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1. Introduction. This paper is concerned with the differential
equations of the form
11D E+al@d)f(r, DE+ b9, 2)+c(®)h(@)=pE)+ D, ©, &, £),

1.2) #+al®)f(x, 2)E+dD)g(@, )+ cBh(x)=p()
where a, b, ¢, 0, D, [, g, b are real valued functions.

The asymptotic property of solutions of third order differential
equations has received a considerable amount of attention over the
past two decades (cf. [1]1-[8]). Many of these results are summarized
in [9].

In [5], the author considered (1.1) in the case p(¢)=0 and eatabli-
shed sufficient conditions under which all solutions of (1.1) and their
first and second order derivatives are uniformly bounded and tend to
zero as t—oo.

In Theorem 3.1 of this paper, sufficient conditions are given for
uniform boundedness and convergence to zero of all solutions of (1.1)
together with their derivatives of the first and second order. The-
orem 3.1 generalizes our former result in [5]. In Theorem 3.2, neces-
sary and sufficient conditions are given for uniform boundedness and
convergence to zero of all solutions of (1.1) together with their deriva-
tives of the first and second order.

2. Definition and lemma. Let us consider the following system
2.1) 2=F(, x)
where F(t,x) is a continuous function from [0, o) X R" to R". We
denote the solution of (2.1) through (¢, 2,) by (%, t,, x,).

Definition 2.1. The solutions of (2.1) are uniformly bounded, if
for any >0, there exists f(a) >0 such that

le(t, to ) | <B for ||2,|| <« and £=¢,=0.

For the proof of Theorems given below we need the following
Lemma ([5, Theorem AJ).

Lemma 2.1. Suppose that there ewxists a Liapunov function
V(t, ), continuously differentiable in [0, co) X R*, satisfying the follow-
ing conditions:

(i) a(zDZVE, ©)<b(|z|), where ar), b(r) are continuous, in-
creasing and positive definite functions and a(r)—oco as r—oo.
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() Vo, 2)=1lim %{V(t+ h, @+ hF(t, ©)—V(t, o)}
h—0+

where ¢ is a positive constant and A,(t) (i=1,2) are non-negative con-
tinuous functions satisfying

@2.2) limsup 1 f T as)ds<e,
t

(£30) > (w0,00) U

2.3) lim [ A(s)ds=0.
t—oo t
Then the solutions x(t) of (2.1) are uniformly bounded and satisfy
lim 2(¢)=0.

t—o0

3. Assumptions and theorems. We state some assumptions on
the functions appeared in (1.1)—(1.2).

Assumptions:

( I ) a(®),b() and c(t) are continuously differentiable and p(t)
is continuous on [0, o). #(%, 2, ¥, 2) is continuous on [0, co) X R®.

(I ) f,fs 9,9, are continuous for all (x,y) e R? and h(x) is
continuously differentiable for all 2 ¢ R'.

(III) O0<a=a(®)<A4, 0<b,<b(t)<B, 0<c,<c(t)<C
for ¢ € [0, o).

(IV) 0o/ (2=0).

( V) 0<f,<f(@,y<F for all (z,) and 0<gogi%’—y-)—ga

for all y2:0 and z.
(VI) yfulx, =<0, g,(x,»)<0  forall (x,y) e R

(VII) h'(x)gh,<“_°bg°_9_°_ for all z ¢ R,

v Lo fa-p+E -} <s
4c, t
where p, and g, are arbitrarily fixed constants satisfying

Ch, b fo9,—Ch
, 0 090J 090 1,
bods << fo <ﬂz<———-——-———Afo

(IX ) limsup - [T 1e@i+vi@+1c@ias<s

(t,0)=(0y0)

where 7 is a small positive constant whose magnitude depends only on
the constants appeared in (III)-(VIII) and b’ (t)=max (b'(%), 0).
( X) lime f e'p(s)ds=0.

0
(XI) 8@, Y, )| <1+ @+ 9+ 292} + (@ + P+ 2D
where 4 is a positive constant and p,(t) is a non-negative function.

(XII) lim :” p.(8)ds=0.

t—oo

L—s00
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The following results will be established :

Theorem 3.1. Suppose that the assumptions (I) through (XII)
hold. Then there exists a constant e=¢(A, ay, B, by, C, Co, 8,1, For T» Go» hy)
>0 such that if 4<e¢ then the solutions x(t) of (1.1) and their deriva-
tives £(t) and i(t) are uniformly bounded and satisfy

lim (z(®), (1), £(£))=(0, 0, 0).
t—o0

Theorem 3.2. Suppose that the assumptions (I) through (IX)
hold. Then the solutions x(t) of (1.2) and their derivatives (t) and
(t) are uniformly bounded and satisfy

lim (2(2), #(2), £(¢))=(0, 0, 0)
t—oo
if and only if (X) holds.
4. Proof of theorems. Proof of Theorem 3.1. The equation
(1.1) is equivalent to the following system of differential equations:
=y
@.1) y=2+P()
t=—a®)f (@, Yz—b@)9(x, y)— c®)h(x) + P(B){1—a®) f(z, ¥}
+9(t, , y, 2+ P(1))
where P(t)=e¢"* ‘r e'p(s)ds. Note that the assumption (X) implies P(?)
0

—0 as t—oo.

Congider a Liapunov function defined as follows
4.2) V(t, x, 9, 2)=Vt, 2, ¥,2)+ VL, 2,9, )+ Vi, 2, ¥, 2)
where V,, V,, and V, are defined by

@3)  2V,=2ma(d) j 1(@)dE +2c(Dh(x)y +2b(D) j 9@, Pdy
+2ualt) j F(@, Pydy+2myz+ 2,
@4 2V.=pmb®)gat+2a(t) foc(t) j h(E)dE+ a*(t) iy?

—uy+25® [ 9@, Din+7+2u00 iy
+ 222 +20(t) foyz+2c(O(®)Y,
@5  2V,=200 [ 1@ pndy—a O S,
and p,>0, 1,>0 are two arbitrarily fixed constants such that

Ch, Do fogo—Ch,
<< Jos 02202022~
beds H oS0 He Af,

5>—‘uz—{A(f_—fo)‘i’£ 91(5— go)} .
4c, t
In [5] we showed the following property of V({,x,y,2):
4.6) E@+y+2) SV, 2, ¥, D) Sko(2®+ ¥+ 27)
for all t>0 and (z,v,%) € R®, where k, and k, are certain positive
constants.
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Along the solution of (4.1), we have
@D Viy=—Wt, 2,9, )+2b0y j 9., pdy

+a®fm+a® Sy [ 7@ mdy
F e () + @ @)+ a®) ) 1} j RIGYE

+20OR@Y+20') [. 9@, Ddy+ua® [ @, vy

+-;-uzb'@)goxz+;z2a'<t)foxy+a’(t)foyz

+2aa (B j @, Py

+ {p+ (4 a(®) f)y +22}0(t, =, y, 2+ P(1))

+ {1+ a@(fo— F (@, Y} + (@d) fo+ p— )Y
+{a®(fo—27(x, ¥)+2+p}z+2bB)g(x, v)
+2¢(t)n(x)1P(t)

where
W = e xh(x) +{a@) f (@, ¥) — m}2+aO{f (@, y) —fo}2*
+[{ub® 90— cOR (@)} +{a(D)b(®) fog9o— ()R’ () — 11,0(2) S} 1Y

+a(t)b(t)fo{—g%’—y)~ — g0}y +1b(® {i(”;—yl o}y’

) {—g—%ﬂ)— —yo}xy-l-yza(t){f(x, W) —faz.

Using the assumptions (III)-(VIII), we can find positive numbers
ks, k, and k; such that
Vo< —2k(@*+v*+ 29+ ko' () |4 0,0 +| /() (> + y*+2%)
+ k(@ + 9+ 2 B(E, 2, ¥, 2+ P@) |+ P@)[}
The assumption (XI) implies that
|D(t, x, ¥, 2+ PSP, +2|PQ) [+ 2 4|P(B)|
+4 2 P )@+ Y2+ 294 2 AP+ Y+ 2DV
Then we obtain the following estimate with some positive constants
ke and k,;
Vin S —2ky@*+ 1+ 2D+ kf o/ (@) |+ 0L(0) +] ¢ (B [+ y*+29)
+ ko0, + | P@) [H@* + ¥* + 25/ + (& + ¥* + 27)}
+ k(2 +y*+27).
Let 4 be fixed, in what follows, to satisfy
@.8) a< b,
k.
Using the inequalities (4.6) and (4.8), we have

4.9) Ven<— ’; V4 %{I O+, + OV

2

+ DO+ PO |}{(7‘c’—)’+(kl)}
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Assume that
t+v
limsup L [ @1+, +1e@ds<
(ty0)=(,0) UV Jt
Since | P(t)|—0 as t—co, we have

J z“ |P(s)| ds—0

as t—oco0. Now Lemma 2.1 is used to prove that the solutions (x(t),
y(t), 2(1)) of (4.1) are uniformly bounded and satisfy

lim (z(®), y(®), 2())=(0, 0, 0).

t—

Therefore the solution z(f) of (1.1) and its derivatives x(t), %(t)
are uniformly bounded and
lim (2(2), #(1), £(£)=(0, 0, 0),
t—oo

because | P(t)|—0 as t—co. This completes the proof of Theorem 3.1.
Proof of Theorem 3.2. The sufficiency of (X) follows from
Theorem 3.1. We prove the necessity of (X).
Let 2(¢) be the solution of (1.2) such that
lim (2(?), #(%), £(£))=(0, 0, 0).

t—oo

k.k,
.k,

Then from (1.2) we have
el o

e | " e'als) F @), #(s))i(e) ds|
+e [ ev@9 (o), #(5))ds|
+,e“ J: e’c(S)h(x(S))dsl

<IB@|+e [EO)+e [ e[| ds
+Afe j: e'|5(s)| ds
+Bge [ e'|d(s)| ds

+Ce L et | h(@(s))| ds.

The assumptions (IV) and (VII) imply ~(0)=0, thus k(z)—0 as
2—0. Hence we have
lim|e* .r e’p(s)ds‘=0.
t—o0 0

This completes the proof of Theorem 3.2.
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