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Abstract. On Sendov’s conjecture, V. Vâjâitu and A. Zaharescu (and M. J. Miller,

independently) state the following in their paper: if one zero a of a polynomial which

has all the zeros in the closed unit disk is su‰ciently close to the unit circle, then the

distance from a to the closest critical point is less than 1. It is desirable to quantify this

assertion. In the author’s previous paper, we obtained an upper bound on the radius of

the disk centered at the origin which contains all the critical points. In this paper, we

improve it, and then, estimate the range of the zero a satisfying the above. This result,

moreover, implies that if a zero of a polynomial is close to the unit circle and all the

critical points are far from the zero, then the polynomial must be close to PðzÞ ¼ zn � c

with jcj ¼ 1.

1. Introduction

Let Pn be the set of monic complex polynomials of degree n with all

the zeros in the closed unit disk. For a polynomial P A Pn, let z1; . . . ; zn
and w1; . . . ;wn�1 be the zeros of P and P 0, respectively: wj ’s are also called

critical. Define IPðziÞ ¼ min1a jan�1jzi � wjj, IðPÞ ¼ max1aian IPðziÞ and

IðPnÞ ¼ supP APn
IðPÞ. Under the notation, Sendov’s conjecture (see [7, p. 25

Problem 4.5]) is stated as follows:

Conjecture (Sendov). For all positive integers nb 2, IðPnÞ ¼ 1.

A polynomial P� A Pn is said to be extremal if IðP�Þ ¼ IðPnÞ. Since Pn is

a compact family, we can see the existence of extremal polynomials (see [13]).

In addition to Sendov’s conjecture, it is conjectured that if P� is extremal,

then P�ðzÞ ¼ zn � c with jcj ¼ 1. The example P�ðzÞ ¼ zn � c shows that

IðPnÞb 1.

Sendov’s conjecture is true in the case that 2a na 8 (see [1]–[4], [10], [15]

and [14], for example). It is also true in the case when one zero a is close to 0

even if n > 8 (see [3], for example). We should, therefore, show the case when

jaj is close to 1. In this situation, V. Vâjâitu and A. Zaharescu [16], and M. J.

Miller [11] independently proved the following.
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Theorem A. For any nb 2, there exist cn > 0 and en > 0 such that, for

every polynomial P A Pn, and for any zero a of P such that 1� en a jaj,
IPðaÞa 1� cnð1� jajÞ.

Vâjâitu and Zaharescu pointed out that limn!y en ¼ 0, and that cn can be

chosen to be close to 1=4 for large n and to be 1=4 for n divisible by 4.

Their results imply that Sendov’s conjecture is true if a zero of a poly-

nomial is su‰ciently close to 1. We, however, know neither how close the

zero is to the unit circle nor how small the constant cn is, in order that the

conclusion of Theorem A may hold. In particular, not knowing the size of en,

we cannot apply Theorem A to the proof of Sendov’s conjecture. Further-

more, in their proofs, they use the following fact under the assumption that one

zero a of a polynomial is close to the unit circle: if all the critical points are far

from a, then the polynomial must be close to the polynomial P�ðzÞ ¼ zn � c

with jcj ¼ 1. It is, however, not stated as any proposition. Nevertheless, it is

a key to Theorem A.

In the author’s previous paper [5], we quantified the radius of a disk

centered at the origin which contains all the critical points of a polynomial.

Our aim in this paper is to improve the result of the previous paper and

moreover, to quantify Theorem A.

Our result is stated as follows:

Main Theorem. Let P be a polynomial of degree nb 4 with all the zeros

in the closed unit disk. If one zero a of P satisfies jajb 1� en, where

en ¼
1

2n94n
;

then there exists a critical point w such that

jw� aja 1� cnð1� jajÞ;
where

cn ¼

1

4
; if n ¼ 4s;

n� 3

4ðn� 1Þ ; if n ¼ 4sþ 1;

n� 6

4ðn� 1Þ ; if n ¼ 4sþ 2;

n� 9

4ðn� 1Þ ; if n ¼ 4sþ 3 and n0 7;

1

1159
; if n ¼ 7 (exceptionally)

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

for every positive integer s.
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Since this result is quantitative, we can partly solve Sendov’s conjecture.

Define Sðn; aÞ to be the set of polynomials in Pn with at least one zero at a.

There exists An A ð0; 1� such that for a with jaj < An, IPðaÞa 1 whenever

P A Sðn; aÞ (see [3] and Section 4, for example). On the other hand, our result

shows that for a with 1� en a jaj < 1, IPðaÞa 1 whenever P A Sðn; aÞ. This

means that Sendov’s conjecture is still open for polynomials which have one

zero a A ½An; 1� enÞ.
In this paper, we shall prepare a series of lemmas in Section 2, and Main

Theorem will be proven in Section 3. In order to visualize the open gap

interval of jaj not covered by our results, we exhibit several numerical values

of An and 1� en for some n in Section 4.

2. Preliminary results

We follow the arguments developed in V. Vâjâitu and A. Zaharescu [16].

Let P be a polynomial with all the zeros in the closed unit disk, and of the

form

PðzÞ ¼ ðz� aÞ
Yn
i¼2

ðz� ziÞ

and let w1; . . . ;wn�1 be the critical points of P. Hereafter, we may assume that

nb 4, z1 ¼ a ¼ 1� e with 0 < ea en and 0a arg z2 a � � �a arg zn < 2p. To

prove Main Theorem by contradiction, we also suppose that for j ¼ 1; . . . ;

n� 1,

jwj � aj > 1� cnð1� aÞ ¼ 1� cne: ð1Þ

Note that 0a cn a 1=4. First, we shall use the following lemma to prove

Lemma 1.

Lemma A (Kumar and Shenoy [8]). Let pðzÞ ¼ ðz� aÞ
Qn�1

i¼1 ðz� ziÞ be

any polynomial with 0a aa 1 and jzija 1, 1a ia n� 1. If the disk

jz� aja r contains no zero of p 0, then jzi � aj > 2r sinðp=nÞ for any i.

S. Kumar and B. G. Shenoy proved the original lemma in the case that

r ¼ 1. It is not di‰cult to modify their proof for our case. Lemma 1 is used

to prove Lemma 2.

Lemma 1. For j ¼ 1; . . . ; n� 1 and i ¼ 2; . . . ; n,

1� k3e < Re
1

a� wj

< 1þ k1e;

1

2
� k2e < Re

1

a� zi
<

1

2
þ k4e;
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where

k1 :¼
cn

1� cnen
A 0;

1

4
þ en

12

� �
;

k2 :¼
2� en

8ð1� enÞð1� cnenÞ2 sin2ðp=nÞ
A

n2

4p2
; 0:0313n2

� �
;

k3 :¼ ðn� 2Þk1 þ 2ðn� 1Þk2 A
3n3

8p2
; 0:0626n3

� �
;

k4 :¼
ðn� 1Þk1 þ 2ðn� 2Þk2

2
< 0:0313n3:

Proof. For j ¼ 1; . . . ; n� 1, we have

Re
1

a� wj

a
1

ja� wjj
<

1

1� cne
¼ 1þ cn

1� cne
ea 1þ cn

1� cnen
e

¼ 1þ k1e: ð2Þ

Since ja� zij > 2ð1� cneÞ sinðp=nÞb 2ð1� cnenÞ sinðp=nÞ by Lemma A,

Re
1

a� zi
¼ 1

2a
� jzij2 � a2

2aja� zij2

>
1

2
� 1� a2

2a � 4ð1� cnenÞ2 sin2ðp=nÞ

¼ 1

2
� 1þ a

a
� e

8ð1� cnenÞ2 sin2ðp=nÞ

b
1

2
� 2� en

8ð1� enÞð1� cnenÞ2 sin2ðp=nÞ
e ¼ 1

2
� k2e: ð3Þ

Writing PðzÞ ¼ ðz� aÞQðzÞ, we obtain P 00ðaÞ=P 0ðaÞ ¼ 2Q 0ðaÞ=QðaÞ, and we

know

P 00ðaÞ
P 0ðaÞ ¼

Xn�1

j¼1

1

a� wj

and
Q 0ðaÞ
QðaÞ ¼

Xn
i¼2

1

a� zi
:

By (2) and (3), we also obtain

ðn� 2Þð1þ k1eÞ þRe
1

a� wj0

>
Xn�1

j¼1

Re
1

a� wj

¼ 2
Xn
i¼2

Re
1

a� zi
> ðn� 1Þð1� 2k2eÞ; ð4Þ
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ðn� 1Þð1þ k1eÞ >
Xn�1

j¼1

Re
1

a� wj

¼ 2
Xn
i¼2

Re
1

a� zi
> ðn� 2Þð1� 2k2eÞ þ 2 Re

1

a� zi0
ð5Þ

for j0 ¼ 1; . . . ; n� 1 and i0 ¼ 2; . . . ; n. By (4),

Re
1

a� wj0

> ðn� 1Þð1� 2k2eÞ � ðn� 2Þð1þ k1eÞ

¼ 1� ððn� 2Þk1 þ 2ðn� 1Þk2Þe ¼ 1� k3e:

By (5),

Re
1

a� zi0
<

1

2
ððn� 1Þð1þ k1eÞ � ðn� 2Þð1� 2k2eÞÞ

¼ 1

2
þ ðn� 1Þk1 þ 2ðn� 2Þk2

2
e ¼ 1

2
þ k4e:

Combining these results with (2) and (3), we complete the proof.

Finally, we quantify the constants k1, k2, k3 and k4. Since cnðcn þ en=12Þ
< 1=12, namely, c2n=ð1� cnenÞ < 1=12,

k1 ¼ cn þ
c2n

1� cnen
en <

1

4
þ en

12
:

It is trivial that k1 b 0. Since sinðp=nÞb 2
ffiffiffi
2

p
=n for nb 4 and cn a 1=4,

k2 a
2� en

8ð1� enÞð1� en=4Þ2ð2
ffiffiffi
2

p
=nÞ2

¼ n2

4
� 2� en

ð1� enÞð4� enÞ2

¼ n2

4
� 1þ 1

1� en

� �
1

ð4� enÞ2
< 0:0313n2:

Note that sinðp=nÞ < p=n and cnen > 0 imply

k2 >
2� en

8ð1� enÞðp=nÞ2
¼ n2

8p2
1þ 1

1� en

� �
>

n2

4p2
:

Since k1 < 1=4þ en=12 < 1=2, we have

k3 < ðn� 2Þ=2þ 2ðn� 1Þ � 0:0313n2

¼ n3 0:0626� 0:0626

n
þ 1

2n2
� 1

n3

� �

¼ n3 0:0626� 1

n

1

n
� 1

4

� �2
þ 0:0001

 !" #
< 0:0626n3:
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On the other hand,

k3 > ðn� 2Þ � 0þ 2ðn� 1Þ � n2

4p2
¼ n3

2p2
1� 1

n

� �
b

3n3

8p2
:

Since k1 < 1=4þ en=12 < 1=2,

k4 <
1

2
ððn� 1Þ=2þ 2ðn� 2Þ � 0:032n2Þ

¼ n3 0:0313� 0:0626

n
þ 1

4n2
� 1

4n3

� �

¼ n3 0:0313� 1

4n

1

n
� 1

2

� �2
þ 0:0004

 !" #
< 0:0313n3: r

The next lemma is used frequently in this paper, especially in the proof

of Main Theorem. It is also an improvement of the result in the author’s

previous paper [5].

Lemma 2. For j ¼ 1; . . . ; n� 1,

jwjj < k7
ffiffi
e

p
;

where

k7 :¼ k6 þ k5
ffiffiffiffi
en

p
A

ffiffiffi
3

p

2p
n
ffiffiffi
n

p
; 0:3649n

ffiffiffi
n

p
 !

with

k5 :¼ 1þ k3

1� k3en
A

3n3

8p2
; 0:0783n3

� �
;

k6 :¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k3

1� k3en
þ cn

� �
1

1� k3en
þ 1

� �s
A

ffiffiffi
3

p

2p
n
ffiffiffi
n

p
; 0:3648n

ffiffiffi
n

p
 !

:

Proof. We define hj A R by

1

a� hj
:¼ Re

1

a� wj

:

Since 1=ða� hjÞ > 1� k3e by Lemma 1 and 1� k3e > 0,

0 < a� hj <
1

1� k3e
: ð6Þ

Thus

hj > � 1þ k3

1� k3e

� �
eb� 1þ k3

1� k3en

� �
e ¼ �k5e:
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On the other hand, since hj a a� ð1� cneÞ ¼ �ð1� cnÞe,

�k5e < hj a�ð1� cnÞe:

If wj 0 hj, then by Pythagoras’ theorem and (6) (see Figure 1),

jwj � hjj2 þ ja� wjj2 ¼ ja� hjj2 <
1

1� k3e

� �2
:

This implies that

jwj � hjj2 <
1

1� k3e

� �2
� ð1� cneÞ2

¼ k3

1� k3e
þ cn

� �
1

1� k3e
þ 1� cne

� �
e

<
k3

1� k3en
þ cn

� �
1

1� k3en
þ 1

� �
e ¼ k2

6 e:

Therefore, jwj j � jhjja jwj � hj j < k6
ffiffi
e

p
, that is,

jwjj < k6
ffiffi
e

p
þ jhjj < k6

ffiffi
e

p
þ k5ea ðk6 þ k5

ffiffiffiffi
en

p Þ
ffiffi
e

p
¼ k7

ffiffi
e

p
:

If wj ¼ hj , then jwjj ¼ jhjj < k5e < k7
ffiffi
e

p
also holds.

Finally, we quantify the constants k5, k6 and k7. We have

k5 < 1þ 0:0626n3

1� 0:0626n3=ð2n94nÞ ¼ n3
1

n3
þ 0:0626

1� 0:0626=ð2n64nÞ

� �

a n3
1

43
þ 0:0626

1� 0:0626=ð2 � 46 � 44Þ

� �
< 0:0783n3:

Fig. 1. wj , hj and their images by 1=ða� zÞ.
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On the other hand, since en > 0, k5 > 1þ k3 > k3 > 3n3=ð8p2Þ. We have

k2
6 <

0:0626n3

1� 0:0626n3=ð2n94nÞ þ
1

4

� �
1

1� 0:0626n3=ð2n94nÞ þ 1

� �

¼ n3
0:0626

1� 0:0626=ð2n64nÞ þ
1

4n3

� �
1

1� 0:0626=ð2n64nÞ þ 1

� �

a n3
0:0626

1� 0:0626=ð2 � 46 � 44Þ þ
1

4 � 43

� �
1

1� 0:0626=ð2 � 46 � 44Þ þ 1

� �

< 0:36482n3;

that is, k6 < 0:3648n
ffiffiffi
n

p
. On the other hand, since k3en > 0,

k6 >
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk3 þ 0Þð1þ 1Þ

p
¼

ffiffiffiffiffiffiffi
2k3

p
>

ffiffiffiffiffiffiffiffi
3n3

4p2

r
¼

ffiffiffi
3

p

2p
n
ffiffiffi
n

p
:

We also have

k7 < 0:3648n
ffiffiffi
n

p
þ 0:0783n3ffiffiffi

2
p

n4
ffiffiffi
n

p
2n

¼ n
ffiffiffi
n

p
0:3648þ 0:0783ffiffiffi

2
p

n32n

� �

a n
ffiffiffi
n

p
0:3648þ 0:0783ffiffiffi

2
p

� 43 � 24

� �
< 0:3649n

ffiffiffi
n

p
:

On the other hand,

k7 >

ffiffiffi
3

p

2p
n
ffiffiffi
n

p
þ 3n3

8p2
� 1ffiffiffi

2
p

n4
ffiffiffi
n

p
2n

>

ffiffiffi
3

p

2p
n
ffiffiffi
n

p
: r

For the real parts of the critical points, we can improve the order of the

estimate in Lemma 2. The next Lemma 3 is used in the proof of Lemma 7

and Main Theorem.

Lemma 3. For j ¼ 1; . . . ; n� 1,

�k5e < Re wj < k8e;

where

k8 :¼
k2
7

1� en � k7
ffiffiffiffi
en

p � ð1� cnÞ A
3

4p2
� 1

64

� �
n3; 0:1332n3

� �
:

Proof. Since Re wj b hj > �k5e, the first inequality holds. If wj 0 hj ,

then by the power-of-a-point theorem and Lemma 2,

ðRe wj � hjÞða�Re wjÞ ¼ ðIm wjÞ2 < k2
7 e:
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Furthermore, since

en þ k7
ffiffiffiffi
en

p
<

1

2n94n
þ 0:3649n

ffiffiffi
n

pffiffiffi
2

p
n4

ffiffiffi
n

p
2n

¼ 1

n32n

1

2n62n
þ 0:3649ffiffiffi

2
p

� �
<

0:2581

n32n
< 1;

it follows that

a�Re wj ¼ 1� e�Re wj > 1� e� k7
ffiffi
e

p
b 1� ðen þ k7

ffiffiffiffi
en

p Þ > 0:

Therefore,

Re wj <
k2
7 e

1� e� k7
ffiffi
e

p � ð1� cnÞea
k2
7

1� en � k7
ffiffiffiffi
en

p � ð1� cnÞ
� �

e ¼ k8e:

If wj ¼ hj , then Re wj ¼ hj a�ð1� cneÞ < 0 < k8e also holds.

Finally, we quantify the constant k8. We have

k8 ¼
k2
7

1� en � k7
ffiffiffiffi
en

p � ð1� cnÞ

<
k2
7

1� 0:2581=ðn32nÞ �
3

4
< n3

0:36492

1� 0:2581=ðn32nÞ �
3

4n3

� �
:

For nb 4, 2n b 24 and hence

0:36492

1� 0:2581=ðn32nÞ a
0:36492

1� 0:2581=ðn324Þ :

Since

f8ðxÞ :¼
0:36492

1� ð0:2581=24Þx� 3

4
x

is monotone decreasing on ð0; 1=64�, we have f8ðxÞ < f8ð0Þ. Thus

k8 < n3 � f8ð1=n3Þ < n3 � f8ð0Þ < 0:36492n3 < 0:1332n3:

On the other hand,

k8 > k2
7 � 1 >

3n3

4p2
� 1 ¼ n3

3

4p2
� 1

n3

� �
b n3

3

4p2
� 1

43

� �

¼ n3
3

4p2
� 1

64

� �
: r
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Remark 1. As a matter of fact, k5 < k8. By the proof of Lemma 2, if

nb 6, then

k5 < n3
1

63
þ 0:0626

1� 0:0626=ð2 � 66 � 46Þ

� �
< 0:0673n3:

By the proof of Lemma 3, if nb 6, then

k8 > n3
3

4p2
� 1

63

� �
> 0:0713n3:

This means that k5 < k8 if nb 6. Since c4 ¼ 1=4 and c5 ¼ 1=8, a numerical

computation gives the approximate values of each constant for n ¼ 4, 5;

n k1 k2 k3 k4 k5 k6 k7 k8

4 0:25 0:50 3:50 0:88 4:50 2:74 2:74 6.75

5 0:25 0:72 6:54 1:25 7:54 3:68 3:68 12.8

This shows that k5 < k8 also holds for n ¼ 4 and n ¼ 5.

To prove Lemma 4, we shall use the next lemma.

Lemma B (Miller [11]). Let P be a polynomial of degree n. If P 0ðw0Þ0 0,

then there exists a zero z0 of P such that jz0 � w0ja njPðw0Þ=P 0ðw0Þj.

Define xn ¼ expð2ðn� 1Þp
ffiffiffiffiffiffiffi
�1

p
=nÞ for n ¼ 1; . . . ; n. We shall use Lemma

4 for Lemma 6. Lemma 4 shall be improved by making use of other lemmas.

Lemma 4. For i ¼ 1; . . . ; n,

jzi � xij < k10
ffiffi
e

p
;

where

k10 ¼
k9

k 0
9

< 0:7315n2
ffiffiffi
n

p

with

k9 ¼ n
ffiffiffiffi
en

p þ 2nk7 þ 2k2
7

ffiffiffiffi
en

p ð2n � 2� nÞ < 0:7306n2
ffiffiffi
n

p
;

k 0
9 ¼ ð1� k7

ffiffiffiffi
en

p Þn�1 > 0:9989:

Proof. Writing PðzÞ ¼
Pn

n¼0 Cnz
n, we have for fixed i,

PðxiÞ ¼ PðxiÞ � PðaÞ ¼
Xn
n¼1

Cnðxn
i � ð1� eÞnÞ

¼ ð1� ð1� eÞnÞ þ
Xn�1

n¼1

Cnðxn
i � ð1� eÞnÞ:
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Now since

P 0ðzÞ ¼
Xn
n¼0

nCnz
n�1 ¼ n

Yn�1

j¼1

ðz� wjÞ;

we have

nCn ¼ n
X

1a j1<���< jn�nan�1

ð�1Þn�n
wj1 . . .wjn�n

;

and by Lemma 2, jnCnj < n n�1
n�1

� �
ðk7

ffiffi
e

p
Þn�n, namely, jCnj < n

n

� �
ðk7

ffiffi
e

p
Þn�n.

Hence,

jPðxiÞj < ð1� ð1� eÞnÞ þ
Xn�1

n¼1

n

n

� �
ðk7

ffiffi
e

p
Þn�njxn

i � ð1� eÞnj

< neþ 2nk7
ffiffi
e

p
þ 2ðk7

ffiffi
e

p
Þ2
Xn�2

n¼1

n

n

� �

¼ neþ 2nk7
ffiffi
e

p
þ 2ðk7

ffiffi
e

p
Þ2ð2n � 2� nÞ

a ðn ffiffiffiffi
en

p þ 2nk7 þ 2k2
7

ffiffiffiffi
en

p ð2n � 2� nÞÞ
ffiffi
e

p
¼ k9

ffiffi
e

p
:

In addition, for j ¼ 1; . . . ; n� 1, jxi � wjj > 1� k7
ffiffi
e

p
by Lemma 2. We have

jP 0ðxiÞj ¼ n
Yn�1

j¼1

ðxi � wjÞ
�����

�����> nð1� k7
ffiffi
e

p
Þn�1

b nð1� k7
ffiffiffiffi
en

p Þn�1 ¼ nk 0
9:

Hence, by Lemma B, there exists a zero zi0 of P such that

jzi0 � xija n
PðxiÞ
P 0ðxiÞ

����
����< n � k9

ffiffi
e

p

nk 0
9

¼ k10
ffiffi
e

p
:

Now we quantify the constants k9 and k 0
9 to estimate k10. We have

k9 <
nffiffiffi

2
p

n4
ffiffiffi
n

p
2n

þ 2nð0:3649n
ffiffiffi
n

p
Þ þ 2ð0:3649n

ffiffiffi
n

p
Þ2ð2n � 2� nÞffiffiffi

2
p

n4
ffiffiffi
n

p
2n

< n2
ffiffiffi
n

p 1ffiffiffi
2

p
n62n

þ 0:7298þ 0:2664ð2n � 2� nÞffiffiffi
2

p
n42n

� �

< n2
ffiffiffi
n

p 1ffiffiffi
2

p
n62n

þ 0:7298þ 0:2664 � 2nffiffiffi
2

p
n42n

� �

a n2
ffiffiffi
n

p 1ffiffiffi
2

p
� 46 � 24

þ 0:7298þ 0:2664ffiffiffi
2

p
� 44

� �
< 0:7306n2

ffiffiffi
n

p
:

245A quantitative result on Sendov’s conjecture



On the other hand, since 1� 0:3649=ð
ffiffiffi
2

p
n32nÞ < 1,

k 0
9 ¼ 1� 0:3649n

ffiffiffi
n

pffiffiffi
2

p
n4

ffiffiffi
n

p
2n

 !n�1

> 1� 0:2581

n32n

� �n
:

Put f9ðxÞ :¼ x logð1� 0:2581=ðx32xÞÞ for xb 4. Then

f 0
9 ðxÞ ¼ logð1� 0:2581=ðx32xÞÞ þ 0:2581ð3þ x log 2Þ

x32x � 0:2581
:

Since

f 00
9 ðxÞ ¼ � 0:2581½0:2581ð3þ 2x log 2Þ þ x32xð6þ 4x log 2þ ðx log 2Þ2Þ�

xðx32x � 0:2581Þ2
< 0;

f 0
9 ðxÞ is monotone decreasing. We have

f 0
9 ðxÞ > lim

x!y
f 0
9 ðxÞ ¼ 0;

which implies that f9ðxÞ is monotone increasing, so is e f9ðxÞ. Thus it follows

that

k 0
9 > 1� 0:2581

n32n

� �n
¼ e f9ðnÞ b 1� 0:2581

43 � 24

� �4
> 0:9989:

Hence

k10 ¼
k9

k 0
9

<
0:7306n2

ffiffiffi
n

p

0:9989
< 0:7315n2

ffiffiffi
n

p
:

Now,

k10
ffiffi
e

p
a k10

ffiffiffiffi
en

p
<

0:7315n2
ffiffiffi
n

pffiffiffi
2

p
n4

ffiffiffi
n

p
2n

<
2
ffiffiffi
2

p

n
a sinðp=nÞ

for nb 4, and therefore, the n disks fjz� xij < k10
ffiffi
e

p
gn
i¼1 are mutually

disjoint. This implies i0 ¼ i. r

The next lemma shall be used for Lemma 6.

Lemma 5. For nb 4,

Xn
n¼2

1

sinððn� 1Þp=nÞ <
nðnþ 11Þ

8
:

Proof. Let N ¼ bn=2c, where bxc is the largest integer not greater than x.

Since sinððn� 1Þp=nÞb 2ðn� 1Þ=n for n A ½2;N þ 1�,
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Xn
n¼2

1

sinððn� 1Þp=nÞ

¼
1þ 2

PN
n¼2

1
sinððn�1Þp=nÞ a 1þ 2

PN
n¼2

n
2ðn�1Þ ¼ 1þ n

PN�1

n¼1

1
n
; if n is even;

2
PNþ1

n¼2

1
sinððn�1Þp=nÞ a 2

PNþ1

n¼2

n
2ðn�1Þ ¼ n

PN
n¼1

1
n
; if n is odd:

8>>><
>>>:

For even integer n > 4,

XN�1

n¼1

1

n
< 1þ 1

2
þ 1

2

1

2
þ 1

N � 1

� �
ðN � 3Þ

¼ N 2 þ 4N � 9

4ðN � 1Þ

<
N 2 þ 4N � 5

4ðN � 1Þ � 1

2N
¼ N þ 5

4
� 1

2N
¼ nþ 10

8
� 1

n
;

which implies that

1þ n
XN�1

n¼1

1

n
< 1þ nðnþ 10Þ

8
� 1 ¼ nðnþ 10Þ

8
:

Since

Xn
n¼2

1

sinððn� 1Þp=nÞ ¼ 1þ 2
ffiffiffi
2

p
<

nðnþ 10Þ
8

for n ¼ 4,

Xn
n¼2

1

sinððn� 1Þp=nÞ <
nðnþ 10Þ

8

holds also for even integer nb 4. For odd integer nb 5,

XN
n¼1

1

n
< 1þ 1

2
þ 1

2

1

2
þ 1

N

� �
ðN � 2Þ

¼ N 2 þ 6N � 4

4N
<

N þ 6

4
¼ ðn� 1Þ=2þ 6

4
¼ nþ 11

8
:
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As a result, for nb 4

Xn
n¼2

1

sinððn� 1Þp=nÞ < max
nðnþ 10Þ

8
;
nðnþ 11Þ

8

� 	
¼ nðnþ 11Þ

8
: r

Lemma 6 and Remark 2 shall be used for Lemma 7 and Lemma 8. It

shall be also improved for the proof of Main Theorem.

Lemma 6. For i ¼ 1; . . . ; n,

xi
Y
n0i

ðxi � znÞ � n

�����
�����< k11

ffiffi
e

p
;

where

k11 :¼ 0:0460n4ðnþ 11Þ
ffiffiffi
n

p
:

In particular,

n� k11
ffiffi
e

p
aRe xi

Y
n0i

ðxi � znÞ
 !

a nþ k11
ffiffi
e

p
;

�k11
ffiffi
e

p
a Im xi

Y
n0i

ðxi � znÞ
 !

a k11
ffiffi
e

p
;

n� k11
ffiffi
e

p
a xi

Y
n0i

ðxi � znÞ
�����

�����a nþ k11
ffiffi
e

p
:

Proof. Writing P0ðzÞ ¼ zn � 1 ¼ ðz� xiÞQ0ðzÞ, we obtain P 0
0ðzÞ ¼

Q0ðzÞ þ ðz� xiÞQ 0
0ðzÞ, and therefore P 0

0ðxiÞ ¼ nxn�1
i ¼ Q0ðxiÞ. Let PðzÞ ¼

ðz� ziÞQiðzÞ. If we put

K :¼
Y
n0i

ðxi � znÞ � nxn�1
i

�����
�����¼ jQiðxiÞ �Q0ðxiÞj;

then it is su‰cient to show that K < k11
ffiffi
e

p
. We have

QiðxiÞ ¼
Y
n0i

ðxi � znÞ ¼
Y
n0i

ðxi � xnÞ
xi � zn

xi � xn

� �� 

¼ Q0ðxiÞ �

Y
n0i

1þ xn � zn

xi � xn

� �
: ð7Þ

Put Dn ¼ ðxn � znÞ=ðxi � znÞ for n ¼ 2; . . . ; n (n0 i). By Lemma 4,

jDnj ¼
jxn � znj
jxi � xnj

<
k10

ffiffi
e

p

2 sinðp=nÞ <
0:7315n2

ffiffiffi
n

p ffiffi
e

p

4
ffiffiffi
2

p
=n

¼ 0:7315n3
ffiffiffi
n

p

4
ffiffiffi
2

p
ffiffi
e

p
;

and ea en implies that

jDnj <
0:7315

4
ffiffiffi
2

p � n3
ffiffiffi
n

pffiffiffi
2

p
n4

ffiffiffi
n

p
2n

¼ 0:7315

8
� 1

n2n
< 0:0015:
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Since

jlogð1þ DnÞja
Xy
r¼1

jDnjr

r

< jDnj
1

2
þ
Xy
r¼1

jDnjr�1

2

 !
¼ jDnj

2
1þ 1

1� jDnj

� �
;

we have

jlogð1þ DnÞj <
jDnj
2

1þ 1

1� 0:0015

� �
< 1:0008jDnj:

By making use of Lemma 5,

X
n0i

logð1þ DnÞ
�����

����� < 1:0008
X
n0i

jDnj

<
1:0008k10

ffiffi
e

p

2

X
n0i

1

jsinðn� iÞp=nÞj

<
1:0008k10

ffiffi
e

p

2
� nðnþ 11Þ

8

< 0:0458n3ðnþ 11Þ
ffiffiffi
n

p ffiffi
e

p
:

Since ea en,

X
n0i

logð1þ DnÞ
�����

�����< 0:0458n3ðnþ 11Þ
ffiffiffi
n

pffiffiffi
2

p
n4

ffiffiffi
n

p
2n

¼ 0:0458ðnþ 11Þffiffiffi
2

p
n2n

< 0:0076:

Furthermore, since jex � 1ja ejxj � 1 for x A C,

K ¼ jQiðxiÞ �Q0ðxiÞj

¼ jQ0ðxiÞj jeTn0i
logð1þDnÞ � 1ja nðejTn0i

logð1þDnÞj � 1Þ; ð8Þ

and since ejxj � 1a 1:0039jxj for jxj < 0:0076,

K < n � 1:0039
X
n0i

logð1þ DnÞ
�����

�����
< 1:0039n � 0:0458n3ðnþ 11Þ

ffiffiffi
n

p ffiffi
e

p
< k11

ffiffi
e

p
: r
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Remark 2. We have

n� k11
ffiffi
e

p
b n� k11

ffiffiffiffi
en

p
> n� 0:0460n4ðnþ 11Þ

ffiffiffi
n

pffiffiffi
2

p
n4

ffiffiffi
n

p
2n

¼ n 1� 0:0460ðnþ 11Þffiffiffi
2

p
n2n

� �
> 0:9923n:

We also have

nþ k11
ffiffi
e

p
a nþ k11

ffiffiffiffi
en

p
< nþ 0:0460n4ðnþ 11Þ

ffiffiffi
n

pffiffiffi
2

p
n4

ffiffiffi
n

p
2n

¼ n 1þ 0:0460ðnþ 11Þffiffiffi
2

p
n2n

� �
< 1:0077n:

The next lemma shall be used in the proof of Lemma 8 and Main

Theorem.

Lemma 7. Put S1 ¼
Pn�1

j¼1 wj. Then

jS1j < k14e;

where

k14 :¼ ðn� 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nk8 þ k13

n sinð2p=nÞ

� �2
þ k2

8

s
< 0:6130n3ðn� 1Þ2n

with

k13 :¼
k12ðnþ k11

ffiffiffiffi
en

p Þ þ 2nk7k11
n� k11

ffiffiffiffi
en

p < 2:3850n32n;

k12 :¼ nþ 2ð2n � n� 2Þk2
7 < 0:2664n32n:

Proof. For n ¼ 1; . . . ; n� 1, denote by Sn the n-th elementary symmetric

polynomials in w1; . . . ;wn�1. Since

P 0ðzÞ ¼ n
Yn�1

j¼1

ðz� wjÞ ¼ n
Xn�1

n¼0

ð�1ÞnSnz
n�1�n;

with S0 ¼ 1,

PðxiÞ ¼
ð xi
1�e

P 0ðzÞ dz ¼
Xn�1

n¼0

ð�1Þn nSn

n� n
ðxn�n

i � ð1� eÞn�nÞ: ð9Þ
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Since

xi � zi

xi
¼ PðxiÞ

xi
Q

n0iðxi � znÞ

¼ 1

xi
Q

n0iðxi � znÞ
�
"
ð1� ð1� eÞnÞ � nS1

n� 1
ðxn�1

i � ð1� eÞn�1Þ

þ
Xn�1

n¼2

ð�1Þn nSn

n� n
ðxn�n

i � ð1� eÞn�nÞ
#
;

we have

Re
xi � zi

xi
¼ Re

T1

xi
Q

n0iðxi � znÞ
þRe

T2

xi
Q

n0iðxi � znÞ

aRe
T1

xi
Q

n0iðxi � znÞ
þ T2

xi
Q

n0iðxi � znÞ

����
����;

where

T1 :¼ � nS1

n� 1
ðxn�1

i � ð1� eÞn�1Þ;

T2 :¼ 1� ð1� eÞn þ
Xn�1

n¼2

ð�1Þn n

n� n
Snðxn�n

i � ð1� eÞn�nÞ:

On the other hand, since

Re
xi � zi

xi
¼ 1�ReðzixiÞb 1� jzixijb 0;

it successively follows that

Re
T1

xi
Q

n0iðxi � znÞ
þ T2

xi
Q

n0iðxi � znÞ

����
����b 0;

Re T1 �Reðxi
Q

n0iðxi � znÞÞ þ Im T1 � Imðxi
Q

n0iðxi � znÞÞ
jxi
Q

n0iðxi � znÞj2

b� T2

xi
Q

n0iðxi � znÞ

����
����;

Re T1 b�
jT2j jxi

Q
n0iðxi � znÞj þ Im T1 � Imðxi

Q
n0iðxi � znÞÞ

Reðxi
Q

n0iðxi � znÞÞ
: ð10Þ
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Here, note that Reðxi
Q

n0iðxi � znÞÞ > 0 by Lemma 6 together Remark 2.

Lemma 2 implies the following two inequalities. First one is that

jIm T1j <
2n

n� 1
� ðn� 1Þk7

ffiffi
e

p
¼ 2nk7

ffiffi
e

p
: ð11Þ

The other is that since

jT2 � ð1� ð1� eÞnÞj ¼
Xn�1

n¼2

ð�1Þn n

n� n
Snðxn�n

i � ð1� eÞn�nÞ
�����

�����
a
Xn�1

n¼2

n

n� n
jSnj jxn�n

i � ð1� eÞn�nj

<
Xn�1

n¼2

n

n� n

n� 1

n

� �
ðk7

ffiffi
e

p
Þn � 2

< 2ðk7
ffiffi
e

p
Þ2
Xn�1

n¼2

n

n

� �
¼ 2ð2n � n� 2Þðk7

ffiffi
e

p
Þ2;

jT2j < 1� ð1� eÞn þ 2ð2n � n� 2Þk2
7 e < neþ 2ð2n � n� 2Þk2

7 e

¼ ðnþ 2ð2n � n� 2Þk2
7 Þe ¼ k12e: ð12Þ

Substituting (11), (12) and Lemma 6 for (10), we obtain

Re T1 > � k12e � ðnþ k11
ffiffi
e

p
Þ þ 2nk7

ffiffi
e

p
� k11

ffiffi
e

p

n� k11
ffiffi
e

p

b� k12ðnþ k11
ffiffiffiffi
en

p Þ þ 2nk7k11
n� k11

ffiffiffiffi
en

p e ¼ �k13e:

By making use of Lemma 3 and Remark 1, we obtain

0 < Re T1 þ k13e

¼ Re � nS1

n� 1
ðxn�1

i � ð1� eÞn�1Þ
� 


þ k13e

¼ � n

n� 1
ReðS1x

n�1
i Þ þ nð1� eÞn�1

n� 1
Re S1 þ k13e

< ðnð1� eÞn�1
k8 þ k13Þe�

n

n� 1
ðRe S1 �Re xn�1

i � Im S1 � Im xn�1
i Þ

< ðnð1� eÞn�1
k8 þ k13 þ nk8Þeþ

n

n� 1
Im S1 � Im xn�1

i
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< ð2nk8 þ k13Þeþ
n

n� 1
Im S1 � Im xn�1

i

¼ ð2nk8 þ k13Þe�
n

n� 1
Im S1 � Im xi:

Thus

Im S1 � Im xi <
n� 1

n
ð2nk8 þ k13Þe:

If we choose i such that Im xi and Im S1 have the same sign, we deduce that

jIm S1 � Im xij <
n� 1

n
ð2nk8 þ k13Þe;

namely,

jIm S1j <
ðn� 1Þð2nk8 þ k13Þ

n sinð2p=nÞ e: ð13Þ

Since jRe S1j < ðn� 1Þk8e by Lemma 3 and Remark 1,

jS1j < ðn� 1Þe

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nk8 þ k13

n sinð2p=nÞ

� �2
þ k2

8

s
¼ k14e:

Finally, we quantify the constants k12, k13 and k14. We have

k12 < nþ 2ð2n � n� 2Þ � 0:36492n3

< n32n 1

n22n
þ 0:2664 1� n

2n
� 2

2n

� �� �

¼ n32n 0:2664� 1

2n
� 1

n2
þ 0:2664nþ 0:2664 � 2

� �� �
< 0:2664n32n:

By Remark 2, we have

k13 <
ð0:2664n32nÞ1:0077nþ 2nð0:3649n

ffiffiffi
n

p
Þð0:0460n4ðnþ 11Þ

ffiffiffi
n

p
Þ

0:9923n

¼ n32n � 0:2664 � 1:0077þ 2 � 0:3649 � 0:0460n3ðnþ 11Þ=2n

0:9923
:

Putting f13ðxÞ :¼ x3ðxþ 11Þ=2x, we have

f 0
13ðxÞ ¼

x2

2x
ð�ðlog 2Þx2 � ð11 log 2� 4Þxþ 33Þ:

If xb 4, ~ff13ðxÞ :¼ �ðlog 2Þx2 � ð11 log 2� 4Þxþ 33 is monotone decreasing.

Since ~ff13ð4Þ > 0 and ~ff13ð5Þ < 0, there exists x0 A ð4; 5Þ such that ~ff13ðx0Þ ¼ 0,
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namely, f 0
13ðx0Þ ¼ 0. Therefore, f13ðxÞ attains the maximum value at x ¼ x0.

Since f13ð4Þ < f13ð5Þ, f13ðnÞa f13ð5Þ holds for any positive integer n. Hence,

k13 < n32n � 0:2664 � 1:0077þ 2 � 0:3649 � 0:0460f13ð5Þ
0:9923

< 2:3850n32n:

Since sinð2p=nÞb 4=n for nb 4,

k14 < ðn� 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nð0:1332n3Þ þ ð2:3850n32nÞ

4

� �2
þ ð0:1332n3Þ2

s

¼ ðn� 1Þ 0:2664n
4 þ 2:3850n32n

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4 � 0:1332n3

0:2664n4 þ 2:3850n32n

� �2s

¼ n3ðn� 1Þ2n � 0:2664n=2
n þ 2:3850

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 0:5328

0:2664nþ 2:3850 � 2n

� �2s

a n3ðn� 1Þ2n � 0:2664 � 4=2
4 þ 2:3850

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 0:5328

0:2664 � 4þ 2:3850 � 24

� �2s

< 0:6130n3ðn� 1Þ2n: r

We can improve Lemma 4. Lemma 8 shall be used for Lemma 9.

Lemma 8. For i ¼ 1; . . . ; n,

jzi � xij < k15e;

where

k15 :¼
1

n� k11
ffiffiffiffi
en

p
2nk14
n� 1

þ k12

� �
< 1:3027n32n:

Proof. By Lemma 6 and the proof of Lemma 7,

jzi � xij ¼
zi � xi
xi

����
����¼ T1 þ T2

xi
Q

n0iðxi � znÞ

����
����a jT1j þ jT2j

jxi
Q

n0iðxi � znÞj
<

jT1j þ jT2j
n� k11

ffiffi
e

p :

By Lemma 7 and (12),

jzi � xij <
1

n� k11
ffiffi
e

p 2n

n� 1
jS1j þ k12e

� �

<
1

n� k11
ffiffiffiffi
en

p
2nk14
n� 1

þ k12

� �
e ¼ k15e:
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Now, we quantify the constant k15. By Remark 2, we have

k15 <
1

0:9923n

2n � 0:6130n3ðn� 1Þ2n

n� 1
þ 0:2664n32n

� �

¼ n32n

0:9923
1:2260þ 0:2664

n

� �
< 1:3027n32n:

Note that

k15ea k15en <
1:3027n32n

2n94n
<

2
ffiffiffi
2

p

n
a sinðp=nÞ

for nb 4. This implies that the ðn� 1Þ disks fjz� xij < k15egn
i¼2 are also

disjoint. r

We can also improve Lemma 6. The next Lemma 9 shall be used in the

proof of Main Theorem.

Lemma 9. For i ¼ 1; . . . ; n,

xi
Y
n0i

ðxi � znÞ � n

�����
�����< k 0

11e;

where

k 0
11 :¼ 0:0816n5ðnþ 11Þ2n:

In particular,

n� k 0
11eaRe xi

Y
n0i

ðxi � znÞ
 !

a nþ k 0
11e;

�k 0
11ea Im xi

Y
n0i

ðxi � znÞ
 !

a k 0
11e;

n� k 0
11ea xi

Y
n0i

ðxi � znÞ
�����

�����a nþ k 0
11e:

Proof. We may replace k10
ffiffi
e

p
with k15e in the proof of Lemma 6 since

jzi � xij < k15e for i ¼ 2; . . . ; n by Lemma 8. Since

jDnj <
k15e

2 sinðp=nÞ <
1:3027n42n

4
ffiffiffi
2

p ea
1:3027n42n

4
ffiffiffi
2

p
� 2n94n

¼ 1:3027

8
ffiffiffi
2

p
� n52n

< 0:00001;

we have

jlogð1þ DnÞj <
jDnj
2

1þ 1

1� 0:00001

� �
< 1:00001jDnj;
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and then,

X
n0i

logð1þ DnÞ
�����

�����< 1:00001k15e

2
� nðnþ 11Þ

8
< 0:0815n4ðnþ 11Þ2ne

< 0:00004:

Since ejxj � 1 < 1:00003jxj for jxj < 0:00004, by (8),

K ¼ jQiðxiÞ �Q0ðxiÞja nðejTn0i
logð1þDnÞj � 1Þ

< 1:00003n �
X
n0i

logð1þ DnÞ
�����

�����
< 1:00003n � 0:0815n4ðnþ 11Þ2ne

< 0:0816n5ðnþ 11Þ2ne ¼ k 0
11e: r

Remark 3. We have

n� k 0
11eb n� k 0

11en > n� 0:0816n5ðnþ 11Þ2n � 1

2n94n

¼ n 1� 0:0816ðnþ 11Þ
2n52n

� �
> 0:9999n:

We also have

nþ k 0
11ea nþ k 0

11en < nþ 0:0816n5ðnþ 11Þ2n � 1

2n94n

¼ n 1þ 0:0816ðnþ 11Þ
2n52n

� �
< 1:0001n:

Among the lemmas which have been shown, Lemmas 2, 3, 7 and 9 shall

be also used to prove Main Theorem.

3. Proof of Main Theorem

We now prove Main Theorem. By (9) in the proof of Lemma 7,

PðxiÞ ¼
"
ð1� ð1� eÞnÞ � nS1

n� 1
ðxn�1

i � ð1� eÞn�1Þ þ nS2

n� 2
ðxn�2

i � ð1� eÞn�2Þ
#

þ
Xn�1

n¼3

ð�1Þn nSn

n� n
ðxn�n

i � ð1� eÞn�nÞ:
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Putting

T 0
1 :¼ ð1� ð1� eÞnÞ � nS1

n� 1
ðxn�1

i � ð1� eÞn�1Þ þ nS2

n� 2
ðxn�2

i � ð1� eÞn�2Þ;

T 0
2 :¼

Xn�1

n¼3

ð�1Þn nSn

n� n
ðxn�n

i � ð1� eÞn�nÞ;

we have

Re T 0
1 b�

jT 0
2j jxi

Q
n0iðxi � znÞj þ Im T 0

1 � Imðxi
Q

n0iðxi � znÞÞ
Reðxi

Q
n0iðxi � znÞÞ

ð14Þ

in a similar way as in the proof of Lemma 7. By (13) and Lemma 2, we have

jIm T 0
1j ¼

���� n

n� 1
Im S1ðxn�1

i � ð1� eÞn�1Þ � n

n� 2
Im S2ðxn�2

i � ð1� eÞn�2Þ
����

<
2n

n� 1
� ðn� 1Þð2nk8 þ k13Þ

4
eþ 2n

n� 2

n� 1

2

� �
ðk7

ffiffi
e

p
Þ2

¼ n

2
ðð2nk8 þ k13Þ þ 2ðn� 1Þk2

7 Þe

<
n

2
ð2nð0:1332n3Þ þ ð2:3850n32nÞ þ 2ðn� 1Þð0:3649n

ffiffiffi
n

p
Þ2Þe

¼ n42n

2

0:2664n

2n
þ 2:3850þ 0:2664ðn� 1Þ

2n

� �
e

< 1:2508n42ne:

By Lemma 2, we also have

jT 0
2j <

Xn�1

n¼3

n

n� n

n� 1

n

� �
ðk7

ffiffi
e

p
Þnð2� eÞ

< 2k3
7 ðe

ffiffi
e

p
Þ
Xn�1

n¼3

n

n

� �
¼ 2k3

7 ðe
ffiffi
e

p
Þ 2n � n2

2
� n

2
� 2

� �

¼ ð2nþ1 � n2 � n� 4Þk3
7 ðe

ffiffi
e

p
Þ

< ð2nþ1 � n2 � n� 4Þð0:3649n
ffiffiffi
n

p
Þ3ðe

ffiffi
e

p
Þ

¼ n4
ffiffiffi
n

p
2n 2� n2 þ nþ 4

2n

� �
0:36493ðe

ffiffi
e

p
Þ

< 0:0972n4
ffiffiffi
n

p
2nðe

ffiffi
e

p
Þ:
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Substituting these results and Lemma 9 for (14), we obtain

Re T 0
1 > � jT 0

2j � ðnþ k 0
11eÞ þ jIm T 0

1j � k 0
11e

n� k 0
11e

> � 1

0:9999n
½0:0972n4

ffiffiffi
n

p
2nðe

ffiffi
e

p
Þ � 1:0001n

þ 1:2508n42ne � 0:0816n5ðnþ 11Þ2ne�

> � 0:0973n4
ffiffiffi
n

p
2n þ 0:1021n42n � n4ðnþ 11Þ2n ffiffiffiffi

en
p

0:9999
ðe

ffiffi
e

p
Þ

¼ �nk16ðe
ffiffi
e

p
Þ;

where

k16 :¼
0:0973n3

ffiffiffi
n

p
2n þ 0:1021n32n � n4ðnþ 11Þ2n=ð

ffiffiffi
2

p
n4

ffiffiffi
n

p
2nÞ

0:9999

< n3
ffiffiffi
n

p
2n � 0:0973þ 0:0722ðnþ 11Þ=n

0:9999

a n3
ffiffiffi
n

p
2n � 0:0973þ 0:0722ð4þ 11Þ=4

0:9999

< 0:36809n3
ffiffiffi
n

p
2n:

On the other hand,

Re T 0
1 ¼ Re

"
ð1� ð1� eÞnÞ � nS1

n� 1
ðxn�1

i � ð1� eÞn�1Þ

þ nS2

n� 2
ðxn�2

i � ð1� eÞn�2Þ
#

< Re ne� nS1

n� 1
ðxn�1

i � ð1� eÞn�1Þ þ nS2

n� 2
ðxn�2

i � ð1� eÞn�2Þ
� 


¼ neþ nð1� eÞn�1

n� 1
Re S1 �

n

n� 1
ðRe S1 �Re xi � Im S1 � Im xiÞ

� nð1� eÞn�2

n� 2
Re S2 þ

n

n� 2
ðRe S2 �Re x2i � Im S2 � Im x2i Þ

¼ neþ na1ð1� eÞn�1 � nða1 cos yi þ b1 sin yiÞ

� na2ð1� eÞn�2 þ nða2 cos 2yi þ b2 sin 2yiÞ;
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where

a1 :¼
Re S1

n� 1
; b1 :¼

Im S1

n� 1
; a2 :¼

Re S2

n� 2
; b2 :¼

Im S2

n� 2

and yn :¼ 2ðn� 1Þp=n. We, therefore, obtain

0 < Re T 0
1 þ nk16ðe

ffiffi
e

p
Þ

< n½eþ a1ð1� eÞn�1 � ða1 cos yi þ b1 sin yiÞ � a2ð1� eÞn�2

þ ða2 cos 2yi þ b2 sin 2yiÞ� þ nk16ðe
ffiffi
e

p
Þ;

that is,

0 < eþ a1ð1� eÞn�1 � ða1 cos yi þ b1 sin yiÞ � a2ð1� eÞn�2

þ ða2 cos 2yi þ b2 sin 2yiÞ þ k16ðe
ffiffi
e

p
Þ:

Replacing yi by 2p� yi, we also obtain

0 < eþ a1ð1� eÞn�1 � ða1 cos yi � b1 sin yiÞ � a2ð1� eÞn�2

þ ða2 cos 2yi � b2 sin 2yiÞ þ k16ðe
ffiffi
e

p
Þ:

Adding the resulting two inequalities, we obtain

0 < eþ a1ð1� eÞn�1 � a1 cos yi � a2ð1� eÞn�2 þ a2 cos 2yi þ k16ðe
ffiffi
e

p
Þ

¼ eþ a1½ð1� eÞn�1 � cos yi� � a2½ð1� eÞn�2 � cos 2yi� þ k16ðe
ffiffi
e

p
Þ

¼ eþ a1ð1� cos yiÞ � a2ð1� cos 2yiÞ � a1ð1� ð1� eÞn�1Þ

þ a2ð1� ð1� eÞn�2Þ þ k16ðe
ffiffi
e

p
Þ

a eþ a1ð1� cos yiÞ � a2ð1� cos 2yiÞ

þ ja1ð1� ð1� eÞn�1Þ � a2ð1� ð1� eÞn�2Þj þ k16ðe
ffiffi
e

p
Þ: ð15Þ

Since jRe wjj < k8e and jRe wiwjja jwiwj j < ðk7
ffiffi
e

p
Þ2 by Lemma 3 and Lemma

2, respectively,

ja1ð1� ð1� eÞn�1Þ � a2ð1� ð1� eÞn�2Þj

a ja1jð1� ð1� eÞn�1Þ þ ja2jð1� ð1� eÞn�2Þ

<
ðn� 1Þk8e

n� 1
� ðn� 1Þeþ

n�1
2

� �
k2
7 e

n� 2
� ðn� 2Þe
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¼ ðn� 1Þk8e2 þ
ðn� 1Þðn� 2Þ

2
k2
7 e

2

a k8 þ
n� 2

2
k2
7

� �
ðn� 1Þ ffiffiffiffi

en
p ðe

ffiffi
e

p
Þ:

Therefore, if we put

k 0
16 :¼ k8 þ

n� 2

2
k2
7

� �
ðn� 1Þ ffiffiffiffi

en
p þ k16;

then

k 0
16 < ð0:1332n3Þ þ n� 2

2
ð0:3649n

ffiffiffi
n

p
Þ2

� �
ðn� 1Þ 1ffiffiffi

2
p

n4
ffiffiffi
n

p
2n

þ 0:36809n3
ffiffiffi
n

p
2n

¼ n3
ffiffiffi
n

p
2n 0:1332

n
þ n� 2

2n
� 0:36492

� �
n� 1ffiffiffi
2

p
n44n

þ 0:36809

� 


< n3
ffiffiffi
n

p
2n 0:0666þ 0:00005

n

� �
n� 1ffiffiffi
2

p
n44n

þ 0:36809

� 


a n3
ffiffiffi
n

p
2n 0:0666þ 0:00005

4

� �
4� 1ffiffiffi
2

p
� 44 � 44

þ 0:36809

� 


< 0:3681n3
ffiffiffi
n

p
2n;

and we can rewrite (15) with

0 < eþ a1ð1� cos yiÞ � a2ð1� cos 2yiÞ þ k 0
16ðe

ffiffi
e

p
Þ:

Taking yi to be 2bn=2cp=n and 2bn=4cp=n, we obtain

eþ a1½1þ cosðlp=nÞ� � a2½1� cosð2lp=nÞ� þ k 0
16ðe

ffiffi
e

p
Þ > 0; ð16Þ

eþ a1½1� sinðrp=ð2nÞÞ� � a2½1þ cosðrp=nÞ� þ k 0
16ðe

ffiffi
e

p
Þ > 0; ð17Þ

respectively, where l :¼ n� 2bn=2c and r :¼ n� 4bn=4c. Note that for positive

integers s, we have Table 1.

n 4s 4sþ 1 4sþ 2 4sþ 3

l 0 1 0 1

r 0 1 2 3

Table 1
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Now by (1), we successively obtain

jwj � aj > 1� cnð1� aÞ;

jwj � ð1� eÞj > 1� cne;

jwjj2 � 2ð1� eÞ Re wj þ ð1� eÞ2 > 1� 2cneþ ðcneÞ2;

ðRe wjÞ2 þ ðIm wjÞ2 � 2ð1� eÞ Re wj þ ð1� eÞ2 > 1� 2cneþ ðcneÞ2:

Thus,

0 < ðRe wjÞ2 þ ðIm wjÞ2 � 2ð1� eÞ Re wj þ ð1� eÞ2 � 1þ 2cne� ðcneÞ2

¼ ðRe wjÞ2 þ ðIm wjÞ2 � 2 Re wj þ 2e Re wj � 2ð1� cnÞeþ ð1� c2nÞe2:

By Lemma 3, we have

0 < k2
8 e

2 þ ðIm wjÞ2 � 2 Re wj þ 2k8e
2 � 2ð1� cnÞeþ ð1� c2nÞe2

¼ ðIm wjÞ2 � 2 Re wj � 2ð1� cnÞeþ ðk2
8 þ 2k8 þ 1� c2nÞe2

< ðIm wjÞ2 � 2 Re wj � 2ð1� cnÞeþ ðk8 þ 1Þ2e2:

Taking the sum of these inequalities for j ¼ 1; . . . ; n� 1, we obtain

0 <
Xn�1

j¼1

ðIm wjÞ2 � 2 Re S1 � 2ðn� 1Þð1� cnÞeþ ðn� 1Þðk8 þ 1Þ2e2

¼
Xn�1

j¼1

ðIm wjÞ2 � 2ðn� 1Þa1 � 2ðn� 1Þð1� cnÞeþ ðn� 1Þðk8 þ 1Þ2e2: ð18Þ

On the other hand, By Lemma 3 and (13),

ðn� 2Þa2 ¼ Re S2 ¼ Re
X
i< j

wiwj

 !

¼
X
i< j

ðRe wi �Re wj � Im wi � Im wjÞ

>
X
i< j

ð�k5k8e
2 � Im wi � Im wjÞ

¼ � 1

2

Xn�1

j¼1

Im wj

 !2
�
Xn�1

j¼1

ðIm wjÞ2
0
@

1
A� n� 1

2

� �
k5k8e

2

¼ � 1

2
ðIm S1Þ2 �

Xn�1

j¼1

ðIm wjÞ2
 !

� n� 1

2

� �
k5k8e

2
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>
1

2

Xn�1

j¼1

ðIm wjÞ2 �
1

2

ðn� 1Þð2nk8 þ k13Þ
n sinð2p=nÞ

� �2
e2

� n� 1

2

� �
k5k8e

2

¼ 1

2

Xn�1

j¼1

ðIm wjÞ2 �
1

2
k17e

2;

where

k17 :¼
ðn� 1Þð2nk8 þ k13Þ

n sinð2p=nÞ

� �2
þ ðn� 1Þðn� 2Þk5k8:

As a result, we obtain

Xn�1

j¼1

ðIm wjÞ2 < 2ðn� 2Þa2 þ k17e
2: ð19Þ

Note that

k17 a
ðn� 1Þð2nk8 þ k13Þ

4

� �2
þ ðn� 1Þðn� 2Þk5k8

<
1

16
ðn� 1Þ2ð2nð0:1332n3Þ þ ð2:3850n32nÞÞ2

þ ðn� 1Þðn� 2Þð0:0783n3Þð0:1332n3Þ

<
n64n

16
ðn� 1Þ2 0:2664n

2n
þ 2:3850

� �2
þ 0:1669ðn� 2Þ

ðn� 1Þ4n

 !

a
n64n

16
ðn� 1Þ2 0:2664 � 4

24
þ 2:3850

� �2
þ 0:1669ð4� 2Þ

ð4� 1Þ44

 !

< 0:3757n6ðn� 1Þ24n:

Substituting (19) for (18), we obtain

ð2ðn� 2Þa2 þ k17e
2Þ � 2ðn� 1Þa1 � 2ðn� 1Þð1� cnÞeþ ðn� 1Þðk8 þ 1Þ2e2 > 0;

that is,

�ðn� 1Þð1� cnÞe� ðn� 1Þa1 þ ðn� 2Þa2 þ
k17 þ ðn� 1Þðk8 þ 1Þ2

2
e2 > 0:
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Putting

k18 :¼
k17 þ ðn� 1Þðk8 þ 1Þ2

2

ffiffiffiffi
en

p
;

we have

�ðn� 1Þð1� cnÞe� ðn� 1Þa1 þ ðn� 2Þa2 þ k18ðe
ffiffi
e

p
Þ > 0; ð20Þ

since 0 < ea en. Note that

k18 <
0:3757n6ðn� 1Þ24n þ ðn� 1Þð0:1332n3 þ 1Þ2

2
� 1ffiffiffi

2
p

n4
ffiffiffi
n

p
2n

¼ nðn� 1Þ2
ffiffiffi
n

p
2n

2
ffiffiffi
2

p 0:3757þ ð0:1332þ 1=n3Þ2

ðn� 1Þ4n

 !

a
nðn� 1Þ2

ffiffiffi
n

p
2n

2
ffiffiffi
2

p 0:3757þ ð0:1332þ 1=43Þ2

ð4� 1Þ44

 !

< 0:1329nðn� 1Þ2
ffiffiffi
n

p
2n:

To eliminate the a2 terms, multiplying (20) by ½1� cosð2lp=nÞ�=ðn� 2Þb 0, and

adding (16) to it, we obtain

e 1� n� 1

n� 2
ð1� cnÞð1� cosð2lp=nÞÞ

� 


þ a1 1þ cosðlp=nÞ � n� 1

n� 2
ð1� cosð2lp=nÞÞ

� 


þ k 0
16 þ

k18

n� 2
ð1� cosð2lp=nÞÞ

� 

ðe

ffiffi
e

p
Þ > 0:

Similarly, multiplying (20) by ½1þ cosðrp=nÞ�=ðn� 2Þ > 0, and adding (17) to it,

we obtain

e 1� n� 1

n� 2
ð1� cnÞð1þ cosðrp=nÞÞ

� 


� a1 �1þ sinðrp=ð2nÞÞ þ n� 1

n� 2
ð1þ cosðrp=nÞÞ

� 


þ k 0
16 þ

k18

n� 2
ð1þ cosðrp=nÞÞ

� 

ðe

ffiffi
e

p
Þ > 0:

Putting
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a :¼ 1þ cosðlp=nÞ � n� 1

n� 2
ð1� cosð2lp=nÞÞ;

b :¼ �1þ sinðrp=ð2nÞÞ þ n� 1

n� 2
ð1þ cosðrp=nÞÞ;

k19 :¼ k 0
16 þ

k18

n� 2
ð1� cosð2lp=nÞÞ;

k 0
19 :¼ k 0

16 þ
k18

n� 2
ð1þ cosðrp=nÞÞ;

we have

e 1� n� 1

n� 2
ð1� cnÞð1� cosð2lp=nÞÞ

� 

þ aa1 þ k19ðe

ffiffi
e

p
Þ > 0; ð16 0Þ

e 1� n� 1

n� 2
ð1� cnÞð1þ cosðrp=nÞÞ

� 

� ba1 þ k 0

19ðe
ffiffi
e

p
Þ > 0: ð17 0Þ

Now, we quantify the constants a, b, k19 and k 0
19. We have

a ¼ � 1

n� 2
þ cosðlp=nÞ þ n� 1

n� 2
cosð2lp=nÞa 2;

and equality holds if and only if l ¼ 0, namely n is even. In addition, if n is

odd, then since nb 5 and l ¼ 1, we obtain

a ¼ � 1

n� 2
þ cosðp=nÞ þ n� 1

n� 2
cosð2p=nÞ

b� 1

n� 2
þ cosðp=5Þ þ n� 1

n� 2
cosð2p=5Þ

¼ � 1

n� 2
þ

ffiffiffi
5

p
þ 1

4
þ n� 1

n� 2
�
ffiffiffi
5

p
� 1

4
> � 1

n� 2
þ

ffiffiffi
5

p

2
> 0:

Hence, 0 < aa 2. We also have

b ¼ 1

n� 2
þ sinðrp=ð2nÞÞ þ n� 1

n� 2
cosðrp=nÞa n

n� 2
þ rp

2n
;

and equality holds if and only if r ¼ 0. It is clear that b > 0. On the other

hand,

k19 < 0:3681n3
ffiffiffi
n

p
2n þ 0:1329nðn� 1Þ2

ffiffiffi
n

p
2n

n� 2
� ð1� cosð2lp=nÞÞ

¼ n3
ffiffiffi
n

p
2n 0:3681þ 0:1329ðn� 1Þ2

n2ðn� 2Þ � ð1� cosð2lp=nÞÞ
 !

:
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Put f19ðxÞ :¼ ðx� 1Þ2=ðx2ðx� 2ÞÞ for xb 4. Since f 0
19ðxÞ ¼ �ðx� 1Þðx2 �

3xþ 4Þ=ðx3ðx� 2Þ2Þ < 0, f19ðxÞ is monotone decreasing, namely, f19ðxÞa
f19ð4Þ. Thus we obtain

k19 < n3
ffiffiffi
n

p
2nð0:3681þ 0:1329f19ð4Þ � ð1� cosð2lp=nÞÞÞ

< n3
ffiffiffi
n

p
2nð0:3681þ 0:0024ð1� cosð2lp=nÞÞÞ:

Similarly, we have

k 0
19 < n3

ffiffiffi
n

p
2nð0:3681þ 0:1329f19ð4Þ � ð1þ cosðrp=nÞÞÞ

a n3
ffiffiffi
n

p
2nð0:3681þ 0:1329f19ð4Þ � ð1þ 1ÞÞ

< 0:3728n3
ffiffiffi
n

p
2n:

Now, if we multiply (16 0) and (17 0) by b=e > 0 and a=e > 0, respectively,

and add the resulting two inequalities to eliminate the a1 terms, then we

obtain

Acn � Bþ ðk19b þ k 0
19aÞ

ffiffi
e

p
> 0; ð21Þ

where

A :¼ n� 1

n� 2
½ð1þ cosðrp=nÞÞð1þ cosðlp=nÞÞ

� ð1� cosð2lp=nÞÞð1� sinðrp=ð2nÞÞÞ�;

B :¼ 1

n� 2
ðcosðlp=nÞ þ sinðrp=ð2nÞÞÞ

þ n� 1

n� 2
ðcosðlp=nÞ cosðrp=nÞ � cosð2lp=nÞ sinðrp=ð2nÞÞÞ:

Note that

0 < Aa
4ðn� 1Þ
n� 2

;

and equality holds if and only if l ¼ 0 and r ¼ 0. We also quantify the

coe‰cient of
ffiffi
e

p
in (21). We have

k19b þ k 0
19a

< n3
ffiffiffi
n

p
2nð0:3681þ 0:0024ð1� cosð2lp=nÞÞÞ � n

n� 2
þ rp

2n

� �

þ 0:3728n3
ffiffiffi
n

p
2n � 2

265A quantitative result on Sendov’s conjecture



¼ n4
ffiffiffi
n

p
2n

n� 2

"
ð0:3681þ 0:0024ð1� cosð2lp=nÞÞÞ 1þ ðn� 2Þrp

2n2

� �

þ 0:3728 � 2ðn� 2Þ
n

#

a
n4

ffiffiffi
n

p
2n

n� 2

"
0:3681þ 0:0024 � 2l

2p2

n2

� �
1þ ðn� 2Þrp

2n2

� �
þ 0:3728 � 2� 4

n

� �#

¼ n4
ffiffiffi
n

p
2n

n� 2

"
1:1137þ 0:3681þ 0:0024 � 2l

2p2

n2

� �
ðn� 2Þrp

2n2

þ 0:0024 � 2l
2p2

n2
� 1:4912

n

#
:

Since

0:3681þ 0:0024 � 2l
2p2

n2

� �
ðn� 2Þrp

2n2
þ 0:0024 � 2l

2p2

n2
� 1:4912

n

< 0:185þ 0:003l 2p2

n2

� �
ðn� 2Þrp

n2
þ 0:005l 2p2

n2
� 1:491

n
;

by putting

Fl; rðnÞ :¼ 0:185þ 0:003l2p2

n2

� �
ðn� 2Þrp

n2
þ 0:005l 2p2

n2
� 1:491

n
;

we obtain

k19b þ k 0
19a <

n4
ffiffiffi
n

p
2n

n� 2
ð1:1137þ Fl; rðnÞÞ:

Now recall Table 1. If n ¼ 4s (note that nb 4), then

F0;0ðnÞ ¼ � 1:491

n
< 0:

If n ¼ 4sþ 1 (note that nb 5), then

F1;1ðnÞ ¼ 0:185þ 0:003p2

n2

� �
ðn� 2Þp

n2
þ 0:005p2

n2
� 1:491

n

¼ 0:185p

n
� 0:370p

n2
þ 0:003p3

n3
� 0:006p3

n4
þ 0:005p2

n2
� 1:491

n

< � 0:909

n
� 1:113

n2
þ 0:094

n3
� 0:006p3

n4
< 0:
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If n ¼ 4sþ 2 (note that nb 6), then

F0;2ðnÞ ¼ 0:185 � ðn� 2Þ2p
n2

� 1:491

n
¼ 0:370p

n
� 0:740p

n2
� 1:491

n

< � 0:328

n
� 0:74p

n2
< 0:

If n ¼ 4sþ 3 (suppose that s > 1, namely, nb 11), then

F1;3ðnÞ ¼ 0:185þ 0:003p2

n2

� �
ðn� 2Þ3p

n2
þ 0:005p2

n2
� 1:491

n

¼ 0:555p

n
� 1:110p

n2
þ 0:009p3

n3
� 0:018p3

n4
þ 0:005p2

n2
� 1:491

n

<
0:009p3

n
� 0:108p3

n2
þ 0:009p3

n3
� 0:018p3

n4

¼ 0:009p3

n
1� 12

n
þ 1

n2
� 2

n3

� �
<

0:009p3

n
a

0:009p3

11
< 0:026:

Hence, we obtain

Fl; rðnÞ <
0:026; if n ¼ 4sþ 3 and n0 7;

0; otherwise; if n0 7;

�
that is,

k19b þ k 0
19a <

n4
ffiffiffi
n

p
2n

n� 2
� 1:140; if n ¼ 4sþ 3 and n0 7;

1:114; otherwise; if n0 7:

�

Furthermore, since ea en and

n4
ffiffiffi
n

p
2n

n� 2
� 1ffiffiffi

2
p

n4
ffiffiffi
n

p
2n

¼ 1ffiffiffi
2

p
ðn� 2Þ

;

ðk19b þ k 0
19aÞ

ffiffi
e

p
<

1ffiffiffi
2

p
ðn� 2Þ

� 1:140; if n ¼ 4sþ 3 and n0 7;

1:114; otherwise; if n0 7;

�

<
1

n� 2
:

Now, to prove Main Theorem, recall Table 1 and that

0 < Aa
4ðn� 1Þ
n� 2

;

B ¼ 1

n� 2
ðcosðlp=nÞ þ sinðrp=ð2nÞÞÞ

þ n� 1

n� 2
ðcosðlp=nÞ cosðrp=nÞ � cosð2lp=nÞ sinðrp=ð2nÞÞÞ;
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and moreover, by (21)

cn >
B

A
� 1

A
ðk19b þ k 0

19aÞ
ffiffi
e

p
>

1

A
B� 1

n� 2

� �
; if n0 7;

since

ðk19b þ k 0
19aÞ

ffiffi
e

p
<

1

n� 2
; if n0 7:

If n ¼ 4s (note that nb 4), then

A ¼ 4ðn� 1Þ
n� 2

and B ¼ n

n� 2
:

Thus, we have

cn >
n� 2

4ðn� 1Þ �
n

n� 2
� 1

n� 2

� �
¼ 1

4
;

which contradicts that cn ¼ 1=4.

If n ¼ 4sþ 1 (note that nb 5), then

B ¼ 1

n� 2
ðcosðp=nÞ þ sinðp=ð2nÞÞÞ

þ n� 1

n� 2
ðcosðp=nÞ cosðp=nÞ � cosð2p=nÞ sinðp=ð2nÞÞÞ

¼ 1

n� 2
ðcosðp=nÞ þ sinðp=ð2nÞÞÞ

þ n� 1

n� 2

1þ cosð2p=nÞ
2

� cosð2p=nÞ sinðp=ð2nÞÞ
� �

>
1

n� 2
1� p2

2n2
þ 3

2n

� �
þ n� 1

n� 2

1

2
þ 1� 2p2

n2

� �
1

2
� p

2n

� �� �

¼ 1

n� 2
n� p3

n3
� p3 þ p2=2

n2
þ p2 � p=2� 3=2

n
þ p

2

� �� �
:

If we put F1ðxÞ :¼ p3x3 � ðp3 þ p2=2Þx2 þ ðp2 � p=2� 3=2Þxþ p=2, then

F 0
1ðxÞ ¼ 3p3x2 � ð2p3 þ p2Þxþ ðp2 � p=2� 3=2Þ. The derivative F 0

1ðxÞ is

monotone decreasing if 0 < xa 1=5, and since F 0
1ð1=10Þ > 0 and F 0

1ð1=9Þ
< 0, there exists x0 A ð1=10; 1=9Þ such that F 0

1ðx0Þ ¼ 0. Thus F1ðxÞ attains

the maximum value at x ¼ x0. If x is the reciprocal of some integer, then

F1ð1=10Þ < F1ð1=9Þ implies that F1ðxÞaF1ð1=9Þ < 2. We, therefore, obtain

B >
n� 2

n� 2
¼ 1:
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Hence, we have

cn >
n� 2

4ðn� 1Þ � 1� 1

n� 2

� �
¼ n� 3

4ðn� 1Þ ;

which contradicts that cn ¼ ðn� 3Þ=ð4ðn� 1ÞÞ.
If n ¼ 4sþ 2 (note that nb 6), then

B ¼ 1

n� 2
ð1þ sinðp=nÞÞ þ n� 1

n� 2
ðcosð2p=nÞ � sinðp=nÞÞ

>
1

n� 2
1þ 3

n

� �
þ n� 1

n� 2
1� 2p2

n2

� �
� p

n

� �

¼ 1

n� 2
n� pþ 2p2 � p� 3

n
� 2p2

n2

� �� �

b
1

n� 2
n� pþ 2p2 � p� 3

6
� 2p2

62

� �� �

>
n� 5

n� 2
:

Hence, we have

cn >
n� 2

4ðn� 1Þ �
n� 5

n� 2
� 1

n� 2

� �
¼ n� 6

4ðn� 1Þ ;

which contradicts that cn ¼ ðn� 6Þ=ð4ðn� 1ÞÞ.
If n ¼ 4sþ 3 and n0 7 (note that nb 11), then

B ¼ 1

n� 2
ðcosðp=nÞ þ sinð3p=ð2nÞÞÞ

þ n� 1

n� 2
ðcosðp=nÞ cosð3p=nÞ � cosð2p=nÞ sinð3p=ð2nÞÞÞ

>
1

n� 2
� 1� p2

2n2
þ 9

2n

� �
þ n� 1

n� 2
� 1� p2

2n2

� �
1� 9p2

2n2

� �
� 3p

2n

� �

¼ 1

n� 2
n� 1

4

9p4

n4
� 9p4

n3
� 18p2

n2
þ 10p2 � 6p� 18

n
þ 6p

� �� �

Since F3ðxÞ :¼ 9p4x4 � 9p4x3 � 18p2x2 þ ð10p2 � 6p� 18Þxþ 6p is monotone

increasing if 0 < xa 1=11, F3ðxÞaF3ð1=11Þ < 32. Therefore,

B >
n� 8

n� 2
:
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Hence, we have

cn >
n� 2

4ðn� 2Þ �
n� 8

n� 2
� 1

n� 2

� �
¼ n� 9

4ðn� 1Þ ;

which contradicts that cn ¼ ðn� 9Þ=ð4ðn� 1ÞÞ.
If n ¼ 7, then we directly estimate the constants. We have

a ¼ � 1

7� 2
þ cosðp=7Þ þ 7� 1

7� 2
cosð2p=7Þ < 1:449157;

b ¼ 1

7� 2
þ sinð3p=14Þ þ 7� 1

7� 2
cosð3p=7Þ < 1:090515:

On the other hand, since k 0
16 < 32872 by k16 < 0:2830n3

ffiffiffi
n

p
2n and k18=ð7� 2Þ

< 2172 by k17 < 0:3599n6ðn� 1Þ24n if n ¼ 7, we also have

k19
ffiffiffiffi
en

p
<

32872þ 2172ð1� cosð2p=7ÞÞffiffiffi
2

p
� 74 �

ffiffiffi
7

p
� 27

< 0:029298;

k 0
19

ffiffiffiffi
en

p
<

32872þ 2172ð1þ cosð3p=7ÞÞffiffiffi
2

p
� 74 �

ffiffiffi
7

p
� 27

< 0:030896:

Thus,

ðk19b þ k 0
19aÞ

ffiffi
e

p
a ðk19b þ k 0

19aÞ
ffiffiffiffi
en

p

< 0:029298 � 1:090515þ 0:030896 � 1:449157

< 0:076724:

On the other hand, if n ¼ 7, then

A ¼ n� 1

n� 2
½ð1þ cosð3p=nÞÞð1þ cosðp=nÞÞ

� ð1� cosð2p=nÞÞð1� sinð3p=ð2nÞÞÞ�

< 2:618658;

B ¼ 1

n� 2
ðcosðp=nÞ þ sinð3p=ð2nÞÞÞ

þ n� 1

n� 2
ðcosðp=nÞ cosð3p=nÞ � cosð2p=nÞ sinð3p=ð2nÞÞÞ

> 0:078985:

Hence, we obtain

B� ðk19b þ k 0
19aÞ

ffiffi
e

p
> 0:078985 � 0:076724 ¼ 0:002261;
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and then,

cn >
0:002261

2:618658
>

1

1159
;

which contradicts that c7 ¼ 1=1159.

We complete the proof of Main Theorem.

4. Some computations

In his paper [3], J. E. Brown proved the following. The definitions of

Sðn; aÞ and IPðaÞ are given in Section 1.

Theorem B. Let P A Sðn; aÞ be an extremal polynomial. If 0 < a < An,

where An is the smallest positive root of

n� ðn� 3Þx� 4x2

1þ x2
� ð1þ x� x2Þn�1 ¼ 0;

then IPðaÞa 1.

We may assume that IðPnÞ ¼ IðPÞ ¼ IPðaÞ. Then P is extremal and Main

Theorem still holds. Under the assumption, combining our result with The-

orem B, we can a‰rmatively solve Sendov’s conjecture for polynomials which

have one zero a with 0 < a < An or 1� en a a < 1. Numerical computations

give the approximate values of An and en (see Table 2).

If we assume cn ¼ 0, that is, jwj � aja 1 for j ¼ 1; . . . ; n� 1, then the

statement of Main Theorem is equivalent to Sendov’s conjecture for one zero a

with jajb 1� en. By making use of cn ¼ 0 and improving estimates for n ¼
8; . . . ; 17, we get dn instead of en (see Table 3).

Corollary 1. Let P be a polynomial of degree n ¼ 8; . . . ; 17 with all the

zeros in the closed unit disk. If one zero a of P satisfies jajb 1� dn, where dn is

given in Table 3, then there exists a critical point w such that jw� aja 1.

n An en n An en

8 0.491223 2:273737� 10�14 12 0.320704 2:310356� 10�18

9 0.431451 1:969280� 10�15 13 0.296483 2:810347� 10�19

10 0.385882 1:907349� 10�16 14 0.276030 3:606100� 10�20

11 0.349903 2:022255� 10�17 15 0.258502 4:845167� 10�21

Table 2
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