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ABSTRACT. On Sendov’s conjecture, V. Vajaitu and A. Zaharescu (and M. J. Miller,
independently) state the following in their paper: if one zero a of a polynomial which
has all the zeros in the closed unit disk is sufficiently close to the unit circle, then the
distance from « to the closest critical point is less than 1. It is desirable to quantify this
assertion. In the author’s previous paper, we obtained an upper bound on the radius of
the disk centered at the origin which contains all the critical points. In this paper, we
improve it, and then, estimate the range of the zero « satisfying the above. This result,
moreover, implies that if a zero of a polynomial is close to the unit circle and all the
critical points are far from the zero, then the polynomial must be close to P(z) =z" — ¢
with ¢ = 1.

1. Introduction

Let &, be the set of monic complex polynomials of degree n with all
the zeros in the closed unit disk. For a polynomial Pe 2, let zy,...,z,
and wy,...,w,_; be the zeros of P and P’, respectively: w;’s are also called
critical. Define Ip(z;) = mini<;<n—1|z;i —w;|, I(P) =maxi<;<, Ip(z;) and
I1(#,) = supp. 5 I(P). Under the notation, Sendov’s conjecture (see [7, p. 25
Problem 4.5]) is stated as follows:

CoNJECTURE (Sendov). For all positive integers n > 2, I(#,) = 1.

A polynomial P* € #, is said to be extremal if I(P*) = I(#,). Since &, is
a compact family, we can see the existence of extremal polynomials (see [13]).
In addition to Sendov’s conjecture, it is conjectured that if P* is extremal,
then P*(z) =z"—c¢ with |c|=1. The example P*(z) =z" —c¢ shows that
I(#,) = 1.

Sendov’s conjecture is true in the case that 2 <n < 8 (see [1]-[4], [10], [15]
and [14], for example). It is also true in the case when one zero « is close to 0
even if n > 8 (see [3], for example). We should, therefore, show the case when
la| is close to 1. 1In this situation, V. V4jaitu and A. Zaharescu [16], and M. J.
Miller [11] independently proved the following.
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THEOREM A. For any n > 2, there exist ¢, >0 and &, > 0 such that, for
every polynomial Pe %,, and for any zero a of P such that 1—e¢, <|a|,
Ip(a) <1 —c¢,(1 —|a|).

Vajaitu and Zaharescu pointed out that lim, ., & = 0, and that ¢, can be
chosen to be close to 1/4 for large n and to be 1/4 for n divisible by 4.

Their results imply that Sendov’s conjecture is true if a zero of a poly-
nomial is sufficiently close to 1. We, however, know neither how close the
zero is to the unit circle nor how small the constant ¢, is, in order that the
conclusion of Theorem A may hold. In particular, not knowing the size of ¢,,
we cannot apply Theorem A to the proof of Sendov’s conjecture. Further-
more, in their proofs, they use the following fact under the assumption that one
zero a of a polynomial is close to the unit circle: if all the critical points are far
from a, then the polynomial must be close to the polynomial P*(z) =z" — ¢
with |c| = 1. It is, however, not stated as any proposition. Nevertheless, it is
a key to Theorem A.

In the author’s previous paper [5], we quantified the radius of a disk
centered at the origin which contains all the critical points of a polynomial.
Our aim in this paper is to improve the result of the previous paper and
moreover, to quantify Theorem A.

Our result is stated as follows:

MAIN THEOREM. Let P be a polynomial of degree n > 4 with all the zeros
in the closed unit disk. If one zero a of P satisfies |a] > 1 — &,, where

1
2094’

&n

then there exists a critical point w such that

[w—a| <1—cy(1—|a]),

where

1
Z, ifn:4s,
n—13 .
m, lfn—4s+1,
n—=6 .

Cp = m, {f}’l—4s+2,
RASE if n=4s+3 and n#17
4n—1)’ n ’
1 ) .
1159° if n=17 (exceptionally)

for every positive integer s.
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Since this result is quantitative, we can partly solve Sendov’s conjecture.
Define S(n,a) to be the set of polynomials in %, with at least one zero at a.
There exists A, € (0,1] such that for a with |a| < A4,, Ip(a) <1 whenever
P e S(n,a) (see [3] and Section 4, for example). On the other hand, our result
shows that for ¢ with 1 —¢, <|a| <1, Ip(a) <1 whenever P € S(n,a). This
means that Sendov’s conjecture is still open for polynomials which have one
zero a € [Ay, 1 —&).

In this paper, we shall prepare a series of lemmas in Section 2, and Main
Theorem will be proven in Section 3. In order to visualize the open gap
interval of |a| not covered by our results, we exhibit several numerical values
of A4, and 1 —¢, for some n in Section 4.

2. Preliminary results

We follow the arguments developed in V. Vajditu and A. Zaharescu [16].
Let P be a polynomial with all the zeros in the closed unit disk, and of the
form

n

P(z)=(z—a) H(z —z)
i=2
and let wy,...,w,_; be the critical points of P. Hereafter, we may assume that
n>4 zi=a=1-—¢ with 0<e<g, and 0 <argz, <--- <argz, <2zn To
prove Main Theorem by contradiction, we also suppose that for j=1,...,
n—1,
wi—al >1—c,(1 —a)=1—cpe. (1)

Note that 0 <c¢, <1/4. First, we shall use the following lemma to prove
Lemma 1.

Lemva A (Kumar and Shenoy [8]). Ler p(z) = (z —a) 115 (z — z) be
any polynomial with 0<a <1 and |z;| <1, 1 <i<n—1 If the disk
|z —a| <r contains no zero of p', then |z; —a| > 2rsin(n/n) for any i

S. Kumar and B. G. Shenoy proved the original lemma in the case that
r=1. It is not difficult to modify their proof for our case. Lemma 1 is used
to prove Lemma 2.

LemMma 1. For j=1,....n—1 and i=2,...,n,
1 — kse < Re <1+ ke,
a—w
1 1
~— ke < Re < =+ kye,

2 a—z; 2
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where
Cn I ¢
=TT [O il 12)
2—¢g,
ky = ,0.0313n
2T 8(1 = e)(1 — cuem)? sin2(n/n) (4 2 )
3n?
ky:=m—-2)k1+2(n— 1)k e 2 ,0.0626n°
— Dk +2(n—-2)k
ey o= 1D = =2k 4. 03130°
Proor. For j=1,...,n—1, we have
Relgl<1:1+c”ag1 -
a—w; la—wj| 1 —cue 1 —cue |
=1+kee. (2)
Since |a — z;| > 2(1 — ¢pe) sin(n/n) = 2(1 — cyey) sin(n/n) by Lemma A,
12 _ 2
Re 1 -1 lal=a
a—zi 2a 2qla— z
1 1 —a?
>5 2 2
2 2a-4(1 — cue,)” sin(n/n)
_l_ l+a e
2 a §(1 = cue)? sin®(n/n)
Zl_ 2_8’12 :l—kzé‘. (3)
2 8(1 —g)(1 — cugy)” sin’(n/n) 2

Writing P(z) = (z —a)Q(z), we obtain P"(a)/P'(a) =2Q'(a)/Q(a), and we
know

P” (a) & Q'(a) <~ 1
'(a) a—w; and Q(a) Za -z

Jj=1

By (2) and (3), we also obtain

1 =l 1
(n=2)(1 +kie) + Re — > Re

- wjo = a — Wj

n

1
zzzRea_

i— Zi

> =11 —2ke), (4)
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n—1
1
(n—=1)(1+ke) >> Re
j=1

a—w;

" 1
=2> Re > (n—2)(1 — 2kse) + 2 Re
i=2

a—z; a— zj
for jo=1,...,n—1 and iy =2,...,n. By (4),
1
CI—W/'

Jo

=1—-((n—=2)k1 +2(n—Dkr)e =1— kze.

Re

> (n—1)(1 =2ke) — (n—2)(1 + kye)

By (5),
1

a— ZzZj

Re

< %((n — D14+ kie) — (n—2)(1 — 2ke))

_1 (n— l)k] +2(n—2)k2 _1
_54_ 7 8—§—|—k48.

Combining these results with (2) and (3), we complete the proof.

239

Finally, we quantify the constants kj, k», k3 and k4. Since c¢,(c, + €,/12)

< 1/12, namely, ¢2/(1 — cue,) < 1/12,

2 1 g

ki=c,+—n o ol
e AV L )

It is trivial that k; > 0. Since sin(z/n) > 2v/2/n for n >4 and ¢, < 1/4,

2—¢, n? 2—¢,

ky < -

8(1 — &)1 —6,/8)22v2/n)> 4 (1 —e))(d— )

2
. <1 +1) L o0sa
4 1_811 (4—8,,)

Note that sin(z/n) < n/n and cue, > 0 imply
2—¢ n? 1 n’
ky>—— T =— 1+> >——.
: 8(1 — &,)(n/n)> 87 ( 1 —¢,)  4n?
Since k) < 1/4+¢,/12 < 1/2, we have
ks < (n—2)/2+2(n—1)-0.0313n>

0626 1 1
=n3<0.0626—%+———2>

2n? 3

1{/1 1\
=’ [0.0626 - ((— - —) + 0.0001)] < 0.06261°.
n n 4



240 Tomohiro CHUIWA

On the other hand,

n? 1 3n3
k> (1=2) 04200 — 1) 7 =2 (“z) > 5
Since k) < 1/4+¢,/12 <1/2,
ky < %((n —1)/242(n—2)-0.0321%)
00626 1 1
— 3 _ -
=n (0.0313 ——+ 4n3>
; 1 (/1 1V ;
=n?[0.0313—— [ (=== ) +0.0004 | | < 0.0313x°. O
4n n 2

The next lemma is used frequently in this paper, especially in the proof
of Main Theorem. It is also an improvement of the result in the author’s
previous paper [5].

LemMA 2. For j=1,....n—1,

lwj| < k7v/e,
where
k7 = k¢ + ks\/e, € <\2/—§n\/ﬁ, 0.3649n\/ﬁ>
n
with

k3 37’[3
ks =1 — 0.0783n°
’ +1—/%6(8712’ ">

_ k3 1 V3
k6 = \/(1 — k38n + Cn> (1—4](38”—'_ 1> € (2—7_[}’1\/};,03648”\//;) .

ProoF. We define h; e R by

1
:= Re !
a—h;

a—w
Since 1/(a—h;j) > 1 —kze by Lemma 1 and 1 — kze > 0,

1

0<a—hj<1_k38.

Thus
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Im a—z

a+1

Fig. 1. w;, h; and their images by 1/(a — z).

On the other hand, since /; < a— (1 — cue) = —(1 —¢y)e,
—kse < hj < —(1 — C,,)b‘.

If w; # h;, then by Pythagoras’ theorem and (6) (see Figure 1),

1 \2
2 2 2
[wi — hj|™ + la — w;|” = |a — hjl <(1k3£> .

This implies that

1\
[wj — hj|2 < (1 — k36) — (1 —cpe)?

= LJrc #Jrlfca&
o 1—k38 " 1—k38 "

ks 1 2
0 l)e=kie.
<<1—k3en+c>(l—k3sn+ )8 ke

Therefore, |w;| — |h;| < |w; — hj| < kev/e, that is,
lwil < kev/e+ |hj| < kev/e + kse < (ke + ksv/en) Ve = k1v/e.

If w; = hy, then |w;| = |hj| < ks¢ < k7\/¢ also holds.
Finally, we quantify the constants ks, k¢ and k7. We have

0.0626n° (Ll 0.0626
1 —0.0626m3/(2n%4") " \i3 T 1— 0.0626/(2n%4n)

A 0.0626
437 1-0.0626/(2- 46 - 4%)

ks <1+

<

> < 0.0783n°.
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On the other hand, since &, >0, ks > 1+ k3 > k3 > 3n*/(87x%). We have

0.0626n3 1 1

2
kg < (1 —0.0626n3 /(2n%4n) + 4) (1 —0.0626n3/(2n%4n) + 1)

L 0.0626 L 1 e
T \120.0626/(2n%47) " 4n3 ) \1 = 0.0626/ (2n54")

) 0.0626 L1 1 .
=T \120.0626/(2-46-4%) " 4-43)\1-0.0626/(2 - 46 - 4%)

< 0.3648%n°,

that is, ks < 0.3648n/n. On the other hand, since kse, > 0,

k6>\/(k3+0)(1+1):\/%>\/%z\z/—jn\/r_z.

We also have

0.0783n3 0.0783
k7 < 0.3648n/n + ————— = ny/n| 0.3648 + ——
7 v \/§n4\/ﬁ2” \/_< \/5}132")

0.0783
< n\/ﬁ(0.3648 + 4) < 0.3649n+/n.

V2-43.2
On the other hand,

V3 3n? 1 V3
k7>gn\/;l+@.\/§n4—\/ﬁz”>ﬂn\/ﬁ O]

For the real parts of the critical points, we can improve the order of the
estimate in Lemma 2. The next Lemma 3 is used in the proof of Lemma 7
and Main Theorem.

LemMma 3. For j=1,....n—1,
—kse < Re w; < kge,

where

o k% 3 1 3 3
kg m(lclll)e((“-—nza)n ,013327’1 .

ProoF. Since Re w; > h; > —kse, the first inequality holds. If w; # A,
then by the power-of-a-point theorem and Lemma 2,

(Re w; — Iy)(a— Re w;) = (Im w;)? < ke,
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Furthermore, since

1 036497
n k n
&n + 7\/s_<2ng4n+ﬂn4ﬁ2n
1 1 +O.3649 0.2581 <1
~ n32n \2n62n V2 n32n ’

it follows that
a—Rewj=1—¢—Rew; >1—e—kive>1— (e, + ki /en) > 0.
Therefore,
<Kt 8
1 —e—ky/e 1 — &, — k7 /2,

If w; =h;, then Re w; =h; < —(1 — ¢,¢) < 0 < kge also holds.
Finally, we quantify the constant k. We have

C(—aks ( (1= ) o= .

Re w;

k3

- 1 —Cpy
kg [R— (1—cu)
% 34/ 036492 3
< —Z<n ——).
1-02581/(n2") 4 1-02581/(n2%) 43

For n >4, 2" > 2% and hence

0.36492 B 0.36492
1—0.2581/(n327) = 1—0.2581/(n2%)"

Since

0.3649> 3
A =T 02581 29x 3

X

is monotone decreasing on (0,1/64], we have f3(x) < f3(0). Thus
ks <n®- fz(1/n%) < n®- £(0) < 0.3649%n* < 0.1332n°.

On the other hand,

2 3 3
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REMARK 1. As a matter of fact, ks < ks. By the proof of Lemma 2, if

n> 6, then
1 0.0626
3 3
ks <n (63 + T-0.0626/(2 - 60 .46)> < 0.0673n".

By the proof of Lemma 3, if n> 6, then

1
k8>1’13< 3

m - 5) > 00713}’13

This means that ks < kg if n>6. Since cs =1/4 and c¢s =1/8, a numerical
computation gives the approximate values of each constant for n =4, 5;

ki ko k3 ks ks ke k7 ks
4 0.25 0.50 3.50 0.88 4.50 2.74 2.74 6.75
5 0.25 0.72 6.54 1.25 7.54 3.68 3.68 12.8

This shows that ks < kg also holds for n=4 and n=>5.
To prove Lemma 4, we shall use the next lemma.

Lemma B (Miller [11]). Let P be a polynomial of degree n.  If P'(wp) # 0,
then there exists a zero zy of P such that |zo — wo| < n|P(wg)/P'(wo)|.

Define &, = exp(2(v — 1)nv/—1/n) for v=1,...,n. We shall use Lemma
4 for Lemma 6. Lemma 4 shall be improved by making use of other lemmas.

Lemma 4. For i=1,...,n,

|zi — &i| < kiov/e,

where
k10 = P < 0.7315n \/I;

9
with

kg = ny/e, + 2nky + 2k3\/e,(2" — 2 — n) < 0.7306n>/n,
ky = (1 —kqy/e)""" > 0.9989.

PrOOF. Writing P(z) =Y., , C,z", we have for fixed i,

PE) = PE) — Pla)= 3 G — (1— &)
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Now since

n—1

n
= Z vCz'=n H(z — W),
v=0 =

we have

n—vy
vC, =n E =D)""wy, oowy
1< i <o iy <n—1

and by Lemma 2, [vC,| <n("Z})(k;3/&)""", namely, |C,|< (*)(ksve)"™"
Hence,

PE) < (1 (1- 'wz() VEE — (1— )

< ne + 2nkov/e + 2(kyv/e)? f <’$)

v=1
= ne + 2nky/e + 2(kv/€) 2 (2" — 2 — n)

< (ny/en + 2nky 4 2k3 /e, (2" — 2 — n))e = kov/e.
In addition, for j=1,...,n—1, |& —w;| > 1 —k7\/¢ by Lemma 2. We have

n—1
P& = n ] (& —w)|>n(l —kyv/e)"™ = n(l — kg /&))" = nkg.
j=1

Hence, by Lemma B, there exists a zero z;, of P such that

P(&) kov/e
P& =" nk

Now we quantify the constants k9 and k§ to estimate kio. We have

= kiov/e.

|Zi0 7§l| <n'

< \/anﬁ +2n(0.3649n/7) + 2(0'3649\’}\2/?\2/(;2””— 2-n)
<n’*vn < Ty 0798 02661};4—23 — n))

< nzf(\ﬂﬁ +0.7298 + “\g;;)

= nQ\/ﬁ(\fz . ie 3 T07298+ ?/;634> < 0.7306n /1.
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On the other hand, since 1—0.3649/(v/2n%2") < 1,

n—1
0.3649n\/ﬁ 0.2581Y"
= (1-taeom(,_ozsmy:
V2n4/n2 n

Put fo(x) := xlog(1 —0.2581/(x*2¥)) for x > 4. Then

0.2581(3 + x log 2)
/ _ _ 3hx
Jo (x) =log(l —0.2581/(x°2%)) + 39 — 00581
Since
2581[0.2581(3 + 2x log 2) + x32%(6 + 4x log 2 log 2)2
fg,,(x):_O 581[0.2581(3 + 2x log 2) + x°2*(6 + 4x log 2 + (x log ))]<0,

x(x32% — 0.2581)?
fo(x) is monotone decreasing. We have

fo(x) > lim f(x) =0,

X— 00

which implies that f5(x) is monotone increasing, so is e”*™). Thus it follows
that

n 4
ky > (1 - m) =eh0 > <1 m) > 0.9989.

n3on 43 .04
Hence
ko 0.7306n2\/ﬁ 5
=< — 731 .
k1o ké < 0.9989 < 0.7315n \/ﬁ
Now,
0.7315n2 2v2
klo\/g‘ < k]o\/a < " \/ﬁ \/— < sin(n/n)

<
\/§n4\/ﬁ2” n

for n>4, and therefore, the n disks {|z —¢&]| < kiov/e}., are mutually
disjoint. This implies iy = i. O

The next lemma shall be used for Lemma 6.
LEmMMA 5. For n > 4,

a 1 n(n+11)
Zsin((v—l)n/n)< g

y=2

Proor. Let N = |n/2], where | x| is the largest integer not greater than x.
Since sin((v — 1)z/n) = 2(v —1)/n for ve[2,N + 1],



n
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Z :
sin

= sin((v — 1)z/n)

N+1

N
1+2§sm v—ll)n/n)£1+222v 1
2Zsm (v— ln/n

N—

Z L. if n is even

N+1 N

<2 Z =y Z% if n is odd.

For even integer n > 4

i 11

Z <l+:+

v=1

2 2<%+ﬁ>(1\f—3)

_ N?44N -9

4(N —1)
_NH4N-5 1 N+S 1 nt10 1
4(N —1) 2N 4 2N 8 n’
which implies that
n—|— 10) n(n+10)
1 <1+ -1=
+nZ 3
Since
2 1 n(n+10)
S — ) N WP g
;sin((vf Doy = L FV2<7
for n =4,
i: 1 <n(n+ 10)
“~sin((v — D)m/n) 8
holds also for even integer n > 4. For odd integer n > 5
N
1 I 1/1 1
1 N -2
; < +2+2(2+N>( )
_N*+6N—-4 N+6 (n—1)/2+6 n+1l
T AN 4 4 - '

8

247
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As a result, for n > 4

X 1 n(n+10) n(n+11)]  n(n+11)
Z:sin { 8§ ' 8 }_ 8 -

Lemma 6 and Remark 2 shall be used for Lemma 7 and Lemma 8. It
shall be also improved for the proof of Main Theorem.

LEmMMmA 6. For i=1,...,n,

fiH(fi —z,) —n| < kll\/t_‘%

V#EIT

where
kiy := 0.0460n* (n + 11)y/n.
In particular,

n—kive<Re <f[H(f[ - Zv)) <n+knve,

V#IL

—ki1ve < Im (fi H(fi - Zv)) < kive,

V#EL

AIEEED

v#£IQ

I/l—kn\/ES Sl’l+k11\/5~

ProoF. Writing Py(z) =z"—1=(z—¢&)0Q0(z), we obtain Pj(z)=
Qo(z) + (z — &)Q)(z), and therefore Py(&) =n&! ™' = Qy(&). Let P(z) =
(z—z;)Qi(z). If we put

K =

H(ff —z,) =& =0i(&) — Qo(&),

S

then it is sufficient to show that K < ky;v/e. We have

oIl 0Tl (53] -0 T(H355) o

V#£IL VET 3

Put 4, =(¢,—z)/(& —2z) for v=2,...,n (v #i). By Lemma 4,

& —al_ kove _ 0.7315n>/n/e 0.7315}13\/}7\/5
& — & 2sin(n/n) 4v/2/n 4v2 ’

and ¢ < ¢, implies that

|AV| =

0.7315  ndn 07315 1

. = 0.0015.
42 \/§n4\/ﬁzn 8 n2n <

|4,] <
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Since
[log(1+4,)| < g |Arv|’
< |4,] <%+ : |4'v2”> _ |z;v| (1 +%|m|)’
we have
llog(1 + 4,)| < |z;,| (1 +1—01W) < 1.0008|4,|.

By making use of Lemma 5,

> log(1+4,)| < 1.0008 Y " |4,
v#iD V#I
1.0008k10+/2 1
< 2 ; |sin(v — i)7/n)|

1.0008k10+/ n(n+ 11)
< 2 3

< 0.0458n% (n + 11)y/ny/e.

Since ¢ < ¢,

3
S tog(1 +4,)| < 0.0458n"(n + 11)y/n _ 0.0458(n+11) _ o
Tz \/§n4\/Z2n \/ZHZH
Furthermore, since |e¥ — 1| <ell —1 for xeC,
K =10i(&i) — Qo(&)
= Qo (&)] |eXoei g4 _ 1| < p(elZowi loeI+a0l _ 1y (8)

and since eM — 1 < 1.0039|x| for |x| < 0.0076,

K <n-1.0039> " log(1 + 4,)

v#£L

< 1.00397 - 0.0458n° (n + 11)v/nv/e < ki1v/e. O
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REMARK 2. We have
0.0460n*(n 4 11)\/n
\/§n4\/ﬁ2n

B n(l B 0.0460(n + 11)
V22"

n—kllx/EZn—kn\/E;>n—

) > 0.9923n.

We also have

0.0460n*(n 4+ 11)/n
ﬁn4ﬁ2n

_ (1 +0.0460(11—|— 1)

V22"

The next lemma shall be used in the proof of Lemma 8 and Main
Theorem.

n+kyve<n+kye, <n+

) < 1.0077n.

LEmMMA 7. Put S) = 2;1:_11 wj.  Then

IS1] < kuse,
where
2nks + ki3 \
kig == (n— 1| ——n—) +k3 <0.6130n°(n—1)2"
14:=(n )\/(n sin(2n/n)> +kg < n(n—1)
with
k k w) + 2nk7k
ey o K120+ K6 + 2nkakn ) sesn 300
n—kii\/e
kiy :=n+2(2" —n—2)k? < 0.2664n°2".
Proor. For v=1,...,n— 1, denote by S, the v-th elementary symmetric
polynomials in wy,...,w,_1. Since
n—1 n—1
P'(z)=n H(z —w)=nY (=1)'S,z"17,
j=1 v=0
with S() = 1,
& n—1 nS
PE) = | POA=Y )T -0 o)
¢ v=0
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Since
L-z_ P&
&i Ei Hv;&i(ii - Zv)
1 n nSl n—1 n—1
=————— - |(1 = (1= - (1 -
TG ==y |19 5@ - =97
- v n:%' n—y n—y
+Z;1>;;@ ~(1-¢) w
we have
Ci—z Ty T,
R =R R
T T EL G- CELLE -2
7] 7&
R
S LG GIL G-
where
._____lESL_ n—1 _ _an-l
e LI (!

n—1

Tyi=1-(1-2"+> (-1)’

v=2

n

Sy = (1 =8)").

n—v
On the other hand, since

oA Re(z;&) = 1 —|z:&] = 0,

Re
¢

it successively follows that

Re Ty T

Cillypi(&i— 2 Eillzi(&i—20)

Re T - Re(&i T, 4(6r = ) +1m 71 - Im(& T, (& — 20)
|€inv¢i(5i - Zv)|2

>0

— )

)—|—

__
Cillwi(&i—20)

B |T2| & Hvii(éi —z)|+1Im T; - Im(¢; Hv;éi(éi - 7))
Re(&i [, (& —2v)) .

b

ReT) >

(10)



252 Tomohiro CHUIWA

Here, note that Re(¢;[],.;(& —z)) >0 by Lemma 6 together Remark 2.

Lemma 2 implies the following two inequalities. First one is that
2n
|Im T1| < }’l_l (I’l — 1)/(7\/(;, = 2]1](7\/(;,

The other is that since

1T~ (1—(1—¢)"

E}’l v (1 _B)n—l’)

n—1 n
=3
n

y=2

Z

-~ (" avar 2

2627 S (1)

y=2

(-

T <1—(1—¢&)" +2(22" —n—2)kie < ne+2(2" —n —2)k2e
= (n+2(2" —n—2)k3)e = kyze.
Substituting (11), (12) and Lemma 6 for (10), we obtain
ke (n+ ke + 2nks/e - ke

Re Ty >

n—kie
S _kia(n+ kiiy/en) + 2nkqky = _kpse.
n—Kkii/en

By making use of Lemma 3 and Remark 1, we obtain

0 < Re T} + ki3¢

n51
n—

=Re|— (f" ! -1 —E)n_l) + kise

1— n—1
= ResiE ) ML) Re s bk
n—1 n—1

< (1 —&)" ks + ki3)e — % (Re S -Re ¢! —Im Sy - Im &)

< (n(1 = &)" kg + ki3 + nkg)e +nnT1 Im S - Im &'

202" — n —2)(k7v/e)?,

(11)
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< (2nk8 + k13)8 +% Im S; - Im f?—l
= (2nks + ky3)e — nnj Im S; - Im &,.
Thus
n—1
ImS;-Im¢é; < B (2I’lkg + k13)8.
If we choose i such that Im &; and Im S| have the same sign, we deduce that
n—1
[Im S} - Im &;| < T(Zl’lkg + ki3)e,

namely,

(n — 1)(2?11(8 + k13)
nsinn/n)

|Im S]| <

(13)

Since |Re S)| < (n — 1)kse by Lemma 3 and Remark I,

2nkg + ki3 2 )
|Sl| < (n — 1)8\/<nsm(2n’/}1)) +k8 = k14£.

Finally, we quantify the constants k)5, k13 and kj4. We have

ki <n+2(2" —n—2)-0.3649°n°

1 n 2
3an

=n32" (0.2664 — % (— nl_z +0.2664n + 0.2664 - 2)) < 0.2664n32".

By Remark 2, we have

(0.2664n32)1.0077n + 2n(0.36491/1)(0.0460n* (n + 11) /1)
0.99231

10.2664 - 1.0077 + 2 - 0.3649 - 0.0460n° (n + 11) /2"
0.9923 '

Putting fi3(x) := x*(x + 11)/2%, we have

kiz <

_ n32n

S

Fi3(%) = 2= (—(log 2)x> — (11 log 2 — 4)x + 33).

If x>4, fiz(x) = —(log 2)x? — (11 log 2 — 4)x + 33 is monotone decreasing.
Since f}3(4) >0 and f}5(5) <0, there exists xo € (4,5) such that fi;(xp) =0,
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namely, f5(xo) =0. Therefore, fi3(x) attains the maximum value at x = x.
Since f13(4) < f13(5), fis(n) < f13(5) holds for any positive integer n. Hence,

0.2664 - 1.0077 + 2 - 0.3649 - 0.0460f13(5)

3An
fis <n2 0.9923

< 2.3850m°2".

Since sin(2n/n) > 4/n for n > 4,

21(0.133213) + (2. 321\
k14<(n—1)\/< n(0.1332n ):( 3850n >> +(0.133213)?

— 1) 0.2664n" +2.3850n°2" |, 4.0.133203 2

=\ 4 0.2664n% + 2.3850132"
0.26641/2" + 2.3850 0.5328 2

=ndn—1)2". 1

win—1) 4 * 026641 + 2.3850 - 27

0.2664 - 4/2% + 2.3850 0.5328 2

<n*(n—102". 1

<wi(n—1) 4 \/ * <0.2664 4123850 24>

< 0.6130n°(n — 1)2". O

We can improve Lemma 4. Lemma 8 shall be used for Lemma 9.

LemMma 8. For i=1,...,n,
|zi = &i| < kase,
where
1 an14 3
ks = k 1.3027n°2".
15 nk“\/e_n<nl+ 12>< n
Proor. By Lemma 6 and the proof of Lemma 7,
|Z4_§.|:Zi*5i _ L+ T, < |T\| + |73 | Th| + | T2|
S ¢ ElLiGi—z2) 7 &I L& —20)  n—kue
By Lemma 7 and (12),
1 2n
— & Si|+k
|zi — &l <n—k11\/é(n—1| 1|+ 128)
1 2nk14
< k = kise.
n—kn\/éz<n—1+ 12)8 15€
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Now, we quantify the constant k5. By Remark 2, we have

1 2n-0.6130n (n — 1)2" -
kis < 09955 ( p— +0.2664n°2 )
n32n 0.2664
== (1.2260 + ") < 1.3027n°2".
0.9923( Tt >< 3027n

Note that

1.3027132"  24/2

kise < kyse, <
15 15€n 2047

< sin(n/n)
for n>4. This implies that the (n—1) disks {|z —¢&;| < kise}/, are also
disjoint. O

We can also improve Lemma 6. The next Lemma 9 shall be used in the
proof of Main Theorem.

LemMMmA 9. For i=1,...,n,
fiH(fi —z,) —n| < kj¢,
V#£IL
where

ki, :=0.0816n°(n + 11)2".

In particular,

n—kije<Re <é,»H(é,» - zv)> <n+kje,

V#£IL
—kpjz < Im (fi [1e- Zv)) < kie,
V#EL
n— k{lg < fl‘ H(éz - Zv) <n-+ kl/lg.
V#£IL

ProOF. We may replace kig/¢ with kjs¢ in the proof of Lemma 6 since
|zi — &| < kise for i=2,...,n by Lemma 8. Since

4| < kise < 1.30271142”8 < 1.3027n*2" 13027
" 2sin(w/n) 42 T 4V2-2n%n 82 .nd2n

we have

< 0.00001,

14, 1
log(1 + 4, I+—— ) < 1.00001]4,],
flog(l + 4l < ==\ 1+ 1550001 ) < 14/
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and then,

Z log(1 + 4,)

v#EL

2 8

< 0.081512%(n + 11)2"¢

< 0.00004.
Since e — 1 < 1.00003|x| for |x| < 0.00004, by (8),

K =0i(&) = Qo(&)| < (el or4 1)

< 1.000037 -

> log(1+ 4,)

V#EIL

< 1.000037 - 0.08157*(n + 11)2"¢
< 0.0816n°(n + 11)2" = k| e. O

REMARK 3. We have

1
n—kie=n—kije, >n—00816n>(n+11)2"-

2179471
_ n<1 _ %) > 0.9999.
We also have
n+kie<n+kie <n+0.0816n°(n+11)2" ZnIW
- n<1 W) < 100017,

Among the lemmas which have been shown, Lemmas 2, 3, 7 and 9 shall
be also used to prove Main Theorem.

3. Proof of Main Theorem

We now prove Main Theorem. By (9) in the proof of Lemma 7,

PE) = (= (1= = 2@ = (=0 )+ P2 (-0

n—

+Z v nS _ (1 _s)n—lr).
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Putting
R R L R R (R}
= v S n—y n—vy
T3 =) (-1 S (E — (1-9)"),
v=3
we have
Re 77 > BT (& — )+ I T ImE TG = 2)

Re(¢; Hv;ei(fz )

in a similar way as in the proof of Lemma 7. By (13) and Lemma 2, we have

Im 7| = |2 Im Si(& ' = (1=9)" ) =5 Im S(& > = (1 =) )

2n (n—1)(2nkg + ki3) 2n (n—1 ’
Sho1 4 ttaal o )lve)

((2nks + ki3) +2(n — 1)k3)e

(27(0.13321%) + (2.38501°2") + 2(n — 1)(0.3649n/n)?)e

N\E NIS

421 10,2664 0.2664(n — 1
=5 (O Zf "+2.3850+%>e

< 1.2508n%2".
By Lemma 2, we also have
n—1

<X (") ) wvere-o

y=3 n

< 203 (ev/e) i@) = 2k3 g\f)(znzz’;z)

v=3
= (2" —n? —n— D3 (eV/e)

< (2" —n? — n — 4)(0.3649n/n)> (ev/e)
_ n4\/%2”< ”‘;7’”4)0 3649° (4/5)

< 0.0972n*/n2" (ev/e).
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Substituting these results and Lemma 9 for (14), we obtain

3 |T5| - (n+kie) + |Im T}| - ki,¢
n—kie

Re 77 >

> 0.0972n*/n2" (ey/e) - 1.0001n

oL
0.9999n
4 1.2508n*2" - 0.0816n° (n + 11)2"¢]

L 00973ty +0.1021n*2" - n(n + 11)2" /5

0.9999 (&)

= —}’lk16(8\/g>,
where
0.0973n3/n2" 4 0.1021232" - n*(n + 11)2"/(v/2n*\/n2")
0.9999

0.0973 +0.0722(n + 11)/n
0.9999

0.0973 +0.0722(4 + 11) /4
0.9999

< n3/m2"-

<n’ym"-

< 0.3680913/n2".

On the other hand,

nSl
n—1

Re 7{ = Re(1 - (1-2)") = "= (&7 = (1 =) )

I’ZSQ
n—2

+ (&2 =(1-9"7)

n51
n—1

nSz
n—2

<Re {mf— (G =00 )+ S5 ET = (=9

(1 _ 8)&171

— e+ ReS; —— (Re S -Re& —Im S - Im &)
n—1 n—1

1— n—2 — Pl
M) Re sy + " (Re S Re 2 —Im Sy Im &)
n—2 n—2

-1

=ne+nai(1 —¢e)" —n(ay cos 0; + b sin 6;)

-2

—nay(1 — )" * + n(ay cos 26; + by sin 26;),
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where

Re S Im S Re S,
a =, by = =

n—1’
and 6, :=2(v— 1)n/n. We, therefore, obtain

0 < Re T{ + nk16(8\/§)

1 2

<nle+a (1 —¢" " — (ajcosb;+bysinb;) —ay(1 —e)"”
+ (ay cos 20; + by sin 20;)] + nkig(ev/e),
that is,
0<e+a(l— 8)”71 — (ay cos 0; + by sin 0;) — ay(1 — s)”fz
+ (ay cos 20; + by sin 20;) + kig(ev/e).
Replacing 0; by 2z — 0;, we also obtain
0<e+a(1—e)"" —(a cos b — by sin 0;) —ar(1 —e)"?
+ (ay cos 20; — by sin 20;) + kig(ev/e).
Adding the resulting two inequalities, we obtain
0<e+ar(l—e)" " —acos; —ay(l — &) + a cos 20; + kig(ev/z)
=eta[(1—2¢"" —cos 0] — a(1 —&)"* — cos 20;] + kis(ev/2)
=e+a(1 —cos b)) —ay(1 —cos 20) —a;(1—(1—¢)" ")
+ar(l— (1 —8)"?) +kigleve)
<ée+a(l —cosb;) —ax(l —cos 20;)
Flar(1 = (1=&)" Y —a(1 = (1 —&)" )| + ki(ev/e). (15)

Since |Re wj| < kge and |Re wiw;| < |ww;| < (k71/8)* by Lemma 3 and Lemma
2, respectively,

(1= (1=28)"") —ax(1 = (1 —2)" )]
<lar(1= (1 =&)"") +azl(1 - (1-28)"?)

- (n— Dkse

n—1

("y)kze

-1
(n e+ P

<(n—2)e
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(n—1)(n-2)
2

< (ke + 752 ) 0= DVE (V)

= (n— 1)kge® + kie?

Therefore, if we put

-2
kié = <k3 +L > k72> (l/l — 1)\/54’](16,
then

kg < ((0.1332n3) + % (0.3649nﬁ)2> (n—1) +0.368091° /2"

1
V2n4\/m2n

[/0.1332 n—-2 n—1
= n’n2" ——-0.36497 :
n’\/n ( . + o 0.3649 )\/En44”+0 36809}

+ 0.36809}

< ndy/n2" (0.0666 + 0'00005) n-l

V2n44n
0.0000S) 4—1
4 V244 .4

<n3/n2" (0.0666 +

il 0.36809}

< 0.3681n°\/n2",
and we can rewrite (15) with
0 <&+ ar(l —cos ;) —ax(l —cos 20;) + kis(eVe).
Taking 6; to be 2|n/2|n/n and 2|n/4|n/n, we obtain
e+ ai[l + cos(In/n)] — az[1 — cos(2lm/n)| + kis(ev/e) > 0, (16)
e+ ai[l —sin(rn/(2n))] — az[1 + cos(rn/n)] + kis(ev/e) > 0, (17)

respectively, where / :==n —2|n/2] and r :=n —4|n/4]. Note that for positive
integers s, we have Table 1.

n 4s 45+ 1 4s 42 4s+3
! 0 1 0 1
T 0 1 2 3

Table 1
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Now by (1), we successively obtain
[wj —a|l >1—c¢,(1 —a),
[wi — (1 —¢)] > 1 —cyue,
wil* = 2(1 —&) Rew; + (1 —&)* > 1 — 2¢,e + (cu)?,
(Re w_,)z + (Im wj)2 —2(1 —¢)Rew; + (1 — &) > 1 —2¢pe + (cne)?
Thus,
0 < (Rew))” + (Imw;)* —2(1 —&) Re w; + (1 —&)> — 1 + 2¢, — (cq8)’
= (Re w))” + (Im w;)> — 2 Re w; + 26 Re w; — 2(1 — ¢,)e + (1 — ¢2)&.
By Lemma 3, we have
0 < k2e® + (Im w;)* — 2 Re wj + 2kge? — 2(1 — ¢,)e + (1 — ¢2)é?
= (Im w;)> =2 Re w; — 2(1 — ¢,)e + (k7 + 2kg + 1 — ¢2)&?
< (Imw;)* =2 Re wj — 2(1 — ¢,)e + (kg + 1)%€.

Taking the sum of these inequalities for j=1,...,n— 1, we obtain

=
—

0<Y (Imw)* —2Re S| —2(n—1)(1 = cy)e+ (n—1)(ks + 1)%>
1

~.
Il

S
—_

= (Imw,)> =2(n— Day —2(n = 1)(1 = ¢))e+ (n — 1)(ks + 1)%%. (18)
1

On the other hand, By Lemma 3 and (13),

(n—2)a, =Re S, =Re (Z w,-wj>

i<j

~.
I

= Z(Re w; - Re w; — Im w; - Im wy)

i<j

> Z(—k5k882 —Im w; - Im wy)

i<j

2
1 n—1 n—1 —1
=—3 ((Z Im wj> — Z(Im wj)z) — (n ) >k5k882
Jj=1 J=1

<(Im S1)? — i(lm wj)2> - (n ; l)kskgsz

J=1

N =
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= 1 (= D)(2nks + k13)\> ,
> (Imwy)” —= ( - ) &
2]:1 2 n sin(27z/n)
1
= (" ) )k5k882
= 1
EZ Im W/ —§k1782,

where

As a result, we obtain

e
(Im w))* < 2(n — 2)ay + ki7¢>.
1

~.
Il

Note that

ki < ((" - 1)(221‘8 +k”))2 4 (n— 1)(n— 2)ksks

116 (n — 1)*(2n(0.1332n%) + (2.38501n°2"))*

+ (n—1)(n — 2)(0.0783n°)(0.1332n°)

nt4n 0.2664n 2 | 0.1669(n —2)

no4n 02664 4 *, 0.1669(4 — 2)

< 0.3757n%(n — 1)4".

Substituting (19) for (18), we obtain

(2(n = 2)ay + k176?) = 2(n — Day — 2(n — 1)(1 — ¢,)e + (n — 1) (ks 4+ 1)%&* > 0,

that is,

—mn—=1D)(1—ce—(n—1Day + (n—2)ay +

2

ki + (n — 1)(k8+1)282 N
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Putting
kir + (n—1)(ks +1)°
g o= DU LU
we have
—(n—=1)(1=ce— (n—1ay + (n—2)ay + kis(ev/e) > 0, (20)

since 0 < ¢ <g¢g, Note that

f <0.3757n6(n— %47+ (n—1)(0.13322° + 1) 1
18 2 NN,
Cnn—1)° \/_2" (0.1332 4 1/n3)?
n(n—1)*/n2" (0.1332 4 1/4%)?
< T <0.3757+W>

< 0.1329n(n — 1)*\/n2".

To eliminate the @, terms, multiplying (20) by [l — cos(2Iz/n)]/(n —2) = 0, and
adding (16) to it, we obtain

8[1 Iz ; (1—¢,)(1 — cos(21n/n))}

n_
+ a [1 + cos(ln/n) — % (1-— cos(21n/n))}

[kfa it — (1- cos(21n/n))} (ev/e) >0

Similarly, multiplying (20) by [l + cos(rz/n)]/(n — 2) > 0, and adding (17) to it,
we obtain

8{1 = ; (1—co)(1+ cos(rn/n))}

n—

n

—a {—1 +sin(rm/(2n)) +— ;(1 + Cos(rn/n))]

{kl'6 +—= kg — 1+ cos(rn/n))] (ev/e) >0

Putting
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o:= 14 cos(/n/n) — Z : ; (1 = cos(2in/n)),

p = —1+sin(rn/(2n)) +n : ; (14 cos(rn/n)),

ko :=kig + nk_132 (1 = cos(2In/n)),

k
ko = ki, + n% (1 + cos(rn/n)),

we have

3{1 T ; (1 —c,)(1 — cos(2ln/n))} + oay + kio(ev/e) > 0, (16"

3[1 _ 7;(1 — )1+ cos(rn/n))} — Pay + kiy(ev/e) > 0. (17"

Now, we quantify the constants o, S, kj9 and k{;. We have

1 n
o= —m—i—cos(ln/n) R

cos(2im/n) < 2,

and equality holds if and only if / =0, namely #n is even. In addition, if n is
odd, then since n > 5 and /=1, we obtain

1 n—1
o= —m—&-cos(n/n) +n — cos(2n/n)
> - ! +cos(n/5)+n_ cos(2n/5)
- n-=2 n—2

1 V541 n—15-1 1 V5
B S R S R S R R

Hence, 0 < o < 2. We also have

1 . n—1 n rn

= nj+ sin(rz/(2n)) R cos(rn/n) < pa 2—1—%,

and equality holds if and only if r =0. It is clear that f > 0. On the other
hand,

0.13291(n — 1)*\/m2"

k1o < 0.3681n/n2" + p—

- (1 = cos(2ln/n))

= ny/n2" (0.3681 + %’1‘2;)2 (1 - cos(2l7z/n))> :
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Put fio(x) := (x — 1)?/(x2(x —2)) for x>4. Since f(x)=—(x—1)(x?—
3x+4)/(x*(x —2)2) <0, fio(x) is monotone decreasing, namely, fio(x) <
fi9(4). Thus we obtain

kig < n*/n2"(0.3681 + 0.1329f19(4) - (1 — cos(2ln/n)))
< n3/n2"(0.3681 4 0.0024(1 — cos(2x/n))).
Similarly, we have
kg < n3y/n2"(0.3681 4 0.1329f19(4) - (1 + cos(rr/n)))
< n*y/n2"(0.3681 4 0.1329f19(4) - (1 + 1))
< 0.3728n%\/m2".

Now, if we multiply (16’) and (17') by /¢ > 0 and o/e > 0, respectively,
and add the resulting two inequalities to eliminate the @ terms, then we
obtain

AcnfB+(k19,3+kl’9(x)\/E> 0, (21)

where

a="" ; [(1 + cos(rm/m)) (1 + cos(lm/n)

— (I = cos(2in/n))(1 — sin(rn/(2n)))],
B:= " 1 7 (cos(Ir/n) + sin(rn/(2n)))
+2 : ; (cos(In/n) cos(rrn/n) — cos(2ln/n) sin(rn/(2n))).
Note that
0<A< 4(n:21) :

and equality holds if and only if /=0 and r=0. We also quantify the
coefficient of /¢ in (21). We have

kioff + k{goﬁ

< n?y/n2"(0.3681 + 0.0024(1 — cos(2in/n))) - (n - 5+ Z)

+0.3728n/n2" - 2
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- ”4% [(0.3681 +0.0024(1 — cos(2ln/n))) (1 + w)

2n?

+0.3728 @1

2.2 _
0.3681 +0.0024 - 227\ (1 =D L7082 2
n2 2n? n

21272\ (n—2)rn
2n?

4 n
Sn\/ﬁZ
n—2

4 n
_niyn2 [1.1137 n (0.3681 +0.0024 -

n—2 n?

2.2
+o.0024-—21;Z - 1'4912].
n n
Since
2272\ (n — 2 2P 1.4912
03681 +0.0024 . 27\ =2 g0pa 207
n? 2n? n? n
0.003222\ (n — 2)rx 0.0052z> 1.491
<<O.185+ 2”)(" Drn , 000577 1491
n n n n
by putting
0.003222\ (n — 2)rm 0.005%z> 1.491
Fio(n) = (0.185+ : ”>(” 2rm | 000577 181
' n n n n
we obtain

4 on
kiof + kg < ”n\iﬁz (1.1137 + Fy,(n)).

Now recall Table 1. If n=4s (note that n > 4), then

1.491
n

< 0.

F()’o(l’l) = —

If n=4s+1 (note that n > 5), then

0.0037%\ (n —2)z  0.0057z> 1.491
7 2
n n n

Fl,l(n):(0.185+ I’l2

0.185z 0.370z 0.0037> 0.0067° 0.00572 1.491
n n? n3 n4 n? n
0909 1.113 0.094 0.006%>
<

— < 0.
n n? n3 n4
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If n=4s5+2 (note that n > 6), then
(n—2)2n 1491 03707 0.740n  1.491

F()_Q(ﬂ) =0.185- 112 P P nz P
0.328 0.74xn
< - -—5—<0.
n n

If n =45+ 3 (suppose that s > 1, namely, n > 11), then

0.00372\ (n—2)3n  0.0057% 1491
F1.3(n):<0.185+ n2”>(” nz) -

_ 0.555z  1.110% i 0.0097°  0.0187° . 0.0057% 1.491

n n? n3 n4 n?2 n
0.00973 0.1087z°> 0.0097° 0.0187>
< - + -
n n? n3 n4

n n* nd

3 3 3
_ 0.0097 (1 _ 12 1 2> 0.0297: < 0.0;)197'( < 0.026.

n

Hence, we obtain
Fia(n) < 0.026, if n=4s+3 and n # 7,
Lr 0, otherwise, if n # 7,

that is,
n*\/n2" { 1.140, if n=4s+3 and n #7,

k ki
198 + ko0 < n—2 1.114, otherwise, if n # 7.

Furthermore, since ¢ < ¢, and

n*\/m2" 1 _ 1
n—=2 \2ntm2n  \2n-2)’
1 1.140, if n=4s+3 and n #7
k k/ n - Y )
(kroff + Kigo)v/e < V2(n—2) { 1.114, otherwise, if n # 7,
- 1
n—2"
Now, to prove Main Theorem, recall Table 1 and that
0<A4< 4n — 1) ,
n—2
B= — (cos(Im/n) + sin(rn/(2n)))
41z ! (cos(In/n) cos(rn/n) — cos(2ln/n) sin(rr/(2n))),

n—2
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and moreover, by (21)
B 1 , 1 1 .
Cn>Z—Z(k19ﬂ+k19d)\/§>z(tg—m), 1fn;£7,

since

1
(k19ﬁ + k{ga)\/g‘ < m, if n#7.

If n=4s (note that n > 4), then

Thus, we have

o n—2 n 1 1
"T4n-1) \n-2 n-2) 4
which contradicts that ¢, = 1/4.
If n=4s+ 1 (note that n > 5), then

B =

— (cos(n/n) + sin(n/(2n)))

-2

+: (cos(m/n) cos(n/n) — cos(2n/n) sin(n/(2n)))

_ ! 5 (cos(n/n) + sin(n/(2n)))

L 1 /1 + cos(2r/n)
n—2 2

S 1 1 n2+3 +n—1 l_~_1 272 1 =
n—2 2n?2  2n n—2\2 n? 2 2n

1 (n_(n_3_n3+n2/2+n2—n/2_3/2+§)>_

— cos(27/n) sin(n/(2n))>

) n3 n? n 2

If we put Fi(x):=7nx— (2 +7n2/2)x* + (n®> —n/2 —3/2)x +n/2, then
F/(x)=3n’x? — 2n3 + n?)x + (n? — /2 — 3/2). The derivative F/(x) is
monotone decreasing if 0 <x <1/5 and since F{(1/10) >0 and F{(1/9)
< 0, there exists xo € (1/10,1/9) such that F/(xp) =0. Thus Fj(x) attains
the maximum value at x = xy. If x is the reciprocal of some integer, then
Fi(1/10) < Fi(1/9) implies that Fj(x) < F;(1/9) <2. We, therefore, obtain
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Hence, we have

- n—2 (1- 1 _ n—3
VTP n—2) 4m—_1)
which contradicts that ¢, = (n — 3)/(4(n —1)).

If n =45+ 2 (note that n > 6), then

—— (1 +sin(x/n)) +Z - ; (cos(2n/n) — sin(x/n))

o 1 1+3 +n71 | 272 i1
n—2 n n—2 n? n
1 , +27z277r73 272

n—2 & n n?

S 1 +27z2—7z—3 272
=n2\""\" 6 62

B =

Hence, we have

o n—2 n—>5 1 _ n—6
"T4n-1) \n—-2 n-2) 4n-1)
which contradicts that ¢, = (n — 6)/(4(n —1)).
If n=4s+3 and n # 7 (note that n > 11), then

B=- ! 5 (cos(x/n) + sin(3n/(20)))

:;(cos(n/n) cos(3n/n) — cos(2n/n) sin(3n/(2n)))

1 | 7z2+9 +n—1 | 72 | 972 RV
n—2 2n2  2n n—2 2n? 2n? 2n

1 1 /97z* 9z* 187%* 107%— 67— 18
= n——|—-— — + . + 671

) 4\ n* w n?

n
+
n

>

Since F3(x) := 9n*x* — 9n*x? — 18722x? + (10n% — 6 — 18)x + 67 is monotone
increasing if 0 < x < 1/11, F3(x) < F3(1/11) < 32. Therefore,
n—238

B .
>n—2
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Hence, we have

o n—2 n-8 1 ~ n—9
"T4n-2) \n—2 n-2) 4n-1)
which contradicts that ¢, = (n—9)/(4(n—1)).
If n=7, then we directly estimate the constants. We have

7-2

1
o= _7—2+ cos(n/7) + cos(2z/7) < 1.449157,

B = % +sin(37/14) + ; ; cos(31/7) < 1.090515.

On the other hand, since k|, < 32872 by kis < 0.2830n3\/n2" and kig/(7 — 2)
<2172 by ki7 < 0.3599n%(n — 1)%4" if n =7, we also have

32872 + 2172(1 — cos(27/7))

ki9\/&n < \/i 1. \/7 7 < 0029298,
32872 + 2172(1 + cos(37/7))
/
klo/En < VoY < 0.030896.

Thus,
(k1o + ko) v/e < (ko + kigot) /e
< 0.029298 - 1.090515 + 0.030896 - 1.449157
< 0.076724.

On the other hand, if n =7, then

"= L1 4 cosGr/m)) (1 + cos(m/n)

A:
n—2

— (1 —cos(2n/n))(1 — sin(37/(2n)))]
< 2.618658,

B= ! S (cos(x/m) + sin(3n/(2n)

+ 2=
n—2

> 0.078985.

(cos(n/n) cos(3n/n) — cos(2n/n) sin(3n/(2n)))

Hence, we obtain

B — (kiof + k{g2)v/e > 0.078985 — 0.076724 = 0.002261,
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and then,

_0.002261 1
= 5618658 ~ 1159’

which contradicts that ¢; = 1/1159.
We complete the proof of Main Theorem.

4. Some computations

In his paper [3], J. E. Brown proved the following. The definitions of
S(n,a) and Ip(a) are given in Section 1.

THEOREM B. Let P e S(n,a) be an extremal polynomial. If 0 < a < A,,
where A, is the smallest positive root of

4 2
al 2—(1+x—x2)”71 =0,

=3 — —
n—n=3x -

then Ip(a) < 1.

We may assume that 1(#,) = I(P) = Ip(a). Then P is extremal and Main
Theorem still holds. Under the assumption, combining our result with The-
orem B, we can affirmatively solve Sendov’s conjecture for polynomials which
have one zero a with 0 <a < A, or 1 —¢, <a < 1. Numerical computations
give the approximate values of 4, and ¢, (see Table 2).

If we assume ¢, =0, that is, |w; —a| <1 for j=1,...,n—1, then the
statement of Main Theorem is equivalent to Sendov’s conjecture for one zero a
with |a| > 1 —¢,. By making use of ¢, =0 and improving estimates for n =
8,...,17, we get J, instead of ¢, (see Table 3).

COROLLARY 1. Let P be a polynomial of degree n =38, ...,17 with all the
zeros in the closed unit disk. If one zero a of P satisfies |a| > 1 — J,, where o, is
given in Table 3, then there exists a critical point w such that |w—a| < 1.

n A, & n A, &n

8 0.491223 2273737 x 1074 12 0.320704 2.310356 x 10718
9 0.431451 1.969280 x 10°15 13 0.296483 2.810347 x 1071
10 0.385882 1.907349 x 10710 14 0.276030 3.606100 x 102
11 0.349903 2.022255 x 10717 15 0.258502 4.845167 x 10721

Table 2
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n o n o
8 2.639966 x 107! 13 2.102111 x 10715
9 2.711327 x 10712 14 2.568821 x 10716
10 2.737107 x 10~13 15 2.765708 x 10~17
11 2.274622 x 1071 16 1.253953 x 107
12 1.644964 x 10714 17 1.696073 x 10~'8
Table 3
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