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Abstract

The purpose of this paper is to study an analogue of Euler’s constant for
the Selberg zeta functions of a compact Riemann surface and the Dedekind
zeta function of an algebraic number field. Especially, we establish similar ex-
pressions of such Euler’s constants as de la Vallée-Poussin obtained in 1896 for
the Riemann zeta function. We also discuss, so to speak, higher Fuler’s con-
stants and establish certain formulas concerning the power sums of essential
zeroes of these zeta functions similar to Riemann’s explicit formula.

1 Introduction

Recall first the Riemann zeta function
¢s)=T1 (1-p)
p:prime
Around 1859, Riemann discovered the following identity
1 1
S = 1+2L - Zlogm—log?2 (1.1)
pEZ P 2 2
= 0.02309570896612103381 - - - |
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where p runs over the set Z of the essential zeroes (i.e., 0 < Re(p) < 1) of {(s)
counting with a possible multiplicity, and ~ is the Euler constant given by

v = (¢ - —)

s—1 s—1

T—00
n<x

1
= lim <Z — — log :1:) = 0.57721566490153286060 - - - .

Note also that the information of the equation (1.1) is contained in the following
factorization.

__(log(2m)~1-7)s 1 < _f> :
C(s) = elos ooy L) (1.2)

Riemann used (1.1) [the above numerical computation is due to Riemann] to cal-
culate essential zeros and verified his famous conjecture, Riemann hypothesis [R]
for several zeroes ; for example, he obtained that the first essential zero is p; =~

5 + 14.144. Riemann’s studies on the essential zeroes were written in unpublished

manuscripts, and some details were investigated by Siegel [Sie].

Riemann’s identity (1.1) is the first example of the so called explicit formulas
for zeta functions. Zeta functions are in general defined as Euler products over
(generalized) primes, and so called explicit /trace formulas describe relations between
these (generalized) primes and zeroes (and poles) of zeta functions. The nature of
Riemann’s identity (1.1) becomes clear as a relation between zeroes and primes when
we recall the identity

v = lim [logz— ) log p = lim <logx—ZM> (1.3)
n

T—00 = P 1 T—00 ot

p:prime

of de la Vallée-Poussin [VP] in 1896, where A(n) is the von Mangoldt function given
by
A( { logp if n = p’ for a prime p and a positive integer ¢
n)=

0 otherwise.

Note also that de la Vallée-Poussin proved (1.3) together with the prime number
theorem.

There is a similar situation for the Selberg zeta function (see [Sel]). Actually
it describes the prime geodesic theorem for a Riemann surface. In order to make
things more explicit, let us consider a discrete co-compact torsion free subgroup I' of
SL(2,R). Let H=SL(2,R)/SO2) ={z =z +iy; z,y € R, y > 0} be the upper
half plane. Then the quotient I'\H forms a Riemann surface of genus g > 1 with
area pu(I'\H) = 47(g — 1). The Selberg zeta function Zr(s) defined by

= T ﬁ (1= N(P)=) Re(s) > 1,

where Prim(I") is the set of primitive hyperbolic conjugacy classes of I', and N(P)
denotes the norm of P, that is, the square of the larger eigenvalue of a representative
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2 x 2 matrix of P. Here a hyperbolic element P (and hence also its conjugacy class)
is said to be primitive when P is a generator of an infinite cyclic group Zr(P), the
centralizer of P in I'. Hence the every hyperbolic element (class) v can be uniquely
written as vy = Pf for some P, € Prim(I") and a positive integer . We denote also
by Hyp(I") the set of hyperbolic conjugacy classes of .

It is well-known that Zp(s) is continued analytically to the whole plane C as an
entire function of order 2 via the following equation for the logarithmic derivative
of Zr(s), which is got by the trace formula;

L Zi(s) _ 1 Zt(3+0) i{ L }
s—12Zn(s)  267Zv(3+5) r2+(s—3)? 24P

+2(9—1)§:{ . ! } (1.4)

Z\k+i4+8 k+s

DO

n=0

where Re() > 1, and {i + 1r2},—012,. are the eigenvalues of the Laplacian Ap =
—y2(§—; + 68—;) on the Riemann surface I'\H. We put A, = 1 + r2 and arrange
the order of A, by 0 = A\g < A\ < Ay < ..., each counting with multiplicity m,,.
Then Zr(s) has essential (non-trivial) zeroes at s = 5 =+ ir,, of order m,,. Since the
multiplicity my of the eigenvalue A\g = 0 is equal to 1, it follows from (1.4) that the
logarithmic derivative of Zp(s) has a pole at 1 with residue 1, whence Zr(s) has a
simple zero at s = 1. Let

Zr(s) = (D) (s — 1) + (D) (s — 1)* + az(T) (s — 1)* + - - - (1.5)

be the Taylor expansion around s = 1. Also, the logarithmic derivative of Zp(s) is
written as
Zr(s) 1 (0)

Zo(s) s—1 1

=D 425 —1)2 4, (1.6)

around s = 1. The following relations are clearly examined by comparing these two
expansions and from the expression (1.4) above.

o _ 0a(l) L Zis) 1 ) A

o am T <2s —1Z:(s) s(s-1)) 2201

We call this fyéo) the Euler-Selberg constant for I'. The Euler-Selberg constant has
been appeared in [KW1]. It is also immediate to see the relations

o l)?  a(l) @ (Das() | jaa(l)

+2 —2 o ()7 @)

" = Y aa(l)°
r (T2 "oy " ap ()

%)
3—3

Moreover the factorization formula for Zp(s) which is a close analogue of (1.2) is
known as follows.

Zo(s) = Zp(1)s(s — 1)elt 200060 [(27)5 1Dy (5)Dy(s + 1)] 20D

IL e ()
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where I'y(s) denotes the double Gamma function. See [Ste], [Vor| for details. Fur-
thermore, note that Zr(s) satisfies the following functional equation;

s—1

Zr(s) = Zr(1 — s)exp (47T(g - 1)/0 * 7 tan (m“)dr). (1.8)

If we set Zp(s) = {Ta(s)Ta(s+1)}179Zp(s), it is known that the functional equation

(1.8) can be recast into the simpler form Zp(s) = Zp(1 — s).

The purpose of this paper is to generalize the Euler constant and describe the
power of essential zeroes such as (1.1), in more general situations. Especially, we
generalize (1.1) and (1.3) to the case of the Selberg zeta functions for compact
Riemann surfaces and the case of the Dedekind zeta function of algebraic number
fields.

We have first the following formulas of the Euler-Selberg constant and the ana-
logue of (1.1) for the essential zeroes of the Selberg zeta function.

Theorem A. Let I' be a discrete co-compact torsion free subgroup of SL(2,R).
For v € Hyp(I'), we denote by P, the primitive hyperbolic class class such that
v € Zr(P,). Then we have

(1) fy@:hm{ > M_bgm}.

yEHyp(T") NW) -1

1 © @ m
22 m=2w —nw +l-Y5 -3

Remark 1.1. The assertion (2) above shows that it is preferable to get similar
expressions for the higher Fuler-Selberg constants. We shall thus establish such
formulas in the following section.

Remark 1.2. It would be interesting to ask, for instance, whether the Euler-Selberg
constant (and its higher version) for I' is algebraic or not? Is there any discrete
subgroup I of which the Euler-Selberg constant is algebraic (modulo some invariant
of the corresponding Riemann surface)? etc. Furthermore, numerical calculations
of those constants seem also interesting.

Next, we consider an algebraic number field K. Recall the Dedekind zeta func-
tion;

—s\ ! —s
() =T[1=Nm)™) =3 N@™,
p a
where p and a respectively runs over prime ideals and integral ideals. Let

Y-1(K)
s—1

Ck(s) = +70(K) + 7 (K)(s — 1) + oK) (s — 1)2 + - -

be the Laurent expansion around s = 1. We call

(1) = liny () - 2402

s—1
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the Euler constant of K, and we may consider 7, (K), v2(K),... as higher Euler’s
constant of K. The residue v_;(K) was calculated by Dedekind (1877) :
~2n(2m)"h(K)R(K)

_1K
) = D@

I

which is called the class number formula, where r; is the number of real infinite
primes, 79 is the number of complex infinite primes, h(K) is the class number of K,
R(K) is the regulator of K, w(K) is the number of roots of 1 in K, and D(K) is
the discriminant of K.

Theorem B. Let K be an algebraic number field. Then we have

logN(p)).

(1) (K) = v-1(K) lim (logx— > N(p) 1

T—00
(p)<=

(2) Z . ’YO(K)

1 gl
— = -7 <log2+—)—r2(log2+7)+
vz P -1(K) 2

(K : Q)
2

1
510g|D(K)|— logm + 1,

where p runs over the set Zg of the essential zeroes of (k(s).

The work in [KW1] has provided the one of motivations of the present study.
In fact, both higher Euler’s constants ~,~; for K = Q and higher Euler-Selberg’s
constants vlgo), 71(}) are involved in the comparison formula of essential zeroes of the

Riemann zeta and Selberg zeta functions established in [KW1].

2 Higher Euler-Selberg’s constants

We prove first the following formulas of the Euler-Selberg constant fyéo) and the

higher Euler-Selberg constants fy%"). After that we shall give formulas for the power
sum over the essential zeroes of the Selberg zeta functions as the corollary of this
result.

Theorem 1. For any n > 0, we have

n! z—% ~etyn(D) N(y) -1 n+1
N(v)<z

In particular, we have

. log N(P,)
as(T) = ay (1) hm{ > 77—logx}.
T emyp(n) N(v) —1
N(y)<z

It is clear that the assertion (1) in Theorem A is nothing but the statement of
the case n = 0 in the theorem above.
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Remark 2.1. Write the Laurent expansion of the Riemann zeta function as

)= — > s — 1

s—1 /=
Then one knows (Stieltjes, 1885; see Berndt [Ber|, p.164) that the following formula

ol (—1)* { (logn)* _ (log >}
LU [ o oga)

PR ass n k+1

n<x

Thus the theorem above can be regarded as the Selberg zeta counterpart of the
formulas of the higher Euler constants. However, if we look at them more precisely
there are some differences between their respective denominators and exponents.

To show Theorem 1, we need some preparations.

2.1 Some lemmas

Lemma 2.1. For any n > 0, we have

log N(P. . (logz)™+t _
> 8N g Ny = PB4 406 wsw oo,
y€Hyp(T) (v) = n+
N(v)<z
where A,, and 6 > 0 are some constants.
Proof. 1t is enough to consider
log N(P,) n
> ﬁ(log N()",
yEHyp(I") v
N(v)<z
since the difference
log N(FP,)
(log N (7))"
2 TN — DN
N(v)<z

converges as © — 00. We may write the above as the Stieltjes integral:

> e o) = [ EE ), 2.1)
y€Hyp(T) ’
N(v)<z

where we put

P(x)= Y. logN(P,).
y€Hyp(T)
N(v)<z

The following fact is known (see, for e.g. [Gan]),

Y(z) =2+ O0(x'%) asz — oo, (2.2)
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for some positive constant 4.
Put 7 = min,epypmr) N(7). Then we may calculate the right hand side of (2.1)

/l‘ (log t)nd@/)(t)

as

t
= WBI ) — [ Loty — (og) yu(ryat
= U8 o 4 0= — [ Linfogty™ — (logt)" )t + O~ )at
— (]og ;L’)n — n/rx Mdt + /rx (loit)ndt + Cn + O<xi5/)
- %+C;+O(af&') as & — 00

for some constants C,,, C! depending on n and ¢’ > 0. Hence the proof immediately
follows. ]

Lemma 2.2. If |Ims| is sufficiently large and Res >+ 6 (0 <6 < 1), then

Zp(s) ( ~1 2 -

N0l S Im s max(0,1+6—Re s) )

s (1ms)

Proof. For the proof, see [Hej2], Chap2, Prop 6.7. [

We also recall the following well-known formula of the inverse Mellin transform.

Lemma 2..3. If y > 0 and n > 0, then we have

Aoy Ty Jaegy)” (y>1)
0 (0<y<1).

271 T—o0 Je—iT s™H1

2.2 Thecase n=0

We calculate the following limit of integral in two ways.

(0 2T Z(s+ 1) x°
I(y) = /
2mi T—»oo v Zr(s+1)s(s+1)

From the Euler product of Zr(s), using Lemma 2.3 we have

)
log N(P,) 1 24T T
1(71(“0)) = Z 1)2—THOO/ )°ds

yEHyp(T') N(y) - (s + 1 N@)
N(v)<w
loe N(P,) 1 2+1T 1
— Z Og ( ) )( x )Sds
L Hy(T) N(v) — 1 2mi T—>oo s s+ 1/ N(7)
N(v)<w
yE€Hyp(T) N(v) -1 v

N(v)<z
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Therefore, by the result of Lemma 2.1 and (2.2) it follows that

1) = (1= log N(P,) 1

> —= Y logN(P,).
yEHyp(T") (7) -1 yEHyp(T")
N(v)<z N(y)<z
log N(P.
= > ](i/_giw—l—i-o(l) as T — 00.
y€Hyp(T) W) -1
N(v)<w

We now calculate the integral I(

(0)

we introduce the following contour Cg r.

1T

N [—=
[\]

—iT

Y. Hashimoto — Y. Iijima — N. Kurokawa — M. Wakayama

(2.3)

r ) in another way by the residue theorem. So

By (1.4), the poles and the residues of Z{.(s 4+ 1)/Zr(s 4 1) are given as follows;

pole

1
s=5 +ir (I > 0)

s =0
s=—1
s=—k(k>2)

By the residue theorem, we have

1 Zi(s+1) z°

— d
2mi Jeny Zr(s+1)s(s+1) °

—_ 1, —_1_y
Im|<T S=72T s=—3TIn

[R]
:{Z( Res + Res )+ZResk+SRgsl+1}eOS}

k=2°"

residue

my (multiplicity of the eigenvalue \;)

1
2g — 1
2(g — 1)(2k —1).

ZF(S -+ 1) x°

Now we calculate each term in the right hand side of (2.4).

Zr(s+1)s(s+1)

(2.4)
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Since s = —% =+ ir; are simple poles, it is immediate to see that
Zi(s+1) «z° g2 Ein
Res r( ) =m—.
s=—1tin, Zp(s+1)s(s+1) -5

Thus we have

Zi(s+1) =z° 272 cos (r; log z)
— Z my .

R + R =
Z( es es ) i+7“12

I
Im|<T s:—%—l—irl s:—%—irl ZF(S + 1) 3(3 + ]-)

‘T‘l‘<T
The pole at s = —k(k > 2) is also simple, so that

Zi(s+1) z° 2k—-1
—2(g— 1)~
i S ey prpur s Sl U w s
11

= 2(g — 1)<m + E)x_k'

By the elementary fact

we have

A Zi(s+1) a2

Z Res

ims=k Zr(s +1) s(s +1)
X o(g— 1){—2" —log(1—2 ") — 2z 'log(1 —z 1)} =0(1) asz— co. (2.6)

Since s = —1 and 0 are double poles, consider the Laurent expansion. First,
around s = —1 we observe that

Zi(s+1) z°

Zr(s+1)s(s+1)

=(@g-D(s+ 1) +agta(s+1)+...)

x (T4 (s+ 1)+ ) x(s+1) 7 xa ' (1+ (logz)(s +1) +...)

=(2g—Da (s +1) 2+ (29— D(logz +1) +a)(s + 1)~ + ...,
whence one has

Res Zi(s+1) =z°
s=—1 Zp(s+1)s(s+1)

= :1:’1((29 —1)(logz + 1) + ao) =o(l) asz — 0. (2.7)

Similarly, around s = 0 one may expand

Zi(s+1) z°
Zr(s+1)s(s+1)

:(s*1+fyp+’yl(ﬂ1)3+...) X s x (1—s+...) X (1+(loga:)3+...)
=s 2+ (logz+yr—1Dst+....
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Hence we have

Zi(s+1) z°
=1 — 1. 2.8
b e+ )s(s D) oerEr (28)

By substituting these above into (2.4), we conclude that

1 / Zi(s+1) z°
2mi Jépr Zr(s+1)s(s+1)

S

1
72 cos (r;logx
=logx +r—1— Z m; - (rilog )—l—o(l)

as & — 00. (2.9)
|TZ‘<T 1 + Tl

Next we estimate the integration along C’R,T excluding the line Res = 2. In
order to do this, we divide this integral into the following eight parts.
/ Zi(s+1) «z°
s
Crr Zr(s+1)s(s+1)

/2+2T /— Te+iT /—6+1T —R+iT
24+4T

+e+iT flfeJriT

-3 —5 T -3 +5 T +1 ) xs
PSS PIREY NS I o
R+:T 5 —5 T -3 +5 T ZF

- +1)s(s+1)

where € is taken such as 0 < ¢ < %

We denote by Iy,..., I3 respectively the integrals of the right hand side of the
above. Note that 1(71&0)) = 55 limy_o [1. Our task is then to estimate I, I, . . ., Is.

[Estimate of I5:] By the functional equation (1.8) of the logarithmic derivative of
Zr(s), we have

Iy :/Ri;T{ g;g z; —i—,LL(F\H)(s—i—%)cotws} v

d
s(s+1) °
T Z(—s) a® ~R—iT 1 5
__ ds+ p(T\H) | =) cot ds.
/R-HT Zr(—s) s(s+1) s+ p(INH) — R+4T ($+2)CO 7Tss(s+1) °
(2.10)

The first term of (2.10) is estimated as follows.

TZI —R
/ o) o g,

—iT Zi(—s) x°
[ w< [M A0
R+iT Zp 8 (S + 1) -T Z[*(R) 12 + R?

Since limp_, o f_T i R2 ———dt exists, we have

T,R—o0
—

T 7L (—s) x°
/ ds
R+iT ZF S (S + 1)

It is clear that the second term of (2.10) can be written as

R—iT 1 d
s+ —)cotws / z° cot wsds.
/-R—f—iT ( + 2> T s s + 2 R+4T 1) T
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It is also easy to see that

—R—iT
x® T,R—0c0
/ — cotwsds — 0,
—R+iT 8

and

—R—iT 8
T,R—0c0
/ cotwsds — 0.
“ruiT S+1

Hence we have

T,R—0c0

[5%0

503

(2.11)

[Estimate of I, and I5:] By applying Lemma 2.2 for a fixed §(< ¢), we have for I,

iy t
|12| S 2 O 5—1T2max(0,6—t) x—dt =0 T—l )
2 T2

Similarly

s =% 0.

[Estimate of I; and I4:] By the functional equation (1.8) again, we have

s

[RET Z0(—s) 1
Iy = /—%—6+iT{_ZF(—S) (V) (s + 2

) cot 7r3}

It follows from Lemma 2.2 that

—R SL’t
< / O(T) 7.

1
2*8

s
—Leqir Zp(—s) s(s+1)

Since the integral f:ﬂe xtdt converges as R — oo, it is clear that
2

—RHiT 7l (_ s oo
/ (=s) = 25| BT 0.
~Leqir Zp(—s) s(s+1)
Also since
—R+4T 1 s -R R, T—o0
) cot d </ dt 0.
‘/—%—e+iT(s+2)CO F83(3+1) s| < i o(1 )T —
R,T—o0

one obtains I, fIzpe ), Quite similarly we have Is  — 0.

x
—d
s(s+1) °

(2.12)

(2.13)
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[Estimate of I3 and [7:] To estimate I3 and I; we consider the following contour
C%.

Y
A
Y

I

—

[
N |-

ST

Zr(stl) g5
Zr(s+1) s(s+1)
where 7 is either real with |r;| < T, or pure imaginary with |r;| < . Hence by the

residue theorem, we have

1 Zi(s+1) z° Zi(s+1) z°
_— ds = R R

2mi Jezs, Zr(s+1) s(s+ 1) ° 2 ( Res + o

Inside of the contour C%, the poles of are located at s = —% =+ iy,

)
et m<r, s=—3+in s=—4=in) Zr(s +1)s(s +1)

or r€iR,|r|<e
_1
72 cos (1 log z)
Z my T, .2 :
T‘levarl‘<T7 4 !
or r €iR,|r|<e

Since the number of r; € iR is finite, the right hand side of the above equation turns
to be

272 cos (r; log z)
Y my

+o0(l) asx — oo.
iJrTl? (1)

|T‘l|<T

Moreover, since the left hand side is equal to

—LtetiT —L—e—iT ! 1 s
]3+]7+ /12 F($+ ) IL' dS,
—Llqe—iT ~leepir Zp(s+1)s(s+1)
we find
1
x~2 cos (rlogx 1
|r|<T 1T T
1 —LpetiT —LeiT 1 1 s
=5 /2 +/2 rlstl) @ dsp+o(l) asz — oco. (2.14)
27 | J-Lqe—iT 1 epir Zp(s+1)s(s+1)

Now we call respectively by Ig, 1y the integrals of the right hand side of (2.14). It
is then enough to estimate Iy and [;y. Take sufficiently large number 7"(< T') and
consider Iy as

Iy = /%+€+T+/2+€+T, /%ﬂ/T Zp(s+1) @
—LetT +e—T' ~lieer Zp(s+1)s(s+1)
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By Lemma 2.1, the first integral of the expression of Iy above is bounded by

T x*%Jrs T L
Ot = dt == O(x™2%) asz — oo.
’ 1?2 + g2

The exactly same estimate holds for the third integral. Also it is clear that the
1
second integral is O(z~2%¢). Hence we have

I, = O(x_%+€) as r — 00. (2.15)

Next, by (1.8) we see that

Iy = /%EZT{—giéiz; + pu(C\H)(s + %) cot 7r3}8<;i 1)d5

A similar argument as we made above yields

s TH—OSO(x 27°)  as T — 00.

/—%—E—iT Zi(—=s) x° J
~d—etit Zp(—s)s(s+1)

Since it is also obvious to see that

—g el x® T—o0 1
/ cotms—ds — O(x727°) asz — o0,
—1—e+iT S

we have
Iy =3 O(z72%°)  as z — oco. (2.16)

By these estimates for Iy, I19, we have

1
x~2 cos (r;log x 1 oo
> m T Jr(;z 22) + 2—m(13+17) =X 0(1) as z — . (2.17)
|r|<T 4 l

Combining the results we obtained so far, we conclude that

log N (P.
> log N(Fy) =logz 4+ +o(l) asx — oc.
v€Hyp(I) N(y) -1
N(v)<w
This completes the proof of the case n = 0. [

2.3 Thecase n>1

To prove the case for n > 1, we consider the integral.

24T Z(s+ 1) x°
T4 = / rl ds. 2.18
(™) 27rz Tﬂoo v Zp(s+1)sntl 5 ( )
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Similar to the case of n = 0, using the definition of Z(s), one calculates

" log N(P,) 1 oiT 1 g
Tor) = N(H) -1 ( )*ds.

' veHZyp(F) N(v) -1 2ri T—»oo s+ N ()

N(v)<z

log N(P,) 1 T
- Z N(y) =1l 08 )" (by Lemma 2.3)
vyeHyp(T") N(’Y) —1n! N('y)
N(v)<z

= X

logN(P)) 1 & <n
v€Hyp(T) N(v) =

“/1 w - l) (=D (log z)" ' (log N(7))"

“ =0

N(v)<w
(=1 - log N(P,) !
=> g logz)"" YT = (log N(v))
= ll(n—1)! Hy(T) N(v) -1
N(v)<z
n l 1
= = l (log x)”’l{H—l(log o) A+ O(af‘;)} (by Lemma 2.1)
<1ogx"+1 (1) e ) ; S
= (1 A
(n 1 D Z o1 +;l'n—l (logz)" " A; + O(z™°)
(log )™+ (log )"~ (1) 5
= A+ 0O . 2.19
(n+1)! +l§ m—pr o Aol asw—oo (2.19)

On the other hand, we consider the same contour C rr as we used before. Then
the residue theorem asserts

1 Zi(s+1) z°
— d 2.20

[R] Zl 1 s
=¢ > ( Res + Res +ZRes+Res + Res rlst+1) o
< S=T3HIN s=—g=in (D58 =0 [ Zp(s+1)s™*

It is not hard to confirm the following three evaluations.

Zl(s+1) AR i
( Res + Res )Z- — my . n . .
rlZ<T s=—2-ir,  s=—1—in Zp(s+ 1) sntl T%T (_% 4 iy )t (_% — i)t
(2.21)
[R] Zi(s+1) 2° [R) ok
Res —- =3 2(g—1)(2k—1)——— =o(1 (2.92
kz:QS,gk Zp(s 4 1) sntl k; (g —1)( )(—k)”+1 o(l) asx — oo. (2.22)
Z’F(s+ 1) z° il
Res =2¢—-1(-D)""2x7 =0(1l) asz — 0. (2.23)
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Moreover, since one has

Zp(s+1 ) sntl (Z7 )(Z i )S

m=0 m!
= i i,y (-1) log l‘) Sm+l—n—2
m=0 (=0
oo k —1
_ (1-1) (10g 56) hn—2
— nyp S
k=01=0 <k B l)'

around s = 0, it follows that

Zi(s+1) z* _ %7(1,1) (log z)"+1-!
s= OZF(3+1)S"+1 " on+1-10)

=0
n 1 n—l
T clu. Lo (2.24)

_ (log )™+
 (n4 1) = (n—1)!

Using the estimates above we see that

x*%‘i’i'f‘l x*%*l’?‘l
B Z i (—% +iTl)n+1 i <—% — i'r’l)"+1

|r|<T
(logz)" ™ & NG (log z)"!
(n+1)! = U (n=1)

+0o(1) asx — oo. (2.25)

Similar estimates work for J (fy%")) as we done in the case of n = 0. Thus, when
x — 0o we have

n

(log:c)’”rl iy (log z)"~t (—1)! (log:c )t i 0 log:c

A —
(n+ S n-D 1T (n+t

) +0(1)

This means clearly that 7%") ==

n —1)" —-1)" log N (P, log )" 1
e S CI |
’ ' y€Hyp(I')
N(y)<z
(2.26)
This proves the case n > 1 and Theorem 1 now follows. [ |

2.4 Powers of essential zeroes of the Selberg zeta function

We prove the statement (2) in Theorem B. In fact, we establish the formulas which
express the sum of the integral powers of essential zeroes of the Selberg zeta function.
Define the spectral zeta function (a(s) by
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From the expression (1.4) the
following Laurent expansion around s = 1 ([Ste]) follows immediately.

1 Zi(s) 1 >
_ (s —1)",
2s — 1 Zp(s) s—1+nzzoa (s—1)

where the coefficients a,, are given by

ap = lim

S—)l

1 ZL(s) 1
{23— 1Zp(s)  s— 1}’

w[3

] _
o = (P 200 = gt 1)+ 30 (M esn+ 10
=0

By Theorem 2.1 one easily has
/_}é‘n) = 20,1+ G, (227)

where we put a_; = 1 for convenience. Hence it follows that

7%0) =2+ ap.

If we put n =1 in (2.27) then since 7%1) = 2ag + a; we have

— A1 =2(A0 —2) +{1+2(g — 1)C(2) = Ca(2)},
whence
Ca(2) = Ay + 240 +2(g — 1)¢(2) — 3.

Suppose n > 2.. Then

Namely we have

254 n_1_
%:1+z<g—1>{zc<n>—<<n+1>}+2;<—1>l+l( 11 l)““‘”

Ein n—1-1
_ (_1)z+1< i )CA<n—l)+CA<n+1).
=0

Thus we obtain the following result.
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Corollary. The values (a(n) (n > 2) is determined successively by the following
recurrence formulas.

(a(2) = A1 +2A0+2(g — 1)C(2) — 3

[\

e
=29 — AV 4 (g 1) -3,

F{E 4 D ()
+ % —2(g - D{2(n) = ¢+ 1)} -1

3 Euler’s constants of algebraic number fields

We give the proof of Theorem B concerning the Euler constants of algebraic number
fields. The way of proving (1) is quite similar to the one for the case of n = 0 in
Theorem A. Thus we shall skip some detail of the estimates.

Proof of Theorem B (1). Since

Z log N
p

where p runs over prime ideals, by Lemma 2.3 with n = 0 we see that

_L 24ic0 (p /(s + 1) _— _ logN i 2+i00 T s .
/ 7(8+1)x3 ds = ZZ m /2 N(p)™ s 'ds

21 Jo—ico (i o 27 J2—ico

m=1

_ Z logN(p) +o(1)

3 Jl\c;g Np) | o(1)
N(p)<z (p> -1
when z — oo. We refer to Narkiewicz [Nar] for basic analytic properties of the
Dedekind zeta functions.

Take a path Crp : 2 — i1 — —R —iT' — —R 4+ T — 2 44T for suitable large
numbers T and R. (Note that Crp = (—Cry) U [2 — iT,2 + iT] in the previously
defined contour C’R,T). Then using estimates for the Dedekind zeta function, as we
did in the Section 2, we have

24T !
hm _i/ stsflds
T—oo 211 Ja—ir (i(s+1)
24T !
= lim lim / / _L'Mf‘{l ds
Jim lim Cnr 2mi Cr(s+1)
1 ‘(s+1
+ lim lim ——,/ szss_lds
T—o00 R—o0 211 Cr,T CK(S+ 1)

Y0(K)
Y-1(K)

= logzx — +o(l) asx— o0
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since

'(s) _ 1 n Yo(K)
Ck(s) s—1  y.(K)

around s = 1. Hence it is immediate to see

S (3.1)

=logx
N(p)<z N(p) -1 '7—1(K)

3 log N(p) _, Y0(K)

+o(l) asxz — oo.

Hence it follows that

= im |logx — 7logN(p)
Y0(K) = y-1(K) lim (1 g N(pz)q N(p) - 1) :

Proof of (2). Put

~ o 1 |D(K)| F S T’IF T2 3 2
Ck(s) = s(1—s) ora K2 5 (5)"*Ck(s). (3.2)
Then, it is known that the following functional equation holds.
Cie(s) = Ce(1 = s). (3.3)
Since Cx(s) is of order 1, one may write
(i) = e ] (1 — i) e (3.4)
PEZK p

with some complex numbers a and b.
Taking the logarithmic derivative of right-hand sides of (3.2) and (3.4) respec-
tively, we have

(S
T, 1 -1 pE) (_) '(s) , Ck'(s)
P == 2 K
at Y 5+ = St o s wmaE .
peZr | 1 — p

: S or (5)
(3.5)

By the functional equation (3.3), one sees that the left-hand side of (3.5) is equal to
also

1—S—p+,0
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Hence it follows from (3.5) that
1 1 1 1 1 1
——Z( p>+z< +—>:—+ — + 7 log [D(K) |-

pEZK pezx \S TP P s s
!
logQ} n (K (5)

(K- Q
2

Ck(s)

)
w(y) e
(3.

Therefore if we let s — 1 and use the expression (3.1) we obtain

7 X ()

(K : Q)
2

*(3)
_\2/
x(

2
Since one knows that [ (%) /T (%) = —y—2log2and I"'(1)/T'(1) = —, the following
equation follows immediately.

70(K) ( g ) 1

- —ry (log2 + L) —ry(log 2 ~log | D(K)|—

> - 71(K) ri (log2+ - ) =ra(log 2+7)+— log | D(K)]

pezi P

1
= 1+ log|D(K)| -

logm+ 11

I"(1) Yo(K)
+ 7y { ) — log2} + 77710().

[@]

log m+1.

This completes the proof of the theorem.

Example 3.1. Consider the case K = Q. Then, since n =1, r; = 1, r, = 0,
D(@Q) =1, v-1(Q) = 1 and 70(Q) = =, we recover the Riemann’s explicit formula
(1.1) as follows.

1 1
Z— = fy—<log2+l)——log7r+1
Z, P 2 2
A log 2
= — — —logm —log 2.
5 ~ 5 %8 g

Remark 3.2. We remark here that the following another expression of 7o(K) is
known.

Yo(K) = lim ( > ﬁ —v_1(K) log x) (Landau, 1902).

N(a)<z

4 Higher Euler’s constants and powers of essential zeroes

In this section we give certain formulas of powers of essential zeros of the Riemann
zeta function. It is actually considered as the higher power analogue of Riemann’s
explicit formula (1.1).

Theorem 3. Let

¢(s) = $+’y+%(s—1)+%(5—1)2+...

be the Laurent expansion around s = 1. Then the following relations hold:
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2 1
W m-p=1-T oy L
8 pEZ p2
1 A
(2) 2y — 2 = = lim {E(logx)Q—fylogx— Zﬂlogﬁ} :
n<xr n n
7
(3) 37 =3mv+7" = 2B —1+Z

ezp

1 1
(4) 372 =3y +7° = lim {g(log )’ — gv(logr)Q - (2% — ) logx

5 E )}

Before starting the proof, we first note that the Laurent expansion.

C(s) _sil 7+ 2 =) (s =D+ Br-3nr+")(s—1)*+---. (41)

For convenience, set
bo=2n-7"  ba=3pm—3ny+"
Proof of (1). Put

1 (s 41)
J = 711_1)20{—% /Q_iT ms 2dS}. (42)

Similar to the discussion we made in the Section 2, we evaluate J by changing the
path. In fact, we show first that J = 0 as follows. Consider the path given by

Cr:2—iT —-T—iT —-T+i{T — 2+4T.

We may choose T' large enough. By the residue theorem it is obvious to see that
24T / 1
/ / -7C(S+ )5_2 ds = 0.
Cr 2w ((s+1)

Lo Gt o |
o S | =0T,

one concludes that J = 0. We consider next the following path defined before;

Therefore, since

Crr:2—1T— —-R—il'—- —R+i{T — 24T,

where R is taken to be a large even integer. By (4.1), one also see that

o 2+T 1 ((s+1) _ x 1
A, A (/ /cm) <_% (s+1)° 2) __Z p—1)2 Z (2n + 1)2

pEZ n=1

—by.
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Moreover, the arguments similar to those in the proof of Theorem 1.1 yields

1/ C(s+1) |
— ~——— -5 %ds| = 0.

lim i
Mo R 211 Jery C(s+ 1)

T—o00 R—o0

(In order to show the fact above, we need the several estimates for C/(s 1)+ More
precisely, see [KW3].) Therefore, since J = 0 one has

1 ad 1
b1 - - -
pezz(ﬂ—UZ g(?nﬂ)z
> 1 R 1 1
- NS TN N, P N
EwZar) Sr
3 1
- 1- 2 -
4 pEZp2
2
1
1T —.
8 pEZp

Proof of (2). We evaluate
1 24T (s + 1
lim ——,/ szssfzds (4.3)
T—oo | 2mi Jo—ir ((s+1)

in two ways. For the path Cr s defined in the proof of (1) above, using the residue
theorem we obtain

o 24T (s +1) .
A A (/ /CR>< i (st 1) 2) *

‘,L,pfl 72n 1

R 1
= -y — — logz)* — ~vlogx — by,
2 > oyt g loed)” 1

since around s = 0 one has the expansion

_%xSSQ — _<—51—|—"}/+b18—|—)<1+(logx)3+%<logx)282+)82

1
P4 (logz —7)s > + (E(loga:)2 —vylogx — b1) sl

On the other hand, by Lemma 2.3 one sees that (4.3) becomes

S8 g L P L BN S

270 J2—ico \ T} —on 2m J2—ico
A
= Z (n) log y
n<z T n
Therefore we obtain
A( ) xp 1 00 x—Zn—l 1
log — = + —(logz)? — vlogx — by.
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It follows that immediately
1 A
by = mlLIng {E(logyc)2 —~logx — r;g % log%} )
Proof of (3). The proof is similar to that of (1). In fact, we have
> 1

IR IR

pEZ

24T (!
T—oo | 2mi Jo—ir ((s+1)

by considering

Hence
by = S + S
2 2> v S Sur ) B
7
= —C3)—-1+
8 fép

Proof of (4). We study the following limit.
1 2T (s + 1
lim {——/ szss_gds}. (4.4)

T—oo | 2mi Jo—ir ((s+1)

By the residue theorem again, we see that the limit (4.4) is equal to

TP~ 1 00 ‘,L,72n71 1 ol
— 4+ —(logz)* — ~(logz)* — by logz — by

,)ezz EENE Zl 2n+ 13 ' 6 2
sin(;e
_C (5 + 1)1’8873

{5+ 1)
1

=— (—5_1 + 4 b5+ bys® + - - ) <1 + (logx)s + — (logx) E(logw)?’s?’ + - > 573

1
=+ (E(log:c)?’ - %(logsv)2 —bylogz — b2) s

around s = 0. On the other hand, using lemma 2.3 again for n = 2 one finds that

(4.4) is equal to
A 1 2
) An) 1 (10g ﬁ) _
e M2 n
Therefore, we have

ZM.%(logﬁ)Qz

n<z n

o] —2n—1

T
— Z Z m g(log l’) (log l’)Q — bl lOgl’ — bg,
=1

pEZ

whence it follows that

1 1 1 A 2
by = lim {g(log 7)* — —~(logz)* — by logx — 5 > % (log ﬁ) } :

o 2 n<x n

These complete the whole of the proof of Theorem B. [ |
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Remark 4.1. Clearly, equating the two expressions (1) and (2) of Theorem 3, one
arrives at the following identity. that

2

Z L —1-" _ fim {%(ng)2 —~vlogx — Z wlogi}.

2
pEZ P 8 e n<x n

Furthermore, by equating (3) and (4) and using (2) again one has

1 1 1 1 A
Z ? — 1—%@(3)+3:1LI{)10 {—g(log r)® + 57(log r)* + 3 Z —§1n> (log %)(log nx)} )
pEZ n<x
Note here that ((3) is expressed as
7 (1 1= ¢(2m)
Le3) =7 S log2 — - S L KW1

Similar analysis we developed here enables us to obtain in principle the formulas
for further higher powers of essential zeroes.
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