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Abstract. When S is an algebraic scheme, and X ! S and Y ! S proper schemes

over S, we define the notion of correspondences from X to Y over S. And when

Y ! S is a relative abelian scheme and X is a normal variety, we give a charac-

terization for a correspondence from X to Y over S to be a graph of some morphism

X ! Y over S, which is a generalization of the result for classical correspondences in [4].

1. Introduction

Let a : X ‘ Y be a correspondence over a point, i.e., an element of the

Chow group of X � Y where X and Y are smooth complete algebraic varieties

[1, Chapter 16]. When a ¼ Gf is a graph of some morphism f : X ! Y , then

a satisfies the following 3 conditions:

(1) dimðaÞ ¼ dimðXÞ
(2) p�ðaÞ ¼ ½X �
(3) DY � a ¼ ða� aÞ � DX .

Conversely, if the conditions (1), (2) and (3) are satisfied and Y is an

Abelian variety, then a is a graph of some morphism [4, Theorem 2.7]. In the

paper [5], the notion of correspondences is generalized to the situation where

the base scheme can be any algebraic scheme, as far as the structure morphism

is proper. In this paper, we will show that the result of [4] is valid in this

general case, namely when Y is a relative abelian scheme over an algebraic

scheme S, X is scheme over S with the structure morphism proper, and a a

correspondence over S.

Convention and Notation. We work in the category of algebraic schemes

over a fixed field k. A variety means a reduced and irreducible scheme. A

scheme X is smooth when the structure morphism X ! Spec k is smooth.

A�X is the Chow group of X and A�X the Chow cohomogloy group (see

[1, Chapter 17]), with rational coe‰cients. The bivariant groups also have

rational coe‰cients. The notation X !da Y means that there exists a morphism

X ! Y and an element of the bivariant intersection group a A AðX ! Y Þ.
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2. Bivariant intersection theory and correspondences

The bivariant intersecction theory is defined and studied in [2] and [1,

Chapter 17]. The notion of correspondences over any base scheme is defined

and treated in [5]. In this section, we will briefly review them.

For a fixed morphism f : X ! Y , an element of the bivariant intersec-

tion group a A AðX ! YÞ determines a collection of homomorphisms between

the Chow groups; for any morphism j : ~YY ! Y , a determines a homomor-

phism aj : A�ð ~YYÞ ! A�ð ~YY �Y XÞ. When moreover there is another morphism

c : ~~YY~YY ! ~YY which is proper (resp. flat, resp. base extension of a regular

imbedding), then the homomorphisms aj and aj�c commute with the proper

pushforwards (resp. flat pull-backs, resp. Gysin maps). Conversely, if a

collection of homomorphisms of Chow groups

faj : A�ð ~YYÞ ! A�ð ~YY �Y X Þ j j : ~YY ! Yg

commutes with these three functorialities of Chow groups, then this collection

uniquely determines a A AðX ! YÞ.
The evaluation map ev : AðX ! YÞ ! A�X is defined by evðaÞ :¼ aidY

½Y �.
When Y is smooth, the evaluation map is bijective [1, Proposition 17.4.2], and

the functor sending ~YY ! Y to AðX �Y ~YY ! ~YYÞ is a sheaf in the proper to-

pology [3, Theorem 2.3]. One can compute the bivariant intersection groups

by using these facts (see [3]).

Definition 2.1. Let X and Y be algebraic schemes over S such that the

structure morphisms X ! S and Y ! S are proper. We define a correspon-

dence from X to Y over S to be an element of AðX �S Y ! X Þ. We write

a : X ‘ Y for the correspondence a A AðX �S Y ! XÞ. When a A A�dðX �S

Y ! XÞ, we define the dimension of a by dim a ¼ d.

Remark 2.2. A justification of this notion of correspondence is given in

the appendix, from the viewpoint of bivariant sheaves.

Remark 2.3. When X and Y are smooth and the base scheme S is the

point Spec k, the group AðX �S Y ! XÞ is isomorphic to A�ðX � YÞ by the

evaluation map, and by this identification, we consider this correspondence as a

generalization of the classical correspondences [1, Chapter 16].

Remark 2.4. Let a : X ‘ Y be a correspondence from X to Y . For

c A A�X , we define a�ðcÞ :¼ pY�ðaidX
ðcÞÞ where pY : X �S Y ! Y is the second

projection. Also for c A A�Y , we define a�ðcÞ :¼ pX�ðp�Yc � aÞ A A�X where
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pX : X �S Y ! X is the first projetion. One can easily check that these

definitions agree with the classical correspondences when X and Y are smooth

and the base scheme is the point.

Definition 2.5. When f : X ! Y is a morphism over S, with X and Y

proper over S, we define its graph correspondence gf : X ‘ Y to be Gf �1 A
AðX �S Y ! X Þ where Gf : X ! X �S Y is the graph morphism of f sending

x A X to ðx; f ðxÞÞ A X �S Y and 1 A AðX ! XÞ is the bivariant intersection class

defined as the identity operation.

Remark 2.6. For a morphism f : X ! Y over S with X and Y proper

over S, it is easy to check that f� ¼ gf � : A�X ! A�Y and f � ¼ g�f :

A�Y ! A�X .

Definition 2.7. When a : X ‘ Y and b : Y ‘ Z are correspondences, we

define their composition b � a : X ‘ Z to be pXZ�ðp�Yb � aÞ A AðX �S Z ! XÞ,
where pXZ : X �S Y �S Z ! X �S Z and pY : X �S Y ! Y are the natural

projections, as in the diagram below:

X �S Zx???pXZ

X �S Y �S Z ���!
p �
Y
b

X �S Y ���!da X???y
r

???y pY

Y �S Z
db

Y???y
Z

��������!

Remark 2.8. The composition of correspondences is associative, and

the push-forward and pull-backs of Chow groups as in Remarks 2.4 are

functorial. When f : X ! Y and g : Y ! Z are morphisms over S, then

gg � gf ¼ gg�f .

Definition 2.9. When a1 : X1 ‘ Y1 and a2 : X2 ‘ Y2 are correspondences,

we define a1 � a2 : X1 �S X2 ‘ Y1 �S Y2 to be

q�2 p
�
2a2 � p�1a1 ¼ q�1p

�
1a1 � p�2a2 A AðX1 �S X2 �S Y1 �S Y2Þ;

where the equality follows from the fact that there is an alteration for X1 �S X2,

as in the fiber diagram below.
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X1 �S X2 �S Y1 �S Y2 ����!
q �

1
p �

1
a1

X1 �S X2 �S Y2 ����! X2 �S Y2

q �
2
p �

2
a2

???y p�
2
a2

???yq1 da2

???y

X1 �S X2 �S Y1

p �
1
a1

q2

X1 �S X2
p2

X2???y

???yp1

X1 �S Y1

da1

X1

���������! ��������!

�������������!

We will need the following proposition.

Proposition 2.10. Let f : X ! Y be a morphism over S, and a : Y ‘ Z

a correspondence over S. When gf : X ‘ Y is the graph correspondence of f ,

the composition a � gf equals f �a by the pull-back f � : AðY �S Z ! Y Þ !
AðX �S Z ! X Þ.

Proof. Consider the following diagram:

X �S Z X

~GGf

???y r

???yGf

idX

X �S Y �S Z ���! X �S Y ���! X???y r

???ypY

Y �S Z
da

Y???y
Z

��������!

��������!

 �
���

���
�

where Gf is the graph morphism of f , ~GGf its base extension, and pY the

projection. Also define pXZ : X �S Y �S Z ! X �S Z to be the projection.

Then we have

a � ½gf � ¼ pXZ�ðp�Ya � ðGf �1ÞÞ ðdefinition of the compositionÞ

¼ pXZ�ð ~GGf �ðG �f p�Ya � 1Þ ðcommute with proper push-fowardÞ

¼ G �f p
�
Ya ðpXZ � ~GGf ¼ idÞ

¼ f �a ðpY � Gf ¼ f Þ: r

3. Cycles on abelian schemes

In this section, we review the results from [4]. Throughout this section,

we assume that p : T ! X is a relative abelian scheme of relative dimension g
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over a d-dimensional smooth scheme X , with m : T �X T ! T the multipli-

cation morphism.

Definition 3.1. Let DX=k : X ! X � X be the diagonal morphism over

the point Spec k. For cycles a; b A A�T, we define their Pontryagin product

a � b A A�T by a � b ¼ m�ðD!
X=kða� bÞÞ where the Gysin map D!

X=k acts through

the following diagram:

T  ���
m

T �X T ���! T � T???y r

???y

X ���!
DX=k

X � X

Definition 3.2. When n is an integer, we define nT : T ! T to be the

multiplication by n. A cycle a A AeT is in Ae; ðsÞT if nT�a ¼ n2e�2dþsa for all

n A Z.

Proposition 3.3 ([4, Prop. 1.9]). The Chow group of T decomposes into

the direct sum AeT ¼0
s
Ae; ðsÞT where s ranges from maxðd � e; 2ðd � eÞÞ to

minð2ðgþ d � eÞ; 2d þ g� eÞ. r

Definition 3.4. Define Ad; ðþÞT by Ad; ðþÞT ¼0
s>0

Ad; ðsÞT .

Remark 3.5. A cycle a A AeT lies in Ae; ðsÞT if and only if nT�a ¼
n2e�2dþsa for some n with jnj > 1. For cycles a A A�; ðsÞT and b A A�; ðtÞT , we

have a � b A A�; ðsþtÞT ([4, Prop. 1.10]). In particular, the elements of Ad; ðþÞT

are nilpotent for the Pontryagin products.

Proposition 3.6 ([4, Prop. 1.13]). A d-dimensional cycle a A AdT lies in

Ad; ðþÞT if and only if p�a ¼ 0. r

Definition 3.7. When a A AdT satisfies p�a ¼ ½X �, we define log a to bePy
k¼1ð�1Þk�1ðy�k=kÞ A AdT where y ¼ a� ½0T � and y�k :¼ y � y � � � � � y is the

k-th power of y in terms of the Pontryagin product.

Theorem 3.8 ([4, Thm. 2.5]). If a A AdT satisfies p�a ¼ ½X � and logðaÞ A
Ad; ð1ÞT, then a is a push-foward image of the cycle ½X � by some section

j : X ! T of the projection p. r

4. Smooth case

In this section, we prove the main theorem for the case when X is a

smooth variety.

Theorem 4.1. Let a : X ‘ Y be a correspondence from X to Y over S, and

assume that X is a smooth variety and Y ! S a relative abelian scheme. The
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correspondence a is a graph of some morphism if and only if the following three

conditions hold:

(1) dim a ¼ dim X

(2) The following diagram commutes:

X
a

Y

pX
pY

S

where pX and pY are the graphs of the structure morphisms.

(3) The following diagram commutes

X
a

Y

DX DY

X �S X
a�a

Y �S Y

where DX : X ‘ X �S X and DY : Y ‘ Y �S Y are the graphs of the

diagonal morphisms.

Proof. The conditions (1), (2) and (3) are satisfied when a is a graph

of some morphism, because the construction of the graph correspondence is

functorial (Remark 2.8). Conversely assume that a : X ‘ Y satisfies these

three conditions. Define c A AðX �S Y Þ to be c :¼ aid½X �, the image of a by

the evaluation map. By the condition (1), we have c A AdðX �S Y Þ where

d ¼ dim X . The condition (2) says that pX�a ¼ 1 where pX : X �S Y ! X is

the first projection and we consider a as an element of the bivariant intersection

group AðX �S Y ! X Þ. It implies that pX�c ¼ ½X �.
Now let us interpret the condition (3) in terms of c. The group of

correspondences from X to Y �S Y is AðX �S Y �S Y ! X Þ, which, by

the evaluation map, is identified with AðX �S Y �S Y Þ. Let us calculate

evðða� aÞ � DX Þ and evðDY � aÞ in terms of c.

To calculate evðDY � aÞ, consider the following diagram:

da

X �S Y ���!
~DD
ð3Þ
Y

X �S Y �S Y �S Y ���! X �S Y ���!
da

X???y

???y

???y

Y
D
ð3Þ
Y

Y �S Y �S Y Y???y
Y �S Y

��������! �������!
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where D
ð3Þ
Y : Y ! Y �S Y �S Y is the triple diagonal sending y A Y to

ðy; y; yÞ A Y �S Y �S Y , and ~DD
ð3Þ
Y : X �S Y ! X �S Y �S Y �S Y is its base

extension. By definition of the composition of correspondences, DY � a is the

push-forward of ~DD
ð3Þ
Y� a A AðX �S Y �S Y �S Y ! XÞ to AðX �S Y �S Y ! X Þ,

which is ðidX � DY Þ�a. Hence its evaluation is ðidX � DY Þ�c A A�ðX �S

Y �S YÞ.
To calculate evðða� aÞ � DX Þ, consider the following diagram:

X �S Y �S Y X???y D
ð3Þ
X

???y
idX

X �S X �S X �S Y �S Y ���! X �S X �S X ���! X???y

???y
X �S X �S Y �S Y X �S X???y

???y

ðX �S YÞ � ðX �S YÞ X � X

������������!

��������!

�������!

 �
���

���
���

DX=k

a�a

a�ka

where DX=k : X ! X � X is the diagonal over Spec k, D
ð3Þ
X : X ! X �S X �S X

is the triple diagonal and a�k a A AðX �S YÞ � ðX �S YÞ ! AðX � X Þ is the

exterior product over Spec k. As the graph of DX sends ½X � to D
ð3Þ
X�½X � A

AðX �S X �S XÞ and a� a is the pull-back of a�k a by definition, the

image of the evalutaion map of ða� aÞ � DX is the push-forward image of

D!
X=kðða�k aÞ½X � X �Þ, which is D!

X=kðc�k cÞ. Hence the condition (3) is

equivalent to saying that

D!
X=kðc�k cÞ ¼ ðidX � DY Þ�c A A�ðX �S Y �S YÞ � � � � � � ð�Þ

Now we apply the push-forward ðidX � mÞ� to the equality ð�Þ above,

where m : Y �S Y ! Y is the multiplication morphism. When we consider

X �S Y ! X as a relative abelian scheme over X , the morphism idX � m :

X �S Y �S Y ! X �X Y is the multiplication morphism for this abelian

scheme, and the identity ðidX � mÞ�ð�Þ becomes c � c ¼ 2X�SY�c. The loga-

rithm (Definition 3.7) of the both sides, we obtain 2 logðcÞ ¼ 2X�SY� logðcÞ.
We can apply Theorem 3.8 to conclude that c is a push-forward image of

some section j : X ! X �S Y of the projection X �S Y ! X . On the other

hand, let c : X ! Y be the composition pY � j : X ! Y where pY : X �S

Y ! Y is the projection. Then the graph correspondence of c sends ½X � to

j�½X � ¼ c. Because X is smooth, the evaluation morphism is bijective, hence a

is the graph correspondence of c : X ! Y . We are done. r
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5. General case

In this section, we prove the main theorem in general.

Let X ! S be any proper morphism. Let p : ~XX ! X be an alteration, a

proper surjective morphism from a smooth scheme. Take the fiber product
~XX �S

~XX , and again take an alteration ~~XX~XX ! ~XX �S
~XX . There are two morphisms

pi :
~~XX~XX ! ~XX , ði ¼ 1; 2Þ, which passes through the first projection (resp. second

projection) ~XX �X ~XX ! ~XX .

Lemma 5.1. There exists a scheme X which satisfies the following

conditions.

(1) The morphism ~XX ! X factors through X .

(2) The morphism X ! X is a universal homeomorphism. If X is normal,

then the morphism X ! X is an isomorphism.

(3) For any scheme Y over S, a morphism f : ~XX ! Y factors through X

if and only if f � p1 ¼ f � p2. In other words, HomSðX ;YÞ is the

equalizer of HomSð ~XX ;Y Þ ��!��!
��p1

��p2

HomSð ~~XX~XX ;YÞ.

Proof. Define X to be Spec Kerðp�O ~XX ! ðp � piÞ�O~~XX~XX
Þ. Notice that

p � p1 ¼ p � p2, and we have two canonical morphisms p�O ~XX ! ðp � piÞ�O~~XX~XX
.

The kernel means the di¤erence kernel of these two morphisms. Because these

two morphisms are ring homomorphisms, the di¤erence kernel is a subring

sheaf, which contains OX , and coherent because p and p � pi are proper. The

equalizer property follows from the construction. The universal homeomor-

phismness follows from [3, Prop. 3.6]. In particular, when X is normal, such a

birational morphism X ! X must be an isomorphism. r

Remark 5.2. From the viewpoint of the intersection theory, universal

homemorphisms behave like isomorphisms. For example, in the situation

above, for any proper morphism Y ! S, the group of correspondences from X

to Y is canonically isomorphic to the group of correspondences from X to Y

by the composition with the graph of X ! X .

Lemma 5.3. Let X be a reduced scheme over S and Y ! S an abelian

scheme. Then the graph morphism

graph : HomSðX ;YÞ ! AðX �S Y ! X Þ

is injective.

Proof. Let f : X ! Y be a morphism over S, and x A X a closed point

on X , namely x ¼ Spec K with K=k a finite field extension. Because X is

reduced, it is enough to show that the image f ðxÞ A HomSðSpec K ;YÞ can be

recovered from the graph gf A AðX �S Y ! XÞ. Because Y ! S is a rela-
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tive abelian scheme, the base extension Y �S fxg is an abelian variety over

fxg ¼ Spec K . Let i : x! X be the closed immersion, and take the bivariant

action gf ; ið½x�Þ A A0ðY �S Spec KÞ. Sending the image by the albanese map

Alb : A0ðY �S Spec KÞ ! Y �S Spec K , we recover the image f ðxÞ. r

Theorem 5.4. Let X ! S be any proper morphism from an equi-

dimensional scheme, Y ! S a relative abelian scheme, and X ! X the uni-

versally homeomorphism as in Lemma 5.1. Let a : X ! Y be a correspondence.

Then the composition of a with the graph of the morphism X ! X is a graph of

some morphism X ! Y, if and only if a satisfies the following three conditions:

(1) dimðaÞ ¼ dimðXÞ
(2) p�ðaÞ ¼ ½X � where p : X �S Y ! X is the projection

(3) DY � a ¼ ða� aÞ � DX .

In particular, when X is normal, then a itself is a graph of some morphism

X ! Y .

Proof. When a is a graph of some morphism, then obviously the

conditions (1), (2) and (3) hold. Conversely, assume the conditions (1), (2) and

(3). Take ~XX and ~~XX~XX as above, and consider the following commutative

diagram:

HomSðX ;YÞ ��p
HomSð ~XX ;YÞ

��p1

��p2

HomSð ~~XX~XX ;YÞ

L

???y

L

???y

L

???y

AðX �S Y ! XÞ ���! Að ~XX �S Y ! ~XXÞ ���!���!
p �

1

p �
2

Að ~~XX~XX �S Y ! ~~XX~XXÞ

�������! ������!������!

For the upper horizontal sequence, the equalizer property of Lemma 5.1

(3) says that the upper left corner HomSðX ;YÞ is the equalizer of �p1 and

�p2. On the other hand, for the bottom horizontal sequence, the compositions

with the graph correspondences are just the pull-backs of bivariant intersection

groups by Proposition 2.10, and hence AðX �S Y ! XÞ is the kernel of the

sequence by the sheaf property of the bivariant intersection groups [3, Thm.

2.3]. If a A AðX �S X ! XÞ, an element in the left bottom corner, satisfies the

conditions (1), (2) and (3), then we need to show that it is in the image from

HomSðX ;YÞ, the top left corner.

The bivariant intersection class a A AðX �S Y ! XÞ is sent to a � gp :
~XX ‘ Y where gp : X ! X is the graph correspondence, hence the image also

satisfies the conditions (1), (2) and (3). Because ~XX is smooth, it is in the

image of some morphism ~jj A HomSð ~XX ;Y Þ by Theorem 4.1. Its composition

with p1 and p2 is equal, because their images in Að ~~XX~XX �S Y ! ~~XX~XXÞ are the

same. Therefore ~jj can be written as ~jj ¼ j � p by some morphism j : X ! Y .
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The graph correspondence of j agrees with a, because their images in

Að ~XX �S Y ! ~XX Þ agree. We are done. r

6. Appendix: bivariant sheaves

In this section, we give a brief explanation of bivariant sheaves, which

is behind the notion of correspondences, which is defined and studied in

[5]. More details will be published elsewhere.

Let S be a base scheme. For a morphism T ! S, we define the con-

travariant functor AT from the category of schemes over S to abelian groups

by ATðX Þ :¼ AðX �S T ! X Þ, sending morphisms to the pull-backs. This

functor AT enjoys the following two properties.

(1) ([3, Thm. 3.1]) AT is a sheaf on the proper cite on S. Namely,

when X ! Y is a proper morphisms over S, then we have an exact

sequence

0!AðY Þ !AðXÞxAðX �Y XÞ:

(2) When a : X ‘ Y is a correspondence (as in Definition 2.1), then

we have a pull-back a� : AðY Þ !AðX Þ. This pull-back is func-

torial, namely when a : X ‘ Y and b : Y ‘ Z are correspondences,

then ðb � aÞ� ¼ a�b� : AðZÞ !AðX Þ. When a ¼ gf : X ! Y is a

graph correspondence of some morphism f : X ! Y , then f � ¼ a� :

AðYÞ !AðXÞ.
We define bivariant sheaves to be the sheaves on the proper cite (over S),

which satisfies the condition (2) above. Morphisms between bivariant sheaves

are the morphisms of sheaves, which is compatible with the correspondence

pull-backs. The category of bivariant sheaves is an abelian category ([5, Thm.

6.4]).

The bivariant sheaf AT behaves like ‘‘the motif of T over S’’. For

example, if S is smooth, its global section AT ðSÞ is canonically isomorphic

to the Chow group A�T . Moreover, the morphisms between the bivariant

sheaves agree with the correspondences between the schemes:

Proposition 6.1 (Yoneda Lemma). Let X ! S be a scheme over S with

the proper structure morphism, and F a bivariant sheaf on S. Then the group

of morphisms from AX to F as bivariant sheaves is canonically isomorphic to

FðXÞ.

Proof. For each X ! S, we have the graph of the identity morphism

gDX ¼ DX�1 A AðX �S X ! XÞ ¼AX ðXÞ. Send each morphism of bivariant

sheaves j : AX !F to jðX ÞðgDX Þ A FðX Þ.
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Conversely, when a A FðXÞ, define ja : AX !F by sending b A AX ðTÞ ¼
AðX �S T ! TÞ to b �a, where we consider b : T ‘ X as a correspondence.

One easily checks that j is a morphism of bivariant sheaves, and by these

maps, we have the bijection HomBivðAX ;FÞFFðXÞ. r

In particular, when F ¼AY , then the morphisms of bivariant sheaves

from AX (the motif of X ) to AY (the motif of Y ) is identified with AY ðXÞ ¼
AðX �S Y ! X Þ, which is the group of correspondences from X to Y . In this

way, the category of pure motives is a faithful subcategory of the category of

bivariant sheaves.

The category of bivariant sheaves has more properties. For example,

when F and G are bivariant sheaves, then for each T ! S, define

HomðF;GÞðTÞ ¼ HomBivðFjT ;GjTÞ, then the functor HomðF;GÞ has a natural

structure of bivariant sheaf. By defining FnG to be the unique bivariant

sheaf which satisfies HomðFnG;HÞFHomðF;HomðG;HÞÞ, we have a

Künneth formula AX nAY FAX�SY .

It seems that the bivariant sheaves and correspondences can be a powerful

tool to study pure motives.
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