Fredholm Theory in Hilbert Space — A Concise
Introductory Exposition

Carlos S. Kubrusly

Abstract

This is a brief introduction to Fredholm theory for Hilbert space operators
organized into ten sections. The classical partition of the spectrum into point,
residual, and continuous spectra is reviewed in Section 1. Fredholm operators
are introduced in Section 2, and Fredholm index in Section 3. The essential
spectrum is considered in Section 4, the spectral picture is presented in Section
5, and Riesz points are discussed in Section 6. Weyl spectrum is the subject
of Section 7 and, after bringing some basic results on ascent and descent in
Section 8, Browder spectrum is investigated in Section 9. Finally, Weyl and
Browder theorems close this expository paper in Section 10.

1 The Spectrum

Throughout this paper H stands for a nonzero complex Hilbert space. A subspace
of H is a closed linear manifold of H. The closure of a linear manifold M is denoted
by M~ and the orthogonal complement of M is denoted by M-, both are subspaces
of H. By an operator on H we mean a bounded linear (equivalently, a continuous
linear) transformation of H into itself. Let B[H] be the unital Banach algebra of all
operators on ‘H, and let 7" € B[H] stand for the adjoint of 7" € B[H]. The kernel or
null space (which is a subspace of H) and the range (which is a linear manifold of
H) of T € B[H] are denoted by N(T') and R(T), respectively:

N(T)=T70} = {z € H: Tz =0},
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R(T) :T(H):{yGH: y = Tx for somexGH}.

To begin with we consider a classical partition of the spectrum of a Hilbert space
operator. Take an arbitrary operator 7" in the unital Banach algebra B[H]. Let

p(T)={\eC: N\ =T)={0} and R\ —T) =H}

be the resolvent set of T', which according to the Open Mapping Theorem is precisely
the set of all A € C such that AI — T is invertible (i.e., such that A/ — 7 has an
inverse in the algebra B[H]). Its complement,

o(T)=C\p(T) = {)\ € C: M —Tisnot invertible},

is the spectrum of T. Recall that the spectrum of 7' € B[H]| is a nonempty and
compact subset of the complex plane C. Let {UP(T), or(T), O’c(T)} be the classical

partition of o(7") consisting of the point spectrum, residual spectrum and continuous
spectrum, which are defined as follows.

op(T) = {A € C: N(AI =T) #{0}}

is the point spectrum of T (i.e., the set of all eigenvalues of T'). If X is an eigenvalue
of T (i.e., if X € op(T)), then N(AI — T) is an eigenspace of T'. The set

or(T) = {AeC: NI =T) ={0} and R —T) # H}
is the residual spectrum of T', and the continuous spectrum of T is given by
oc(T) = {AeC: N =T)={0}, RO\ =T)"=H and RO —T) #H}.

The diagram below summarizes such a partition of the spectrum [17, p.5]. Here
the residual spectrum is split into two disjoint parts, og(T") = og,(T) U og,(T), the
point spectrum is split into four disjoint parts, op(T) = UL, op(T), and we adopt
the following abbreviated notation: T\ = (A —T'), Ny = N (T)), and Ry = R(T)).
Also B[R, H] denotes the Banach space of all continuous (i.e., bounded) linear
transformation of R into H — so that if T) is injective (i.e., if N'(T)) = {0}), then
its linear inverse Ty * on R, is continuous if and only if R, is closed (by the Banach
Continuous Inverse Theorem, see e.g., [18, p.228] ).

Ry=H Ry#H
Ry=R, |Ry#R, |Ry#R, |Ry=R,
T eBRAH] | p(T) o o ory (T)
Ny={0}
Ty ¢ BIRAH] o oc(T) | ory(T) o
oap(T)
Na#{0} op(T) | opy(T) | opy(T) | opy(T) w

ocp(T)
There are however overlapping parts of the spectrum that are commonly used
too (see e.g., [14, Chapter 9]). For instance, the compression spectrum ocp(T) and
the approzimate point spectrum (or approzimation spectrum) oap(T), defined by

ocp(T) = {)\ € C: R(AI —T) is not dense in H}
= UPS(T) U UP4(T) U UR(T)v
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oap(T) = {)\ € C: (M —T) is not bounded below}
= op(T)Uoc(T) Uog,(T) = o(T)\or,(T).

Recall that the approximate point spectrum is nonempty, closed in C, and includes
the boundary 0o (T) of the spectrum o(7"). Moreover, og,(T") is open in C, and so
is op,(T). Furthermore, the residual spectrum is given by the formula

or(T) = op(T")"\op(T),

and so
oc(T) = o(T)\ (op(T) Uop(T7)"),

where we are using the standard notation A* for the set of all complex conjugates
of a given subset A of C (i.e., A* ={A € C: A € A}) — see e.g., [18, Propositions
6.16 and 6.17]. Indeed,

p(T) = p(T7)", o) =o(T),  oc(T)=oc(T"),
the subparts of the point and residual spectrum are related by the expressions
op(T) = or,(T7)",  op(T) = or,(T7)",
op(T) = op(T7)",  op(T) = op(T")",
and the compression and approximate point spectrum are such that
ocp(T) = op(T7)",
00(T) € oap(T) Noap(T*)" = o(T)\ (op,(T) U o, (T)).

Remark 1.1. Take an arbitrary 7' € B[H]. Since in a finite-dimensional space every
linear manifold is closed and every injective operator is invertible, it follows by the
preceding diagram that

dmH <o = o(T)=0p(T)=0p(T),

which is a finite set — this extends to finite-rank operators but not to compact
operators on a infinite-dimensional space. However,

T is compact — o(T)\{0} = op(T)\{0} C op,(T),

and, in this case, o(T") is a countable set for which 0 is the only possible accumulation
point (see e.g., [7, Section VIL.7] or [18, Section 6.6] — this in fact is a consequence
of the Fredholm Alternative as stated in the forthcoming Remark 3.2).

2 Fredholm Operators

Let B [H] be the (two-sided) ideal of all compact operators from B[H|. An operator
T in B[H) is left semi-Fredholm if there exists S € B[H| and K € B__[H] such that
ST = I + K, and right semi-Fredholm if there exists S € B[H] and K € B_[H] such
that T'S = I + K. We say that T"in B[H] is semi-Fredholm if it is either left or right
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semi-Fredholm, and Fredholm if it is both left and right semi-Fredholm. Let F;
be the class of all left semi-Fredholm operators and let F, be the class of all right
semi-Fredholm operators:

Fo= {T € B[H]: ST =1+ K for some S € B[H] and some K € BOO[H]},

Fr= {T € B[H]: TS =1+ K for some S € B[H| and some K € BOO[H]}.

The classes of all semi-Fredholm and Fredholm operators from B[H] will be denoted
by SF and F, respectively;

SF=F,UF, and F=FNF.

It is clear that
TeF, ifandonlyif T*e€F,.

Thus T € SF if and only if 7" € SF, and T € F if and only if T* € F. Recall
the following elementary properties involving kernel and range of a Hilbert space
operator and its adjoint (see e.g., [18, pp.393,394]):

N(T*) =HeR(T)” =R(T)",
R(T™) is closed if and only if R(T") is closed.

Proposition 2.1. [7, p.351]. An operator T € B[H] is left semi-Fredholm if and
only if R(T) is closed and N (T) is finite-dimensional.

Therefore, since that 7' € F; if and only if T* € F,,

Fr = {T € B[H]: R(T) is closed and dim N(T) < oo},

Fr = {T € B[H]: R(T) is closed and dim N (7T7) < oo}.

Corollary 2.2. Take any operator T in B[H]. It is semi-Fredholm if and only if
R(T) is closed and N (T) or N(T*) is finite-dimensional. It is Fredholm if and only
if R(T) is closed and both N'(T) and N (T*) are finite-dimensional.

Thus, according to Corollary 2.2, the class of all Fredholm operators is given by
F = {T € B[H]: R(T) is closed, dimN(T) < oo and dim N (T™) < oo}
and its complement,
BIH\F = BH)\(F: N F,) = (BIH)\F) U (BH]\ F,),
is the union of

B[H|\F; = {T € B[H]: R(T) is not closed or dimN(T) = oo},

BHI\F, = {T € B[H]: R(T) is not closed or dim N (T%) = oo}.
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3 Fredholm Index

Let Z be the set of all integers and put Z = Z U {—oo} U {+00}, the set of all
extended integers. Take any operator T in SF so that N(T) or N(T*) is finite-
dimensional. The Fredholm index ind (T) of any T in SF is defined in Z by

ind (7)) = dim N(T') — dim N (T™).
It is usual to write
a(T) =dimN(T) and S(T)=dimN(T™)

so that
ind (T) = o(T) — B(T).

Since T* and T lie in SF together, we get ind (T*) = —ind (7). Note that
B(T) = a(T*) = dim R(T)* = dim(H © R(T) 7).
Remark 3.1. (Finite-dimensional). Take an arbitrary 7" € B[H] and recall that
dimH = dim N(T) + dimR(T) and dimH = dim R(T) + dim R(T)*.
Hence, if H is finite-dimensional, then ind (T") = 0. Indeed,
dim AV(T) — dim R(T)* = dim N (T) 4+ dim R(T) — dim H = dim H — dim H = 0.

But linear manifolds of finite-dimensional spaces are closed, and therefore on a
finite-dimensional space every operator is Fredholm with a null index:

dmH <oo = {T€F: ind(T)=0}=BH]
Remark 3.2. (Fredholm Alternative). If K € B, [H| and A # 0, then
RN — K)isclosed and dimAN (M — K)=dimN (A — K*) < oo.

This is the so-called Fredholm Alternative for compact operators (see e.g., [1, p.87],
[7, p.217] or [18, p.480]), which can be restated in terms of Fredholm indices:

If K € B_[H] and A\ # 0, then A\ — K is Fredholm with ind (\] — K) = 0.

Remark 3.3. Observe that Corollary 2.2 and some of its straightforward conse-
quences can also be naturally rephrased in terms of Fredholm indices.

(a) An operator T € B[H]| is semi-Fredholm if and only if R(T) is closed and o(T)
or B(T) is finite; an operator T € B[H] is Fredholm if and only if R(T) is
closed and both o(T) and ((T) are finite.

Note that a(T') and (T are both finite if and only if ind (7') is finite (reason: «
and 3 were defined for semi-Fredholm operators so that if one is 00, then the other
must be finite). Therefore,

(b) T is Fredholm if and only if it is semi-Fredholm with finite Fredholm indez.
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A nonzero scalar operator (i.e., a nonzero multiple of the identity) is Fredholm with
a null Fredholm index (by Corollary 2.2). This is readily generalized as follows.

(c) If T € F, then yT € F and ind (yT) = ind (T') for every v € C\{0}.
Proposition 3.4. 7, p.354].
SSTeF, = STeF, and ind(ST)=ind(S)+ ind (7).
Corollary 3.5. Take an arbitrary nonnegative integer n.
TeF = T'eF and ind(T")=nind (7).

Proof. The result holds trivially for n = 0 (cf. Corollary 2.2) and tautologically for
n = 1. Thus suppose n > 2. Proposition 3.4 says that the claimed result holds for
n = 2 if F is replaced with F,. Then a trivial induction ensures that it holds for
each n > 2, if F is still replaced with F,. That is, for every integer n > 2,

TreF == T'eXF, and ind(T")=nind (7).

Suppose T' € F = F, N F,. The above implication holds and, since T* € F, it also
holds for T™ so that T*" € F,. Thus T" € F,, and hence T" € F = F, N F,. [

The null operator on an infinite-dimensional space is not Fredholm, and so a
compact operator may not be Fredholm. However, the sum of a Fredholm and a
compact is a Fredholm operator with the same index.

Proposition 3.6. [1, p.9§]
T'eF and KeB [H = T+KecF and ind(T+ K)=ind(T).

A Weyl operator is a semi-Fredholm operator with null Fredholm index. Equiva-
lently, a Weyl operator is a Fredholm operator with null Fredholm index (cf. Remark
3.3(b)). Let W denote the class of all Weyl operators from B[H]:

W ={T € F: ind(T) =0}

Since T' € F if and only if 7% € F and ind (T™) = —ind (7"), it follows that "€ W
if and only if 7* € W. Observe from Remark 3.1 that every operator on a finite-
dimensional space is a Weyl operator;

dmH <oco = W =B[H].

Moreover, the Fredholm Alternative in Remark 3.2 can be rephrased as follows. If
K is a compact operator, then A\ — K is a Weyl operator for every nonzero A:

KeBJH] and A#£0 = (M —K)eW.

Also, by Remark 3.3(c), every nonzero multiple of a Weyl operator is again a Weyl
operator; in particular, every nonzero scalar operator is a Weyl operator. In fact,
the product of a couple of Weyl operators is again a Weyl operator (by Proposition
3.4). Note that every compact Fredholm operator is a Weyl operator by Proposition
4.4 and 3.6. Also note that every self-adjoint operator with a closed range and a
finite-dimensional kernel is a Weyl operator. Actually, every normal operator with
a closed range and a finite-dimensional kernel is a Weyl operator (reason: since
N(T) = N(T*T), so that N (T*) = N(T'T*), for every T € B[H] — see e.g., [18,
p.393] — it follows that N'(T*) = N (T') whenever T is normal.)
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4 Essential Spectrum
The left spectrum o¢(T) and right spectrum o,(T) of T € B[H] are defined by
oo(T) = {)x € C: XM —T is not left invertible} = {)x eC: NA[-T) # {0}},
0,(T) = {\ € C: A =T is not right invertible} = {\ € C: R(A[ - T) # H},
so that
o(T) = {\€C: M — T is not invertible} = 0,(T) Ua,(T).

Note that the left spectrum coincides with the point spectrum op(T") (i.e., with the
set of all eigenvalues of T'). In fact,

o(T) =0p(T) and o.(T)=0(T)\op(T),
where op,(T) = {A € 0p(T): R(AI —T)~ = R(A —T) = H} or, equivalently,
op,(T) = {)\ €op(T): RN -T) = H} — see diagram of Section 1 — and hence
5(T) N 0 (T) = ap(T)\or (T).

Consider the Calkin algebra B[H]/B,[H] (i.e., the quotient algebra of B[H]
modulo the ideal B, [H] of all compact operators), which is a unital Banach algebra
whenever ‘H is infinite-dimensional. In this case, let 7: B[H] — B[H] /B, [H] be the
natural map from B[H] to B[H]/B,[H] (i.e., m(T) = [T] = T + B[H] for every T
in B[H]). The essential spectrum (or the Calkin spectrum) o.(T') of T € B[H] is the
spectrum of 7(7) in the Calkin algebra B[H] /B, [H]; that is,

0e(T) = o(n(T)).

Similarly, the left essential spectrum o4 (1) and right essential spectrum o,.(T") of
T € B[H] are defined as the left and right spectrum of 7(7") in the Calkin algebra
B[H]/B.[H], respectively; that is,

0w(T) = 0o(m(T)) and 0,..(T) = o,.(7(T)),

and so
0e(T) = 04e(T) U 0y (T).

Proposition 4.1. [7, p.359]. If T € B[H], then
ow(T) = {)\ eC: R(MI—T) is not closed or dimN (A —T) = oo},
0re(T) = {)\ € C: R(M —T) is not closed or dim N (A —T%) = oo}.

Let the essential point spectrum op.(T) of T' € B[H] be the point spectrum of
7(T) in the Calkin algebra B[H] /B, [H],

ope(T) = op(n(T)),
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and put op,.(T") = op,(7(T")) so that, by Proposition 4.1,

oc(T) € 06(T) = ope(T) S o(T)\og,(T) = oap(T),

0c(T) € 0re(T) = 0e(T)\op,e(T) S o(T)\op, (T) = oar(T7),

with og, (T) = {) € o(T): RO\ —=T)" =R —T) # H and N(\ —T) = {0}}

and op, (T') = {)\ €o(T): RM—-T)=H and N\ -T) # {0}} — see diagram
of Section 1 — so that

7e(T) € 0(T) 10T = opuTN\Tpe(T) € o(T)\(00,(T) Uom, (1)
Corollary 4.2. (Atkinson Theorem).
o0o(T)={\eC: A\ -T)¢F}.
Proof. According to Proposition 4.1,
oie(T) ={AeC: A\ —T) e BH\Fi} ={AeC: \-T)¢F},
0, (T)={AeC: M -T)eBH\F}={reC: W\ -T)¢F}
Since 0.(T) = 04(T) U 0,(T) and F = F, N F,., we get the desired identity. [
Observe that what the Atkinson Theorem says is that an operator T is Fredholm
if and only if its image w(T') in the Calkin algebra B[H]/B.[H] is invertible (see
e.g., [14, Problem 181]). This is usually referred to by saying that T is essentially
invertible. Thus the essential spectrum is the set of all scalars A for which (Al —T)
is not a Fredholm operator (i.e., not essentially invertible), and so the essential

spectrum is also called Fredholm spectrum. Since an operator lies in F together
with its adjoint, it follows by Corollary 4.2 that A € o.(T') if and only if X € o.(T™):

oe(T) = o.(T")".
It is clear from Proposition 4.1 that
o.(T) C o(T).

Remark 4.3. Take an arbitrary 7' € B[H]. Since 0.(T) = o(n(T)) if H is infinite-
dimensional, it follows that

dmH =00 = o0.(7T)+# g2,
and the converse holds by Remark 3.1 and Corollary 4.2,
dmH <o = o (T)=2o.

In both cases 0.(T) is a compact set and, by Proposition 3.6 and Corollary 4.2,
0e(I'+ K) =0.(T) — indeed, (T + K) = n(T) — for all K € B_[H].
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5 Spectral Picture
Take any operator T in B[H]. For each k € Z\{0} put
or(T)={AeC: (\[=T)€SF and ind(\ - T) = k}.

Recall that (A —T) € SF if and only if (\[ —T*) € SF with ind( A\ —T) =
—ind (A\I — T*), and so X € o%(T) if and only if A € o_(T*). Thus, for k € Z\{0},

O'k(T) = O'_k(T*)*.

These o (T') are open subsets of C for each nonzero k in Z [7, p.366]. If A € 0, (T),
then 0 < dim N (A — T*) < dim N (A — T') = oo, which implies that \ is an eigen-
value of T of infinite multiplicity. Dually, If A € 0_oo(T) = 0400(T*)*, then X is an
eigenvalue of T of infinite multiplicity. Hence,

Oioo(T) Cop(T) and o_oo(T) C op(TF)".
Now take an arbitrary nonzero integer k € Z\{0}. If k>0 and X € o4(7T'), then
0 <ind (M —T) < o0, and so 0 < dimN(A\ —T*) < dimN(A\] — T) < oo, which
implies 0 < dim N (A — T') < oo so that A is an eigenvalue of T of finite multiplicity.

Dually, if k < 0 (i.e., —k > 0) and A € 04(T) = o_(T*)*, then X is an eigenvalue of
T* of finite multiplicity. Outcome: If & € Z\{0}, then

T), k>0,
ou(T) C opr(T)
UPF(T*)*, k<0,

where opp(T') denotes the set of all eigenvalues of finite multiplicity,
opr(T) = {X € op(T): dim N\ —T) < oo},
that is, opp(T) ={A € C: 0 < dimN (A —T) < oo}, and so
o1 (T) C opp(T) U opp(T*)*
for all k € Z\{0}. Therefore, since og(T) = op(T*)*\op(T), we get

U or(T) C op(T)Uop(T*)" = op(T) Uor(T) C o(T).
keZ\{0}

Observe that, if £ € Z\{0} (i.e., if k is a nonzero integer), then (cf. Remark 3.3(b))
or(T)={AeC: M =T)€eF and ind(\ - T) = k}.
Now, for k = 0, we define 0¢(7") as the following subset of o(7T'):
oo(T) = {A € o(T): (\[=T)€SF and ind(\ —T) =0}
={\eo(T): M —T)€eF and ind(\ —T) =0}
={Nea(M): (M -T)ew},
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which can be rewritten as
0o(T) = {X € o(T): R(AI —T) is closed and
dim N'(\ = T) = dim N (X — T%) < oo}
= {N€op(T): RO -T) =R\ —T)#H and
dim (AT = T) = dim N’ (X — T*) < oo}
= {Neop(T): dimN(A —T)=dimN QI - T") < oo},

with op, (T) = {\ € 0p(T): RO\ =T)~ = R\ = T) # H} — see diagram of
Section 1. Therefore,

O'Q(T) Q O'p4(T) N O'pF(T) N UPF(T*)*,

and so
O'(](T) = Uo(T*)*.

The partition of the spectrum o(7") obtained in the next proposition is called
the spectral picture of T' [23].

Proposition 5.1. If T € B[H], then

o(T)=0.(T)U kU or(T)

and
0e(T) = (02(T) N 07e(T)) U 0400 (T) U 0o (1),

where

0o(T) N Jow(T) = 2, on(T) N 0j(T) =2, (04(T) N 07e(T)) N 0o (T) = .

Proof. The collection {0y (T") }rez of subsets of o(T) is pairwise disjoint and

U o) ={rea(T): A\ -T)eF}.

keZ

Since
o.(T)={\ea(T): A\ -T)¢F},

we get the claimed partition of the spectrum o(7). The partition of the essential
spectrum o.(7") into (O’ge(T) N are(T)) U000 (T)Uo_oo(T) is readily verified by the
proof of Corollary 4.2. [ |

Recall that o4 (T) is an open subset of C for each k € Z\{0}. The pairwise
disjoint sets {04 (1) }kez\ {0}, which are subsets of o(T")\o.(T'), are called the holes in
the essential spectrum o, (7"), while 04, (T"), which are subsets of o.(T'), are called
the pseudoholes in o.(T"). Thus the spectral picture of T' consists of the essential
spectrum o, (7)), the holes 04 (7T) and pseudoholes o1 (T) (to each is associated a
nonzero index k in Z\{0}), and the set oo(T) = {\ € o(T): (\[ —=T) € W}. Tt is
worth noticing that any spectral picture can be attained [6] by an operator in B[H].
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6 Riesz Points

The set 0¢(T) will play a rather important role in the sequel. It consists of an open
set 79(7") and the set my(T") of isolated points of o(7") for which the Riesz idempotents
have finite rank [7, p.366]. The next proposition says that m(7") is precisely the set
of all isolated points of o(7") that lie in oo(7T).

Proposition 6.1. [7, p.366]. If A is an isolated point of o(T'), then the following
assertions are pairwise equivalent.

(a) A € ao(T).
(b) A ¢ 00e(T) N (T).
(¢) The Riesz idempotent E\ has finite rank.

Recall the definition of Riesz idempotents associated with isolated points of the
spectrum: Let A be an isolated point of ¢(7") and consider the spectral projection
E)\ = ﬁ T (fyl - T)_ldfy’
where T') is a positively (i.e., counterclockwise) oriented circle enclosing A but no
other point of o(7"). (This is a straightforward generalization of the Riemann integral
of a scalar-valued function on I'y, which extends naturally for any vector-valued
function and, in particular, for any function from I'y to the Banach space B[H].)
The operator Fy: H — H is indeed a projection (i.e., a linear idempotent, bounded
but not necessarily orthogonal) that commutes with every operator that commutes
with 7', so that the R(E)) is T-invariant. Moreover, o(T'|z(g,)) = {A}. The spectral

projection E) is the Riesz idempotent corresponding to A [7, p.210].

Thus mo(T") is a subset of op,(T) consisting of those isolated points A of the
spectrum for which R(FE)) is finite-dimensional or, equivalently, consisting of those
isolated points of the spectrum that lie in 0((7"). Summing up:

O'Q(T) = TQ(T) U WQ(T),

)
{)\ € op(T): Xis an isolated point of ¢(T") and dimR(E)) < oo}

= {)\ € op(T): Ais an isolated point of o(T') and A ¢ (O’ge(T) N are(T))}
{)\ € op(T): Ais an isolated point of ¢(7T") and A € Uo(T)}

{)\ € op,(T): Ais an isolated point of o(7") and

dim (A = T) = dim N’ (AT — T") < oo}.

The set m(T") is called the set of Riesz points of T', which is sometimes also referred
to as the set of isolated eigenvalues of T" of finite algebraic multiplicity.

For any operator T' let o0y (7T") denote the set of all isolated points of o(T),
and 0 Oaee(T) = 0(T)\0iso(T'), its complement in o(7T), is precisely the set of all
accumulation points of o (7). Thus the Riesz points of T' can be simply written as

7T0(T) = Uiso(T) N O'(](T).
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Now let moo(T") denote the set of all isolated eigenvalues of T' of finite multiplicity,
moo(T) = 0iso(T) N opp(T),

which is sometimes also referred to as the set of isolated eigenvalues of T" of finite
geometric multiplicity. Since oo(T") C opp(T), it is clear that

7T()(T) g 7T00(T).
Proposition 6.2. mo(T) = {)\ € moo(T): R(A —T) is closed }

Proof. If A € my(T"), then A € mpo(T") and R(AI — T') is closed (because A\ € oo(T)).
Conversely, suppose R(A —1T) is closed and A € mpo(7)). Thus (M —T) e Fy
(since R(AI —T) is closed and dim N'(A] — T') < o0) so that A & o4.(T"), and hence
A & 00e(T) N o,e(T), which means that A\ € mo(7T") by Proposition 6.1. (Recall that
A is an isolated point of o(T") since it lies in myo(7").) ]

7 Weyl Spectrum
The Weyl spectrum of an operator T € B[H] is the set

ou(T) = [ o(T+K),
KeB [H]

which is the largest part of o(7") that remains unchanged under compact perturba-
tions. Clearly, 0,(T") = 0, (T + K) for all K € B_[H]. Another characterization of
it is given by the Schechter Theorem (cf. [24], [25]) as in Proposition 7.1 below.

Proposition 7.1. [7, p.367]. If T € B[H], then

ow(T)=0.(T)U |J on(D).
keZ\{0}

Since 03 (1) C o(T)\o.(T) for all k € Z, it follows by Proposition 7.1 that,

ow(TN\oe(T) = |J ow(T) and o0.(T)=0,(T) = |J o(T)=wo.
keZ\{0} kez\{0}

Corollary 7.2.  o,(T)={\eC: (\[-T) ¢ W}.

Proof. X € 0,(T) if and only if either A € 0.(T") or A € 0 (T) for some k # 0 in Z
by Proposition 7.1. Thus A € 0,,(T) if and only if either (Al —T') ¢ F (Corollary
4.2) or (M —T) € F with ind (A — T') # 0, which means that (Al —T7) ¢ W. =

Then the Weyl spectrum o,,(7) is the set of all scalars A for which (A —T) is
not a Weyl operator (i.e., for which (A — T') is not a Fredholm operator of index

zero). Since an operator lies in W together with its adjoint, it follows by Corollary
7.2 that A € 0,,(7T) if and only if A € 7,,(T%):

ouw(T) = 0, (T")".



Fredholm Theory in Hilbert Space 165

Recall that the essential (or Calkin, or Fredholm) spectrum o.(7) is the set of all
scalars A for which (Al — T') is not a Fredholm operator. Therefore,

0.(T) C 0,(T) Co(T)

since it is clear that 0, (T") C o(T') by the very definition of o,,(7"), which can also
be verified by Corollaries 4.2 and 7.2: if (A —T) ¢ W, then either (A\[ —T) ¢ F,
and hence A € 0.(T) C o(T'), or (Al —T) € F and ind (A — T') # 0, which implies
that A\ € o (T") C o(T) for some k € Z\{0} — cf. Proposition 7.1.

Remark 7.3. Take an arbitrary T € B[H]. By Remark 3.1 and Corollary 7.2,
dmH <o = o0,(T)=2.

The converse holds by Remark 4.3 since o.(T") C o,,(T):
dmH=00 = 0,(T)# g,

and 0, (T') is compact because it is the intersection Ngep_pg o (T + K) of compact
sets. The preceding implication, Remark 3.2 (Fredholm Alternative), Remark 4.3,
and Corollary 7.2 ensure that, if dim ’H = oo, then

T is compact = 0.(T)=0,(T) = {0}.
Moreover, if H is separable and infinite-dimensional, then [3]
0€o0,(T) = T is acommutator

(i.e., the exist operators A and B such that T'= AB — BA).

Another characterization of the Weyl spectrum says that o,,(7") is precisely the
complement of oo(T") in o (7).

Corollary 7.4. ow(T) = o(T)\oo(T).

Proof. Immediate from Corollary 7.2 and the very definition of oo(7"). That is,

ou(T) = {A € a(T): A\ =T) ¢ W} and oo(T) = {A € o(T): (A - T) e W}.
]
Since 0, (T") and 0o(T") are both subsets of ¢(T), it then follows that oo(7") is
the complement of o,,(7T) in o(T),

00(T) = o(T)\ow(T),
and therefore {0, (T"),00(T")} forms a partition of the spectrum o(7'):
o(T)=0,(T)Uoo(T) and o,(T)Noo(T)=2.
Thus 0,,(T") = o(T) if and only if 0¢(T") = @ and so, by Proposition 5.1,

0e(T) =0,(T)=0(T) <= kU or(T) = 2.
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Corollary 7.5.

T0(T) = Oiso(T)\Ow(T) = 0iso(T)\0e(T)
= 7oo(T)\ow(T) = moo(T)\oe(T).
Proof. Since oo(T) = o(T)\o(T') by Corollary 7.4, we get the first identity:

Tiso(T)\0w(T) = 0ico(T) N (0(T)\0w(T)) = 0100(T) N 00(T) = mo(T).

Proposition 7.1 says that 0,(T") = 0.(T) UG(T), where G(T) is a subset of o(T)
that is open in C (union of open sets). Thus

O T\ (T) = 010(T)\ (0(T) U G(T)) = (0160(T)\0e(T)) N (0100 T\G(T)).

Since G(T') is a subset of o(T') that is open in C, it follows that 0is,(T) N G(T) = 2.
Hence 015 (T)\G(T') = 0iso(T'), and so

Tiso(T)\ow(T) = 0is0(T)\0e(T),

which proves the second identify. Finally, to verify the remaining identities recall
that mo(T") C 7e0(T") C 0is0(T), mo(T) C 0o(T) = o(T)\ow(T) and 0.(T) C 0,(T).
Thus the above identities ensure that

Too(T)N\ow(T) S moo(T)\oe(T) € Giso(T)\0e(T)
= Tiso(T)\ow(T") = mo(T) = mo(T')\ow(T') € moo(T)\ow(T),

and hence
7T0(T> = 7T00(T>\O'w(T> = 7T00(T)\O'6(T). | |
The equivalent assertions in the next proposition define an important class of

operators. An operator for which any of those equivalent assertions holds is said to
satisfy Weyl’s theorem. This will be discussed later in Section 10.

Proposition 7.6. For any T € B[H] the assertions below are pairwise equivalent.
(&) o(T)\ow(T) = moo(T).

(b) oo(T) = mo(T).

(¢) o(T)\moo(T) = 0(T).

Proof. According to Corollary 7.4 we have o(T)\o,(T') = 0¢(T). Thus (a) and
(b) are equivalent. Corollary 7.4 says that o(T")\oo(T') = 0, (T"), and so (b) implies
(c) and, since moo(T") C o(T), it follows that (c) implies (b) as well. Indeed,

0o(T) = o(T)\ow(T) = o(T)\ (o(T)\moo(T) ) = mo0(T). .
Remark 7.7. If any of the equivalent assertions in Proposition 7.6 holds, then
WQ(T) = 7T00(T).

Indeed, since mo(T) = 0iso(T) Noo(T) and 7e(T) = 0iso(T) Nopr(T), it follows
that, if O'Q(T) = 7T()0(T), then 7T0(T) = Uiso(T) N 7T00(T) = 7T00(T).
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8 Ascent and Descent

Take an arbitrary operator 7' in B[H], and let Ny be the set of all nonnegative
integers. For every n € Ny,

N(T™ CN(T™  and  R(I™Y) C R(T™)
trivially. Moreover, it is readily verified by induction (see e.g., [28, p.271]) that
(a) if N(Tm01) = N (T™) for some ng, then N'(T™) = N (T™) for all n > ny;
(b) if R(T™0+1) = R(T™) for some ng, then R(T™) = R(T™) for all n > ny.

Now put Ny = N U oo, the set of all extended nonnegative integers with its natural
(extended) ordering. The ascent of T is the least nonnegative integer such that

N(T™1) = N(T™),
asc (T') = min {n € Ny: N(T") = N(T")}

The descent of T is the least nonnegative integer such that R(7T"*") = R(T™),
dsc (T) = min {n € Ng: R(T") = R(T")}

Note that asc (T') = 0 if and only if T is injective (i.e., N(T') = {0}) and dsc (T') =0
if and only if T is surjective (i.e., R(T) = H). The next proposition exhibits a
duality between ascent and descent for Fredholm operators [13].

Proposition 8.1. Take any operator T in B[H].
(a) asc (T) < 00 <= dsc (T*) < 00, and dsc(T) < 0o <= asc (T*) < oco.
(b) dsc (T') < oo = asc (T*) < dsc(T), and dsc(T*) < oo = asc(T") < dsc (T%).
(c) If T € F, then asc(T)=dsc(T*) and dsc(T) = asc(T™).

Proof. We shall use freely the relations between range and kernel, involving ad-
joints and orthogonal projections (see e.g., [18, p.393]). Take any operator T' in
B[H] and an arbitrary integer n in Ny. If asc (T') = oo, then N (T™) C N (T™) so
that N(T")* c N(T™)* or, equivalently, R(T*"+1))~ c R(T*")~, which implies
that R(T*"*Y) ¢ R(T*"), and hence dsc (T*) = co. Dually, if asc (7*) = oo, then
dsc (T') = co. That is,

asc(T) =00 = dsc(T") =00, and asc(T")=o00 = dsc(T) = 0.

If dsc (T) = oo, then R(T™") C R(T™) so that R(T™)* € R(T")* or, equiva-
lently, N(T*") C N(T*™*Y) and hence asc (T*) = oo. Dually, if dsc (T*) = oo,
then asc (7") = co. That is,

dsc(T) =00 = asc(T")=o00, and dsc(T")=o00 = asc(T)= 0.
Summing up:

(a) asc(T) =00 <= dsc(T") =00, and dsc(T) =00 <= asc(T") = 0.
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If dsc (T) < oo, then put ng = dsc (7T") in Ny, and take an arbitrary integer n > ny.
Thus R(T") = R(T™), and hence R(T™)~ = R(T™)~ so that N(T*)+ =
N(T*™)t, which implies N(T*") = N(T*™). Therefore, asc(T*) < ng, and so
asc (T) < dsc (T'). Dually, if dsc (T*) < oo, then asc (1) < dsc (T™). That is,

(b) dsc(T) < oo = asc(T*) <dsc(T), and dsc(T™") < oo = asc(T") < dsc(T).

On the other hand, if asc (T') < oo, then put ng = asc (7') in Ny and take any inte-
ger n > ng. Thus N(T™) = N(T™) or, equivalently, R(T*")t = R(T*™)* so that
R(T*)~ = R(T*")~. Now we use the assumption that 7" is Fredholm. Indeed,
if T € F, then T" € F by Corollary 3.5, which implies that R(7™) is closed, for
every nonnegative integer n (by the way, this is what is actually necessary) and so
is R(T*") (see e.g., [18, p.394]). Thus R(T*") = R(T"*™). Hence dsc (T%) < ng so
that dsc (77) < asc (7). Dually, if asc (T%) < oo, then dsc (7') < asc (7). That is,

(b") asc(T) < oo = dsc(T™) <asc(T), and asc (1) < oo = dsc(T) < asc (T™).

Therefore, since asc (T") < oo if and only if dsc (7*) < oo, and dsc (T") < oo if and
only if asc (T%) < oo by (a), it follows by (b) and (b’) that

(c) asc (T) =dsc(T*) and dsc(T) =asc(T")
whenever 7' is Fredholm. ]

Proposition 8.2. [28, pp.272,273]. Let T be an arbitrary operator in B[H]. If
asc (T') < oo and dsc (T') < oo, then asc (T") = dsc (T).

Proposition 8.3. [8]. Take any operator T' in B[H].

(a) If dmN(T) < oo or dimN(T*) < oo, then (a;) asc(T) < oo implies
dim N(T) < dim N (T*), (ag) dsc(T) < oo implies dim N (T*) < dim N(T).

(b) If dim N(T') = dim N (T*) < oo, then asc (T) < oo if and only if dsc(T') < 0.
Corollary 8.4. Suppose T € B[H]| is a Fredholm operator.

(a) If asc(T) < oo and dsc (T') < oo, then ind (T) = 0.

(b) If ind (T') =0, then asc(T) < oo if and only if dsc(T) < oc.

Proof. Immediate from Proposition 8.3. [

A Browder operator is a Fredholm operator with finite ascent and descent. Let
B denote the class of all Browder operators from B[H]:

B = {T € F: asc(T) < oo and dsc(T) < oo};
equivalently, according to Proposition 8.2,
B = {TE.T: asc (T') = dsc (T) < oo}.

Thus
f\B:{TEf: asc (T) = oo or dsc(T):oo}
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and, by Proposition 8.3, T' € B if and only if T* € B. Observe that, according to
Corollary 8.4, every Browder operator is a Weyl operator,

BCWCF,

and
TeW = {asc(T)<oo = dsc(T)<oo}

so that
WA\B = {T eEW: asc(T)=dsc(T) = oo}.

Since dim N(T") < dim N (T""!) < dim H, it follows that if H is finite-dimensional,
then asc (7)) < co. Thus, according to Remark 3.1, every operator on a finite-
dimensional space is a Browder operator.

Recall that p(T") = C\o(T) is the resolvent set of T, and 0150 (T") = 0(T")\Cace(T)
is the set of all isolated points of the spectrum o(7) — the complement in o(7)
of the set 0aec(T") of all accumulation points of the spectrum. The class B of all
Browder operators can be equivalently described as follows.

Proposition 8.5. B= {T eF: 0ep(T)U O’iSO(T)}.

Proof. An operator T' in B[H] is Browder if and only if it is Fredholm and, A\l — T
is invertible for sufficiently small A # 0 [15]. Equivalently, 7" is Fredholm and, for
some € > 0, A € p(T) for every 0 # |\| < ¢; that is, B.(0)\{0} C p(T"), where B.(0)
is the open ball centered at 0 with radius . Since p(T') is an open subset of C, this
simply means that either 0 € p(7') or 0 is an isolated point of o(7') = C\p(T). =

Thus, since W\B =W N (F\B), we get from Proposition 8.5 that

F\B={T €F: 0€0u(T)} and W\B={T €W: 0€0ue(T)}.

9 Browder Spectrum
The Browder spectrum of an operator 1" € B[H] is the set

WT) = ) o(T+K),
KB [HN{T}’

where {T'} denote the commutant of T" (i.e., the collection of all operators in B[H]
that commute with 7T'). Thus o,(7T) is the largest part of o(7T") that remains un-
changed under compact perturbations in the commutant of 7', and this coincides
with the set of all scalars A for which (Al —T') is not a Browder operator (i.e., for
which (A — T) is not a Fredholm operator with a finite ascent and a finite descent).



170 C. S. Kubrusly

Proposition 9.1. [8]. op(T) = {)\ eC: MM-T)¢ B}.

Since an operator lies in B together with its adjoint, it follows by Proposition
9.1 that A € 0,(T") if and only if A € ¢,,(T™):

O'b(T) = O'b(T*)*.
Also observe that
0e(T) C 0,(T) C 0y(T) C a(T).

Indeed, since B C W, Corollary 7.2 and Proposition 9.1 ensure that o,,(7) C o,(T).
Moreover, 0,(T') C o(T') by the very definition of ;,(7"), but this can also be directly
verified from Proposition 9.1 as follows. If (\[ — T') ¢ B, then either (A\] —T) ¢ F
or (M —T) € F and asc (A —T) = dsc (M —T) = oco. In the former case, A lies
in 0.(T) C o(T). In the latter case, A ¢ p(T') so that A € (7). Indeed, if A € p(T);
that is, if (A —T) is invertible, then asc (Al —T) = 0 because N'(A\ —T) = {0}
(and dsc (M — T') = 0 because R(A —T) = H).

Corollary 9.2. 0o(T) = 0e(T) U 0ace (T).
Proof. According to Propositions 8.5 and 9.1,
oo(T) = {AeC: W =T)¢F or 0¢p\ —T)Uoio(M —T)}
={A€C: Aea(T) or A¢ p(T) Uoie(T)}
= 0o(T) U (0(T)\0io(T)) = 0(T) U Gae(T).
|

Remark 9.3. Take any T € B[H]. Since every operator on a finite-dimensional
space is a Browder operator, it follows by Proposition 9.1 that

dmH <o = o,(T)=2.
The converse holds by Remark 7.3, since 0,,(T") C o,(7):
dmH =00 = o,(T)# o,

and 0,(T') is compact because it is the intersection Ngep_pjngry (1T + K) of com-
pact sets. Moreover, since g,..(T) C {0} whenever T is compact, it follows by
Remark 7.3, Corollary 9.2, and the preceding implication that, if dim H = oo, then

T is compact = 0.(T) = 0,(T) = op(T) = {0}.

Alternate characterizations of the Browder spectrum were given in the previ-
ous two results. Another one is given next, which says that o,(T") is precisely the
complement of the Riesz points mo(1) = 0iso(1") Noo(T) in o(T).
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Corollary 9.4. op(T) = O’(T)\(O’iso(T) N O’O(T)).
Proof. By Proposition 5.1 and Corollary 9.2 we get

o(T\o(T) = o(T)\ (0e(T) U 0aee(T)) = (0(T)\0e(T)) N (0(T)\Gace(T))

= kLJZ Uk(T) N Uiso(T) = UO(T) N UiSO(T>7

because o (T') is open in C for each 0 # k € Z, and so has no isolated point. [

Thus {oy(T), m0(T")} forms a partition of the spectrum o(7T):
o(T)=0,(T)Ume(T) and op,(T)Nme(T) = 2.

Indeed, since my(T') = 0iso(T') N oo(T), and since o,(T") and 7y(7T") are both subsets
of o(T'), Corollary 9.4 says that o,(T) is the complement of m(7") in (7T'), that is,
op(T) = o(T)\mo(T) and, consequently, 7o(7T") is the complement of o,(7") in o(T),
that is, mo(T) = o(T)\ow(T).

Corollary 9.5. (1) = 0(T) U 0aee(T).

Proof. Corollary 9.4 says that o,(T") = (O'(T)\O’iso(T)) U (O’(T)\O’Q(T)), and there-
fore, by Corollary 7.4, 04(T) = Gace(T') U 04 (T'). ]

Note that, according to Proposition 9.1 and Corollary 9.4, the set my(7) =
Tiso(T) Noo(T) of Riesz points of T is also given by

(1) = o(T)\ow(T) = {\ € o(T): (\[ - T) € B}.
Corollary 9.6. 70(T) = Giso(T)\ow(T") = 70 (T)\ou(T).
Proof. Since mo(T) C moo(T") C 0is0(T") € o(T") we get by Corollary 9.4 that
mo(T) = mo(T)\ow(T) € moo(T)\ow(T') € Tiso(T)\oW(T) = o (T)\op(T) = mo(T).  m

Remark 9.7. We had seen in Remark 7.7 that the set of Riesz points mo (7)) =
Tiso(T) Noo(T) and the set of isolated eigenvalues of finite multiplicity mo(7) =
Tiso(T) N opp(T) coincide whenever any of the equivalent assertions of Proposition
7.6 holds. According to Corollaries 7.5 and 9.6 the next four assertions (which
include the identity in Remark 7.7) are pairwise equivalent.

(a) mo(T) = moo(T)

(b) 0o(T) N 7eo(T) = o (ie., oc(T)Noiso(T) Nopr(T) = 2).
(€) 0u(T) N7eo(T) = @ (ie., 0w(T) N0owo(T) Nopp(T) = ).
(d) 0y(T) N 7o (T) = @ (ie., op(T) Noiso(T) Nopr(T) = 2).

The equivalent assertions in the next proposition define an important class of
operators. An operator for which any of those equivalent assertions holds is said to
satisfy Browder’s theorem. This will be discussed later in Section 10.
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Proposition 9.8. For any T € B[H] the assertions below are pairwise equivalent.

a) o(T)\ow(T) = mo(T).

Proof. Assertion (a) implies (b) and (b) implies (c) by Corollary 7.4. In fact, since
o(T)\ow(T) = oo(T) (Corollary 7.4), it follows that (a) implies (b) and, if (b) holds,
then (apply Corollary 7.4 again and recall that mo(7") C mp(T))

o(T) =0,(T)Uoo(T) = 0,(T) Unmo(T) C 0(T) Umoo(T) C o(T)

so that (b) implies (c). Corollaries 7.4 and 7.5 ensure that (c) implies (a). Actually,
recall that moo(T)\ow(T) = m(T") (Corollary 7.5), mo(T") C 0o(T), and oo(T") =
o(T)\ow(T) (Corollary 7.4). If (c) holds, then

o(T)\ow(T) = moo(T)\ow(T) = mo(T) € 00(T) = o(T)\ow(T),

which implies (a). Thus (a), (b) and (c) are pairwise equivalent. Moreover, since
700 = Tiso(T") Nopp(T) and 0o(T") C opp(T), it follows that (d) is equivalent to (e).
Furthermore, since m(T") = 0is0(T) N oo(T'), it also follows that (b) is equivalent to
(e). Now recall that o,..(7) and 0y, (T") are complement of each other in o(7"), and
0,(T) and o¢(T) also are complement of each other in o(7") (Corollary 7.4). There-
fore, (e) and (f) are equivalent. Similarly, since 0,,(T") and 0¢(7") are complement of
each other in o(7") (Corollary 7.4), and since 03,(7") and my(7") also are complement
of each other in o(7") (Corollary 9.4), it follows that (g) and (b) are equivalent as
well. [

10 Browder and Weyl Theorems

Take an arbitrary operator 7" in B[H]. Consider the set 0o(7") of all A in o(T") for
which (A — T') is a Weyl operator. As we saw in Section 5, it is given by

oo(T) = {N € op(T): RN =T)" =R(A —T) # H and
dim (AT = T) = dim N’ (X — T") < oo}.

According to Corollaries 7.4 and 9.4 the Weyl and Browder spectra can be written
in terms of 0o(T") as follows.

ou(T) = o(T\oo(T)  and  o(T) = o(T)\ (010(T) N 0(T)).
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Although 04(T") C opp(T) and 0uc.(T) C 0u(T), in general oo(7T) may not consist
of isolated points only or, equivalently, d,..(7") may not be included in ¢,,(7"). An
operator 7' is said to satisfy Weyl’s theorem (or Weyl’s theorem holds for T') if

0o(T) = 0i0(T) Nopr(T).

That is, since mo(1") = 0iso(T") N opp(T'), an operator 1" satisfies Weyl’s theorem if
0o(T") = mo(T'), or any of the equivalent assertions in Proposition 7.6. An operator
T is said to satisfy Browder’s theorem (or Browder’s theorem holds for T') if

Uo(T) Q Uiso(T) N UPF(T).

Thus an operator T satisfies Browder’s theorem if oo(7T") C mo(7"), or any of the
equivalent assertions in Proposition 9.8. In particular, 7" satisfies Browder’s theorem
if 0o(T") = mo(T"), where mo(T") = 0is0(T") N 0o(T) or, equivalently, if

0o(T) C 0iso(T),  or  Oace(T) C0u(T), or o,(T) = ap(T).

(These are the usual terminologies, although saying that T' “satisfies Weyl’s or
Browder’s property”, rather than “satisfies Weyl’s or Browder’s theorem”, would
perhaps sound more appropriate.)

It is plain that, if T satisfies Weyl’s theorem, then it also satisfies Browder’s the-
orem. Note that, if 0,(T") = 0ac.(T) or, equivalently, if oo(T) = 0i50(T), then T sat-
isfies Weyl’s theorem. (Reason: o¢(7T") = 0is0(T) implies 0o(T") = 0iso(T") N opr(T)
because o(T") C opp(T).) In fact (see Remark 9.7),

T satisfies Browder’s theorem but not Weyl's = 0,,(T") N 0i50(T) Nopp(T) # 2.

Remark 10.1. Consider the equivalent assertions of Proposition 7.6 and of Propo-
sition 9.8. If Browder’s theorem holds and m(T") = mo(7") then Weyl’s theorem
holds (i.e., if oo(T) = mo(T") and mo(T') = meo(T"), then oo(T) = meo(T') tautologi-
cally). Conversely, if Weyl’s theorem holds, then my(7") = moo(7") (cf. Remark 7.7)
and Browder’s theorem holds trivially. Summing up,

Weyl’s theorem holds <= Browder’s theorem holds and 7y (7") = moo (7).

In other words, Weyl’s theorem holds if and only if Browder’s theorem and any of
the equivalent assertions of Remark 9.7 hold.

Further necessary and sufficient conditions for an operator to satisfy Weyl’s the-
orem can be found in [12]. According to Remark 7.3 every operator 7" on a finite-
dimensional space satisfies Weyl’s theorem with oo(7T") = 7 (7)) = o(T") (this ex-
tends to finite-rank but not to compact operators — see examples in [11]) and, on the
other hand, every operator 7" without eigenvalues (op(71") = @) also satisfies Weyl'’s
theorem with oo(7") = mo(7") = @. These are the trivial cases. Weyl proved in [30]
that Weyl’s theorem holds for self-adjoint operators. This was extended to normal
operators in [26], to hyponormal operators in [5], and to seminormal operators in
[2]. Recall that T" € B[H] is hyponormal if O < T*T —TT* and cohyponormal if
T* is hyponormal, so that 7" is normal if it is both hyponormal and cohyponormal.
If T is either hyponormal or cohyponormal, then it is seminormal.
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A subspace M of H is invariant for an operator 1" € B[H] (or T-invariant) if
T(M) C M, and reducing if it is invariant for both 7" and T* A part of an operator
is a restriction of it to an invariant subspace, and a direct summand is a restriction
of it to a reducing subspace. An operator is isoloid if every isolated point of its
spectrum is an eigenvalue (i.e., T is isoloid if 0y, (T) C op(T)), and dominant if
R(M —T) € R(A — T*). The main theorem from [2], namely, if each finite-dimen-
sional eigenspace of an operator T € B[H]| is reducing and every direct summand of
it 1s 1soloid, then T satisfies Weyl’s theorem, includes many of the previous results
along this line, and has also been frequently applied to yield further results; mainly
through the following corollary [11]: If T € B[H] is dominant and every direct
summand of it is isoloid, then T satisfies Weyl’s theorem. Since every hyponormal
operator is dominant, every part (and, in particular, every direct summand) of a
hyponormal operator is again hyponormal, and every hyponormal operator is isoloid,
it follows by the above italicized result that every hyponormal operator satisfies
Weyl’s theorem.

Weyl’s theorem has been extended to classes of nondominant operators that
properly include the hyponormal operators. In particular, it was extended to para-
normal operators [29] and, beyond, to totally hereditarily normaloid operators [9].
Recall that a normaloid is an operator whose spectral radius coincides with the
norm, an operator 7' is paranormal if || Tz||* < ||T%z|| ||| for all vectors x, and a
totally hereditarily normaloid operator is one whose all parts are normaloid, as well
as the inverse of all invertible parts — these classes are related by proper inclusion
[10]: Hyponormal C Paranormal C Totally Hereditarily Normaloid C Normaloid.

Let T and S be arbitrary operators acting on Hilbert spaces. First we consider
their direct sum. It is readily verified that the spectrum of a direct sum coincides
with the union of the spectra of the summands, (T @ S) = o(T) U (S). For the
Weyl spectrum only inclusion is ensured: the Weyl spectrum of a direct sum is
included in the union of the Weyl spectra of the summands,

0u(T®S) C o,(T)Uoy(S),

but equality does not hold in general. However, it does if the essential and Weyl
spectra coincide for one of the direct summands [15],

0e(T)=0,(T) = 0u(T®S)=0,(T)Uoc,(9),
and also if 0,,(T") N 0, (S) has empty interior [22],
(ru(D)N0u(S)) =2 = 0u(T®S) =0u(T)Uou(S).

In general, Weyl’s theorem does not transfer from 7" and S to their direct sum 7' & S.
The above identity involving the Weyl spectrum of a direct sum plays an important
role in establishing sufficient conditions for a direct sum to satisfy Weyl’s theorem,
as it was recently investigated in [21] and [11]. As for the problem of transferring
Browder’s theorem from 7" and S to their direct sum 7' & S, the following necessary
and sufficient condition was proved in [15].

Proposition 10.2. If both operators T and S satisfy Browder’s theorem, then the
direct sum T ® S satisfies Browder’s theorem if and only if

ow(T®S) = 0,(T)Uayu(S).
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Now consider the tensor product T'® S of a pair of Hilbert space operators T’
and S (see [19] for an expository paper containing the essential properties of tensor
products needed here). It is known from [4] that the spectrum of a tensor product
coincides with the product of the spectra of the factors, o(T ® S) = o(T) - o(5).
For the Weyl spectrum it was proved in [16] that the inclusion

0u(T®8) Coy,(T)-c(S) U a(T) - 0u(S)

holds, but it remains as an open question whether the equality holds. That is, it is
not know if there exist a pair of operators 1" and S for which the above inclusion
may be proper. Sufficient conditions ensuring that the equality holds were recently
investigated in [20]. For instance, if

oe(T)\0} = 0w (T)\{0}  and  0(5)\{0} = 0w (5)\{0}
(which holds, in particular, for compact operators T and S), then
ow(T®8) =0,(T)-0(S) U a(T) - 0,(S).
Also, if the tensor product satisfies Browder’s theorem, then the equality holds:
ouw(T®S)=0,(T®S) = 0,(T®S)=0,T)-0(S)Ua(T)-0,(5).

Again, Weyl’s theorem does not transfer from 7 and S to their tensor product
T ® S in general. The above identity involving the Weyl spectrum of a tensor
product plays a crucial role in establishing sufficient conditions for a tensor product
to satisfy Weyl’s theorem, as it was recently investigated in [27] and [20]. As for the
problem of transferring Browder’s theorem from 7" and S to their tensor product
T ® S, the following necessary and sufficient condition was proved in [20].

Proposition 10.3. If both operators T and S satisfy Browder’s theorem, then the
tensor product T ® S satisfies Browder’s theorem if and only if

ouw(T®8) =0,(T)-0(S) U a(T) - 0,(S).
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