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§1. Introduction

Let η be the canonical complex line bundle over the standard lens space mod

L"(p') = S2»+ηZpr (p: p r i m e , r^ί n^O).

Then, we have the stable classes

(1.1) σ = η - \eK(L\f)), rσ = rη - 2 eKO(L»(//)),

where r is the real restriction. On the orders of the powers of these elements, the

following results are proved in [1, Th. 1.1]:

(1.2) σ1 e £(L"(pΓ)) is of order p'+Un-t)/{P-i)l for \ ^ / ̂  n ? and σ»+i = 0.

(1.3) // p is an odd prime, then (rσ)1 e Kb(Ln(pr)) is of order p'+[(»-20/(ι»-i)]

for 1 ̂  i ^ [n/2], and ( r σ ) [ n / 2 H l = 0.

The purpose of this note is to prove the following theorem, by using the

partial result of M. Yasuo [5, Prop. (3.5)] which shows the theorem under the

assumption n φ 1 (4):

THEOREM 1.4. In the reduced KO-group K0(Ln(2r)) ( r^2) , the order of

(rσ)1 is equal to

2r+n-2i+i if n = 0(2), 2'+»~2i if n = 1 (2), for 1 ̂  ί ^ [n/2];

1 i / n # 1(4), 2 if n = 1(4), for i = [n/2] + 1;

and 1 for i ^ [n/2].+ 2.

As an application of this theorem, we have the following corollary by the

method of M. F. Atiyah using the y-operation.

COROLLARY 1.5 (cf. [3, Th. C, Prop. 7.6]). The (2n + l)-manifold L"(2r)
(r^.2) cannot be immersed in the Euclidean space R2n+2L and cannot be im-
bedded in |{2π+2L+i) w n e r e
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max|/|l ^ ί^ [n/2],( n t ' ) # 0 (2'+"-2ί+ί)} if n~ 0(2),

max jf I 1 ̂  i g [n/2],( w + z' ) #0 (2^"2 ί)} if n s 1 (2).

§ 2. Some relations in K(Ln (2Γ))

In this section, we study some relations in the reduced .K-group

The element σeK(Ln(2r)) in (1.1) satisfies the relations

(2.1) σn+ί = 0, (1 + σ ) 2 r - 1 = 0 ,

(cf., e.g., [1, Prop. 2.6]). Consider the following elements in K(Ln(2r)):

(2.2) σ(0) = σ, σ(s) = (1 + σ)2 s - 1 = 2σ(s-1) + σ ( s - 1 ) 2 (0 < s ^ r) .

LEMMA 2.3 ([2, Prop. 3.2]). For any integers /c0,..., fcs_!^0 and ks>0

(O^s^r) , we /ίαi e the following in K(Ln{2r))\

PROOF. If s = 0 and h = n — kΌ<0, then the relation is obtained from σ"+1

= 0 in (2.1).

Assume inductively that h^O and the relation on ασ(s)k (α = Πr=oσ(0 f c t)

holds for k> ks. Since (1 + σ(s))2r~s-1 = 0 by (2.1-2), we have

2hocσ(s)ks-1+i = 0 .

If i = 2vj^2 and j is odd, then /i(/c0,..., fcs~l + f) = ft~(i-l)^Λ-ι;. Thus the

above equality and the inductive assumption imply 2r~s+h(xσ(s)ks = 0.

Assume inductively that ^ 1 , h<0 and the relation on aa(s—l)k (α =

Πϊ=o°(t)kt) holds for /c>0. Then, by using (2.2), we see

) 2 ' - s + Λ + i α σ ( 5 - l ) 2 ^ ~ i = 0,

as desired, since h(k0,..., fe5_2, fcs_ 14- 2fes — i) ̂  2/ι + i < Λ + Ϊ.

Therefore, we have the lemma by the induction. q. e. d.
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LEMMA 2.4. For any integers fc0,..., ks_ί^0 and ks>l^.O ( 0 ^ s < r ) , we

have the following in K(L"(2Γ)):

ιaσ(s)k°-1 (α =

where h' is any non-negative integer such that

PROOF. We see easily that 2h'+ιaσ(s)k°-ι-2σ(s + l) = 0 if /c5-l>/Ξ>0, by

the above lemma. Thus we have the lemma by σ(s+l) = σ(s)2 + 2σ(s) in (2.2).

q. e. d.

LEMMA 2.5. lfθ<s<r, d^O, k>0 is even and n<d + 2sk, then we have

the following in K(L\2r)) ( r ^ 2 ) :

2 r- s- 2 + f cΣ?=o2 f c ( 2 t"υσ dσ(s - t) = 0.

PROOF. For any 0<t^s, we show the equality

2r-s-ισd(σ(s~t+\)2t~lk - σ(s-t)2tk) = 2r-s-2+2tkσdσ(s-t).

By (2.2), the left hand side of (*) is equal to

If / = 2y7 and y is odd, then we see easily from n<d + 2sk that

r - u - l + l + [ ( n - l - d - 2M(2ίfc - /))/2"+1]

^ r - s - 1 + i + t - v.

Thus, by the above lemma and the assumption that k is even, the above sum is

equal to

Σ 2 ΓΛ(- I)1"

which is equal to the right hand side of (*).

Since n<d + 2sk by the assumption, we see that 2r~5"1σdσ(s)fc =

{-\)k-ι2r-s-2+kσdσ{s) by the above lemma and that σd + 2 s f c = 0 by (2.1). There-

fore, we obtain the desired equality by summing up the equalities (*). q. e. d.

LEMMA 2.6. // 0 < s < r , d^O, /c^3 is odd and n<d + 2sk9 then we have

the following in K(Ln(2r)) ( r ^ 2 ) :

d+2s"1σ( ιy)} = 0 ,
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where 2 r- s-2+*σd+2s~1σ(s) = 0 if n + 2s-1^

PROOF. We see easily that

2r's-ισdσ(s)k = ΣΪ=Ό1(κ

2S

i)2r-5-ίσd+2s-iσ(s)k-1 (by (2.2))

by the assumption n<d + 2sk and Lemma 2.3. Hence we have

by Lemma 2.4. Since tt<d + 25 + 2 s(fc-l) and /c — 1 > 0 is even, this implies the

desired equality by the above lemma, where the last term is zero if n + 2s~1

gc/ + 2s/c by Lemma 2.3. q.e.d.

§ 3. Proof of Theorem 1.4

To study some relations in K0(LM(2r)), we use the following result due to

M. Yasuo [5, (A. 13)]:

(3.1) The complexification c: KO(Ln(2r))-+K(Ln(2r)) is monomorphic if

us3 (4).

LEMMA 3.2. For the real restriction rσ(s) ε K0(Ln(2r)) of σ(s) in (2.2), we

have

rσ(s+l) = 4rσ(s) + (rcr(s))2 (0 g s < r) .

PROOF. Since 1 + σ(s) = η25 is a complex line bundle, we see that

(3.3) crσ(s) = - 2 + (1 + φ ) ) + 1/(1 + σ(s)) = σ(S)
2/(l + σ(s)).

Therefore, by the fact that c is multiplicative and (2.2), it holds that

c(4rσ(s) + (rσ(s))2) = (2σ(s) + φ ) 2 ) 2 / ( l + σ(s))2 =

Thus we have the desired equality for MΞ3(4) by (3.1) and so for any n by the

naturality. q.e.d.

LEMMA 3.4. For any integers k0,..., / ^ . ^ O and ks>0 (O^s^r), we have

the following in K0(Ln(2r

where k = 1 + [(4m + 2 - Σ?=o2ί+1fcί)/25].
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PROOF. By (3.3) and Lemma 2.3, the c-image of the left hand side is zero

in X(L4m+3(2r)) Thus we see the equality for n = Am + 3 by (3.1) and so for n

by the naturality. q.e.d.

LEMMA 3.5. For any integers k0,..., ks-1^:0 and ks>l^0 (0:gs<r), we

have the following in K0(Ln(2r)) (n<Ξ4m + 3):

'} = 0,

where k' is any non-negative integer such that

k"^r-s + [(4m + 2 - Σί

PROOF. We see the lemma using Lemmas 3.4 and 3.2, by the same way as

Lemma 2.4. q.e.d.

Now, we are ready to prove Theorem 1.4.

LEMMA 3.6. The following holds in K0(L4m+1 (2r)) ( r ^ 2 , m>0) :

2'+4m+i-2i(rσ)i = 0 for 1 g i g 2m .

PROOF. By applying the above lemma for s = 0, /co = 2m, /c' = r + l , we see

that 2 r + 1(rσ) 2 m = ( - l ) i 2 r + 1 + 2 ( 2 m - ί ) ( r σ ) ί for l<^i<L2m. Hence, it is sufficient to

show the equality for i= 1, which is a consequence of

w 2r+2m-2rσ(\) 4- 2r+4mrσ = 0 in XO(L 4 m + 3 (20) ,

(**) 2r+2m-2rσ(i) + 2 r + 4 m " 1 rσ = 0 in K0(L*m+1 (21")).

By Lemma 2.5 for n = 4m-f-3, s = l , ί/ = 0 and A; = 2m + 2, we have

2''+ 2 w-1σ(l) + 2 r + 4 w ί + 1σ = 0 in K(L 4 w t + 3(2Γ)).

This and Lemmas 2.3-4 show the equality

2r+2m-2σ(1)2 + 2r+*mσ2(l + σ) = 0 in K ( L 4 w + 3 (2Γ)).

Multiplying this by 1/(1 + σ)2, we obtain the c-image of (*) by (3.3), and hence

(*) by (3.1).

By Lemma 2.6 for π = 4m + l, s = l, d = 0 and /c = 2m + l, we have

2r+2m-2σ(1) + 2^4m-3σ3 = Q j n K(L*m+ί (2r)) .

Thus, we see by Lemma 2.4 that

2r+2m-2σ(1) + 2r+4m-lσ = Q in K(L4m+l (2r)) ,

whose r-image is (**). q.e.d.
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PROOF OF THEOREM 1.4. By [5, Prop. (3.5)], it is sufficient to prove the

theorem for the case n = Am + 1.

Since c{rσ)i = σ2il{\-\-σ)i by (3.3), we see immediately that (rσ)f e

KO(L4m+1(2r)) ( r ^ 2 , m>0) is of order 2 r + 4 m + 1 " 2 i for l ^ ί ^ 2 m , by the above

lemma and (1.2).
Now consider the commutative diagram

κδ(s8m+4) - A κb(CP4m+2) -̂ -» κb(CP4m+1)

-

for m^O, where L^w + 2 = L4 m + 1(2 r) U 6>8w+4 is the (8m + 4)-skeleton of L4 m + 2(2 r)

and π is the restriction of the natural projection π: L 4 m + 2 (2 r )->CP 4 m + 2 onto the

complex projective space CP4m+2. It is proved by B. J. Sanderson [4, Th. (3.9)]

that the image of KO(S8m+4) = Z by the upper p is generated by 2y2m+1, where

y is the real restriction of the stable class of the canonical complex line bundle

over CP4m+2. Hence (rσ)2m+ί = Vπιy2m+ί e KO(L4 m + 1(2 r)) is of order 2, since

the lower sequence in the above diagram is exact. q. e. d.
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