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Abstract. We study the homotopy type classification problem of n dimensional m-

twisted complex projective spaces for the case n ¼ 4. In particular, we determine the

number of homotopy types of m-twisted CP4’s when mb 1 is an odd integer.

1. Introduction

Let nb 2 be an integer and let M be a simply-connected 2n dimensional

finite Poincaré complex. For an integer mb 0, M is called an m-twisted

CPn if there is an isomorphism H�ðM;ZÞGH�ðCPn;ZÞ with the condition

x2 � x2 ¼ mx4, where x2k A H 2kðM;ZÞGZ denotes the corresponding generator

(k ¼ 1; 2). Any m-twisted CPn is homotoy equivalent to a CW complex of the

form

MFS2 Umh2 e
4 U e6 U � � �U e2n�2 U e2n ðhomotopy equivalenceÞ;

and it has the homotopy type of 2n dimensional closed topological manifolds

([6]). Let Mn
m be the set consisting of all the homotopy equivalence classes

of m-twisted CPn’s. For example, when n ¼ 2, M2
1 ¼ f½CP2�g and M2

m ¼q if

m0 1. When n ¼ 3, the following result is known:

Theorem 1.1 ([11] (cf. [4])). If mb 0 is an integer,

cardðM3
mÞ ¼

1 if m1 1 ðmod 2Þ;
3 if m1 0 ðmod 2Þ;

�
where cardðVÞ denotes the cardinal number of a set V .

In general, it is known that M2kþ1
m 0q for any m; kb 2 (cf. [2]), and we

have infinitely many non-trivial examples of m-twisted CP2kþ1’s. On the other
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hand, it is even not known whether M2k
m is an empty set or not if m0 1 and

kb 2. As the first step of this question, we would like to study the set Mn
m for

the case n ¼ 4. Then if ða; bÞ denotes the greatest common divisor of positive

integers a and b, the following result has been known.

Theorem 1.2 ([6]).

( i ) If m ¼ 0, 3a cardðM4
mÞa 27 � 32.

( ii ) If m1 1 ðmod 2Þ, 1a cardðM4
mÞam � ðm; 3Þ.

(iii) If m1 0 ðmod 8Þ and m0 0, 3a cardðM4
mÞa 25 � 3 �m � ðm; 3Þ.

(iv) If m1 0 ðmod 2Þ and mD 0 ðmod 8Þ, M4
m ¼q.

In this paper we shall investigate the set M4
m when m1 1 ðmod 2Þ, and

our main results are stated as follows:

Theorem 1.3 (The main Theorem). Let mb 1 be an odd integer, and let

M0, M1, M�1 denote the m-twisted CP4’s defined in Definition 4.

( i ) If mD 0 ðmod 3Þ, M4
m ¼ f½M0�g.

(ii) If m1 0 ðmod 3Þ, M4
m ¼ f½M0�; ½M1�; ½M�1�g, such that the first mod 3

reduced power operation P1 : H 4ðMe;Z=3Þ ! H 8ðMe;Z=3Þ is an iso-

morphism if e ¼G1 and is trivial if e ¼ 0.

Corollary 1.4. If mb 1 is an odd integer,

cardðM4
mÞ ¼ ðm; 3Þ ¼ 1 if mD 0 ðmod 3Þ;

3 if m1 0 ðmod 3Þ:

�
Remark. Let mb 3 be an odd integer with m1 0 ðmod 3Þ, and let

Ap denote the mod p Steenrod algebra. Although M1 and M�1 are not

homotopy equivalent, there are isomorphisms

H �ðM1;ZÞGH �ðM�1;ZÞ (as graded rings)

H �ðM1;Z=pÞGH �ðM�1;Z=pÞ (as Ap-modules for any prime pb 2).

�
This paper is organized as follows. In § 2, we compute some Whitehead

products and in § 3, we consider the group of self-homotopy equivalences EðXmÞ
of the 6-skeleton Xm of m-twisted CP4’s. In § 4, we study the left EðXmÞ-action
on p7ðXmÞ given by composite of maps, which is the key point for determining

the homotopy types of m-twisted CP4’s. In particular, we determine the set

M4
m explicitly when ðm; 6Þ ¼ 1. Finally, in § 5, we compute the EðXmÞ-action

on p7ðXmÞ explicitly and determine the set M4
m when ðm; 6Þ ¼ 3.

2. Whitehead products

For an integer mb 1, let Lm and P4ðmÞ denote the CW complexes defined

by Lm ¼ S2 Umh2 e
4 and P4ðmÞ ¼ S3 Umi3 e

4, respectively. If q : ~LLm ! Lm
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denotes the 2-connective covering of Lm, it is known that there is a homotopy

equivalence ~LLm FP4ðmÞ4S5 ([13]). If we identify ~LLm ¼ P5ðmÞ4S5, then the

map q is also identified with the map

q ¼ ð fm; bmÞ : P4ðmÞ4S5 ! Lm ðup to homotopyÞ:ð1Þ

It follows from [[6], Lemma 3.3] that there is a homotopy commutative di-

agram

S3 ���!mi3
S3 ���!i 0 P4ðmÞ ���!q 0m S4���� h2

???y fm

???y ����
S3 ���!mh2

S2 ���!i Lm ���!qm S4;

ð2Þ

where two horizontal sequences are cofiber sequences.

Let o A p6ðS3ÞGZ=12 and a1ð3Þ ¼ 4o A p6ðS3Þð3ÞGZ=3 denote the

generators. If m1 0 ðmod 3Þ, we denote by ea1a1ð3Þ A p7ðP4ðmÞÞ the coexten-

sion of a1ð3Þ which satisfies the condition q 0m � ea1a1ð3Þ ¼ Ea1ð3Þ.

Lemma 2.1 ([6], [11]). If mb 1 is an odd integer, there are isomorphisms

p5ðLmÞ ¼ Z � bm; p5ðP4ðmÞÞ ¼ 0;

p6ðLmÞ ¼ Z=ðm; 3Þ � i�ðh2 � oÞlZ=m � fm � slZ=2 � bm � h5;
p6ðP4ðmÞÞ ¼ Z=ðm; 3Þ � i 0 � olZ=m � s;
p7ðLmÞ ¼ Z=ðm; 3Þ � fm � om lZ=2 � bm � h25 lZ=m � ½bm; i�ðh2Þ�;
p7ðP4ðmÞÞ ¼ Z=ðm; 3Þ � om;

8>>>>><>>>>>:
where we can take om ¼ ea1a1ð3Þ A fi 0;mi3; a1ð3Þg if m1 0 ðmod 3Þ.

Proof. The assertions follow from [6] except the last equality. If

m1 0 ðmod 3Þ, by the proof of [[6], Proposition 2.9], the induced homo-

morphism

Z=3 � om ¼ p7ðP4ðmÞÞ �!i 01� p7ðP4ðmÞ;S3Þ  �am�

G
p7ðD4;S3ÞGZ=12

is injective, where am A p4ðP4ðmÞ;S3ÞGZ denotes the characteristic map of the

top cell e4 in P4ðmÞ. Because D 0ðEoÞ ¼ mði3 � oÞ in the sequence (5) of [6], we

have q 0m � om ¼ Ea1ð3Þ and the condition om ¼ ea1a1ð3Þ A fi 0;mi3; a1ð3Þg is also

satisfied. r

Definition 1. For an integer mb 1, let Xm be the space defined by

Xm ¼ Lm Umbm e
6. There is a cofiber sequence, S5 ��!mbm

Lm ��!j Xm ��! S6.

Lemma 2.2 ([6]). If mb 1 is an odd integer, there are isomorphisms

p6ðXmÞ ¼ Z=ðm; 3Þ � j�ði�ðh2 � oÞÞlZ=m � j�ð fm � sÞ;
p7ðXmÞ ¼ Z � jm lZ=ðm; 3Þ � j�ð fm � omÞlZ=m � j�ð½bm; i�ðh2Þ�Þ;

�
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and the following equality holds:

j1�ðjmÞ ¼ ½bm; i �r þ bm � h 05:ð3Þ

Here bm A p6ðXm;LmÞGZ denotes the characteristic map of the top cell e6

in Xm, ½ ; �r a relative Whitehead product, h 0k A pkþ2ðDkþ1;SkÞGZ=2 the gen-

erator ðkb 3Þ, j1 : ðXm; �Þ ! ðXm;LmÞ is the inclusion and j1� : p7ðXmÞ !
p7ðXm;LmÞ ¼ Z � ½bm; i �r lZ=2 � bm � h 05 the induced homomorphism.

Lemma 2.3. If m1 1 ðmod 2Þ, ½bm; i�ðh2Þ� ¼ ½½bm; i �; i � A p7ðLmÞ.

Proof. It follows from the Jacobi identity ([[10], Corollary 7.14]) that

½½bm; i �; i � þ ½½i; i �; bm� þ ½½i; bm�; i � ¼ 0:

Because ½i; bm� ¼ ½bm; i �, we have 2½½bm; i �; i � þ ½½i; i �; bm� ¼ 0. Then using ½i; i � ¼
i � ½i2; i2� ¼ i�ð2h2Þ ¼ 2i�ðh2Þ, we have

2½½bm; i �; i � þ 2½i�ðh2Þ; bm� ¼ 2½½bm; i �; i � � 2½bm; i�ðh2Þ� ¼ 0:

Since the order of ½bm; i�ðh2Þ� is just m (by [[6], Corollary 3.5]) and

m1 1 ðmod 2Þ, ½½bm; i �; i � � ½bm; i�ðh2Þ� ¼ 0. r

Lemma 2.4. If m1 1 ðmod 2Þ, fm � s ¼ ½bm; i � þ bm � h5 A p6ðLmÞ.

Proof. It follows from [[6], Proposition 5.1] that there is a unit

xm A ðZ=mÞ� such that ½bm; i � ¼ xm � fm � sþ bm � h5. Since the order of

s A p6ðP4ðmÞÞ is m ([8]), by changing the generator s 7! x�1m s, we may assume

that xm ¼ 1 and the assertion follows. r

Corollary 2.5. If m1 1 ðmod 2Þ, ½ fm � s; i � ¼ ½bm; i�ðh2Þ�.

Proof. It follows from Lemmas 2.3 and 2.4 that

½ fm � s; i � ¼ ½bm; i�ðh2Þ� þ ½bm � h5; i �:ð4Þ

Since the orders of ½bm; i�ðh2Þ� and s are m, we see ½bm � h5; i � ¼ 0 and the

assertion follows. r

Now we remark the following general fact concerning m-twisted CP4’s.

Lemma 2.6. Let mb 0 be an integer and M an m-twisted CP4. Then if

mD 0 ðmod 3Þ, P1 : H 4ðM;Z=3Þ !G H 8ðM;Z=3Þ is an isomorphism.

Proof. If y2l A H 2lðM;Z=3ÞGZ=3 denotes the mod 3 generator

(1a la 4), ðy2Þ2 ¼ my4, y2 � y4 ¼ my6 and ðy4Þ2 ¼ y2 � y6 ¼ y8 by [[6], (0.2)].

Hence, P1ðy2Þ ¼ ðy2Þ3 ¼ ðmy4Þ � y2 ¼ m2 y6 ¼Gy6 and
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m �P1ðy4Þ ¼ P1ðmy4Þ ¼ P1ððy2Þ2Þ ¼ 2y2 �P1ðy2Þ ¼G2y2 � y6 ¼Hy8:

Because mD 0 ðmod 3Þ, this implies that P1ðy4Þ ¼Gy8. r

3. Groups of self-homotopy equivalences

For a connected space X , we denote by EðXÞ the set consisting of all

based homotopy classes of based self-homotopy equivalences of X , which

becomes a group whose multiplication is induced from composite of maps.

The group EðX Þ is called the group of self-homotopy equivalences of X .

Definition 2. If K is a CW complex and X ¼ K Uf e
n with dim Ka

n� 2, we define the homomorphism l : ~jj�ðpnðKÞÞ ! EðXÞ by

lð ~jj � gÞ ¼ ‘ � ð14 ~jj � gÞ � m 0 : X ���!m 0 X4Sn ���!14~jj�g
X4X ���!‘ X

for g A pnðKÞ, where ~jj : K ! X denotes an inclusion, m 0 : X ! X4Sn the co-

action map given by pinching the hemisphere of the top cell en and ‘ is a

folding map.

If y : X !F X is a homotopy equivalence, it follows from the cellular

approximation Theorem that the restriction yjK also defines a self-homotopy

equivalence on K . So we can define the homomorphsim f : EðXÞ ! EðKÞ by
the restriction fðyÞ ¼ yjK for y A EðXÞ.

Proposition 3.1. If mb 1 is an odd integer, there is an exact sequence

p6ðXmÞ !
l
EðXmÞ !

f
EðLmÞ ! 1;

where we take Z2 ¼ fG1g and EðLmÞGZ2.

Proof. Because j�ðp6ðLmÞÞ ¼ p6ðXmÞ, the assertion easily follows from

the Barcus-Barratt Theorem [[1], Theorem 6.1] and [[11], Corollary 4.8]. r

4. An action of EðXmÞ on p7ðXmÞ

For CW complexes X and Y , we write X FY if there is a homotopy

equivalence X !F Y . Let MðjÞ denote the mapping cone defined by

MðjÞ ¼ Xm Uj e
8 for j A p7ðXmÞ:ð5Þ

Recall the following well-known result.

Lemma 4.1 (Homotopy Theorem). Let K be a simply-connected CW

complex and let X , Y denote the CW complexes defined by X ¼ K Uf e
n and

Y ¼ K Ug e
n, where dim Ka n� 2, nb 4 and f ; g A pn�1ðKÞ. Then there is a

homotopy equivalence X FY if and only if there is a homotopy equivalence

y A EðKÞ such that y � f ¼Gg.
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Theorem 4.2 ([6]). Let mb 1 be an odd integer. Then M is an m-twisted

CP4 if and only if there is some element g A p7ðLmÞ such that MFMðjÞ ¼
Xm Uj e

8, where j ¼Gjm þ j�ðgÞ.

Proof. This follows from [[6], Theorem 4.5] and the homotopy exact

sequence of the pair ðXm;LmÞ. r

So it is useful to consider the left EðXmÞ action on p7ðXmÞ given by the

composite of maps, EðXmÞ � p7ðXmÞ C ðy; jÞ 7! y � j A p7ðXmÞ.

Lemma 4.3. Let mb 1 be an integer and j A p7ðXmÞ be an element such

that j1�ðjÞ ¼ a � ½bm; i �r þ e � bm � h 05 for some ða; eÞ A Z� Z=2. Then

m 0�ðjÞ ¼ jX � jþ a½ j6; jX � j � i � þ e � j6 � h6;

where Xm !
jX

Xm4S6  j6 S6 denote the corresponding inclusions, m 0 : Xm !
Xm4S6 is a co-action map and m 0� : p7ðXmÞ ! p7ðXm4S6Þ is the induced

homomorphism.

Proof. This follows from [[12], Lemma 2.2]. r

Corollary 4.4. If mb 1 be an odd integer, the following equalities hold:

( i ) m 0�ðjmÞ ¼ jX � jm þ ½ j6; jX � j � i � þ j6 � h6.
( ii ) m 0�ð j�ð½bm; i�ðh2Þ�ÞÞ ¼ jX � j�ð½bm; i�ðh2Þ�Þ.
(iii) If m1 0 ðmod 3Þ, m 0�ð j�ði�ðh2 � oÞÞÞ ¼ jX � j�ði�ðh2 � oÞÞ.

Proof. The assertions follows from (3) and Lemma 4.3. r

Definition 3. Let mb 1 be an odd integer and let l : j�ðp6ðLmÞÞ !
EðXmÞ denote the homomorphism defined in Definition 2. Then define the

homotopy equivalence yk A EðXmÞ by

yk ¼ lððk � j�ð fm � sÞÞÞ for each k A Z=m:ð6Þ

Similarly, when m1 0 ðmod 3Þ, we define y 0l A EðXmÞ by

y 0l ¼ lðl � j�ði�ðh2 � oÞÞÞ for each l A Z=3:ð7Þ

Proposition 4.5. If mb 1 is an odd integer, the following equalities hold

for any ðk; lÞ A Z=m� Z=3:

( i )
yk � jm ¼ jm þ k � j�ð½bm; i�ðh2Þ�Þ,
yk � j�ð½bm; i�ðh2Þ�Þ ¼ j�ð½bm; i�ðh2Þ�Þ:

�
(ii) If m1 0 ðmod 3Þ,

y 0l � jm ¼ jm; y 0l � j�ð½bm; i�ðh2Þ�Þ ¼ j�ð½bm; i�ðh2Þ�Þ;
y 0l � j�ð fm � omÞ ¼ yk � j�ð fm � omÞ ¼ j�ð fm � omÞ:

�
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Proof. (i) It follows from Corollary 4.4 that we have

yk � j�ð½bm; i�ðh2Þ� ¼ ‘ � ð14ðk � j�ð fm � sÞÞÞ � m 0�ð½bm; i�ðh2Þ�Þ

¼ ‘ � ð14ðk � j � fm � sÞÞ � jX � j�ð½bm; i�ðh2Þ�Þ

¼ j�ð½bm; i�ðh2Þ�Þ:

Since fm � s � h6 ¼ 0 (by [6]), we also obtain

yk � jm ¼ ‘ � ð14ðk � j�ð fm � sÞÞÞ � m 0�ðjmÞ

¼ ‘ � ð14ðk � j�ð fm � sÞÞÞ � ð jX � jm þ ½ j6; jX � j � i � þ j6 � h6Þ

¼ jm þ ½k � j�ð fm � sÞ; j � i � þ k � j�ð fm � s � h6Þ

¼ jm þ k � j�ð½ fm � s; i �Þ

¼ jm þ k � j�ð½bm; i�ðh2Þ�Þ ðby Corollary 2:5Þ:

(ii) Because the proof is similar to that of (i), we only give the proof of

the first equality. This follows from

y 0l � jm ¼ ‘ � ð14ðl � j�ði�ðh2 � oÞÞÞ � m 0�ðjmÞ

¼ ‘ � ð14ðl � j�ði�ðh2 � oÞÞÞ � ð jX � jm þ ½ j6; jX � j � i � þ j6 � h6Þ

¼ jm þ ½l � j�ði�ðh2 � oÞÞ; j � i � þ l � j�ði�ðh2 � o � h6ÞÞ

¼ jm þ l � j�ði�ð½h2 � o; i2�ÞÞ ðby i�ðh2 � o � h6Þ ¼ 0Þ

¼ jm ðby ½h2 � o; i2� ¼ 0 ðby ½3�ÞÞ: r

Definition 4. Let mb 1 be an odd integer. Then we denote by M0 the

m-twisted CP4 defined by

M0 ¼MðjmÞ ¼ Xm Ujm e
8:ð8Þ

Moreover, when m1 0 ðmod 3Þ, we denote by M1 and M�1 the m-twisted

CP4’s defined by

Me ¼Mðjm þ e � j�ð fm � omÞÞ ¼ Xm Ujmþe�j�ð fm�omÞ e
8 ðfor e ¼G1Þ:ð9Þ

Theorem 4.6. If m1 1 ðmod 2Þ and mD 0 ðmod 3Þ, M4
m ¼ f½M0�g.

Proof. We note that M4
m 0q by Theorem 1.2. Now let M be any m-

twisted CP4. It su‰ces to show that MFM0. Since Mð�jÞFMðjÞ by

Lemma 4.1, it follows from Theorem 4.2 that there exists some k A Z=m such

that MFMðjm þ k � j�ð½bm; i�ðh2Þ�ÞÞ. Then because
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yk � jm ¼ jm þ k � j�ð½bm; i�ðh2Þ�Þ ðby Proposition 4:5Þ;

M0 ¼MðjmÞFMðjm þ k � j�ð½bm; i�ðh2Þ�ÞÞFM. r

Corollary 4.7. Let mb 1 be an odd integer.

( i ) If mD 0 ðmod 3Þ, there is an exact sequence

0! p6ðXmÞ !
l
EðXmÞ !

f
Z2 ! 1;

where p6ðXmÞGZ=m.

(ii) If m1 0 ðmod 3Þ, there is an exact sequence

0! Z=mlGm !
l
EðXmÞ !

f
Z2 ! 1;

where Gm ¼ Z=3 or Gm ¼ 0.

Proof. (i) It su‰ces to show that l : Z=m � j�ð fm � sÞ ¼ p6ðXmÞ ! EðXmÞ
is injective. If we write yk ¼ lðk � j�ð fm � sÞÞ (as in (6)), it follows from

Proposition 4.5 that yk � jm 0 yl � j if k0 l A Z=m. Hence, yk 0 yl if k0 l A
Z=m, and l is injective.

(ii) The same proof as that of (i) shows that ljZ=m�j�ð fm�sÞ : Z=m �
j�ð fm � sÞ ! EðXmÞ is injective. Because p6ðXmÞ ¼ Z=m � j�ð fm � sÞlZ=3 �
j�ði�ðh2 � oÞÞ, Ker l ¼ Z=3 � j�ði�ðh2 � oÞÞ or Ker l ¼ 0. Then (ii) follows

from Proposition 3.1. r

Proposition 4.8. If mb 3 is an odd integer with m1 0 ðmod 3Þ and M is

an m-twisted CP4, then MFM0 or MFM1 or MFM�1 holds.

Proof. Because p7ðXmÞ ¼ Z � jmlZ=m � j�ð½bm; i�ðh2Þ�ÞlZ=3 � j�ð fm �oÞ,
by Theorem 4.2, there is a homotopy equivalence

MFMðjm þ k � j�ð½bm; i�ðh2Þ�Þ þ l � j�ð fm � omÞÞ ¼Mk; l

for some k A Z=m and l A Z=3. Then by Proposition 4.5,

yk � ðjm þ l � j�ð fm � omÞÞ ¼ yk � jm þ l � yk � j�ð fm � omÞ

¼ jm þ k � j�ð½bm; i�ðh2Þ�Þ þ l � j�ð fm � omÞ:

Hence, there is a homotopy equivalence Mk; l FM0; l . Then because

M0; l ¼
M0 if l ¼ 0 A Z=3;

M1 if l ¼ 1 A Z=3;

M�1 if l ¼ �1 ¼ 2 A Z=3;

8><>:
the assertion follows. r
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5. The case m1 0 ðmod 3Þ

From now on, we assume that mb 3 is an odd integer with

m1 0 ðmod 3Þ, and consider the EðXmÞ-action on p7ðXmÞ.
We remark that (by Corollary 4.7) there is a homotopy equivalence

~yy A EðXmÞ such that ~yyjLm
¼ h1 represents the generator of EðLmÞGZ2. In

this case, because EðXmÞ is generated by fyk; y 0l ; ~yy : k A Z=m; l A Z=3g and the

actions of yk’s or those of y 0l ’s are given in Proposition 4.5, it remains to

consider the action of ~yy on p7ðXmÞ. For this purpose, we recall self-homotopy

equivalences h1 and ~yy. First, recall h1. Because

ð�i2Þ � ðmh2Þ ¼ mð�h2 þ ½i2; i2� �Hðh2ÞÞð10Þ

¼ mð�h2 þ ð2h2Þ � i3Þ ¼ mh2

by [[10]; page 537, (8.12)], there is a map h1 : Lm ! Lm such that the following

diagram is homotopy commutative:

S3 ���!mh2
S2 ���!i Lm ���!qm S4���� �i2

???y h1

???y ����
S3 ���!mh2

S2 ���!i Lm ���!qm S4:

ð11Þ

Then the following is known:

Lemma 5.1 ([11]). Let mb 1 be an odd integer.

( i ) h1 A EðLmÞ and EðLmÞ ¼ fh1; idLm
g ¼ hh1 j h21 ¼ idLm

iGZ2.

( ii ) The degree of h1 on S2 is �1 and the that of it on e4 is þ1.
(iii) h1 � bm ¼ �bm.

If m1 1 ðmod 2Þ, it follows from Proposition 3.1 that there exists a

homotopy equivalence ~yy A EðXmÞ such that

~yyjLm
¼ h1:ð12Þ

We note that ~yy also defines a self-homotopy equivalence on ðXm;LmÞ, and we

write it as the same letter ~yy.

Lemma 5.2. Let mb 3 be an odd integer with m1 0 ðmod 3Þ.
( i ) ~yy � bm ¼ �bm.
(ii) ~yy � jm 1 jm mod Im j�.

Proof. (i) If x2k A H 2kðXm;ZÞGZ denotes the corresponding generator

(k ¼ 1; 2; 3), x2 � x4 ¼ mx6. Hence, the degree of ~yy on the top cell e6 on Xm is

�1 (by (ii) of Lemma 5.1). So it follows from the commutative diagram
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Z � bm ¼ p6ðXm;LmÞ ���!h
G

H6ðXm;Lm;ZÞ  ���j1�

G
H6ðXm;ZÞGZ

~yy�

???y ???y ???y�ð�1Þ
Z � bm ¼ p6ðXm;LmÞ ���!h

G
H6ðXm;Lm;ZÞ  ���j1�

G
H6ðXm;ZÞGZ

that we have ~yy � bm ¼ �bm.
(ii) Consider the induced homomorphism j1�ðXmÞ ! p7ðXm;LmÞ. Then

because

j1�ð ~yy � jmÞ ¼ ~yy�ð j1�ðjmÞÞ ¼ ~yy�ð½bm; i �r þ bm � h 05Þ ðby ð3ÞÞ

¼ ½ ~yy � bm; h1 � i �r þ ~yy � bm � h 05
¼ ½�bm;�i �r þ ð�bmÞ � Eh 04 ðby ðiÞ; ð11ÞÞ
¼ ½bm; i �r þ bm � h 05 ¼ j1�ðjmÞ;

the assertion (ii) follows form the exact sequence of the pair ðXm;LmÞ. r

Lemma 5.3. There exists a homotoy equivalence hP A EðP4ðmÞÞ such that

h1 � fm ¼ fm � hP with hPjS 3 ¼ i3.

Proof. Consider the fibration sequence,

P4ðmÞ4S5 ���!ð fm;bmÞ
Lm ���!i KðZ; 2Þ:

Since ð fm; bmÞ is a 2-connective covering of Lm, we may assume that the

map i : Lm ! KðZ; 2Þ represents the oriented generator of ½Lm;KðZ; 2Þ�G
H 2ðLm;ZÞGZ. Now we define the involution v : Z! Z by vðnÞ ¼ �n. It

induces a self-homotopy equivalence ~vv A EðKðZ; 2ÞÞ. Here, because h1jS 2 ¼
�i2, h�1 : H 2ðLm;ZÞ !

G
H 2ðLm;ZÞ is given by h�1 ðxÞ ¼ �x for x A H 2ðLm;ZÞG

Z. Hence, ~vv � i ¼ i � h1 (up to homotopy). So there exists a self-homotopy

equivalence ~hh1 A EðP4ðmÞ4S5Þ such that the diagram

P4ðmÞ4S5 ���!ð fm;bmÞ
Lm ���!i KðZ; 2Þ

~hh1

???yF h1

???yF ~vv

???yF

P4ðmÞ4S5 ���!ð fm;bmÞ
Lm ���!i KðZ; 2Þ

is homotopy commutative, where horizontal sequences are fibration sequences.

Now we define the map hP : P4ðmÞ ! P4ðmÞ by hP ¼ pP � ~hh1 � iP, where

iP : P4ðmÞ ! P4ðmÞ4S5 and pP : P4ðmÞ4S5 ! P4ðmÞ denote the natural in-

clusion and the natural projection, respectively. By chasing the diagram, we

can see hp A EðP4ðmÞÞ and that fm � hP ¼ h1 � fm.
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On the other hand, it follows from the diagram (2) that fmjS 3 ¼ h2.

Hence, using h1jS 2 ¼ �i2 and ð�i2Þ � h2 ¼ h2, we can choose the map hP such

that hPjS 3 ¼ i3. r

Lemma 5.4. If m is an odd integer with m1 0 ðmod 3Þ, we may choose the

homotopy equivalence ~yy A EðXmÞ such that

~yy � jm ¼ jm þ lm � j�ð fm � omÞ for some lm A Z=3:ð13Þ

Proof. It follows from Lemma 5.2 that there exists a pair ðk; lmÞ A
Z=m� Z=3 such that, ~yy � jm ¼ jm þ k � j�ð½bm; i�ðh2Þ�Þ þ lm � j�ð fm � omÞ.

If we take c ¼ y�k � ~yy A EðXmÞ, by Proposition 4.5, we have

c � jm ¼ y�k � ~yy � jm
¼ y�k � ðjm þ k � j�ð½bm; i�ðhÞ�Þ þ lm � j�ð fm � omÞÞ

¼ y�k � jm þ k � y�k � j�ð½bm; i�ðh2Þ�Þ þ lm � y�k � j�ð fm � omÞ

¼ jm � k � j�ð½bm; i�ðh2Þ�Þ þ k � j�ð½bm; i�ðh2Þ�Þ þ lm � j�ð fm � omÞ

¼ jm þ lm � j�ð fm � omÞ:

Then because cjLm
¼ h1, we can change the generator c 7! ~yy, and we may

assume that ~yy A EðXmÞ satisfies the equality (13). r

Lemma 5.5. Let mb 3 be an integer such that m1 0 ðmod 3Þ.
( i ) ~yy � j�ð½bm; i�ðh2Þ�Þ ¼ �j�ð½bm; i�ðh2Þ�Þ.
(ii) ~yy � j�ð fm � omÞ ¼ j�ð fm � omÞ.

Proof. (i) Since ~yy � j ¼ j � h1 (by (12)), we have

~yy � j�ð½bm; i�ðh2Þ�Þ ¼ j�ðh1 � ½bm; i�ðh2Þ�Þ ¼ j�ð½h1 � bm; h1 � i � h2�Þ

¼ j�ð½�bm; i � ð�i2Þ � h2�Þ ðby Lemma 5:1 and ð11ÞÞ

¼ �j�ð½bm; i�ðh2Þ�Þ ðby ð10ÞÞ:

(ii) Since ~yy � j ¼ j � h1, it su‰ces to prove that h1 � fm � om ¼ fm � om.

Then it follows from Lemma 5.3 that we have h1 � fm � om ¼ fm � hP � om ¼
fm � ði3Þ � om ¼ fm � om. r

Lemma 5.6. Let mb 3 be an integer such that m1 0 ðmod 3Þ.
( i ) If lm 0 0 A Z=3, ½M0� ¼ ½M1� ¼ ½M�1� in M4

m.

(ii) If lm ¼ 0 A Z=3, ½M0�0 ½M1�, ½M1�0 ½M�1� and ½M�1�0 ½M0� in M4
m.

Remark. So we can determine the set M4
m completely if we know

whether lm ¼ 0 or not. In fact, lm ¼ 0 holds and this will be proved in

Theorem 5.8.
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Proof. (i) If lm 0 0 A Z=3, lm ¼G1. Then because

~yy � jm ¼ jm G j�ð fm � omÞ ðby ð13ÞÞ; and
~yy � ðjm G j�ð fm � omÞÞ ¼ jm H j�ð fm � omÞ;

(
it follows from Lemma 4.1 that we obtain ½M0� ¼ ½M1� ¼ ½M�1� A M4

m.

(ii) If lm ¼ 0, by using (13) and Proposition 4.5, we have

y � jm 0Gðjm G j�ð fm � omÞÞ;
y � ððjm þ j�ð fm � omÞÞ0Gðjm � j�ð fm � omÞÞ

�
for any y A EðXmÞ. Hence, by Lemma 4.1, ½M0�0 ½M1�, ½M1�0 ½M�1� and
½M�1�0 ½M0� in M4

m. r

Lemma 5.7. Let mb 3 be an odd integer with m1 0 ðmod 3Þ and let M

be an m-twisted CP4.

( i ) There is a homotopy equivalence

M=S2 FS44S6 Ug e
8 ¼ Nðn0Þ for some n0 A Z=12;

where g ¼ i4 � n4 þ i6 � h6 þ n0 � i4 � Eo A p7ðS44S6Þ and il : S
l ! S44S6

ðl ¼ 4; 6Þ denotes the corresponding inclusion.

(ii) In this case, P1 : Z=3GH 4ðM;Z=3Þ ! H 8ðM;Z=3ÞGZ=3 is iso-

morphism if n0 D 0 ðmod 3Þ and it is trivial if n0 1 0 ðmod 3Þ.

Proof. (i) Since Sq2 : H 4ðM;Z=2Þ ! H 6ðM;Z=2Þ is trivial by [[6],

Proposition 4.1], there is a homotopy equivalence M=S2 FS44S6 Ug e
8 ¼ Ng

for some g A p7ðS44S6Þ ¼ Z � i4 � n4 lZ=12 � i4EolZ=2 � i6 � h6.
Since N�g FNg, without loss of generalities, we may suppose that

g ¼ a � i4 � n4 þ n0 � i4 � Eoþ e � i6 � h6 ðab 0 A Z; n0 A Z=12; e A Z=2Þ:

If x2l A H 2lðM;ZÞGZ denotes the corresponding generator (l ¼ 2; 4), since M

is an m-twisted CP4, the equality x4 � x4 ¼Gx8 holds. Hence, by the solution

of Hopf invariant one problem, we have a ¼ 1. Moreover, it follows from

[[6], Lemma 4.2] that Sq2 : Z=2 ¼ H 6ðM;ZÞ !G H 8ðM;Z=2Þ ¼ Z=2 is an iso-

morphism. Then if q : M !M=S2 FNg denotes the pinch map, because

Ng=S
4 FS6 Ue�h6 e

8, it follows from the commutative diagram

H 6ðM;Z=2Þ  ���q �

G
H 6ðNg;Z=2Þ  ���

G
H 6ðS6 Ue�h6 e

8;Z=2ÞGZ=2

Sq2

???yG Sq2

???y Sq2

???y
H 8ðM;Z=2Þ  ���q �

G
H 8ðNg;Z=2Þ  ���

G
H 8ðS6 Ue�h6 e

8;Z=2ÞGZ=2

that we obtain e ¼ 1. Therefore, (i) is proved.
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(ii) By (i) we may assume that M=S2 ¼ Nðn0Þ. It follows from the

solution of mod 3 Hopf invariant one problem that

P1 : Z=3GH 4ðNðn0Þ;Z=3Þ ! H 8ðNðn0Þ;Z=3ÞGZ=3

is an isomorphism if n0 D 0 ðmod 3Þ, and it is trivial if n0 1 0 ðmod 3Þ. Then

the assertion (ii) follows from the following commutative diagram.

H 4ðM;Z=3Þ ���!P1

H 8ðM;Z=3Þ

q �

x???G q �

x???G

Z=3GH 4ðNðn0Þ;Z=3Þ ���!P1

H 8ðNðn0Þ;Z=3ÞGZ=3: r

Theorem 5.8. Let mb 3 be an odd integer with m1 0 ðmod 3Þ.
( i ) ½M0�0 ½M1�, ½M0�0 ½M�1� and ½M1�0 ½M�1� in M4

m.

( ii ) M4
m ¼ f½M0�; ½M1�; ½M�1�g.

(iii) If we choose the free generator jm A p7ðXmÞ suitably,

P1 : Z=3GH 4ðMe;Z=3Þ ! H 8ðMe;Z=3ÞGZ=3

is an isomorphism if e ¼G1 and it is trivial if e ¼ 0.

Proof. (i) It follows from Lemma 5.7 that there is a homotopy

equivalence

M0=S
2 FS44S6 Ug e

8 ¼ Nðn0Þ for some n0 A Z=12;

where g ¼ i4 � n4 þ n0 � i4 � Eoþ i6 � h6 A p7ðS44S6Þ.
Now we recall the definition of fM1;M�1;M0g; MG1 ¼

Mðjm G j�ð fm � omÞÞ and M0 ¼MðjmÞ. If we consider the induced homo-

morphism

q 0m� : Z=3 � om ¼ p7ðP4ðmÞÞ ! p7ðS4Þ ¼ Z � n4 lZ=12 � Eo;

because q 0m�ðomÞ ¼ 4Eo ¼ Ea1ð3Þ (by Lemma 2.1), we may assume that there

are homotopy equivalences

M1=S
2 FNðk0 þ 4Þ and M�1=S

2 FNðk0 � 4Þ:ð14Þ

Because k0 G 41 k0 G 1 ðmod 3Þ, one of N ¼ fk0; k0 � 4; k0 þ 4g is zero

mod 3 and the other two numbers of N are both non-zero mod 3.

Hence, by Lemma 5.7, there is some e0 A f0; 1;�1g such that P1 : Z=3G
H 4ðMe;Z=3Þ ! H 8ðMe;Z=3ÞGZ=3 is trivial if e ¼ e0 and an isomorphism if

e A f0; 1;�1g and e0 e0.
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So ½Me0 �0 ½Me1 � in M4
m if e0 0 e1 A f0; 1;�1g. Then by Lemma 5.6,

½M0�0 ½M1�, ½M1�0 ½M�1�, ½M�1�0 ½M0� in M4
m.

(ii) The assertion (ii) follows from Proposition 4.8 and (i).

(iii) We note that p7ðXmÞ ¼ Z � jmlZ=3 � j�ð fm �omÞlZ=m � ½bm; i�ðh2Þ�.
Then if we change the free base jm by jm 7! jm þ e0 � j�ð fm � omÞ, the assertion

(iii) is also satisfied. r

Now we can complete the proof of Theorem 1.3.

Proof of Theorem 1.3. The assertion (i) follows from Theorem 4.6, and

the assertions (ii), (iii) follow from Theorem 5.8. r

Finally we compute the action of ~yy on p7ðXmÞ explicitly.

Theorem 5.9. Let mb 3 be an odd integer with m1 0 ðmod 3Þ. Then

the left action of ~yy on p7ðXmÞ is determined by the following:

~yy � j�ð½bm; i�ðh2Þ�Þ ¼ �j�ð½bm; i�ðh2Þ�Þ;
~yy � j�ð fm � omÞ ¼ j�ð fm � omÞ;
~yy � jm ¼ jm:

8><>:
Proof. It follows from Theorem 5.8 and Lemma 5.6 that lm ¼ 0.

Hence, the assertion follows from Lemma 5.5 and (13). r
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