Generalized Kothe p-dual spaces

O. Galdames Bravo

Abstract

Let us consider a Banach function space X. The Kothe dual space can be
characterized as the space of multipliers from X to L!. We extend this char-
acterization to the space of multipliers from X to L? in order to define the
Kothe p-dual space of X. We analyze the properties of this space so as to
use it as a tool for studying p-th power factorable operators. In particular,
we compute g-concavity for these spaces and type and cotype when X is an
AM-space. As main applications, we give a characterization for Hilbert
Banach function spaces, as well as a factorization for p-th power factorable
operators through an LF***-space.

1 Introduction and preliminaries

Generalized duality was investigated in 1989 in [15] as spaces of multipliers (see
also [2]). A complete bibliography on this topic can be found in the recent papers
[10, 11]. The point of view of these papers and the references therein is in general
oriented to the study of structural aspects and representation of these spaces of
multipliers. The purpose of the present paper is to investigate some geometric
aspects of these spaces. To be precise, we study p-concavity, type and cotype of
multipliers from Banach function spaces to the space of p-integrable real-valued
functions with respect to a positive and finite scalar measure. The advantage
of using these spaces lies in the fact that they inherit some geometry from the
LP-space, for example the p-convexity (see e.g. [2, Lem. 5.1]). We will also de-
fine the natural operator associated with an operator T: X — E and the Kothe
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p-dual X7 so as to define the Kothe p-adjoint of T. As applications we will use
the properties of the so-called p-th power factorable operators and easy proper-
ties of spaces of multipliers in order to factorize the Kéthe p-adjoint through an
LP-space. We will see that a p-th power factorable operator may factorize through
LP-spaces and LP*-spaces. Also, we will show that the Kéthe r-dual space of a
p-convex Banach function space is g-concave for every g < 1 such that % = % + %.
Computing type and cotype for some Kothe p-dual of an AM-space and applying
Kwapieri’s Theorem we will obtain a characterization of Hilbert spaces as Kéthe
2-dual space and some examples of operators can be written as Kéthe p-adjoint
operators. We provide an example by using some results of [15] for Orlicz spaces,
and results of [9] for the Riesz transform.

Let (), %, 1) be a complete o-finite measure space and LY the space of u-
measurable real-valued functions defined on () that are equal p-a.e.. A (quasi-)
Banach function space X is a linear subspace of L°, with complete (quasi-)norm
| - |lx, so that for each ¢ € X and h € LY with |h| < |g| p-a.e., implies that h € X
and ||h||x < ||g]lx. Other authors use this space, with slight differences, see e.g.
[2,4,14,16]. An element h € X is a weak unit if it is such that & > 0 p-a.e., and it
is a weak order unit if it is such that ¢ A nh 1 ¢ for every ¢ € X . For instance if
Xa € X, thenitis a weak order unit and L* C X (see [16, Prop. 2.2(iv)]). Clearly,
a weak order unit is a weak unit. Given 1 < p < oo, we denote the conjugate of p
by p’ == %. We write Bx for the unit ball of X.

Let 1 < p < co. Recall that a Banach function space X is p-convex if there is a
constant K, such that for every finite set fi, ..., f; € X, the inequality

()™, <& Susnk) ™

i=

holds. Let 1 < q < oo. It is said that X is g-concave if there is a constant K7 such

that . . . y
() " < xS 1)

i=

holds. The following definitions can be found in [14, Defn. 1.e.12] and also in
[5, Sec. 7.7]. The Rademacher functions are in L?[0, 1] and are defined by

; j+1

n(t) = (1), te [%’]—%

Let E be a Banach space. We say that E has type p € [1,2] if for every x1,...,x, €

EexistsC >0
/ at) <c (Y luly) (1)
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Every Banach space has cotype oo and type 1 [14, p. 73]. Let us recall Kwapieni’s
characterization of Hilbert spaces [13]: X is isomorphic to a Hilbert space if and
only if has type 2 and cotype 2. See [19, Chap. 3] for more details and applica-
tions.

Let1 < p < oo and X a Banach function space, we call the p-th power space
of X the space

Xy = {f € L°: |17 € X},

equipped with the quasi-norm || f HX[p] = ||If|V/P ||§( This space is a Banach

function space if and only if X is p-convex with constant 1 (see e.g.
[16, Prop. 2.23(iii)]).

Recall that given two Banach function spaces X and Y over the same measure,
the space of multipliers from X to Y is defined by

XY:={gecl®:gXxCY}

The seminorm || f|| v := sup || fgl||y, gives a Banach function space structure for
8§€Bx

XY when the p-a.e. order is considered and X has weak unit (see [15), Prop. 2]).
For more details we refer the reader to [2, Sec. 2]. Notice that the Kéthe dual X’ of
X may be characterized by X’ := XL'. We will use the following characterizations
of order continuity and Fatou properties (see [14, p. 28-30] for more details). A
Banach function space X is order continuous if and only if X’ = X*, where X*
denotes the topological dual space, and is Fatou if and only if X" = X.

The Kothe p-dual space was introduced in [8, Defn. 2.1] and is defined by
XP := X!, Observe that the classical Lebesgue space L? is obtained as a particu-
lar case when X = L* (see Lemma 2.1 d)). By definition, when X has weak unit,
the norm in X7 is

1 fllxp == sup lIgfll,-
8€Bx

For example, let 1 < r < p < o0 and q > 1 be such that% = %—i—%. Then

L7 = (LP)" where the spaces are based on a o-finite measure (see [15, Prop. 3]).
It is important pointing out that the expression X¥ may be trivial, for example
(L")° = {0} whenever r < s and the measure ; is non-atomic. A sufficient con-
dition can be found in [20, Thm. 1.8], in which is established for the case of
non-atomic measure that XY = {0} if

inf{p > 1: X is p-concave } < sup{p > 1:Y is p-convex } . 3)

For instance, if X is a Banach function space such that the inclusion L* C X is
proper, then X* = {0}, since L* is co-convex.

Let us define now a class of operators that will be relevant in the paper
[16, Defn. 5.1].
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Definition 1.1. Let 1 < p < oo, X an order continuous quasi-Banach function
space with weak order unit xn, and E a Banach space. We say that an operator
T: X — Eis p-th power factorable if there exists an operator T, : X|,; — E, which
equals T over X C X{,j. In other words, the following diagram commutes

where i[ is the natural continuous inclusion.

p]

The following relations will be useful throughout the paper. The main prop-
erties of X [p] Were presented in [16, Sec. 2.2] for the case of finite measure, which
implies in their definition of quasi-Banach function space, that x is a weak or-
der unit in X (see also [20, Sec. 3]). We have replaced the requirement of finite
measure by the requirement of xo € X. Let us recall some of them.

Proposition 1.2. Let X be a quasi-Banach function space such that xq € X.

1. Let 0 < p,q < 0. Then X[p] = X[PEI]'

[4]
2. Let p € (0,00). Then, X is order continuous if and only if X, is order continuous.

3. If 0 < p < g < oo we have that X[, € Xg), in particular X = Xy € X, for all
1<p<ooand X, C Xforall0<p <1

4. Let0 < p < co. (Xp)) = (X))

The main duality identification involving X, and X7 is the last property (@).

The following represents an example of a geometric property that is inherited
by the multiplier space and will be useful in what follows. It was established
without proof in [2, Lem. 5.1], see also [20, Prop. 3.1].

Lemma 1.3. Let X, Y be Banach function spaces where X has a weak unit and let
1 < p < 0. IfY is p-convex, then XY is p-convex with the same constant.

2 The Kothe p-dual space

In [15] Sec. 2, Cor. 1], [10} Sec. 2] and references therein we can find lists of simple
properties involving general spaces of multipliers. Let us now compile some of
these properties for the setting of Kothe p-dual and p-th power spaces of Banach
function spaces and using our own notation.
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Lemma 2.1. Let X and Y be Banach function spaces with weak unit.
1. If0 < p < g < oo, then X7 C XP.
2. If0<p<ocoand X CY then YV C XP.
3. If0 < p < q < oo, then (XP)1 C (XT)P.
4. Let 0 < p < oo, then LV = (L*®)P.
The proof is straightforward.
Lemma 2.2. Let X be a Banach function space such that xq € X.
1. If1 < p < oo, then XP C (Xp)m C X'
2. If0 < p < g < oo, then (Xp,)T = (XP9), and (X9) [, = (X)),
3. If1 < p <q< oo, then (X[p])q C XP.

4. Ifs<r<tand1l < p < g < oo, then
(Xi)" € Xig)" € (Xpp))" S (Xpp)°

5. Ifrg <tpand1 < p < g < oo, then (X[p})t C (X[,ﬂ)r.
6. Letq<r,p< oobesuchthat% = %—l— % If X C L', then LP C X1.
7. Let 0 < p,q < oo, then XP = ((X[l/,ﬂ)f”f)[q]. In particular X' = ((X[l/q])q)[q}.

8. Let1 < p < oo, then XP C (XM)’ C X

9. Let 1 < p < coand let Y be a Banach function space such that xq € Y, then
Y C XPifand only if X C YP.

10. XP C LP.
11. XP = LP ifand only if X = L*.

Proof. From () to (B) are easy using Proposition I.2land Lemma 2.1l Let us prove
the rest.

() We use Holder’s inequality

1 fllxs = sup [[gfllg < sup [IgllIf]l, = sup llgxallIfll, = lIxallx[fll,
g€Bx g€Bx g€Bx

hence L C X%, which completes the proof.
(7) We proceed directly using the definition of Kéthe dual space. LF = (L), Pl
then apply properties (1)) and (4) of Proposition

1
X = (X))t = (X)) = (X)) g = (X))
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(8) Apply Proposition [L.2[3) and Lemma 2.1I2).

(9 By hypothesis and Proposition [.2() we have that Y[} C (X?),; = (X])",
hence X,; C (X,))"” C (Y|y))". Let g € YP. Then, for some C > 0, it holds

1/ 1/ 1/
Igllyr = NlglPll 5, =|||g|”||(y[’; < Cllsl?lx,); = Clislx-

The converse is analogous.

(10) Let be f € X?, since xo € X then f = fxqa € LP. In order to prove the
continuity we consider the following inequalities

1711, = Ifxall, = Ixallx[fr22=| <lxalx sup |frS—
Mol cextpo) | Tallx||
= |Ixallx sup Hng Ixallxllfllx -
8€Bx
So XP C LP.

(11) We only need to show that X? = L? implies that X = L. It follows from
the statement (), since L? C X? implies that X C (LP)? = L®. Then X = L®. =

Example 2.3. Let LP(m) (L}, (m)) denote the space of (weakly) p-integrable real-
valued functions with respect to the vector measure m. Standard works on this
topic are [7, [16], see [6] for the case p = 1. By Lemma [2.2(2)) we have

L (m) = (Ly(m)) 1y = (LL(m)") = (L)) )" = (L (m)))

Applying [2, Prop. 5.3] we obtain that L}, (m) is Fatou and p-convex with constant
one.

Let us now study operators defined on Kéthe p-dual spaces. They provide a
natural p-th power factorization, for 1 < p < oo, as the next diagram shows

xp oy x L xx T px 4)

(XP)p) = (X))’

The next definition and lemma were introduced in [8].

Definition 2.4. Let 1 < p < oo. Let X be a Banach function space, E a Banach
space and T: E — X an operator. Then we define an operator T?: X? — E* as
TP := T’|y,, that we will call Kéthe p-adjoint operator.

The following lemma gives an easy example of p-th power factorable opera-
tors. Now, we provide an expression for the extension map, which will be useful
in the sequel.
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Lemma 2.5. Let 1 < p < oo and T: E — X be an operator, where X is a quasi-
Banach function space that contains xq and XP is order continuous. If p > 1, then
the Kothe p-adjoint operator TP is p-th power factorable, and the extension operator is
(Tp)[p] = (Z[p} o T)* =T OZTP}'

Proof. The first assertion is immediate from @) (see [8, Prop. 2.2]). For the second
assertion, by definition of Kéthe p-adjoint we have TP = (T? )[p] o ki), where
ki s XP < (XP), is the canonic inclusion and (T7)(, is the unique extension.
On the other hand if,: X — X[, is canonic and so is (if,)*: (X[,)" = (X[p)' =
(XP) ] < X*, since X is order continuous by Proposition [1.2|2), so is X ;p]- Then,

(i) .
by uniqueness of the extension, we have that (T7) ] (X)) XNx L Er m

Remark 2.6. Let us comment the factorization of T?: X2 — E*. Under the re-
quirements of Lemma 2.5 On one hand, the previous Lemma [2.5) asserts that
T? = (Tz)m oip. On the other hand by [20, Prop. 3.1] X? is 2-convex. If X is
4-convex, hence X[y is 2-convex, and so (XZ)[Z] = (Xy)" is 2-concave (see e.g.
[4, Lem. 2]). Therefore ip: X212 (Xz)[z] (see [14, Cor. 1.£.15(iii)]). In con-
sequence T2 factors through a Hilbert space. In general, when X is (pp’)-convex,
and T is a positive operator, i.e Tx > 0 for every x > 0, by means of [4, Cor. 5] we
can conclude that T? factors through an LP-space (see [5] Sect. 18.6]).

Example 2.7. Let (R, %, ) be a finite measure space. Let ¢ be an Orlicz function,
i.e. convex, continuous, increasing and unbounded, defined on [0, %), so that
¢(0) = 0. The Orlicz space is defined by

L? :={f € LO:inf{)&>0:/}Rq)(|f(w)|/)t)dy <1} < oo}.

The one-dimensional Riesz transform R: LY — L?, defined by

(RF)(x) = [ ey ) duy),

where ¢ := %, is continuous (see [9, Thm. 3.11]). Let 1 < p < oo and let

L? := (L)% . For a suitable ¢y, it is an Orlicz space again over a non-atomic,
tinite and positive measure. To be precise, thanks to [15, Thm. 4], ¢y can be chosen
as an Orlicz function such that (A): (uv)? < @o(u) + ¢(v) for every u,v > 0, and
(B): u!/?P) < o=V (u)¢~(u) for every u > 0. L? is Fatou and 2p-convex, as we
have seen. Let us choose p = 1. Then by [2, Prop. 5.3]

L = (L§00)2 C (L%0) = L9

where ¢, satisfies (A) and (B) for ¢g and 2p = 1. The Riesz transform R: L1 —
L%t has Kothe 2-adjoint R?: LY — L%, and R? is again a Riesz transform. In
virtue of the remark above, it factors through a Hilbert space.
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Remark 2.8. In order to summarize the relations and spaces that we considering
in this paper we present the following diagram, for1 < g < p < coand u,v > 1.
X is a Banach function space over a finite measure and E is a Banach space and
T: E — X is an operator.

,
<—TP— XP( X1 %E =X
Now fu
\ XF’ (XQ)W Jy il
H/
(Xpp) <—’ [ ) = X)) == (Xpg)"
= Xy)"

3 Some geometrical aspects

The geometric structure of the space of multipliers is strongly connected with the
notions of concavity and convexity (see e.g. [14, Sect. 1.c, 1.d and 1.e]). Let us
now study the p-convexity, g-concavity, type and cotype of the spaces X". Let us
state a first corollary.

Corollary 3.1. Let 1 < p < oo. Suppose that E is a p’-convex Banach lattice, X is a
quasi-Banach function space that contains xq and XP is order continuous. If TP : XP —
E* is positive, then it factors through the space LP.

Proof. On one hand, from [14, Prop. 1.d.4(iii)], E* is p-concave then by [14, Prop.
1.d.9], T? is p-concave too, since T? is positive. On the other hand thanks to
Lemma [1.3] we have that X? is p-convex, thus Maurey-Rosenthal’s Theorem
(see e.g. [4, Cor. 5]) ensure us that T? factors by L”. [ ]

Hence in case that T’ is positive and E is co-convex, e.g. if E = L*, T will be
p-factorable for every p > 1, i.e. it factors through L?, whenever T'(X') C L. Tt
is clear, since in this case T: L® — X, andso T': X’ — L%

Let p € [1,00], it is well-known that X is p-convex with constant 1.
(see e.g. [20, Prop 3.1]). However, this result does not hold for the p-concavity.
For instance (L¥)? = L%, which is not p-concave for p < co. This theorem
sheds some new light on the p-concave case. In fact it is a generalization of
[14, Prop. 1.d.4(i)], see also [12]. The proof is adapted from [18, Lem. 2.2], which
is deduced directly from the definitions. Recall that if X has not weak unit, then
we only can define a seminorm for XY ([15, Prop. 2]).
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Theorem 3.2. Let 1 < r,p,q < oo be such that % = % + %. Given X and Y, two Banach

function spaces, such that Y is r-concave and X is p-convex with weak unit, we have that
XY is g-concave.

Proof. Since X has weak unit, XY is a Banach function space and the definition
of g-concavity can be applied. We assume without loss of generality that the
involved concavity and convexity constants are equal to 1. On one hand, let us
taken €N, f1,...,fu € XY and S1,---,8&n € Bx. Thanks to [15] Prop. 3] it is clear
that ¢1 = (¢7)’, so for an element (T;); € 1

[l = (Shl)) " = sup (Laml)” ®

(Ai)i€Byp i

On the other hand, since X is p-convex with constant 1, if (A;); € By, (note that
Aigi € X) we have

1/p

()|, < (S insli)” = (L Inlsg)
< (i_21|m|”) <1, (6

n
hence () |Aigi|p)1/p € Bx. So, applying (B), that Y is r-concave and (&), we
i=1

obiain
(L isstt) "' = s (RN UAslh) = s (Llsifls)”
< s [(Sd) ], < s [(Gwar) " (),
< sl (L 151) 7, = [ (X 15) ?

Let ¢ > 0. Choose functions {g1,...,¢n} € Bx such that ||fill\x < |figily +
e/(n/7) for eachi = 1,...,n. Then applying (7)

(S Ane) " < (
< (]
= (

for every e > 0, which yields us that X is g-concave. m

IN

™=

1/q
q
(Ifilly + 7))

Il
—_

n

(fisn)) "+ (L")

=1

te< H i_il|fi|q>1/q’ o

1=

~7
I

[y

~7

/q
+e,

HM:

(Ifigily) )
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Remark 3.3. The referee suggested the following alternative proof of theorem
above under assumption that Y has Fatou property. Let 1 < p,q,r < oo with
1/r =1/p+1/q. 1f X is p-convex and Y is r-concave, both with constant 1, then
Y is #’-convex and so by [1I, Thm. 3] we get that X ® Y’ is q'-convex because
1/q' =1/1"+1/p, where X ® Y’ denotes the pointwise product of Banach func-
tion spaces in the sense of the cited paper. Then by [11} Cor. 3] and Fatou property
of Y we have with equality of the norms

(X ® Y/)/ — XY” — XY,
which gives that XY is g-concave.

This theorem sometimes fails without the assumption of p-convexity for X.

Example 3.4. Let 1 < r,p,q < oo be such that % = %—i— % Let X := L° for

1 < r < s < p, which is not p-convex, then (L5)" = Lt, where 1 =1 — 1(yis L’
in the previous theorem). Then % = % S 37 —|— 1 and SO % — % = % — % <0

since s < p. Therefore, g < t,and so (L%)" = L! annot be g-concave.

Remark 3.5. Let 1 < g < p < oo. For the case of Lebesgue spaces we have
(LT)P = {0} but this is not in general true. Take r > g > 1 and choose s > 1 so
that 1 = 5 — <. Then, for p € (g,5) and X := L, we conclude that X7 = L° and
so (X7)P = Lt # {0}, where 1 = 1

—1
p

The following corollary provides conditions to obtain (X7)" = {0} when
q<p-

Corollary 3.6. Let 1 < g < p < coand let r > 1 such that % < % - % Let X be a

r-convex Banach function with weak unit and based over a non-atomic measure. Then

(X7)P = {0}.

Proof. By the previous theorem X7 is s-concave for some s > 1 such that % =

1+ 1 Since % < % — 1 =1 we obtain that s < p and the measure is non-atomic.

Then the requirement (3) is satisfied, since L7 is p-convex, and (X7)" = {0}. =

To finish we will use the 2-K&the dual space in order to find a simple char-
acterization for Hilbert spaces. The proof of the following theorem uses the
type and cotype inequalities for LP spaces, which has type min{2, p} and co-
type max{2, p} (see [5, Prop. 8.6] or [14, p. 73]). Recall that a Banach func-
tion AM-space such that satisfies || f V || = max{||f||, ||gl||} for f,g > 0, where
(f Vg)(w) := max{f(w), g(w)}. We show that we can provide a direct proof by
using this abstract axiomatic definition, instead of writing the direct result for the
case X = L. We will see in Corollary [3.8| that in fact, the AM-space involved is
L*.
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Theorem 3.7. Let 1 < p < oo. Let X be a Banach function space with weak unit, which
is an AM-space. Then X? has type min{2, p} and cotype max{2, p}.

Proof. Since X has weak unit, X" is a Banach function space and the definition of
type or cotype can be applied. The proof is divided in 2 parts.

Step 1: Type. Recall that the norm in X7 is || f| x» = sup{l|fgll, : § € Bx}. If
fi,..., fn € XP and € > 0 we claim that there exists ¢ € Bx such that

i re(t) fi
k=1

= ”g i”k(t)fk +e,  teo1], (8)
k=1 P

XP

where the election of ¢ € Bx does not depends on the election of t € [0,1]. Let us
define ¢, : [0,1] — X* by

Palt) = Y ().
k=1

By definition of the Rademacher functions, 1, has at most 2" values, since ry is
defined on 2F subdivisions of the same length of [0,1] fork = 1,...,n. So, it is not
hard to realize that r,, define the number of possible values of 1. Let us select

o j+1 . ;
t € [zj_n’]zn [for] =0,...,2" =1, (eg. tj := 2]—,,) Then ¥, (t) = ll)n(t]') for
t € [2]7,];1 [ By definition, for each j € {0,...,2" — 1} there exists gj € Bx
j j+1 .
such that |9, (t)||x, < ||g]~1/1n(t)||p + €2 for every t € [2—n, o [ Let us define

g :=g0| V-V |gm_1]. Since, X is an AM-space we have that

Igllx = max{|lg1llx,---/ llg2n—1llx} < 1.

On the other hand [g;| < |g|, thus [gjx(t;)| < [g¢u(t;)| forallj =0,...,2" — 1.
Then [jpu(£)| < |gpu(t)] and [|gjpu(8)]] , < [Ig8pu ()], for every j=0,...,2" —1,
j jt1
He [27 2n
fore (8) holds.

[. Let t € [0,1], then there exists j such that ¥, (t) = ¢y (t;). There-

Let us now compute taking into account that (I) is satisfied in L”.

11 n 2 1/2 1 2 1/2
( / Y () fe dt) < ( / 4 dt)
0 k=1 Xp 0 1= p
1 n 2 1/2 1 1/2
< (/ Y (b8 fi dt) + (/ e%lt)
0 Il p 0
n 1/p n 1/p
< c(z ugfkuz) < c(z sup ugfkn,’:) te

k=1 k=18€Bx

n 1/p
<c(LIAlk)  +e

k=1

n

()8 fr
1
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Since ¢ > 0 is arbitrary, we can assert that X” has the same type as L7, i.e.

min{2, p}.

Step 2: Cotype. Let f1,..., fn € Xp For each k € {1,...,n}, choose 0 > g, € Bx
such that || fx ||y, < ||gkfk||p —75- Let us define go := g1V - -+ V gn. Since X is

an AM-space, g0 € Bx, & < go and g;lfil < golfil, hence [gifill, < llgofill, for
i=1,...,n. Therefore, by (2) for L” we have that

(Eutte) " = (£ (it +5)") = (Esonlt)  +

k=1 k=1 k=1
1 n 2 (12
<C ( RIS Z rie(t) fi dt) +e
= p
2 \1/2
<C (/ sup Z re(t) fi ) +€
0 gGBX k=1
2 1/2
gc(/ Zrk(t)fk dt) +e.
0 k=1 X¥
Which proves that X? has cotype max{2, p}. m

Corollary 3.8. Let H be a Banach function space such that xqo € H. Then H is isomor-
phic to a Hilbert space if and only if there exists a Banach function AM-space X, such
that H = X,

Proof. Assume that H is isomorphic to a Hilbert space, hence H = H*. On one
hand, let us prove that H? is an AM-space. By Lemma2.2(9) taking X := H? and

Y := H, we have trivially that H C (HZ)Z. Thus, by Lemma 2.2|(10) we have that
HC (H?) C I?, )

hence Lemma 2.1)(6) (taking X = H, g = 1 and p = r = 2), implies that
[>?CH CH"=H. (10)

Then, H = L2, thus H? = (Lz)2 = L*, which is an AM-space. On the other hand,

inclusions (9) and (10) state that H = (Hz)z. So choose X := H?.
For the converse, by the previous Theorem 3.7, we have that X? has type 2
and cotype 2. Applying Kwapieri’s Theorem we obtain the result. m

The Nikishin’s Theorem provides the last application of the paper. We recall
that the vector measure associated to an operator between Banach function spaces
T: X — Y, where X is order continuous, is denoted by mr: ¥ — E and defined
by mp(A) := T(xa), for every A € X. We refer the reader to [16, Chap. 4]
for more information and main properties about this concept. Recall also that a
Banach function AL-space is such that satisfies || f + g|| = || f|| + ||g]| for f,g >0

and f A g =min{f,g} =0.
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Corollary 3.9. Let X and Y be two Banach function spaces over a positive measure, such
that X is order continuous and xo € X. Let T: X — Y be a p-th power factorable
operator. If L'(mr) is Fatou and is either q-concave for some q < oo or an AL-space,

then the (range) extension X 5 Y <= L° factorize through an L™™2Phe_gpace.

Proof. Assume first that L!(mr) is g-concave for some g < co. If p > 2, T is also
r-th power factorable for any < p, then let us choose 1 < p < 2. Thanks to The-

orem 5.7 in [16], T is extended to the space L?(mr), via the integration map I,SfT) .

We have that L?(mr) is p-convex and L!(mr) is g-concave, then LP(mr) is also
r-concave for an r < oo, and then it has type min{2, p} ([14, Prop. 1.£.3(ii)]). Then
we can assert that L? (m7) has type min{2, p}. Finally, we apply the Nikishin’s

Theorem (see e.g. [21, Thm. II.H.6]), and obtain thatio I,SfT) factorize through a
Lorentz space L™@{%P}* hence soisio T.

Suppose now that L!(mr) is an AL-space. Then L!(m7)’ is an AM-space
([T, Thm. 10.15]). Then, since L!(mr)’ is Fatou by Lemma 2.2(7), we have

LP (mr) = (L' (m7)" ) = (L' (m1) )y )"

Then, applying Theorem [3.7] above we obtain that LP(mr) has type min{2, p}.
Again Nikishin’s Theorem gives the result. n

Notice that compactness of the integration map I, implies that L!(mr) is an
L!-space and so an AL-space ([17, Thm. 1 and 4]). Therefore, this gives an exam-
ple of the corollary above. Other conditions to obtain that L!(m) is an AL-space
can be found in [3].
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