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§1. Introduction

Let # be the canonical complex line bundle over the standard lens space mod
"

Ln(pr) = S Z, (p: prime, r=1; n 2 0).
Then, we have the stable classes
(1.1) o =n—1eR(LYp), ro=rn—2eKOLYp)),

where r is the real restriction. On the orders of the powers of these elements, the
following results are proved in [1, Th. 1.1]:

(1.2) oie R(L"(p")) is of order pr*tn=bi-V1 for 1 <i<n, and o"*! = 0.

(1.3) If pis an odd prime, then (ré)iel?b(L"(pr)) is of order pr+l(n=20)/(>=1)]
fO" 1 é i é [n/2]’ and (ra)[rl/ZIfl = 0.

The purpose of this note is to prove the following theorem, by using the
partial result of M. Yasuo [S5, Prop. (3.5)] which shows the theorem under the
assumption n#1(4):

THEOREM 1.4. In the reduced KO-group KNO(L"(2’)) (r=2), the order of
(ro)t is equal to

2rin=2141 jf = 0(2), 22 if n=1(Q), forl=Zi=Z[n/2];
1 ifn#1@4)), 2 if n=14), fori=[n/2]+1;
and 1 fori=[n/2] + 2.

As an application of this theorem, we have the following corollary by the
method of M. F. Atiyah using the y-operation.

COROLLARY 1.5 (cf. [3, Th. C, Prop. 7.6]). The (2n+1)-manifold L(2")
(r=2) cannot be immersed in the Euclidean space R*"*2L and cannot- be im-
bedded in R2"+2L*1 where
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§2. Some relations in K(L*(2"))

In this section, we study some relations in the reduced K-group
RL2y)  (rz2).
The element o € K(L"(2")) in (1.1) satisfies the relations
2.1 o"1=0, 1+0)?*—-1=0,
(cf., e.g., [1, Prop. 2.6]). Consider the following elements in K(L"(2")):
(2.2) a(0) =0, o(s) =1 +0)* — 1 =20(s—1) +o(s—1)? O<s<r).

Lemma 2.3 ([2, Prop. 3.2]). For any integers kg,..., k_ ;=0 and k>0
(0<s<r), we have the following in K(L"(2")):

2t Ticpo(D* =0 if r —s + h 20,
[Eooo(®*c=0ifr—s+ h<0,
where h= h(kg,..., k) =1 + [(n — 1 — X5_,2k,)/2].

Proor. If s=0 and h=n—ky<O0, then the relation is obtained from o"*!
=0in (2.1).

Assume inductively that h>0 and the relation on wao(s)* (a=T]iZdo(t)*:)
holds for k>k,. Since (1+0a(s))* *—1=0 by (2.1-2), we have

2r-sthyg(s)ks + i:;;,( 2";5 >2haa.(s)k,—1+i =0.

If i=2vj>=2 and j is odd, then h(k,..., kk—1+i)=h—(i—1)Sh—v. Thus the
above equality and the inductive assumption imply 2"~s+hag(s)*s =0.

Assume inductively that s>1, A<0 and the relation on ac(s—1)* (a=
[Tszdo(8)*e) holds for k>0. Then, by using (2.2), we see

2r-s+hyg(s)ks = {"éo( ks >Zr—s+h+iaa.(s_ 1)2ks=i = 0,

i

as desired, since h(ko,..., ky_ o, ks +2k,—i)S2h+i<h+i.
Therefore, we have the lemma by the induction. q.e.d.
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LEMMA 2.4. For any integers kq,..., k=0 and k;>1=0 (0<s<r), we
have the following in K(L"(2%)):

2Wag(s)s = (—1)2% +ao(s)t  (x = [Tizho(D*),
where h’ is any non-negative integer such that
W zr—s+[(n—1- 3i2k)271].

Proor. We see easily that 2% *lao(s)ks~!"20(s+1)=0 if k,—1>1=0, by
the above lemma. Thus we have the lemma by o(s+ 1)=0(s)2+2a(s) in (2.2).
g.e.d.

LemMma 2.5. If O0<s<r, d=0, k>0 is even and n<d+2%k, then we have
the following in R(L"(2")) (r=2):

2r=s=2tkYs_ 2k =Dgdg(s — f) = 0.
Proor. For any 0<t=<s, we show the equality
(%) 2r-s~lgd(g(s—t+ 1)2' 7'k — g(s—1)2'k) = 2rs"2+2%gdg(5—1),

By (2.2), the left hand side of (x) is equal to

-1
%:#( i )zf—s—wada(u)“-i (u=5-120).

If i=2vj and j is odd, then we see easily from n<d+ 25k that
r—u—14+14+[n—-1-d-2%2% — i)2*1]
Sr—s—1+4+i+t—o

Thus, by the above lemma and the assumption that k is even, the above sum is
equal to

28Tk (— ])in1 ( 2';1]‘ >2r—s-1+i+2‘k—i—la-da-(u) ,

which is equal to the right hand side of ().

Since n<d+2s%k by the assumption, we see that 2" 5"lglo(s)k=
(= 1)k~12r-s=2+kgdg(s) by the above lemma and that ¢¢*2**=0 by (2.1). There-
fore, we obtain the desired equality by summing up the equalities (x). qg.e.d.

LEMMA 2.6. If O<s<r,d=0, k=3 is odd and n<d+2sk, then we have
the following in R(L"(2") (r=2):

2rs=2tk{gdg(s) + Y32k D@ =D-1gdt g (s —f) + ¢4+ 'g(s5)} =0,
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where 25=s-2+tkgd+2 " lg() =0 if n+25"1<d + 2% .

Proor. We see easily that
2-s-lgdg(s)k = Y201 ( 2;>zr—s—lo-d+25—io-(s)k-l (by (2.2))

- 2r—s—10.d+2’a(s)k—1 + 2r—so.d+2='lo.(s)k—1
by the assumption n<d+ 25k and Lemma 2.3. Hence we have
2r—s-—2+ka-da(s) = 2r-s—3+ko.d+zsa.(s) — 2r—s—2+ko-d+2-“‘o-(s) ,

by Lemma 2.4. Since n<d+25+2%k—1) and k—1>0 is even, this implies the
desired equality by the above lemma, where the last term is zero if n+42s!
<d+25%k by Lemma 2.3. g.e.d.

§3. Proof of Theorem 1.4

To study some relations in I’(VO(L"(Z')), we use the following result due to
M. Yasuo [5, (A. 13)]:

(3.1) The complexification c: KFB(L"(Z’))—>K~(L"(2')) is monomorphic if
n=3(4).

LEMMA 3.2. For the real restriction ra(s)eI?b(L"(Z’)) of a(s) in (2.2), we
have

ro(s+1) = 4ra(s) + (ro(s))? O0O=s<r).

Proof. Since 1 +0(s)=#n? is a complex line bundle, we see that
(3.3) cra(s) = — 2 + (1 + a(s)) + 1/(1 + a(s)) = a(s)?/(1 + a(s)).
Therefore, by the fact that ¢ is multiplicative and (2.2), it holds that

c(4ra(s) + (ra(s))?) = (20(s) + o(s)*)*/(1 + o(s))* = cro(s+1).

Thus we have the desired equality for -n=3(4) by (3.1) and so for any n by the
naturality. g.e.d.

LeMMA 3.4. For any integers ky,..., k_ 120 and k,>0 (0<5=r), we have
the following in I?(i)(L"(Z')) (nsd4m+3):

2t Toco(ra()ke =0if r —s + k20, TL-o(ra(®)*=0ifr —s+ k <0,

where k = 1 + [(4m + 2 — T5_,2'*1k,)/2¢].
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Proor. By (3.3) and Lemma 2.3, the c-image of the left hand side is zero
in K(I#m*3(2r)). Thus we see the equality for n=4m+3 by (3.1) and so for n
<4m+3 by the naturality. q.e.d.

LeEMMA 3.5. For any integers kg,..., k,_120 and k,>1=0 (0<s<r), we
have the following in I?b(L" 2") (n=4m+3):

2XTTsz8(ra()*{(ra(s))*s — (—1)!22 (ra(s))k~'} = 0,
where k' is any non-negative integer such that
kZr—s+[(@4m+2— 35 g2 k)/25t1].

ProoF. We see the lemma using Lemmas 3.4 and 3.2, by the same way as
Lemma 2.4. q.e.d.

Now, we are ready to prove Theorem 1.4.
LeEMMA 3.6. The following holds in I?b(L“'"“(Z')) (r=z2, m>0):
2rtam+1=2i(pg)i =0  for 1 ZiZ2m.

Proor. By applying the above lemma for s=0, kg=2m, k'=r+1, we see
that 2r+1i(rg)?m=(—1)i2r+1+22m=i)(rg)i for 1<i<2m. Hence, it is sufficient to
show the equality for i=1, which is a consequence of

(*) 2+2m=2pg(1) + 2*4mrg = 0 in KO(L4"+3(27)),
(%%) orim=2pg(1) 4 2rtam—lpg =0 in KO(L4"*1(2)).
By Lemma 2.5 for n=4m+3, s=1, d=0 and k=2m+2, we have
2r¥am-ig(]) 4 2rtémtig = 0 in  K(L4m+3(2)).
This and Lemmas 2.3-4 show the equality
2r+2m=2g(1)2 4 2r+4mg2(] + g) =0  in K(L*m*3(2)).

Multiplying this by 1/(1+0)?, we obtain the c-image of () by (3.3), and hence
(*) by (3.1).
By Lemma 2.6 for n=4m+1, s=1, d=0 and k=2m+1, we have

2r+2m-20-(1) 4 2r+a4m=353 _ () in K(L4m+1(2r))_
Thus, we see by Lemma 2.4 that
2r+2m-—20(1) 4 Qrtam—1g5 — () in K(L4m+l @),

whose r-image is (kx). q.e.d.
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Proor orF THEOREM 1.4. By [5, Prop. (3.5)], it is sufficient to prove the
theorem for the case n=4m+ 1.

Since c(ro) =02 /(1+0) by (3.3), we see immediately that (ro)ie
I?(')(L“"‘“(Z’)) (rz2, m>0) is of order 2r+4m*1-2i for | <i<2m, by the above
lemma and (1.2).

Now consider the commutative diagram

K’\O'(Ssmﬂ)_L}]?'O(CP‘tmn)_i_!_)k\’o(cp4m+1)

| b I+

K’5(58m+4) J! 1?'0([14»#2) i! I?b(L“’"H(?,"))
— 0 —

for m=0, where L{m+2=L4m*t1(2r)y e8m*4 is the (8m+4)-skeleton of L#m+2(2r)
and 7 is the restriction of the natural projection m: L*m*2(2")—CP4"*+2 onto the
complex projective space CP4"*2, 1t is proved by B. J. Sanderson [4, Th. (3.9)]
that the image of I%(Ssm+4)=Z by the upper j' is generated by 2y?m*1 where
y is the real restriction of the stable class of the canonical complex line bundle
over CP4"*2 Hence (ro)*" l=i'n'y2m+l ¢ IE\(')(L“'"“(?)) is of order 2, since
the lower sequence in the above diagram is exact. q.e.d.
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