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1. Introduction

Let L be a finite-dimenuional Lie algebra over a field f of characteristic zero, 4 a
commutative associative algebra over f with an identity, and L< A. In this paper, we
first extend the Lie structure on L to A by means of some derivations of 4. After
presenting examples of such Lie algebras and showing a way to give a Lie structure
on a localization of A, we study the Lie structures on the formal power series ring
and some factor algebras of polynomial algebras.

2. Notations and preliminaries

Poisson Lie structure (Berezin [1]): Let L be a finite-dimensional Lie algebra
over a field T of characteristic zero and ¢}/ the structure constants with respect to a
basis {x,,...,x,} of L.Let C*(R") be the set of all C* function on R". Then the
Poisson Lie structures on C*(R") is given by

Lf g1 =Zi,j,kcijxk(af/axi) (ag/axj) for f, geC*(R").

Let U(L) be the universal enveloping algebra of L and U (L) the vector space
spanned by the products y;...y,, where y,,...,y,eL and p<n. Let S(L) be the
symmetric algebra of the vector space L and S"(L) the set of elements of S(L) which
are homogeneous of degree n. By making use of the canonical mapping =, of U,(L)
onto S"(L), we can obtain a Lie structure on S(L) as follows: Let peS™(L) and ge S"(L),
and take elements peU,(L) and §eU,L) such that =, (p)=p and =n,(G)=q. The
Poisson bracket [p, q] of p and q is defined to be =, ,_ ([P, 1) ([3, p- 97]). By a
simple computation we can see that this Lie structure on S(L) is the same as the
Poisson Lie structure on the polynomial algebra [x,,..., x,].

Profinite Lie algebra (Christdoulou [2]): Let 4,, (meN) be a finite-dimensional
Lie algebra and f,,, a homomorphism of 4,, into 4, for m>n. Let A be the inverse
limit lim {4, f,..}- Then 4 is a profinite Lie algebra in the following sense: Let f,, be
a canonical homomorphism of 4 onto 4,, and K, =Kerf,,. Then the set {K,,: me N}
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satisfies (i) A/K,, is a finite-dimensional Lie algebra for each me N, (ii) Npen K =0,
(iii) for each m, ne N there exists pe N such that K, = K, NK,. If we give a topology
on A taking as a closed subbase the set {x + U: xe A, U is a subspace of 4 such that
K,,cU for some meN}, then A is compact with this topology. If each of A4,, is
nilpotent, solvable, then 4 is called to be pro-nilpotent, pro-solvable respectively.

3. Definition

Let L be a finite-dimensional Lie algebra over a field  of charcteristic zero with
a basis {xy,..., X,}. Let A be a commutative associative algebra over ¥ with an
identity 1 and having derivations d,,...,d, satisfying the following conditions; for i, j
=1,...,n,

Le A, d(x))=0,;, dd;=dd,.
For any elements a, be A, we define the product of them by
La, b] =3 )[x: x;1di(a)d (b)
=Y ixcixd(a)d(b)

where ci/ are the structure constants with respect to a basis {x,...,x,} of L.By a
slightly longer computation we can see that 4 is a Lie algebra with this product. We
denote this Lie algebra by

L(L; A, {d;}).

ExampLE 1. The Lie structure of L(L; C*(R"), {0/0x;}) is the same as the
Poisson Lie structure on C*(R").

ExaMPLE 2. Let 4 be a commutative associative algebra over f with an
identity 1 and have derivations d,,...,d, satisfying the conditions; L< 4, d(x;) = J;j,
dd;=dgd; (i,j=1,...,n). Let B be a commutative associative algebra and d a
derivation of B. Consider the tensor product A®,B of the associative algebras 4
and B over I. Let us define the derivations D,,..., D, of A®,B by

Di=di®lB+IA®d (i=1,...,n).

Then we consider a Lie algebra L(L; A®,B, {D;}). For elements a®b, e®f of this
Lie algebra, the product of them is given by

[a®b, e®f]=[a, e]®bf + [a, x]e@bd(f) — a[e, x] ®d(b)f,

where x=Y;2,x;, and the products [a, €], [a, x] and [e, x] are calculated in L(L; 4,

{d:}).
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ReEMARK. ForaLiealgebra L(L; 4, {d;}), we can see that a Lie structure on the
associative subalgebra L, generated associatively by Lis independent of a choice of
a basis of L. Let {y;,..., y,} be another basis of L and v,,..., v, derivations such that
viy))=0;; viv;=v; (i, j=1,..,n). Set y;=Y " ,a;,%,, X; = Z.,i,b,-qu (a;p, bi,€l). It is
easy tosee that v, = (32, bs,ds)l - Hence we have v;=Y L, bd; on L. Therefore we
have, for a, beL,,

Yiilye yiJvda)(b)

=Y jpasiipligbsibe[Xp X 1d(a)d(b)

=Y pal%p X {25 Libsiti,)bija,0da)d (b)}
=YpalXp Xg1 (¥j.bija;d,(a)d (b))

=2 p.alXp Xg1d, (a)d (D).

4. Localization

Let A be a commutative associative algebra over a field f of characteristic zero
with an identity 1. Assume that A4 is an integral domain and has a Lie structure
whose Lie product [ , ]satisfies the condition: [ab, c]=[a, c]b+a[b, c](a, b, ce A).
Considering A4 as an associative algebra, we take a multiplicatively closed subset S
of A containing 1, and denote a localization of A by S~ !A4. We can extend a Lie
structure on A to S™'4 as follow.

PROPOSITION 1. Let A, S be given above. Then the localization S™ A is a Lie
algebra with the product

Ufs, 9/t1=(Lf, gdst+ g, sltf+[s, t1fg +[t, f1gs)/(s*t?)
(f; geA, s, tel).

Proor. We verify that this rule gives the same result for [ fu/su, g/t] (u€S). By
a slightly longer computation we can see that the Jacobi identity holds. Q.E.D.

Let G=L(L; A, {d;}) and S a multiplicatively closed subset of an associative
algebra A containing 1. Assume that A is an integral domain. We extend the
derivations d; to the localization S~'4 by

Df]s)=(d{f)s —fd(s))/s*

where fe A, seS (Kaplansky [4; Theorem 1.1]). Let L*=1L(L; S™'4, {D,}), and f/s,
g/t any two elements of L*. Then the product of them is

Lf7s, g/t] =Y [xi x;1D{f/5)Dg/t)
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= Yi.ilxi ;1 (d()s—fa(s)/s?) (d{(g)t —gdt))/t?)
=(Lf, g1st — [s, g1/t — L, t1gs + [s, t1/9)/(s*t).

Therefore the Lie structure of L* is the same as that of the localization S~ !4 given
in Proposition 1.

5. Lie structures of L(L ; [[x,,....x,]], {0/0x;})

Let Lbe a Lie algebra over f with a basis {x,...,x,} and G the Lie algebraL(L;
f[[xy, -5 x,]], {0/0x;}), where [[x,..., x,]] is the formal power series ring. For
meN, let K, be the ideal of G spanned by {}, ..., IxX§t--xpiky + -+ k,2m}, G, a
finite-dimensional Lie algebra G/K,, and =, the canonical homomorphism of G,,
onto G, (m>n). Then G is isomorphic to the inverse limit lim {G,,; 7,,}, in other
words, G is a profinite Lie algebra.

If Lis nilpotent or solvable, then a structure of G,, is deduced as follows.

LeEMMA 2. If L is nilpotent, then G,, is nilpotent for any meN.

Proor. Since [K,, ,K,]<K,,,, we have [G,,_,K,]<K, and so [G,,
m—1(K; + K)/K,, 1=0. On the other hand, since L is nilpotent, there exists an integer
n such that[G,, , (L +K,,)/K,,]=0. Therefore (G,,) =0 for r=mn+1. Q.E.D.

By induction on n, we see K{’<K,,, ;. From this we immediately have
LEMMA 3. If L is solvable, then G,, is solvable for any meN.
Summing up these results we have

PROPOSITION 4. Let G be a Lie algebra given above. Then G is a profinite Lie
algebra and if L is nilpotent or solvable, then G is pro-nilpotent or pro-solvable
respectively.

6. Lie structures on f[x,,..., x,, y]/(y*>— 20y + B)
Let L be a finite-dimensional Lie algebra over f with a basis {x,,..., x,} and R be
the polynomial algebra f[x;,..., x,]. Consider the polynomial algebra R[y] over R
and take a polynomial T(y)=y?—2ay+ f (o, feR). Let A(T(y)) be a commutative
associative factor algebra R[y]/(T(y)), where (T(y)) is the ideal of R[y] generated by

().
We first extend a derivation d/0x; on R to A(T(y)).
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LEMMA 5. There exist derivations d,,..., d, of A(T(y)) such that dd;=d;d; and
d)|g=0/0x;(i,j=1,...,n) if and only if B— o’ ¥ and there exists an element b of R such
that for i=1,..., n,

d{y) = d{«) — ady(b) + d{(b)y
= (Oa/0x;) — (0b/0x;) + (Ob/dx,)y.

Proor. Letd;,..., d, be the derivations of A(T(y)) satisfying the conditions
given above. We set d(y)=a;+ b,y (a;, b;eR). Since d(T(y)) =0 and d,d (y)=d d(y) in
A(T(y)) (i, j=1,..., n), we have the equivalent conditions; for i, j=1,..., n,

(1) a;+ab;=d(a), (2) 2aa;+ 2pb; = d{(p),
(3) diby)=dyby, 4) dfa)+abj=d;(a;)+ apb;.

If B—a? #0, then by (1), (2) we have 2(a> — B)b; = d (x> — ). Therefore b;=0 (i=1,...,
n) and f—o?et. In this case a derivation d,, defined by d,(y)=d,(x), satisfies all
conditions given in the proposition.

Assume that f=a?. Then by (3) there exists an element b in R such that, for i
=1...,n,

b, =db) = 0b/0x;.

Hence by (1), a;=d(a) — ad(b). In this case the derivation d,, defined by d,(y)=d(x)
—oad(b)+d(b)y, satisfies all conditions given above.

LEMMA 6. Let A, B be commutative associative algebras over t and ¢ be an
associative isomorphism of A onto B. Assume that A contains a Lie algebra Land
derivations dy, ..., d, of Aand derivations D,..., D, of B satisfy the conditions; d.d;
=d;d;, D;D;=D;D;, d{(x;)=0;;, D;¢p=¢d; (i, j=1,..., n). Then the map ¢ is a Lie
isomorphism of a Lie algebra L(L; A, {d;}) onto a Lie Igebra L(¢(L); B, {D,}).

We denote by d*®(y)=dx)— ad(b)+d(b)y. Now we set about proving the

following results.

THEOREM 7.  Let cef. Every Lie algebra L(L; A((y—a)*+c),{d®?}) is isomor-
phic to the Lie algebra L(L; A(y*+c), {d2"}), where b is taken as 0 in the case that
¢#0. The Lie product of any two elements of the Lie algebra L(L; A(y*+c), {d"})
is given by, for p, q, S, teR,

[p+aqy, s+tyl=[p, s1—clq, t]1+([q, s]1+[p, t])y (c#0),
[p+qy, s+tyl=[p, s]1+([p, t1+[q, s1+4q[b, s1+[p, bl)y  (c=0).

PrROOF. Let ¢ be a linear map of A(y*+c)onto A ((y—a)*+c)defined by
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dp+qy)=p+q(y—a) (p, geR). Then the map ¢ makes sense. By simple
computation we can see that d®*¢= ¢d?(y) (i=1,..., n). Therefore the map ¢ is a
differential isomorphism of 4(y?+c) onto A((y—a)?+c). Hence by Lemma 6 and
the remark given in the section of Definition we have the first assertion.

The second assertion follows from the formula

(7, y1=X,0x x,1d00(r)d5""(y)
=2[r, x;1d,(b)y
=[r,bly (reR). Q.E.D.
COROLLARY 8.  The Lie algebra L(L; A(y?), {d?*}) is a split extension Ry 4 ,R

of the abelian Lie algebra Ry by R, where d,(qy)=([q, r]1+q[b, r])y (qeR). If ¢ #0,
then the Lie algebra L(L; A(y* + c), {d{*°}) is isomorphic to the Lie algebra R x R with

[(P, 0)» (O, t)] =([p’ t]’ 0), [(p’ O), (t’ O)] =(0, _C[p> t]) (P, tER)‘
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