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1. Introduction

A multi-partite graph, denoted by G,(ny, n,,..., n,), is a graph whose point
set can be partitioned into m subsets V;, V,,..., V,, with n,, n,,..., n,, points each,
such that every line joins different subsets. If it contains every line joining dif-
ferent subsets, then it is called a complete m-partite graph and is denoted by
K, (ny, n,,..., n,). A complete graph K,, with m points may be regarded as a
particular type of complete m-partite graph where n;=n,=:--=n,=1. A com-
plete bipartite graph K,(1, ¢) or a tree with c+1 points and radius one is called
a claw or a star of degree c.

A claw of degree c being a subgraph of a multi-partite graph will be called
a partite-claw (PC) of degree c if no pair of points lies in the same set of points
of the multi-partite graph.

A graph is called claw-decomposable if it can be decomposed into a union
of line-disjoint claws of the same degree. The problem of claw-decomposability
of a complete graph K,, has been raised and solved completely by Yamamoto,
Ikeda, Shige-eda, Ushio and Hamada [4]. The claw-decomposition of a com-
plete graph provides us an optimal balanced file organization scheme of order
two, called HUBFS,, for binary-valued records in a sense such that it has the
least redundancy among all possible balanced binary-valued file organization
schemes of order two having the same parameters, provided the distribution of
records has the property of invariance with respect to the permutation of attri-
butes [3].

An analogous theorem which states a necessary and sufficient condition for
the claw-decomposability of a complete m-partite graph K,(n, n,..., n) where
n,=n,=---=n,=n has been obtained by Ushio, Tazawa and Yamamoto [2].

In this paper, a theorem which states a necessary and sufficient condition
for the decomposability of such a complete m-partite graph K,(n, n,..., n) into
a union of line-disjoint partite-claws of degree ¢, which will be called a PC-decom-
position theorem of the m-partite graph, will be given. An algorithm for the de-
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composition will also be given. The PC-decomposition of a complete m-partite
graph K,(n, n,..., n) provides us an optimal balanced file organization scheme
of order two for multiple-valued records with m attributes of n values each in a
sense such that it has the least redundancy among all possible balanced schemes
having the same parameters m, n and ¢, provided all types of records are equally
probable [5].

2. Main theorem

With respect to the PC-decomposability of a complete m-partite graph, we
have the following theorem which will be proved in the subsequent part of this
paper.

THEOREM 2.1. A complete m-partite graph K,(n, n,..., n) with m sets
of n points each can be decomposed into a union of line-disjoint(';)nzlc partite-
claws of degree ¢ each if and only if

(i) (?)”2 is an integral multiple of ¢, and

(ii)) m>c+1ifniseven and m>c+1+ c;—zl if nis odd.

Note that in a particular case n=1, Theorem 2.1 turns out to be the theorem
of the claw-decomposability of a complete graph K,, given in [4].

3. Proof of the necessity

In a trivial case c=1, the conditions (i) and (ii) are obviously necessary and
sufficient. Thus we consider the case ¢>2.

Suppose K,,(n, n,..., n) is PC-decomposable. Since the number of lines in
K, (n, n,..., n) must be a multiple of ¢, (i) is obviously necessary. Let y; be the
number of PC’s of degree ¢ whose root points are in the i th point set V; of K, (n,
n,..., n). Then, the set of all lines incident with V; can be partitioned into two
sets X; and X} with cardinalities y,c and (m—1)n%2— y;c, respectively, by classi-
fying each line according as it belongs to one of the above PC’s or not. Since
no pair of lines in X belongs to the same PC, we have

yit+ (om = D = yey < (% ) mfe.

Thus we have

n?(m—1) 2c — m)
3.1) iz B S

On the other hand, since every line joining ¥; and V; must belong to a PC
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whose root is in either V; or V;, and since no pair of those lines belongs to the same
PC, y; and y; must satisfy

yi+yj2n2

for every pair of i and j (#i). Thus we have

nl
(32) Yi = T

for all i except at most one. Applying (3.1) and (3.2) to > y;, and considering
the integrity of y;, we have

m\ 5. n*(m—1)(2c — m) oy
<2>n [e > Tec = 1) + (m 1)—2 for even n, and
n*(m—1) 2c — m) _ n?+ 1
> 3e(e = 1) + (m l)ﬁ2 for odd n,

and hence we have the condition (ii).

4. Adjacency matrix and PC-decomposability

Before entering the proof of sufficiency of the conditions (i) and (ii) in The-
orem 2.1, some auxiliary theorems will be given in this section.

Suppose an arbitrary direction of adjacency is assigned on every line join-
ing a pair of points of K,(n, n,..., n). The number of possible ways of such as-
signment of direction is, of course, 2('5')"2‘ To each way of the assignment,
there corresponds a 0— 1 adjacency matrix

(4.1) M = "Mij"
of order mn composed of m? submatrices M;;=|m;, ;| of order n defined by

1 if v;, is adjacent to vj,,
m. . =
P, .
e 0 otherwise,
where v;, is the pth point in the ith set ¥; and ip denotes the lexicographical

number of v;,, i.e., ip=(i—1)n+p. Clearly,
(4.2) Mipig = 0, Mip jg + Mgy = 1

hold for all p, q, i and j (#1i), i.e., M;=0 and M;;+MT,=G,, (i# j), where G,,
denotes a t x u matrix whose elements are all unity.

Conversely, if a 0— 1 matrix M of order mn satisfies (4.2), it is an adjacency
matrix of K,(n, n,..., n) subject to a certain way of the assignment of direction.
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THEOREM 4.1. A complete m-partite graph K,(n, n,..., n) can be de-
composed into a union of line-disjoint PC’s of degree ¢ each, if and only if there
exists a way of the assignment of direction to every line in such a manner that
the corresponding adjacency matrix M =|M;;| of order mn satisfies the follow-
ing two conditions:

(a) Every row sum of M is an integral multiple of c, i.e.,

m n
.Z 2 Mip,jg = QipC -
J=14=1

(b) Every partial row sum of M on the submatrix M;; is bounded uniform-
ly on j by min(a;,, n), i.e., Zm,p jq<min(a;,, n).

PROOF. Suppose K, (n, n,..., n) is PC-decomposable and the direction of
each line of K,,(n, n,..., n) is assigned in such a manner that a point correspond-
ing to the root of a PC is adjacent to the other end points corresponding to its
leaves. Let a;, be the number of PC’s which have the same root point v;,. Then,
since there are exactly a;,c points adjacent from v;,, the condition (a) must hold
for the adjacency matrix M. Moreover, as there are at most min(a;,, n) leaf
points in V;, the condition (b) must hold for each submatrix M,;.

Conversely, if (a) and (b) are satisfied by an adjacency matrix M, we can
select a;, sets of ¢ ones standing on the ipth row of M in such a way that every
set is composed of ¢ ones selected at most once from the pth row of M;;. This
selection can be shown possible [1] and is achieved by an algorithm of the con-
struction of 0— 1 matrix of size a;, x m (cf. Corollary 1.3 and Theorem 1.1 in [4])
whose row and column sum vectors are (c, c,..., ¢) and (s;, S,,..., S,,), Where

Z m;, i, <min(a;, n). Since every selected set of ¢ ones corresponds to a

PC of degree ¢, K,(n, n,..., n) is PC-decomposable.

Theorem 4.1 shows that if an adjacency matrix M of order mn which satis-
fies the conditions (a) and (b) can be constructed for an appropriately given set
of nonnegative integers a;,(i=1, 2,..., m; p=1, 2,..., n) satisfying ﬁ i a;,

i=1 p=1
=<’;>n2/c, then K,(n, n,..., n) can be decomposed into a union of line-disjoint
PC’s of degree ¢ each. To this end, the following theorem is useful in construct-
ing an adjacency matrix M satisfying the conditions (a) and (b), and, consequent-
ly, for the proof of the sufficiency of Theorem 2.1.

m n

THEOREM 4.2.  Given a set of nonnegative integers a;,’s satisfying 3. 3 a;,

=(m>n2/c, if
m

1) an mxm nonnegative integral matrix X=|x;| satisfying 3 x;;
=1

=c Z a;p, x;;=0 and x;;+x;;=n? (i# j) can be constructed,
=1
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2) an nxm nonnegative integral matrix Y;=|y;, ;| satisfying

(4.3) Z Yip,j = QipC,s > Yip,j = Xijs and
Jj=1 p=1
4.4) 0 < yip,; < min(a;,, n)

can be constructed for every i, and finally,
3) an nxn0—1 matrix M¥;=|m;, ;| satisfying

n n
(4.5) El Mip,jq = Yip,; and ‘El Mipja =M = Vig.i

can be constructed for every pair of i and j satisfying 1<i< j<m, then K,(n,
n,..., n) can be decomposed into a union of line-disjoint PC’s of degree ¢ each.

Proor. Consider an mn x mn 0—1 matrix M = ||M;;|| defined by
M¥% for i<j,
M;=.0 for i=j,
L Gyw — MIT for i>j,
then M is an adjacency matrix of K,(n, n,..., n). Moreover, since the pth row

sum of the component matrix M;; is y;, ; for every j, M satisfies the conditions
(a) and (b) of Theorem 4.1.

5. Proof of the sufficiency

In a trivial case ¢=1, the conditions (i) and (ii) are obviously sufficient.
Thus we consider the case ¢>2.

For a set of parameters m, n and ¢ satisfying the condition (i) of Theorem
2.1, put

a+1 for p=1,2,...,¢,
(5.1) ay, =

a for p=t;+1,t;, +2,..,n,

for every i=1, 2,..., m, where a, d and s are nonnegative integers satisfying
<’£’>n2/c=mna+md+s, 0<d<n 0<s<m,

and t;=d+1 or d according as ie{l, 2,...,s} or ie{s+1, s+2,..., m}. Since
i 3 a,-p=<r;>n2/c, the sufficiency of the remaining condition (ii) imposed on
i=1p=1

thepparameters in Theorem 2.1 will be proved by showing that the matrices X,
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Y; and M}, stated in Theorem 4.2 can be constructed for the particular set of
a;, given in (5.1).

5.1. Construction of X
It is sufficient to construct an m x m nonnegative integral matrix

X Xyz
(5.2) X =
X2 X3,

composed of four submatrices X, (k, =1, 2) which satisfy

Xll + Xll = 2(Gs,s - Is)’ X22 + X;Z = nz(Gm—s,m—s - Im—s)’
(5.3)
XlZ + X21 = nst,m—s’

and
(5.4 [Xy1 Xppdim=cna +d+ Dj,, [Xy3 X22]jm = c(na + d)jp—s,
where j, denotes a t-vector whose components are all unity and I, denotes the

identity matrix of order ¢.
(a) Case niseven. Let

2 2
Xll XI*Z %" (Gs.s - Is) 1’12‘" Gs.m—s
X* = =
" n? n? ’
XZI X22 _'2— Gm—s,s T (Gm—s,m-s - Im-s)

then X* satisfies (5.3) and its upper and lower halves of row sum vector are

2

[Xll XlZ]Jm_(m 1) 2 Js and [X XZZ]JM—(m_l) ) Jm s Put x= c(na+d

(m—1)n? (m—- 1)n? T
+1)— — -(m—s)—~ and y=—"—>% = c(na+d)—s——, and let @
=(x, X,..., x) and 8T=(y, y,..., ¥). Thensince 0<x<m-—s and 0<y<s,al—
1 matrix B of size s x (m—s) which satisfies Bj,.,=a, BTj,= 8 can be constructed
[1; 4]. Thus X* can be adjusted to X which satisfies (5.4) in addition to (5.3)
after replacing X%, and X%, by X,,=X%+B and X,, = X%, — BT, respectively.

(b) Case nis odd. Consider

Xy Xh
X* =
LX;I XZZ
[ n2—1 n? + 1
) — (Gs,s - Is) + Ts 2 Gs,m—-
= 2 _ 2 _ ’
" 2 L Gm-—s.s " 2 ! (Gm-s.m—s - Im—s) + T, -5
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where the form of both T, and T,,_; is either

01 ¢« o610 e e «0] h
s T h
. .. .0 '
Toper = (1)""01"'1 Toptrdzner =| *
. . . .1 :
(1 ee e 10+« +0] h
or
(01 « ¢« =10« +0] h
. L e o o . h
. . . ) .
. * o 1 0 h
Toh =10 eeeOl--1 Tandan = | p_q |
1. L . L] \[
e e o e o o . h
Ll 10+ -0 h—1

\

according as s and m—s are odd or even, then X* satisfies (5.3). Put

n?+1 s—1

x=cha+d+1)—(m-1) 5 + 5
2 -
or (m—l)n+1—s 1—c(na-i-a?+l)
2 2
2 _ _ —
y=(m_l)n21+m ; 1—-c(na+d)

2 _ — 5 —
or c(na+d)—(m-—1)n21—m .29 1

according as m<2c or m>2c+1, and let

(%, X,0uus X) for odd s,
1 1 1 1

X = e X =, X + o X + 5 for even s and m < 2c,
[ — [ —

al = 5/2 5/2

<x+—1 x+—]— x—~1~ x—i) foreven s and m > 2¢ + 1
2"' b 2’ 2 9y 2 e b
L — [ —

s/2 s/2
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(,}’,y,u-,,)’) foroddm""'s,
1 1 1 1 f dm<?2
y+7,...,y+7,y—7,...,y—7 orevenm — sand m < 2c,
BT = (m—s)/2 (m— s5))2

—

<y — 5l —%,y +%,...,y +%> foreven m—sandm>2c+ 1,

N——t N
(m—s)/2 (m — s)/2
then, since m>c, it can be shown that a 0— 1 matrix B of size s x (m —s) satisfy-

ing Bj,,-,=a and BTj,= B can be constructed [1; 4]. Put

forc + 1+ cn_zl < m < 2¢, and

X,=X5+B
{ Xy = X3 —B"
X,=X%L—-B for m>=2+1,
[ X, = X3, + BT
then X* can be adjusted to X in order to satisfy (5.4) in addition to (5.3).

5.2. Construction of Y;

For a pair of given integers u, and u,, let

vy =(a+ Dc—(m-= Du,,

(5.5)
v, =ac—(m— Nu,,

vy p=12,...1t,
(5.6) Fip =

1)2 P=ti+1, Ii+2"“9 n,

Xi; — Uty — uy(n — t) i=1L2,.,m(j#1i)),
(5.7) sij = . .

x; =0 J=1,

for every i=1, 2,..., m, and denote rT =(r;;, Fiz5...s Fin)s ST=(Si1> Si25--+» Sim), Where
t; and x;; are the same given in Section 5.1.

LemMmA 5.1. If a 0—1 matrix Z; of size n x m satisfying
(5.8) Zjn=T1; and ZTj, =s;
can be constructed for appropriately chosen integers u, and u, satisfying

(5.9) u; + 1 <min(a + 1, n) and u, + 1 < min(a, n)
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for every i=1, 2,..., m, then the matrices Y,, Y,,..., Y,, which satisfy the condi-
tion 2) of Theorem 4.2, can be constructed.

ProoF. Let

Y
Y¥ = fori=1,2,....m
Y3

and put Y;=Y¥+Z, where Y¥=u,G",, Y%=u,GP, . and G, denotes
an hx m matrix whose elements in the ith column are all zero and others are
all unity. Then, since the upper and lower halves of row sum vector of Y¥ are
Y fijm=(m—1u,j, and Y%j,=(m—1)u,j,_,, respectively, and the column sum
vector of Y¥ is Y¥Tj,={u t;+u,(n—1t)}j'¥, and since (5.5) and (5.8) hold for
Z,, Y, satisfies (4.3), where j{ denotes an m-vector whose ith component is
zero and others are all unity. Moreover, since each element in the first ¢; rows
of Y, is at most u, +1 and each element in the last n—t¢; rows of Y; is at most
u,+ 1, (5.9) shows that Y; satisfies (4.4).

The construction of Y, is, therefore, reduced to the construction of Z; which
will be seen in the following:

(a) Caseniseven. Putu, =% and u2=% —1, then u, and u, satisfy (5.9),

since a> % holds by the condition (ii) of the sufficiency. Since s;; takes either
n—d—1 or n—d except s;=0, and since O0<v;<m—1,0<v,<m—1 hold by
condition (ii), it can be verified easily that a 0—1 matrix Z, satisfying (5.8) can
be constructed for every i=1, 2,..., m [1; 4].

(b) Casenisodd. When n=1, it is seen easily that the matrix X itself given
in Section 5.1 is an adjacency matrix M satisfying the conditions (a) and (b) in
Theorem 4.1. Thus we consider the case n>3.

Now put r=md+s, and three subcases with respect to r will be examined
separately.

(1°) Case 0£r<mn<1— mz:;l ) Putu,= n-|2—1 and u,= n—2-l , then u,

and u, satisfy (5.9), since a> n;—l can be obtained from the inequality 7n£n—
<l- mz_c L and the condition (ii). In this case, s;; takes either é— (n—2d-13),
—é(n —2d—1) or f;(n —2d +1) except s;=0, and satisfies the inequality 0<s;;<n,
since d < n—2— 3 can be derived as follows:

r _ nm—1) n—1 _ n(m-—1) n—1
ds_m_<n 2¢c < 2 ta 2¢ < 2

Moreover, v; and v, satisfy O<v,<m—1 and O<v,<m—1 by the inequality
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r m—1
mn <1- 2c
matrix Z; satisfying (5.8) can be constructed for every i=1, 2,..., m [1; 4].

o _ m—1 m—1 _ _ n—1
(2°) Case mn(l % >Srgmn 3o Put Uy =ty=—5—

and u, satisfy (5.9), since a> can be obtained from the inequality r <mn

and the condition (ii). Thus it can be verified that a 0—1

, then u,

n+1
2

and the condition (ii). In this case, 0<v, <m—1 and 0<v,<m—1 hold.

For the case m>2c+1, s;; takes either »”;1 or _n%i except s;=0.
Thus a 0—1 matrix Z; can be constructed for every i=1, 2,..., m [1; 4].

For the case c+1+ c_zl <m<2c. Foreveryie{l,?2,...,s},s; takeseither

n—1 n+1 n+
2 » 2 o2
1 2c—m 1 . . .
not greater than x4+ > =(m-—s) >m + 5 where x is the same given in
Section 5.1(b). It can be verified that a 0—1 matrix Z; can be constructed
n—3 n-—1
2 2
except s;=0 and the frequency of the third value is not greater than

m—1
2c

3 except s;=0 and the frequency of the third value is

[1;4]. For every ie{s+1, s+2,..., m}, s;; takes either
n+1
2
m;s . It can be verified that a 0—1 matrix Z; can be constructed [1; 4].

or

(3°) Case mn m2: <r<mn. Put u,= n; and u2=—n—;~3-, then u,
and u, satisfy (5.9), since a> _n;_l holds by the condition (ii). In this case,

sij

takes either -+ (3n—2d~3), - (3n—2d—1) or & (3n—2d+1) except 5;,=0

and satisfies the inequality 0<s;;<n. The latter can be verified by showing

that d > ntl .
n+1 n+1 . _r s _ (m—1)n
In the case a> —5—, we have d> — , since d = T e
— S sa- S 5"l 1y the case a= =L, we also have d > P,
m m 2 2 2
since we have
d__r___i_(m——l)nz n(n—1) s
m m 2c 2 m

n? c—1\_nrn-1) m—1 _n—1  2c—=—m _ n—1
<1+n2c> 2 m -2 t T ame T2

by using condition (ii), s<m—1 and the fact that m <2c holds in the case (3°).

The inequalities 0<v, <m—1 and O<v,<m—1 can also be verified easily in
this case. Thus it can be verified that a 0— 1 matrix Z; can be constructed [1;

4].
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5.3. Construction of M};

(a) Case n is even. In the case n>4, y;,;and n—y;,, takes either % +1,
% or % —1 for every pairof i and j (#1i). Thus it can be shown easily from [1;
4] that a 0—1 matrix M¥; of order n satisfying (4.5) can be constructed for
every pair of i and j satisfying 1<i< j<m.

In the case n=2, a little consideration is needed. When d =0, the inequality
ac—x>[s/2] holds, where x is the same in Section 5.1(a) and [t] is the greatest
integer not exceeding t. Thus, we can construct a matrix Y; in a way such that
Viz,j=1 for j(1<j<s) satisfying j—1=i, i+1,..., i+[s/2]—1mods for every
ie{l,2,..,s}. When d=1, the inequality ac>[(m—s)/2] holds. Thus, we
can construct a matrix Y; in a way such that y;, ;=1 for j (s+1< j<m) satisfy-
ing j—1=i,i+1,..., i+[(m—s)2]—-1modm—s for every ie{s+1,..., m}.
Hence, we can exclude the case in which both (y;q;, Vi ;) and 2—y;;.: 2—y;2.)
are either (0, 2) or (2, 0). We can construct M¥; for all i< j.

(b) Case nis odd. In the case O<r<mn(1-— m=1 s Vip.; takes either
P.J

2c
n-53 , n-|2-1 or n—2-1 and n—yj,; takes either ntl n—1 n-3.

AR or 5 In
m—1 m—1 . n+1
the case mn(1— 3e ) STSmMn—5-—, yip and n—y;,; takes either 3
n—1 m—1 . n+l1 n—1
5 In the case mn o <r<mn,y,; takes either > 3

n—3 . n+3 n+1l n—1
5 and n—y;,; takes either P i et In any one of the

above cases, it can be shown easily from [1; 4] that a 0—1 matrix M¥ of order
n satisfying (4.5) can be constructed for every pair i and j satisfying 1<i<
j<m.

or

or
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