous homotopy
H(t,z) = (1 —t)Ajx +tmAx, (t,z) €[0,1] x

and suppose that there exist to € [0,1] and 2o € Q' such that xo = H (to, x0).
If g € OBR,, we have form Ayxzy € Dg and (2.28) that ||A1zo|| < Ry and
lmAizo|| < Ry, then ||zo|| < (1—to)||A120]|+to||mAizo|| < Ri, a contradiction.
If 2o € 05, it is easy to see that ty # 0,1. Let t; = (1 — to + mty)~!,
then t; > 1 and Ayxzg = t1zo. By (Ha) there is to > 1 such that zo = taxg
satisfying a(z2) > R. Denote t' = (to — t1)/(t2 — 1), thus 0 < ¢/ < 1 and
Arzg =t'zg + (1 — t')za. By (2.25) and the semi-concavity of o we have

a(zg) > a(Ajzo) > ta(zg) + (1 —t)a(xs),

s0 a(xg) > a(xy) > R which contradicts (2.26).
By the homotopy invariance property of the topological degree, we have

(2.31) deg(I — A1, ,0) = deg(I — mA,,,0).

(e) Since Bgr, \ (U Q) = 09, A; has no fixed points in Bg, \ (@' U Q).
Therefore,

(2.32) deg(I — Ay, Bg,,0) = deg(I — Ay,Y,0) + deg(I — A1,9,0).

Finally, by (2.27), (2.29)—(2.32) we conclude deg(I — A4,Q,0) = 1. O
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3. An example

In this section a semi-concave functional is given that satisfies the conditions.
Let Banach space E be C'[a,b] with the norm

Joll = ma [2(0)] + max /()] £ el + 2o
for x € C'[a, b] and define a: E — [0, 00) as follows:
a(z) =|zllc +|2'I¢, 0<v<1, z€E.
(a) «a is a semi-concave functional. For all z € E, A € [0,1] and M > 0,
a(Az+ (1= NMz) = A+ (1= A)M)|z|c+ A+ (1= NM)"[|2/[|&.
Since f(t) =t¥(0 < v < 1) is concave on [0, 00),
A+ A =XIM?=fA+1=-AM) =X+ (1-IM",
and thus
a(Az + (1= N)Mz) = A+ (1= NM)|lzlc + (A + (1 = \)MY)[|l2"]]¢
= Mllzllc + [2'l1&) + (1 = N ([Mz|c + [M2'|[g) = Aa(z) + (1 = Na(Mz).
(b) « is uniformly continuous and bounded since a(z) < ||z| + ||z||* for
x € E. Obviously, a(—z) = a(z), a(f) = 0 and a(z) > 0 for z #£ 6.
(c) For any K > 1, if ||z| > 2K'/¥, then either ||z ¢ > K'/* or ||2/|¢ >
K1V, Therefore, a(x) > max{||z| ¢, [|2'[|4} > K, i.e. a(z) — oo as ||z — oo.
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