Nielsen numbers of selfmaps of flat 3-manifolds*
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Abstract

We compute the Nielsen number N(f) of a self homeomorphism f of a
three dimensional flat manifold. Furthermore, we determine the possible
values of N(f) when f is an arbitrary self-map.

1 Introduction

In the 1920s, J. Nielsen conjectured that for any homeomorphism f : M — M
of a closed surface M there exists a map g, isotopic to f, so that ¢ has exactly
N(f) = N(g) fixed points. Here, N(f) is now known as the Nielsen number
of f. This homotopy invariant is often a sharp lower bound for the minimal
number of fixed points in the homotopy class of f (see e.g. [1, 12]). This con-
jecture was proven by Jiang [13], Ivanov [11] (for self-homotopy equivalences),
and Jiang-Guo [14] using the Nielsen-Thurston classification of surface homeo-
morphisms. The Nielsen conjecture has been proven for homeomorphisms of
manifolds of dimension greater than or equal to 5 [17], and for a large class of
3-manifolds including (after Thurston’s geometrization theorem) all irreducible
3-manifolds [16]. Meanwhile, Nielsen numbers of surface maps have been stud-
ied using Fox Calculus and other methods of combinatorial group theory. In
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particular, M. Kelly [18] outlined a method of calculating N(f) for surface home-
omorphisms using the work of M. Bestvina and M. Handel based on the theory
of train tracks. He also gave algorithms for N(f) for homeomorphisms of certain
geometric 3-manifolds [19], including the Seifert manifolds.

The purpose of this work is to make explicit calculation of the Nielsen number
of a self homeomorphism of a flat 3-manifold. In particular, for a flat 3-manifold

X, we compute
NSH(X) = {N(h) | h € Home(X)}.

Using appropriate group presentations for the fundamental groups of the ten flat
3-manifolds, we further analyze the possible values of N(f) when f is an ar-
bitrary selfmap. In section 2, we recall the ten 3-dimensional flat manifolds by
listing their fundamental groups and their presentations. In section 3, we com-
pute the Nielsen number of a self homeomorphism of the first five flat manifolds
making use of the automorphisms of the 2-dimensional crystallographic group
on which the fundamental group of the flat manifold projects. In section 4, we
turn our attention to the remaining cases. In sections 5 and 6, we compute N(f)
for arbitrary selfmaps f. For cases 2 - 5, 9,10, we use a particular fully invariant
subgroup corresponding to the fundamental group of a torus or a Klein bottle
that allows us to compute N(f) using fiberwise techniques. We complete the
computation of N(f) for the remaining cases using different techniques. In the
last section, we determine the flat manifolds for which the Jiang-type condition
holds.

2 Flat 3-manifolds and Nielsen numbers

Every isometry of the Euclidean space R" is a rotation followed by a transla-
tion. More precisely, the group of isometries Isom(R") is given by the semi-direct
product R"” x O(n). A subgroup 7 C Isom(IR") is a crystallographic group on R"
if 77 is a discrete uniform subgroup. Moreover, 7 is called a Bieberbach group if
in addition it is torsion free. Given a Bieberbach group 7, the resulting quotient
manifold R" /7t is called a flat n-manifold. The group 7 has a normal maximal
abelian subgroup I of finite index and I" has rank n. The quotient ® = /I is
called the holonomy group. For more details on flat manifolds, see [3] or [22, Ch.3].

There are a total of ten flat 3-manifolds whose fundamental groups are listed
below, where the first six are orientable and the remaining four are non-orientable.
The following presentations can be found in [22, pp.117-121].

1. (ag, a0, a3 ajej = aja;, 1 <,j < 3) with holonomy ® = {1}.

2. {ay, a9, a3, t| 0y = £2,tant™t = ay ! tagt™! = a;l,ocl-zxj = wjw;, 1 < i,j < 3)
with holonomy & = Z;.

3. (a1, a0, 03, g = 13, tant ™! = a3, tagt 1 = ay ey, winj = wje, 1 <0, j < 3)
with holonomy ® = Z3.

4. (aq, a0, a3, t| ap = t4tapt™! = ag, tagt™! = 062_1

with holonomy ® = Z,.

s = aja, 1 < i, j < 3)
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7.

8.

9.

10"

10.

(a1, a0, 03, t) a1 = 18, tant ™1 = a3, tast 1 = ; lag, e = ajuy, 1 < i,j < 3)
with holonomy ® = Z.

(w1, 40,03, 11, 1, 3| @paz = t3toty, a; = tiz/ti“jti_l = lXj_l fori # jau; =
aja;, 1 <1,j < 3) with holonomy ® = Z, x Z,.

<t1,0€1, X3, 0‘3| t% = ‘xlltlaztl_l = iy, t1063t1_1 = lx?,_ll ‘Xilxj = ‘Xj‘xill < Z/] < 3>
with holonomy ® = Z;. The isomorphism t; — B,a2 — t, a3 — a gives
the following alternate presentation

m(K) x Z = (a,B|Bap~! = a~1) x (t) where K is the Klein bottle, with
holonomy ® = Z,.

(t, 00,00, 03| 15 = 061,1‘1“2151_1 = 062,1‘1063151_1 = “1062063_1,061'06]' = waju;, 1 <
i,j < 3) with holonomy ® = Z,. The isomorphism a, +— (aB)?, a3
aB)?t, t1 — (aB)t gives the following alternate presentation

(
(o, B, t|BaB~t = a1, tat™! = a, tpt~! = aB) with holonomy ® = Z,.
{

f b, 01,40, 03] 5] = 01,15 = ag, oty = moty, heoty ! = ay ! hast] ! =
a;l,tztxltz_l = [Xl,tzoégtz_l = a;l,ocia]' = wajn;, 1 <i,j < 3) with holonomy
P = Zp x Z;. The isomorphism a3 — a,tp — B, t1ty — t gives the follow-
ing alternate presentation

(o, B, t|papt = o=, tat™! = a, tBt~! = B~1) with holonomy & = Z, x Z,.

(h,ty, a1, 00,03 1} = w1, 13 = ap, otity ' = mpasty, haoty ' = ay ' hagty ' =
a;l,tzaltz_l = ocl,tzocgtz_l = a;l,ocia]' = wajn;, 1 <i,j < 3) with holonomy
® = Zy x Zp. The isomorphism az — a1ty — B, tita — t gives the

following alternate presentation

(o, B, t|papt = a1, tat™! = o, tpt™1 = ap~!) with holonomy ® = Z; x
Z,.

All of these 10 Bieberbach groups possess natural projections onto some
2-dimensional crystallographic groups. Cases 1 and 7 are straightforward as they
project onto G; = Z x Z (torus) and onto G} = 711(K) (Klein bottle) respectively.

We shall use the notation of the 2-dimensional crystallographic groups as
given by R. Lyndon in [21].

Case2: p: G — G, where

Gy = (a,B,T|ap = pa,a" =1, T =L, 2 =1).

and p is given by a1 — 1, a0 — a, a3 — B,t — T.
Case 3: p: G — G3 where

Gy = (B, Tlap = Pa,a” = a B, pT = L, = 1).

and pis given by ay — 1,0 — B, a3 — a,t — T.
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Case 4: p: G — G4 where
Gy = (&, B, T|ap = Ba,a" = B, = a1, T4 =1).

and p is givenby a1 — 1, a2 — a, a3 — B, — T.
Case 5: p: G — Gg where

Go = (, B, Tlap = pa, o™ = B, p7 = o~ 4,7 = 1).
and p is givenby a1 — 1, ap — a, a3 — B, — T.
Case 6: P : G = G5 where

= (0, B,7ap =aaT = BT =ap, 2= 1)
and p is givenby t1 = Bt T, t3 = TR, a1 — B2 a0 — 1,43 — a.
Case 8: p: G — G = ZxZ = (1) x (b) where p is given by a +— 1,
Brbt—T.
Case 9: p : G — G3 where

G3= (B, lpup =a \aT=a, p =, 0 = 1)
and pis givenby « — a, B — B,t — T.
Case 10: First, the isomorphism a« — a,f — B,t — tB gives the group the
following presentation

G=(apBtBap t=attat ™t =a"Ltpt7t = ap™t).
p: G — G5 where

= (0, B,7lpap =t a" =", T =ap, T2 =1)
and pis givenby & — &, B — B, t > T.

Let M" be a flat manifold with fundamental group 7. Then there exists a
maximal abelian normal subgroup I' such that 77/I" = ® (the holonomy) is finite.
Given a selfmap f : M — M, there exist lifts D, f on the |®|-fold cover T" whose
fundamental group is I, for each D € ®. There is an averaging formula for the
Nielsen number [20] given by

|q)’ Z | det(1 — (Dsf)y)l- (2.1)

De®
There is an alternate way of computing N(f) when M is fibered over S*. Con-
sider the fibration N — M 5 §! where N is a closed surface. Given a fiber-
preserving map f : M — M inducing f : S' — S!, we can compute N(f) as
follows. Let v = deg f. If ¥ = 1, then f ~ 14 so that f is homotopic to a fixed
point free map. It follows that f is deformable to be fixed point free and thus
N(f) = 0. If v # 1, then N(f) = [1 — . Without loss of generality, we may
assume that f has exactly |1 — | fixed points each of Wthh is its own fixed point
class. The fixed point classes of f|, 1) : p~ 1(x) — p~!(%) inject into the fixed
point classes of f for each ¥ € Fixf. In fact, we have
Y. N(flp1(9)- (2.2)
XEFixf
This fiberwise technique and in particular the formula (2.2) will be useful in sec-
tion 5 when we compute N(f) for arbitrary selfmaps in most cases.
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3 Nielsen numbers of self homeomorphisms: Cases 1 -5

3.1 Case 1.

This flat manifold is the 3-torus T°. Every homeomorphism f : T> — T2 induces
on the fundamental group a linear map ¢ : Z®> — Z3 and the Nielsen number is
N(f) = |det(1 — ¢)|. It is easy to see that NSH(M) = N U {0}.

Next, we use the formula (2.1) to determine the values of the Nielsen numbers
of homeomorphisms for Cases 2,3,4, and 5.

It is well known that the center Z(G) of a crystallographic group G coincides
with the fixed point group (Z")® where Z" is the translation subgroup and ®
is the holonomy group. In Case 2, the holonomy Z, is generated by ¢ so that
(Z3)? is the subgroup of the elements fixed by the automorphism induced by ¢.
From the presentation of G for Case 2, the automorphism induced by ¢ is given
by a1 — a1, ap — a5 Uasg — ay 1. In other words, the automorphism is given
by a diagonal integral matrix which has 1 as eigenvalue with one dimensional
eigenspace. We now conclude that Z(G) = (a1).

For each of the Cases 3,4, and 5, a similar argument shows that Kerp = («q) =
Z(G). Thus, for every ¢ € Aut(G) for each G in Cases 2-5, ¢ is represented by an

array of the form
o
P o Al

where x = +1 and A is a 3 x 3 array representing the induced automorphism
9:G/2(G) — G/Z(G).
Write ¢ to be the array

K X Yy z
10 a ¢ r
=10 b d s
0 € 6 v
where
a c r
A= 1|b d s]|.
€ 0 v

Here the columns are the exponents of the generators a1, ay, a3, t of their images
under ¢ since every word can be written in the normal form a}'a52a3>#". Further-
more, &1, X2, k3 generate a maximal abelian normal subgroup I' in G so that the
lift (or restriction to I') ¢’ is represented by the array

K x y
=10 a c|.
0 b d

If a homeomorphism f has an induced automorphism ¢ on the fundamental
group, the averaging formula (2.1) yields

N(f)zﬁ Y [ det(1—6(t)¢")] (3.1)

0<i<|P|
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where 0(f) denotes the action of t. In the Cases 2-5, t acts trivially on a; so that
6(t") ¢’ is also represented by an array of the form

0(t) g = [g Ai} .

for some 2 x 2 array A;. Thus, when x = 1, |det(1 — 8(t')¢’)| = 0 for all i,
0 <i < |®|. For such homeomorphisms f, we have N(f) = 0. For the rest of this
section, we consider automorphisms where x = —1.

3.2 Case 2.

This group projects onto Gy. It follows from [6, 7] that ¢ can be represented by an
array of the form

-1 x y z
10 a c¢cr
=10 bds

0 001

with ad — bc = £1. Now the lifts of ¢ are of the form (in fact, matrices)
-1 x vy -1 x vy
=10 a c and 0(t)¢'=|0 —-a —c|.
0 b d 0 —-b —d
Let
— la ¢
=15 d-
A straightforward calculation using the averaging formula (3.1) shows that if
det A = —1 then the Nielsen number N(f) = 2|TrA|, where TrX denotes the trace

of a matrix X. If det A = 1 then N(f) = 2|TrA| if [TrA| > 2 or else N(f) = 4.
Thus, for any homeomorphism f, we have NSH(M) = 2IN U {0}.

3.3 Case 3.

This group projects onto Gz. It follows from [6, 7] that the automorphism A has
one of the following two forms:

a —b r a b+a r
(i) A=1|b a+b s or (ii) A=1|b —a s
0 O 1 o 0 2

The maximal abelian subgroup I is generated by a1, ap, a3 with quotient the holon-
omy ® = Z3. Moreover, the restriction of ¢ on I is given by the matrix

-1 x vy -1 x vy
=10 a =b or ¢'=|0 a b+al.

0 b a+b 0O b -—a
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Note that ¢(a1) = a;'. Since &y = 3, it follows that ¢(t) = aZabagt™! = adabat?
so that
-1 x vy
=10 a b+al.
0 b —a

Now, from [7], we have

ab—l—ae{Ol 0 -1 -1 -1 -1 0f (1 1 10}
b —a 1 0/’{-1 OO 11|71 17|10 =1}"|-1 —-1|°°
Now a straightforward calculation shows that det(1 — ¢’) = det(1 — 0(t)¢’) =
det(1 — 6(t*)¢') = 0. Hence such automorphisms also yield N(f) = 0. We

conclude that NSH(M) = {0}. Hence, by [16], every homeomorphism of this flat
manifold is isotopic to a fixed point free homeomorphism.

3.4 Case.

This groups projects onto Gy. It follows from [6, 7] that the automorphism A has
one of the following two forms:

a —b r a b r
(i) A=1|b a s or (ii) A= 1|b —a s|.
0 0 1 0 0 3

Note that ¢(a1) = a; ' Since a; = #, it follows that ¢(t) = aZa}a5t® so that only
(ii) can occur. Furthermore, we have

i A=l St SR o 15 o

Here,

o(t) = (;’ —01)’ 0(1) = <‘01 _01) and 0(F) = <_01 (1))

Now a straightforward calculation using the averaging formula shows that
N(f) = 0. Thus we conclude that for any homeomorphism f, we have N(f) =0
or NSH(M) = {0}.

3.5 Caseb.

This group projects onto Ge. It follows from [6, 7] that the automorphism A has
one of the following two forms:

a —-b r a a+b r
(i) A=1|b a+b s or (ii) A=1|b —a s]|.
0 O 1 0O 0 5
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Note that ¢(a1) = a; '. Since a; = t°, it follows that ¢(t) = aZa}ast® so that only
(ii) can occur. Furthermore, we have

o x-S AL B )

Here,

-0 2) w03 2) -3 )

9(#):(_01 _11) and 9(t5)=(_11 (1))

Now a straightforward calculation using the averaging formula shows that
N(f) = 0. Thus we conclude that for any homeomorphism f, we have N(f) =0
or NSH(M) = {0}.

4 Nielsen numbers: remaining cases 6 - 10

In this section, we compute the Nielsen numbers of self-homeomorphisms of flat
manifolds in the remaining 5 cases, 6 - 10.

4.1 Case6.

Lemma 4.1. Each element in G can be written as the form ' ab? 5>,

Proof. By definition of holonomy, the subgroup of G generated by a1, a3, a3 has

index 4 in G. Thus, each element of G must be in one of the forms: ocflocgzoc?,

tlocflocgzoc?, tgocfloc?oc? and tltgocfloc?oc?. Clearly, txfloc?oc? = t%pltx?tgm, and

211 pr 2 . : ~ 1
hal'ab?al® = 77 ab257 . By using the relation: taajty ! = o Li=12 We
obtain:
—p1 - —2p1 —p22p3+1
t3“§71“§2“53 = a; plOCZ P2t3“gs — tl plOCZ P2t3P3 ,
and

t tyxfl ocgzocg3 = oy

- 1-2 —p2,2p3+1
p1[X2 Pzt3“§3 — tl plaz P2t3p3 ) -

Note that t; = t3t;. Lemma 4.1 says that every group element has such normal
form. In particular, a straightforward calculation yields

tatl, if a is even and f is even
FoE if a is even and t is odd
it =q 1 3
3 tity t if a is odd and t is even

tl_”txz_lt;t, if a is odd and t is odd.
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Now for any ¢ € Aut(G), using the generators ¢, #, and t3, we can represent
@ by a 3 x 3 array of the form

a c r
p=|b d s
€ ot

We now compute ¢(#2) under all possible cases for the parities of the pair (a, €).

[Type| a]| e[otf)=¢)]

(I) | even | even t%”tx%b t%e
(II) | even | odd t%e
(II) | odd | even t%“
) -
(IV) | odd | odd o, 21
Similarly, we compute ¢(#5) under all possible cases for the parities of the pair
(r,1).
[Type | r| tlo(B) =¢l) |
(I') | even | even t%r oc%s t%t
(IU') | even | odd 5!
(III") | odd | even t‘%r
(IV’) | odd | odd oy 251

If Type (I) occurs, we consider the relation ¢(t1£3t; 1) = ¢(t;2). With a and
€ both even, ¢(t;) = tiabt§ lies in the maximal abelian subgroup generated by
a1, 2, a3 so that @(t;) commutes with ¢(t3) = @(as). It follows that ¢(t2) =
¢(t;?) and so ¢(t3) = 1,a contradiction to the fact that ¢ is an automorphism and
t; is a generator. Likewise, if Type (I) occurs then the relation ¢(t3t3t, 1) = ¢(t;?)
leads to ¢(t1) = 1, a contradiction.

Next, we consider the case Type (II) and Type (II'). Then the relation
p(tit3t; 1) = @(t3%) becomes

a. be2t;—e —by—a __ 2t

—2t

==t =1t=0.

This is a contradiction to the assumption that ¢ is odd.

Consider the case Type (III) and Type (II'). Then the relation ¢(t3t3t; =
ot 2) becomes

Basthts tay St =t
=8 =t =a1=0.

This is a contradiction to the assumption that a is odd.

Consider the case Type (IV) and Type (IV’). Then the relation ¢(t;t3t] =
¢(t;?) becomes

2s+1

a,be,.—2s—1;,—€ —by—a __
B3, T =

tiaotsn,
=a, 1 =aF! =2s+1=0.
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This is not possible since s is an integer.
Thus, we only need to consider six possible cases below which we compute

p(az) = ¢(13) = @(tat1)*

[ Type | @(tst1)? = (Ha5thtiadts)? |

(1) and (IIT") o, 221
’ 2(r—
(I1) and (IV") 2=
(II) and (I') AR
7 2(e—t
(ITT) and (IV") tgz - ;
(IV) and (IT") t% —
(IV) and (IIT") £

If we denote by ¢’ the restriction of ¢ on the maximal subgroup generated by
a1, 2 and a3, then we have the following

Automorphism Types 4.1)

Type (1) and (11T (II) and (IV’ (IIT) and (IT" (IIT) and (IV") (IV) and (I (IV) and (IIT
, 0 0 r 0r—a 0 a 0 0 a 0 0 0 r—a0 0 0 r

@ 0 —25—2b—10 0 0 —2s-1 02(s+b)+10 0 0 —2s5-1 —2b-1 0 0 —2b-1 0 0
€ 0 0 e 0 0 0o 0 ¢t Oe—t 0 0 0 ¢ 0 e-t0

The holonomy & = Z; x Z, is generated by the images of t; and t3. Their
actions of ; are given by the following matrices:

1 0 O -1 0 O -1 0 0
=10 -1 O b=10 —-10 g3=10 1 O
0 0 -1 0 0 1 0 0 -1

Now a straightforward calculation together with the average formula for N(f),
we conclude that in all six cases we have N(f) = 0 or 2 so that NSH(M) = {0,2}
for any homeomorphism.

4.2 Case7.
The group is 711 (K) x Z. Moreover, we have the following presentation
G={(apBtBapt=at tat™! = a,tpt™! = B).

The center of G is Z(G) = (B%) x (t). Let ¢ € Aut(G). Using the generators
«, B,t, we can represent ¢ by a 3 x 3 array of the form

a c r
p=1|b d s
€ 0 v

Since t € Z(G), ¢(t) € Z(G). It follows that r = 0 and s is even. Now

g0(ﬁ2) _ sz,Bdt‘szxcﬁdt‘s _ [Xclx(—l)dclBZdtZ(S c Z(G)
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and thus ¢ + (—1)“c = 0 and so d must be odd. Thus,

a c 0
p=|b 29+1 2k|.

€ ) 0%

Next, we have ¢(Baf~!) = ¢(a~1). It follows that

lxc‘BZq—Ht(Saa‘Bbtet—éﬁ—Zq—la—c — € —b(x—u

W BRIl g2 1y et — g=by=a4=€¢  hencee =0
aca—aﬁba—c — ,B_bzx_“
‘Bblxc_aﬁb — a4 = a(—l)b(c—u)‘B% — a7t

It follows that b = 0. In other words, ¢(a) = a”. Since ¢ is an automorphism, we
have a = +1. Now, we have

+1 c 0
p= |0 29+1 2k|.
0 ) 0%

From the calculation above, we have ¢(B%) = p*+2t2. Now the subgroup gen-
erated by «, B2,t is a maximal abelian subgroup I' and the quotient G/T is the
holonomy group ® = <E|BZ = 1) = Z,. The restriction of ¢ on I is given by the
matrix

+1 0 0
=10 2g+1 2k|.
0 20 0%

Since ¢’ is an automorphism, we have det ¢’ = (29 + 1)y — 46k = £1. It follows
that y must be odd. The action of ® on T sends a to a~! and is trivial on 82 and t.
Thus, it induces another lift D.¢" given by

1 0 0
Di¢'= |0 2g+1 2k
0 20 0%

A straightforward calculation shows that
1
N(f) = 5(0+2[2q(y = 1) — 40k]) = [29(y = 1) — 40k| = [ £1 — 7 — 29|
where

fi=¢=

+1 c 0
0 29+1 2k
0 ) 0%

with  an odd integer. In particular, N(f) must be even. In fact, we have NSH(M) =
2N U {0}.
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4.3 Case 8.
The group is 711 (K) x Z. Moreover, we have the following presentation
G=(apBtBapt =al tat™! =, tpt™! = ap).

Note that a, 8%t generate an index 2 abelian subgroup in G and hence is the
maximal abelian subgroup whose quotient group Z, is the holonomy. Let ¢ €
Aut(G). Using the generators «, 3, f, we can represent ¢ by a 3 x 3 array of the
form

Since ¢ (tpt~1) = ¢(ap), we have
W BEaC BV B0 = a" Bhteac B, (4.2)
Using the group relations, (4.2) can be rewritten as
Wit = wote

where w1, wyp are words in « and B. It follows that € = 0.
Note that ¥ = a*Bt* so that t*BYt~ = (a*B)Y. Moreover, a*Ba*p = B2.
Since ¢(Bap~1) = p(a~!), we have
«f dtélxu bt—zS —dlx—c — —blx—a
o (43)
= plat (alB)Pp ot = B0,

Case (i): b even
In this case, (4.3) yields

aplarph—dy—cta — g=b
= aca(_l)d“ﬁbtx_c” =pt
= gD () (—eta)gh — g=b =,
Case (ii): b odd
In this case, (4.3) yields
aplatpb—ladpp—da—cta = pb
— lxca(—1)du‘3b+d—1afz$‘31—da—c+a =gt
- IXC—&-(—1)da+(—1)b+d‘1z5‘3ba—c+a _ ‘B—b
= Vgl =p"
for some w = b = 0 a contradiction since b is odd.

Thus, we conclude that b = 0. Now, ¢ is an automorphism and ¢(«) = a”. It
follows thata = £1.
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Since ¢(tat~1) = &, we have
o BTtV =
= a’BaB " =" (4.4)

= a2V T =" = (—1)a=a = siseven.

i

where s is even. Now (4.3) yields ¢ — 1) —c—1 = 0 so that d must be odd.
(Note that d is also odd whena = 1.)
The equality (4.2) becomes

W BBV B T = a Ll B
- lxrﬁslxctvﬁdt 'yt(SlB St — “c—lﬁdté
= (Xr‘BS (0(7‘3) t(S‘B Syt — Oéc_lﬁdt(s
= a’al" C,BS,Bd L7 p~sa~" = a~ 1B since d is odd
iOC;'—&-(:‘BS—&-al 1067‘3(& ,B) S = q— 1,3d since s is even
= a1 YBB 0T = a1 since s is even

N (—1)5”*17[301 —r _ C_lﬁd

Suppose a = —1 so that

S w0
= »n =

- IXH—CDﬂ(X :Bd C_lﬁd
:r—t—c—l—'y—(—l)dr:c—l = v =—1-2r sincedisodd.

It follows that oy must be odd.
Let ¢’ denote the restriction of ¢ on the maximal abelian subgroup generated
by a, 2 and t. A straightforward calculation show that

+1 -6 r
=0 d s/2
0 2 ¢«

The other lift D¢’ induced by the holonomy action is given by
D.g'(w) = pg'(w)B ™.

Again, a straightforward calculation yields

F1 35 —r—(=1)"2y
0 d s/2
0 26 0%

Thus, if a = 1 then det(1 — ¢') = 0 while det(1 — D.¢') = 2[(1 —d)
(1 — ) — Js]. The averaging formula shows that N(f) = |1 — (d + 7v) + (£1)|
is even. Similarly, if 2 = —1 then det(1 — ¢') = 2[(1 —d)(1 — ) — Js] while
det(1 — D.¢') = 0. Again using the averaging formula yields that N(f) is even.
In fact, all even non negative integers can occur as N(f) and hence NSH(M) =
2N U {0}

D*QDI —
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4.4 Case?9.

The isomorphism a — a, B — B,t — tp gives the group G the following presen-
tation
G= (B tpapt =a "t tat P =a 1 tpt~ 1 = g71). (4.5)

This group is the mapping torus 711 (K) x, Z where ¢(a) = 2~ and ¢(B) = p~1.
Here K denotes the Klein bottle. Using the calculation in [7] and the fact that this
group projects onto the group G2, the normal subgroup 711 (K) is characteristic. In
fact, the corresponding flat manifold M is a Klein bottle bundle over the unit circle
S!. Given a homeomorphism f, it induces the following commutative diagram at
the fundamental group level.

m(K) —— m(M) —— mi(Sh)

7| 7| d

m(K) —— m(M) — m(Sh)

Choose a homeomorphism f with induced automorphism @. Then the fol-
lowing diagram is commutative, up to homotopy.

M L st
7| |7 (4.6)
M o 8t

This implies that there is a homotopy H : M x [0,1] — S! from po f to f o p.
The Covering Homotopy Property for the fibration p : M — S! yields a homo-
topy H : M x [0,1] — M covering H from f to f. It follows that the diagram (4.6)
gives rise to the following commutative diagram.

K —s M —t— gl

AR B
K— M s

Since f is a self homeomorphism of the unit circle, N(f) = 0 or 2. If N(f) = 0,
it follows that N(f) = 0. Suppose N(f) = 2. We may assume that f has exactly
two fixed points at z = 1 and at z = —1. The corresponding fiber maps are f’
and f" respectively. It is easy to see that the fixed subgroups Fixf; and Fixf}
are both trivial so that the fixed point classes of f’ and of f” inject into the set of
fixed point classes of f (or f). Since there are only four isomorphism classes of
automorphisms of 771 (K), we may assume without loss of generality that the map
f" induces the automorphism a — «a, B — aB~! or B — B! while f” induces the
automorphism « +— «,f — af or p — B. By computing the Nielsen number
of f' and f”, we see that N(f') = 2 while N(f”) = 0. Hence, we conclude that
NSH(M) = {0,2}.
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4.5 Case 10.

This case is similar to Case 9. This group is the mapping torus 71 (K) 3, Z where
@(a) = a~ ! and ¢(B) = ap~!. Thus G has the following presentation

G={(apBtBapt=attat ™ =aL gt =ap7t). (4.7)

Let # € Aut(G) be given by the following array

a c r
n=1|b d s|.
€ 0 v

Since 17(BaB~1) = n(a~1), we have
DéC‘Bdt(leu‘Bbtet_(S‘B_d(X_c — t—e‘B—le—a.

This equality can be rewritten as w1t = wyt™¢ where w; are words in « and B.
Thus, € = 0. Similarly, 7(t8t~!) = 7(ap~!), we have

[Xrﬁst'ylxclgdtét—'yﬁ—s[x—r — “aﬁbtet—éﬁ—dw—c.

This equality can be rewritten as @1t° = @t~ where @; are words in a and B.
It follows that € = 24 so that 6 = 0. Since € = 0 = ¢, this shows that 71(K)
is characteristic. Now we use the same arguments as in Case 9 to conclude that
NSH(M) = {0,2} for every homeomorphism f of the flat manifold M.

5 Nielsen numbers of arbitrary selfmaps: Cases 2-5,9,10

In the previous two sections, with the exception of cases 9 and 10 for which we
used fiberwise techniques to compute N(f) for self homeomorphisms, we em-
ployed the average formula (3.1) in terms of the Nielsen numbers of the associ-
ated lifts to the universal cover R®. For arbitrary selfmaps, it is more manageable
to classify these maps up to fiberwise homotopy since for all but two of the ten
cases, the flat manifold M fibers over S! with typical fiber N corresponding to a
fully invariant subgroup of 711 (M). Thus, we can apply fiberwise techniques. For
cases 2-5, N = T2 is the 2-torus. For cases 9 and 10, N = K is the Klein bottle.

For each of the cases 2-5, the crystallographic group G is isomorphic to a map-
ping torus of the form (a5, a3|araz = azay) ¥, (t) wherei = 2,3,4,5 for each case
i and

-1 0 0 -1 0 -1 0 —1

w0 -] 4] wo-|) 3 an=]] 3] so-=]} 7

Moreover, the automorphisms 6, 63, 84, 05 have finite orders of 2,3,4, and 6
respectively. Every endomorphism of G will be given by a 3 x 3 array of the form
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where the columns represent the images of ay, a3, and t under ¢ in terms of the
generators «p, &3, f.

The relations defining (i) taxt~! and (ii) tast ! yield two relations of the form

wt™ = w't" where w, w' are words in ay, 3. More precisely, we have the follow-
ing:
Cagse 2: (i) wit€ = wit € and (ii) wat® = wht . Tt follows thate = 0 = 4.
Case 3: (i) w1t = w|t~° and (i) wpt’ = wht €%, Tt follows that e = 0 = 4.
Case 4: (i) w1t€ = Wt and (ii) wt® = wht €. Tt follows that e = 0 = 4.
Case 5: (i) w1t = wt’ and (ii) wt® = wht €+ Tt follows thate = 0 = §.

Thus every endomorphism of G is of the form

a c r
p=1|b d s
0 0 v

so that N = 711(T?) = (ap, az|aoas = azan) is fully invariant.
For cases 9 and 10, the crystallographic group G is isomorphic to {«, B|faf =1 =
a1 xq. (t) wherei = 9,10 and

(t) = {(1) —01}' bro(t) = {(1) _11}

Here each of 09,61 is represented by a 2 x 2 array where the columns are the
images of «,  under the action 6;.
Case 9: Given an endomorphism ¢, the relation ¢(tpt~!) = ¢(B~1) yields

ar‘Bst'yac‘Bdtét—'y‘B—sa " (5‘3 d —c
=wit’ = wit™°,

for some words wq, w] in &, B. It follows that § = 0.
Similarly the relation ¢(BaB 1) = p(a~1) yields

“le alB telB d P 616 b —a
=wyt® = wht ¢,

for some words w», wfz in a, B. It follows that € = 0.
Case 10: Given an endomorphism ¢, similar to Case 9 above, the relation
(BaB™1) = p(a™!) yields € = 0. Now, the relation ¢(tt~1) = p(af™!) yields

[XrlBst'yIXCﬁdt(St—'yﬁ—s“—r — lxaﬁbt—éﬁ—d{x—c
—wt® = wjt™?,

for some words wq, w] in &, B. It follows that § = 0.
Furthermore, for both cases 9 and 10, the relation ¢(BaB 1) = ¢p(a~1) yields

Cle alelB—d _C_ﬁ_b —a

:>06C([X(_1)da)( )le a:B b ﬁ 2b
— “C(,,C(—l)”’a)(“(—1)"(—0))(“ ) — g2,



Nielsen numbers of selfmaps of flat 3-manifolds 209

This implies that b = 0.
Thus for cases 9 and 10, every endomorphism is of the form

r
Q= [ s] (5.1)

i

so that N = 71 (K) = (a, B|BaB ™ = a~1) is fully invariant.
We are now ready to compute N(f) for an arbitrary selfmap in the cases 2 - 5,
9,10.

S O
(SRR o

5.1 Case?2

Using fiberwise techniques, it follows from (2.2) that the Nielsen number of a
selfmap f is given by

[1—|-1

N(f)= Y. |det(I-6(B)).

i=0
Here, f induces on the fundamental group the endomorphism given by

a c r
p=1|b d s
0 0 v

with deg f = v where f : St — S! is the induced map on the base of the fibration
T?> — M — S'. The matrix B is the restriction ¢|, = [?}] and 6 = [ ' °,] is of
order 2.

The relation ¢(tazt 1) = g(a;') yields

aha§t agadt Vs Say " = ag tay
= apagad @l 0ty = ag g 62
This implies that (1) v is odd or ¢ = 0 and (2) y is odd or d = 0.
Similarly, the relation ¢ (tast~!) = @(a; ') yields
ocgocgt”ucgocgt_%cgsocz_r = a;bocz_”
= ocgocgocé_l)’yaocg_l)yboc;socz_r = a;%u, " 63

This implies that (1) 7y is odd or a = 0 and (2) 7y is odd or b = 0. Thus, if 7y is even
then B = [ 9] and hence N(f) = |1 — 1|

Suppose <y is odd then B = [}§] and 6B = |[Zj —5]. It follows that
det(I —B) = 1+ad —bc— (a+d) and det(I —0B) = 1+ ad — bc + (a + d).
When v is odd, |1 — 7| is even. (1) If |1 4+ ad — bc| > |a + d| then we have

N(f) = ’1;7’ (| det(I — B)| + | det(I — 6B)|)

=|1—7|-|1+ad— bc|.

(2) Otherwise, we have

N(f) =[1=7l-la+d|
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5.2 Case3

In this case,
10 =1 » (-1 1
|
and 63 = 1.

The relation ¢(tat~1) = ¢(a3) yields
ahast ot Yoy tay " = ajul (54)

and ¢(tazt™1) = @(a, ‘a3 ") yields

e P e e (5.5)

Suppose vy = 0 mod 3. Then (5.4) implies that 2 = c and b = d; (5.5) implies

thatc = —a—cd =b—d = a=0b=c=d =0 Thus B= [}J] and
N(f) =1 =7l

Suppose v = 1 mod 3. Then (5.4) becomes

1 1)b

r. s af.—1. — d
aposag(ay, oy

ayta, = a5
This implies that —b = c,a — b = d and (5.5) becomes
ahaga (o g ) ag Sy = ay a0
ba-b
that det(I — B) = 1 + a? + b?> — ab — 2a + b. Moreover, we have B = [u__% _f;b}
and 6°B = [‘Tgb Z} Now, we have det(I — 0B) = 1+a®> +b*> —ab+a+ b and

det(I — 6°B) =1 +a? 4+ b> —ab +a — 2b.
It is straightforward to show that det(I — B),det(I — 6B) and det(I — 6*B)
have the same sign. Thus, we conclude that

This implies that —d = —a —c,c —d = —b —d. It follows that B = [“ -t } SO

N(f) = (1+a*+b*—ab) |1 -1

Suppose v = 2 mod 3. Similar calculations show that B = [Z _f;rb],
B = [”_—bb Z] and 6°B = [b_—au u—_bb], It follows that det(I — B) = det(I — 6B) =

det(I — 6%*B) = 1 — a® — b + ab. Thus,

N(f) = [1—a® 12 +ab - |1 - .

5.3 Case 4

In this case,
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and 6 = I.
The relation ¢(tayt™1) = ¢(a3) yields
ahast adalt Vs Sa, " = asad (5.6)
and ¢(tast™!) = @(a, ') yields
ahagt asadt Vs Say " = ay "ay . (5.7)

Note that t2ayt 2 = ocz_l and ?a3t =2 = a3. When 7y is even, we have t7a3t ™7 =
«3. Thus (5.6) becomes

—1)(1/2) e
zxgoc%océ ) “afasta,” = agal

which then implies that b = d and (—1)(7/2)a = c. Now (5.7) becomes

(_1)(7/2)0 d,—s

r .S —r _ =b

—a
&y

which then implies that d = —b and (—1)(7/2)¢ = —a. Tt follows that b = d = 0
and ¢ = a = 0 so that B = [J J]. Hence, we have

N(f) = 1=l
When 7y = 1 mod 4, (5.6) becomes

b d

r .S 0 ,— —S,—r _ ,C
NHRZAZN, Ny TRy = HpA3

which implies that = d and —b = c. It follows that B = [¢ ~?|. It is straight-
forward to see that det(I — B) = (1 —a)? + b?, det(I — 0B) = (1 + b)? + a2,

det(I — 0°B) = (1 +a)? + b?, and det(I — 8°B) = (1 — b)? + a?. Thus
N(f) = |1—7]-(1+a®+b?).

When ¢y = 3 mod 4, (5.6) becomes

r.s,—a,—b. —s.—r _ _c.d

which then implies that c = —b and d = —a. It follows that B = [Z :2]. It is
straightforward to see that det(I — B) = 1 — a? + b?, det(I — 6B) = (1 +b)? —a?,
det(I — 6°B) = 1 —a* 4+ b?, and det(I — 6°B) = (1 — b)? — 4. It is not difficult
to see that det(I — B),det(I — 6'B), for i = 1,2, 3, are either all non-positive or all
non-negative. Thus

N(f) =11=7]-1-a*+b.
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5.4 Case5

In this case,

o -1 > [-1 -1 s [-1 0
Y PO B P

and 6° = I.
The relation ¢(tayt™1) = ¢(a3) yields

bt adalt Vg a, " = asad (5.8)
and @(tast™!) = @(a, 'as) yields
ahast aSadt Vg tay " = a "adh (5.9)

Suppose vy = 0 mod 6. Then (5.8) implies that 2 = ¢,b = d and (5.9) implies
thatc = c—a,d = d — b. It follows thata = b = ¢ = d = 0 and hence B = [}]].
Suppose v = 1 mod 6. Then (5.8) implies that —b = c,a+b = d and (5.9)

implies that —d = c —a,c+d = d — b. It follows that B = [Z a:rbb] .

Suppose v = 2 mod 6. Then (5.8) implies that —a —b = c,a = d and (5.9)
implies that —c —d = ¢ —a,c = d —b. It follows thata = b =c =d = 0 and
hence B = [}7].

Suppose v = 3 mod 6. Then (5.8) implies that —a = ¢,—b = d and (5.9)
implies that —c = c —a, —d = d — b. It follows thata = b = ¢ = d = 0 and hence
B=1[020].

Slgglglse v = 4 mod 6. Then (5.8) implies that b = ¢,—a —b = d and (5.9)
implies thatd = c—a,—c—d = d —b. It follows thata = b =c =d = 0 and
hence B = [J9].

Suppose v = 5 mod 6. Then (5.8) implies thata +b = ¢,—a = d and (5.9)
implies that c +d = ¢ —a, —c = d — b. It follows that B = [Z ”fb} :

a
Therefore, N(f) = |y — 1| if y =0,2,3,4 mod 6.
If ¥ = 1 mod 6. Then we have

det(I — B) = 14 a® 4+ b* —2a — b+ ab,
det(I —6B) =1+a>+b>—a+b+ab,

)
det(I — 6°B) = 1+ a®> + b* +a +2b + ab,
det(I — 6°B) = 1+a® +b*+2a+b+ab,
det(I —0*B) =1+a*+ 1> +a—b+ab,
det(I — 0°B) =1+ a* + b* —a — 2b + ab.

It is easy to see that det(I — B),det(I — #'B) for i = 1,..,5 are either all non-
negative or all non-positive. It is straightforward to show that (3.1) yields

N(f) = |y —1| - (1 4 a® +b* +ab).
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If ¥ = 5 mod 6. Then we have
det(I —B) =1 —a® —b*> — ab = det(I — 0B) = det(I — 6*B) =
det(I — 6°B) = det(I — *B) = det(I — 6°B).
It is straightforward to show that (3.1) yields

N(f) = |y =1/ -[1 - a? = b2 — ab].

5.5 Case?9

Every endomorphism is of the form (5.1). Thus, the relation ¢(tat™1) = ¢(a)
yields
‘XV‘BSt’)’lXﬂt—’Y‘B—SlX—V — (Xll
= a(_l)sa = a? (5.10)
= (-1)’a=a.
The relation ¢(tBt 1) = (B 1) yields
lxrﬁst'ylxclgdt—'yﬁ—s(x—r — ﬁ_dﬂc_c
- ar+(—1)5c+(—1)[(—1>7d}(_r)‘B(—l)'rd _ a(_l)d(_c)ﬁ_d (5.11)
= r4+ (=1)°c+ (=DIEV (=) = (=1)(—=¢) and (-1)7d = —d.
When 7 is even, (5.10) implies that s is even or a = 0. Similarly, (5.11) implies

that d = 0 and also s is odd or a = 0. Now, if s is even then ¢ = 0 and if s is odd
then a = 0. Thus, these relations yield that ¢ has one of the following form:

When 7 is odd, similar calculations show that ¢ has one of the following form:
0 ¢ r 0 0 r
= |0 even odd| or ¢= |0 even even
0 0 odd 0 0 odd
when d is even and
a c 0 0 ¢ c
= |0 odd even| or ¢ = |0 odd odd
0 0 odd 0 0 odd
when d is odd.

00 r 0 c¢c r

Thus,if ¢ = |0 0 even| or ¢ = |0 0 odd | then (2.2)yields N(f) =
0 0 even 0 0 even

v =11
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0 ¢ r
Ifp= |0 even odd| then|y—1|iseven, B= [J5]and6B =[] ]. Now,
0 0 odd

(2.2) yields

| 1| d"’Y—U, iftd > 1;
N(f) = ([ =1+ |d+1) - 5= = ¢y =1, ifd—0; (512
(=d)-|y—1|, ifd<o0.

In fact, the Nielsen number is given by (5.12) for the following types of endo-
morphisms:

0 0 r 0 ¢ c
¢ = {O even even} withB = [JY]and6B = [§ % ]org = !0 odd odd]
0 0 odd 0 0 odd
with B = [0 9] and 6B = [] <, ].

0 —d
a
Finally, for the type ¢ = |0 odd even| with B = [ 3] and 6B = [( ],
0 odd
(2.2) yields
N(p) < {la@ =D+ latd+ D) - ifa 20
d—1|+|d+1])- 274, ifa=0.
(I 2
5.6 Case 10

Every endomorphism is of the form (5.1). Thus, the relation ¢(tat™1) = ¢(a)
yields
“VﬁSt’)’[Xﬂt—'fﬁ—S“—r — OCa
= a(_l)sa = a? (5.13)
= (-1)’a=a.
This implies that s is even or a = 0.
The relation ¢(t8t~1) = @(ap™!) yields

W B BT TS T = a" B (5.14)

The relation ¢(BaB~t) = ¢(a~1) yields

This implies that d is odd or a = 0.
Straightforward calculations similar to those in Case 9 show that an endomor-
phism of G is of one of the following types:

0 0 r 00 r
= |0 even even| or ¢= [0 0 even| or ¢= 0 odd even
00

0O O odd 0 0 odd

2r+7 ¢ r }
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when s is even or

0 c r 0 c r
= |0 even odd| or ¢@= [0 0 odd
0 0 odd 00 o
when s is odd.
0 0 r
If o= |0 even even] then d is even, B = [JY] and 6B = [0 %]. In fact,
0 O odd

for all non-negative integer i, we have 0'B = 9'+2B. It follows from (2.2) that

| 1| d'h’_”/ iftd > 1;
N(f) = (1d =1+ |d+1]) - o= = Sy = 1], ifd=0, (515
(=d) - |y —1|, ifd<o0.

0 c r
Similarly, if 9 = |0 even odd| thendiseven, B = [J§] and 6B = [ 4].
0 0 odd

For all non-negative integer i, we have 0'B = 6'*2B. Thus, the Nielsen number
N(f) is given by (5.15).
If

then B = [ 9] such that N(f) = |y —1].

Finally, for type
2r+v9 ¢ r
Q= 0 odd even|,
0 0 odd
_|2r+7q ¢ _|2r+9 c+1
S P e
such that

in_ |2r+79 c+i
om0 T

Since 1 is odd, |7y — 1] is even. Since d is odd, it follows from (2.2) that

-1
N(f) = (2r+olld =1+ 2r+ ol —d =1 - 2 r a1
6 Nielsen numbers of arbitrary selfmaps: Remaining Cases
1,7,8, and 6
In this section, we compute N(f) for arbitrary selfmaps f on flat 3-manifolds in

the four remaining cases. Case 1 is well-known. For case 7 and 8, the flat manifold
is a S!-bundle over the torus T? and every self-map is fiber-preserving since the
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subgroup corresponding to S! is fully-invariant. Moreover, the formula (2.2) is
also valid in these situations and therefore can be used to compute N(f). For
case 6, we shall use (3.1) for the computation of the Nielsen number.

6.1 Case 1

The corresponding flat manifold is the 3-torus T° with fundamental group Z3.

Given a selfmap f inducing an endomorphism ¢ on fundamental group, it is
well-known that N(f) = 0if det(I — ¢) = 0and N(f) = | det(I — ¢)| otherwise.

6.2 Case?7

In this case, G has the following presentation

G= (B tpapt =a 1 tat ! = a,tpt™! = B).

Let ¢ be an endomorphism given by the following 3 x 3 array

a c r
p=1|b d s
€ 0 v

where the columns are the images under ¢ of the generators «, B,t. The relation
(Bap™!) = p(a”") yields
occﬁdt‘soc“ﬁbtet_‘sﬁ_doc_c — t_eﬁ_btx_a
=a°BlaBP a4t = B¢ thus e€=0
jacﬁd“uﬁbﬁ_d“_c — IB—b[X—a

:Nxc“(—l)duﬁb“—c _ ﬁ—b(x—u (6.1)
=l ("D (~D" ()b — tx(_l)b(_”)ﬁ_b thus b=0
et (D — p(-0) o (1)dg = g,
This implies that d is odd or a = 0.
The relation ¢(t8t~1) = ¢(B) yields
ar‘Bst'yac‘Bdt(St—'y‘B—sa—r — lxc‘Bdté (6.2)

=a" B a0 = atp.
Suppose d is even so a = 0. Moreover, 8 commutes with & so (6.2) becomes
o BPat B = af
This implies that s is even or ¢ = 0. Thus, when d is even, we have

0 ¢ r 0 0 r
(i) ¢= |0 even even or (ii) ¢ = |0 even odd] .
0 o 0% 0 ¢ 0%
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Suppose d is odd. Then the relation ¢(BaB 1) = ¢(a) yields
o BtTa TV = af
=o' Ba"p " = a” (6.3)
=(-1)°a =a.
This implies that s is even or a = 0. Now, (6.2) becomes

Wpap BT =

:zxrzx(_l)scﬁdzx_’ = oc‘:,Bd

iara(—l)sca(—l)d(—r)lgd = a°p*

=7+ (=1)°c+ (=1)%(=r) =c.

Now d is odd, so we have 2r + (—1)°c = c. It follows that if s is even then r = 0
and if s is odd then r = c.
Thus, when d is odd, we have

a ¢ 0 0 ¢ c
(iii) @ = |0 odd even or (iv) ¢= [0 odd odd] .
0 ¢ 0% 0 ¢ 0%

For the cases (i), (ii), (iv), the Nielsen number is N(f) = [(1 —d)(1 —) — ds].
For case (iii), since d is odd and s is even, |(1 —d)(1 — 7) — Js|, which is the
Nielsen number of the map f on the base T2, must be even. Since the base torus
has fundamental group generated by B and t whereas the fiber S! has funda-
mental group generated by «, the action of 711 (T?) on the fiber is induced by the
relation a1 = a1, It follows that we have

A =d)(@ =) - |
5 :

N(f) = (11 = a[ +[1 +af)

6.3 Case 8

In this case, G has the following presentation
G=(apBtBapt =a "t tat™! = a,tpt™! = ap).

Calculations similar to those in Case 7 show that any endomorphism is of one
of the following types:
When d is even, we have

0 ¢ r 0 ¢ r
(i) ¢= |0 even even or (ii) ¢ = {0 even odd]|.
0 0% 0 —2c v
When d is odd, we have

0 ¢ X2c—0-1)

(iii) ¢ = [0 odd odd or (iv) ¢ =
0 ¢ 0%

0 odd even
0 ) 0%

2r+9 ¢ r ]
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For the cases (i), (ii), (iii), the Nielsen number is N(f) = |(1 —d)(1 — ) — Js|.
For case (iv), similar arguments as in Case 7 show that
(=)0~ )~ 5]

N(f)=(1=2r=o[+[1+2r+7])- >

6.4 Caseb6

In this final case, we make use of the calculations already done in subsection 4.1.
For any endomorphism ¢, the restriction ¢’ on the maximal abelian subgroup is

of one of the six forms as in (4.1) or ¢’ = [g § 8] For this latter type of endo-

morphisms, N(f) = 1. We now compute the Nielsen number of a selfmap which
induces an endomorphism ¢ given by

a cr
p=1|b d s
€ 0t

where the columns are the images under ¢ of the generators 1, a3, t3. We will
make use of the restriction ¢’ of ¢ to the maximal abelian subgroup and ¢’ can
be represented by a 3 x 3 matrix where the columns are images under ¢’ of the
generators w1, ap, &3.

Suppose ¢’ is of type (II) and (III'), that is, ¢’ = [8 —25—2217—1 é} . It follows that
€

det(I — ¢') = (2+2s+2b)(1 —re),
det(I — 01¢") = (25 +2b)(—1 —re),
det(I — 6,¢") = (25 +2b)(—1 —re),
det(I — 603¢") = (2 + 25 +2b)(1 — re).

It follows that

1
N(f) = (41 + s+ bl|1 — re| +4s + bl|1 + re]).

Suppose ¢’ is of type (II) and (IV’), that is, ¢’ = [8 rgu —2%—1] . It follows that
€

det(I—¢') =1—(a—r)e(2s+1) = det(I — 01¢") =
det(I — 6,¢") = det(I — 63¢").

It follows that
N(f)=1|1—(a—r)e(2s +1)|.

0 0
Suppose ¢’ is of type (III) and (II'), that is, ¢’ = {g 2(s+b)+1 0} . It follows that
0

0 t
det(I —¢') = (1 —a)(1 —t)(=2(s + b)),
det(I —019') = (1—a)(1+t)(2+2(s+ b)),
det(I —6,9") = (14+a)(1 —t)(2+2(s+ b)),
det(I —603¢") = (1+a)(1+t)(—2(s +b)).
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It follows that

(|=—a)1—=t)(-2(s+b))|+|(1—a) Q1 +t)(2+2(s+ b)) |+
[(14+a)(1—H24+2(s+b)|+|(1+a)(1+t)(=2(s+D))|).

N(f) =

»J>|b—\

Suppose ¢’ is of type (III) and (IV’), that is, ¢’ = [8 0 —2%—1] . It follows that

0e—t
det(I—¢") = (1—a)(1—(2s+1)(t —¢)),
det(I —01¢") = (1—a)(1— (2s+1)(t —¢)),
det(I —6,¢") = (1 +a)(1+ (2s+1)(t —¢)),
det(I —03¢') = (1+a)(1+ (2s+1)(t —¢€)).
It follows that
N(f) = 2(2](1 —a)(1—2s+1)(t—¢€))|+2[(1+a)(1+ (2s+1)(t —¢€))])-
Suppose ¢’ is of type (IV) and (I'), that is, ¢’ = [—2%—1 rga %] . It follows that
det(I—¢")=(1—(a—r)(2b+1))(1—1),
det(I—01¢") = (14 (a —r)(2b+1))(1 +1),
det(I —6,¢") = (1—(a—7)(2b+1))(1 1),
det(I —03¢") = (1+ (a—7r)(2b+1))(1 +¢).

It follows that

N(f) = i(2|(1 —(a—r)2b+1)) A -8 +2[Q1+(a—7)2b+1))(1 +t)]).

Suppose ¢’ is of type (IV) and (II'), that is, ¢’ = [—2%—1 0 ] . It follows that

SO

e—t

det(I—¢") =1—r(2b+1)(t —€) = det(I — 6,¢') =
det(I — 6,¢") = det(I — 63¢").

It follows that
N(f)=1—-r(2b+1)(t —¢€)|.

7 Jiang-type condition

Recall that a space M is of Jiang-type or M satisfies the Jiang-type condition, if
for any selfmap f : M — M, either L(f) = 0 = N(f) = 0or L(f) # 0 =
N(f) = R(f). Here, L(f), N(f), R(f) denote the Lefschetz, Nielsen, and Reide-
meister numbers of f respectively. A group G is said to have property R, if for all
¢ € Aut(G), R(¢) = oo.
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In [5], flat and nilmanifolds whose fundamental groups possess property Reo
were constructed. In particular, it was shown that for any n > 5, there is a com-
pact nilmanifold of dimension n such that every homeomorphism is isotopic to
a fixed point free homeomorphism. This is due to the fact that nilmanifolds are
known to be of Jiang-type and by constructing finitely generated nilpotent groups
with Re property, such a nilmanifold has the property that every self homeomor-
phism f must have N(f) = 0. It is therefore natural to ask whether there exists
manifold M that is not of Jiang-type but N(f) = 0 for every self homeomorphism
f (see Remark 7.1). In this section, we determine which of the flat 3-manifolds are
of Jiang-type.

For Case 1, the 3-torus, it is well-known that the Jiang type condition is satis-
fied.

For Case 2, the flat manifold is a torus bundle over S!. Consider the fiberwise
homeomorphism which induces on the fundamental group of the base the homo-
morphism given by multiplication by —1 and on the fundamental group of the
fiber the automorphism given by the matrix

1 2
]
The Lefschetz number of this map restricted to one fiber has value —2 but the
Lefschetz number restricted to the other fiber, by routine calculation, is 6. There-
fore the indices of the Nielsen classes have different values, i.e., 2 classes have
index —1 and 6 classes have index +1. Now, consider a homeomorphism which

induces on the fundamental group of the base the homomorphism given by mul-
tiplication by —1 and on the fundamental group of the fiber the automorphism

given by the matrix
11
5= o 1|

The Lefschetz number of this map restricted to one fiber is 0 but the Lefschetz
number restricted to the other fiber, by routine calculation, is 4. This implies that
the Nielsen number is 4 but the Reidemeister number is infinite. Therefore the
Jiang type condition does not hold.

For Cases 3-5, none of these manifolds is of Jiang type. For Case 3 (section 5.2),
consider the map inducing ¥ = 1 mod 3 witha = 1and b = 0 so that B = [} {].
In this case, det(I — B) = 0 so that R(f) = oo. For Case 4 (section 5.3), consider
the map inducing ¥ = 3 mod 4 witha = 0 and b = 1so that B = [{ ' |. In this
case, det(I — 6°B) = 0 so that R(f) = 0. For Case 5 (section 5.4), consider the
map inducing v = 1 mod 6 witha = 1 and b = 0 so that B = [} {]. In this case,
det(I — B) = 0so that R(f) = oo. Thus, we conclude that the Jiang type condition
does not hold in general in any of these three cases.

For the remaining Cases 6-10, each of these flat manifolds is not of Jiang-type.
For Case 6, one can choose a self-homeomorphism (see section 4.1 and section
6.4) of type (I), (IIl') withr = € = 1,5 = 0,b = —1 so that N(f) = 2 = |L(f)|
but R(f) = oo. For Cases 7-8 (see sections 4.2-4.3), there exist homeomorphisms
f sothat N(f) = |L(f)| # 0but R(f) = occ. Similarly for Cases 9-10, see sections
44-45.

For convenience, we summarize our results in the following table:
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| G| NSH(M) | Jiang Type

1| Nu{o} Yes
2| 2NU{0} No
3 {0} No
4 {0} No
5 {0} No
61 {02} No
7 2N U {0} No
8§ 2NU{0} No
91 {02} No
10 {02} No

Remark 7.1. Based upon our calculations, the flat manifolds in Cases 3-5 have the
property that they are not of Jiang-type but every self-homeomorphism has zero
Nielsen number while N(f) = |L(f)| (see e.g. [9, 10]) and their fundamental
groups have property R (see [8]).
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