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Abstract. The L p Sobolev-type inequality shows that the supremum of juðyÞj defined
on RN is estimated from above by constant C multiples of the Lp norm of

ð�Dþ a2ÞuðxÞ. Among such constant C, the smallest constant is the best constant

C0. If we replace C by C0 in the L p Sobolev-type inequality, then the equality holds

for the best function UðxÞ. The aim of this paper is to find C0 and UðxÞ of the Lp

Sobolev-type inequality. The Green function Gðx� yÞ of partial di¤erential equation

of elliptic type ð�Dþ a2ÞuðxÞ ¼ f ðxÞ defined on RN is an important factor in this paper

because C0 and UðxÞ consist of the Green function.

1. Introduction

Let N ¼ 1; 2; 3; . . . , a > 0 and p; q > 1 satisfying 1=pþ 1=q ¼ 1. Let x ¼
ðx1; x2; . . . ; xNÞ A RN be an independent variable. We put the Laplacian:

D ¼ q2x1 þ q2x2 þ � � � þ q2xN ; qxi ¼
q

qxi
;

the surface area of N dimensional unit sphere [8, p. 517]:

oN ¼ 2pN=2

GðN=2Þ ; o1 ¼ 2; o2 ¼ 2p; o3 ¼ 4p; . . .

and the heat kernel Hðx; tÞ:

Hðx; tÞ ¼ 1

ð4ptÞN=2
e�jxj2=ð4tÞ ðx A RN ; 0 < t < yÞ: ð1:1Þ

Assumption 1.1. We assume that

max 1;
N

2

� �
< p < y:

2020 Mathematics Subject Classification. Primary 35J08; Secondary 35J15.

Key words and phrases. Green function, Best constant, Modified Bessel function.



Lemma 1.2. For any bounded continuous function f ðxÞ, the partial di¤er-

ential equation of elliptic type

ð�Dþ a2Þu ¼ f ðxÞ ðx A RNÞ ð1:2Þ

has a unique solution

uðxÞ ¼
ð
RN

Gðx� yÞ f ðyÞdy; ð1:3Þ

where Gðx� yÞ is the Green function. GðxÞ is given by

GðxÞ ¼
ðy
0

e�a2tHðx; tÞdt ð1:4Þ

¼ aðN�2Þ=2

ð2pÞN=2jxjðN�2Þ=2 KðN�2Þ=2ðajxjÞ ð1:5Þ

¼

an�1=2

ð2pÞnþ1=2jxjn�1=2
Kn�1=2ðajxjÞ ðN ¼ 2nþ 1Þ

an

ð2pÞnþ1jxjn
KnðajxjÞ ðN ¼ 2nþ 2Þ

8>>><>>>: ðn ¼ 0; 1; 2; . . .Þ; ð1:6Þ

where KnðzÞ is the modified Bessel function [10, p. 170] as

KnðzÞ ¼
p

2

I�nðzÞ � InðzÞ
sinðnpÞ ðn B ZÞ;

KnðzÞ ¼ K�nðzÞ ¼
ð�1Þn

2

qI�nðzÞ
qn

� qInðzÞ
qn

� �
n¼n

ðn A ZÞ:

Here, InðzÞ is the modified Bessel function [10, p. 170] as

InðzÞ ¼
Xy
n¼0

1

n!Gðnþ nþ 1Þ
z

2

� �nþ2n

:

Corollary 1.3. We enumerate GðxÞ in the case of N ¼ 1; 2; 3 as

GðxÞ ¼

1

2a
e�ajxj ðN ¼ 1Þ;

1

2p
K0ðajxjÞ ðN ¼ 2Þ;

1

4pjxj e
�ajxj ðN ¼ 3Þ:

8>>>>>>>><>>>>>>>>:
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We introduce the function space Wp and the Lp norm k � kp as

Wp ¼ fu; Du A LpðRNÞg; kukp ¼
ð
RN

juðxÞjpdx
� �1=p

;

where dx ¼ dx1dx2 � � � dxN .

Theorem 1.4. Under Assumption 1:1, for any u A Wp, there exists a

positive constant C which is independent of u, such that the Lp Sobolev-type

inequality

sup
y ARN

juðyÞjaCkð�Dþ a2Þukp ð1:7Þ

holds. Among such C, the best constant C0 ¼ kGkq is

kGkq
q ¼ aðN�2Þq�NoN

ð2pÞðN=2Þq

ðy
0

r�ððN�2Þ=2ÞqþN�1ðKðN�2Þ=2ðrÞÞqdr: ð1:8Þ

If we replace C by C0, then the equality holds for uðxÞ ¼ cUðxÞ, where c is an

arbitrary constant and UðxÞ is given by

UðxÞ ¼
ð
RN

Gðx� yÞðGðyÞÞq=pdy: ð1:9Þ

We refer to UðxÞ as the best function.

The Lp Sobolev-type inequality (1.7) shows that the supremum of juðyÞj is
estimated in constant multiples of the Lp norm of ð�Dþ a2ÞuðxÞ. The Green

function Gðx� yÞ of ð�Dþ a2ÞuðxÞ is an important factor in this paper. The

best constant of (1.7) is given by the Lq norm of the Green function. The best

function of (1.7) consists of the Green function.

Applying N ¼ 1; 2; 3 and the formula in [10, p. 172] to (1.8), we have

Corollary 1.5.

Corollary 1.5. We enumerate kGkq
q in the case of N ¼ 1; 2; 3 as

kGkq
q ¼

1

2q�1aqþ1q
ðN ¼ 1; 1 < q < yÞ;

1

ð2pÞq�1
a2

ðy
0

rðK0ðrÞÞqdr ðN ¼ 2; 1 < q < yÞ;

Gð3� qÞ
ð4pÞq�1ðaqÞ3�q

ðN ¼ 3; 1 < q < 3Þ;

8>>>>>>>><>>>>>>>>:
where GðzÞ is the Gamma function.
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Furthermore, applying p ¼ q ¼ 2 to Theorem 1.4, we obtain Theorem 1.6.

We note that N satisfies N ¼ 1; 2; 3 by Assumption 1.1.

Theorem 1.6. For any function u A W 2, there exists a positive constant C

which is independent of u such that the L2 Sobolev-type inequality

sup
y ARN

juðyÞjaCkð�Dþ a2Þuk2 ðN ¼ 1; 2; 3Þ ð1:10Þ

holds. Among such C, the best constant C0 ¼ kGk2 is

kGk22 ¼

1

4a3
ðN ¼ 1Þ;

1

4pa2
ðN ¼ 2Þ;

1

8pa
ðN ¼ 3Þ:

8>>>>>>><>>>>>>>:
ð1:11Þ

If we replace C by C0, then the equality holds for uðxÞ ¼ cUðxÞ, where c is an

arbitrary constant and UðxÞ is given by

UðxÞ ¼

1

4a3
ðajxj þ 1Þe�ajxj ðN ¼ 1; x A RÞ;

jxj
4pa

K�1ðajxjÞ ðN ¼ 2; x A R2Þ;

1

8pa
e�ajxj ðN ¼ 3; x A R3Þ:

8>>>>>>><>>>>>>>:
ð1:12Þ

In our previous studies, we have the best constant of the L2 Sobolev

inequality corresponding to some di¤erential equations with boundary condi-

tions. We enumerate its di¤erential equations. Here, we introduce the char-

acteristic polynomial PMðzÞ ¼ ðzþ a20Þðzþ a21Þ � � � ðzþ a2M�1Þ, where 0 < a0 <

a1 < � � � < aM�1. Let D ¼ d=dx. We have the best constant of the L2

Sobolev inequality corresponding to P1ð�D2Þu ¼ f ðxÞ ðx A ð0;LÞÞ [7, 22], its

discrete version [26, 27], P2ð�D2Þu ¼ f ðxÞ ðx A ð0;yÞÞ [6, 15, 18], P2ð�D2Þu ¼
f ðxÞ ðx A ð0;LÞÞ [22, 25], PMð�D2Þu ¼ f ðxÞ ðx A RÞ [1] and PMð�DÞu ¼ f ðxÞ
ðx A RNÞ [4, 5]. Here, we also consider 2M-th order simple type ða0 ¼ � � � ¼
aM�1 ¼ 0Þ di¤erential equation on an interval ð�1ÞMD2Mu ¼ f ðxÞ ðx A ð0;LÞÞ
[17, 20, 21, 23] and its discrete version [11]. Moreover, we extend the L2

Sobolev inequality into the Lp Sobolev inequality corresponding to ð�1ÞMD2Mu

¼ f ðxÞ ðx A ð0;LÞÞ [2, 12, 13, 14, 19, 28, 29]. On the other hand, we have

the best constant of the L2 Sobolev-type inequality corresponding to PMðDÞu ¼
f ðxÞ ðx A RÞ [3], PMðDÞu ¼ f ðxÞ ðx A ð0; 1ÞÞ with periodic boundary condition

[16], PMð�DÞu ¼ f ðxÞ in an N dimensional torus [24]. In this paper, we
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extend the argument of the L2 Sobolev-type inequality into the Lp Sobolev-type

inequality. We have the best constant and the best function of the Lp Sobolev-

type inequality corresponding to the second order partial di¤erential equation

ð�Dþ a2Þu ¼ f ðxÞ ðx A RNÞ.
This paper is organized as follows. In section 2, we explain the Green

function. The sections 3 and 4 are devoted to the proof of Theorem 1.4 and

1.6, respectively. In section 5, we state the relation between the L2 Sobolev-

type inequality and the L2 Sobolev inequality.

2. Green function

In this section, we prove Lemma 1.2. First, we prepare Lemma 2.1 which

states the initial value problem of heat equation. Second, using Lemma 2.1,

we prove Lemma 1.2. Finally, we state the Lq norm of the Green function.

Lemma 2.1. For any bounded continuous function f ðxÞ ðx A RNÞ, the ini-

tial value problem

IVP

ðqt � Dþ a2Þu ¼ f ðxÞ ðx A RN ; 0 < t < yÞ;
uðx; 0Þ ¼ 0 ðx A RNÞ

�
has a unique solution

uðx; tÞ ¼
ð
RN

ð t
0

e�a2sHðx� y; sÞdsf ðyÞdy: ð2:1Þ

Proof of Lemma 2.1. If we consider uðx; tÞ ¼ e�a2tvðx; tÞ, then we have

IVPe
ðqt � DÞv ¼ ea

2tf ðxÞ ðx A RN ; 0 < t < yÞ;
vðx; 0Þ ¼ 0 ðx A RNÞ:

(

For x ¼ ðx1; x2; . . . ; xNÞ A RN and x ¼ ðx1; x2; . . . ; xNÞ A RN , using

hx; xi ¼
XN
j¼1

xjxj ; jxj2 ¼ hx; xi ¼
XN
j¼1

jxjj2;

we define the Fourier transform as

vðxÞ �!b v̂vðxÞ ¼
ð
RN

e�
ffiffiffiffiffi
�1

p
hx;xivðxÞdx:

91Lp Sobolev-type inequality corresponding to elliptic operator



Through the Fourier transform, IVPe is transformed into

IVPeb
ðqt þ jxj2Þv̂v ¼ ea

2tf̂f ðxÞ ðx A RN ; 0 < t < yÞ;
v̂vðx; 0Þ ¼ 0 ðx A RNÞ:

(

IVPeb has a solution as

v̂vðx; tÞ ¼
ð t
0

ĤHðx; t� sÞea2s dsf̂f ðxÞ; ĤHðx; tÞ ¼ e�jxj2t:

Through the inverse Fourier transform, the solution of IVPe follows

from

vðx; tÞ ¼
ð
RN

ð t
0

Hðx� y; t� sÞea2s dsf ðyÞdy;

where Hðx; tÞ is the heat kernel given by (1.1). Thus, the solution of IVP

is

uðx; tÞ ¼ e�a2tvðx; tÞ

¼
ð
RN

ð t
0

e�a2ðt�sÞHðx� y; t� sÞdsf ðyÞdy

¼
ð
RN

ð t
0

e�a2sHðx� y; sÞdsf ðyÞdy:

Hence, we have (2.1). This completes the proof of Lemma 2.1. 9

Proof of Lemma 1.2. Taking the limit as t ! y for Lemma 2.1, we have

IVP ! (1.2) and uðx; tÞ in (2.1) ! uðxÞ in (1.3) and (1.4). So this uðxÞ is the

stationary function of uðx; tÞ. In addition, (1.4) is equal to

GðxÞ ¼ 1

ð4pÞN=2

ðy
0

e�a2tt�N=2e�jxj2=ð4tÞ dt:

Applying the above equality to the formula in [9, p. 291], we have (1.5). Sub-

stituting N ¼ 2nþ 1 and N ¼ 2nþ 2 into (1.5), we have (1.6). This completes

the proof of Lemma 1.2. 9

Lemma 2.2. Under Assumption 1.1, the Lq norm of GðxÞ to the power of q

(1.8) holds.

Proof of Lemma 2.2. x is denoted by the polar coordinates
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x1 ¼ r cosðy1Þ;

x2 ¼ r sinðy1Þ cosðy2Þ;

x3 ¼ r sinðy1Þ sinðy2Þ cosðy3Þ;

..

.

xN�2 ¼ r sinðy1Þ sinðy2Þ � � � sinðyN�3Þ cosðyN�2Þ;

xN�1 ¼ r sinðy1Þ sinðy2Þ � � � sinðyN�2Þ cosðjÞ;

xN ¼ r sinðy1Þ sinðy2Þ � � � sinðyN�2Þ sinðjÞ;

ð0 < r ¼ jxj < y; 0 < y1; y2; . . . ; yN�2 < p; 0 < j < 2pÞ:

Then, its Jacobian is

qðx1; . . . ; xNÞ
qðr; y1; . . . ; yN�2; jÞ

¼ rN�1ðsinðy1ÞÞN�2ðsinðy2ÞÞN�3 � � � sinðyN�2Þ:

Let the surface area of N dimensional unit sphere oN be

oN ¼
ð p
0

� � �
ð p
0

ð2p
0

ðsinðy1ÞÞN�2ðsinðy2ÞÞN�3 � � � sinðyN�2ÞdjdyN�2 � � � dy1:

For (1.5), using the polar coordinates of x, we have

kGkq
q ¼ aððN�2Þ=2Þq

ð2pÞðN=2Þq

ð
RN

jxj�ððN�2Þ=2ÞqðKðN�2Þ=2ðajxjÞÞqdx

¼ aððN�2Þ=2ÞqoN

ð2pÞðN=2Þq

ðy
0

r�ððN�2Þ=2ÞqðKðN�2Þ=2ðarÞÞqrN�1 dr

¼ aðN�2Þq�NoN

ð2pÞðN=2Þq

ðy
0

x�ððN�2Þ=2ÞqþN�1ðKðN�2Þ=2ðxÞÞqdx:

If we rewrite x as r, then we have (1.8).

Here, we investigate the condition of integrability of (1.8). For N ¼
1; 2; 3; . . . , using the formula in [10, p. 173], we have asymptotic expansion of

r ! y as

KðN�2Þ=2ðrÞ@
ffiffiffiffiffi
p

2r

r
e�r
Xy
j¼0

G N�1
2 þ j

� 	
j!G N�1

2 � j
� 	 1

2 j

1

r j
! 0 ðr ! yÞ:

In the case of N ¼ 2nþ 1, using the formula in [10, p. 172], we have
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r�ðð2n�1Þ=2Þqþ2nðKð2n�1Þ=2ðrÞÞq

¼

ffiffiffi
p

2

r
e�r

� �q
ðn ¼ 0Þ;

r�ðn�1=2Þqþ2n

ffiffiffiffiffi
p

2r

r
e�r
Xn�1

j¼0

ðn� 1þ jÞ!
j!ðn� 1� jÞ!

1

2 j

1

r j

 !q
ðn ¼ 1; 2; 3; . . .Þ:

8>>>><>>>>:
Thus, we have asymptotic expansion of r ! 0 as

r�ðð2n�1Þ=2Þqþ2nðKð2n�1Þ=2ðrÞÞq

@

ffiffiffi
p

2

r
ðn ¼ 0Þ;

const: r�ð2n�1Þqþ2n ðn ¼ 1; 2; 3; . . .Þ;

8<: ðr ! 0Þ:

Hence, the condition of integrability of (1.8) are 1 < q < y in n ¼ 0 and

1 < q < 2nþ1
2n�1 ¼ N

N�2 in n ¼ 1; 2; 3; . . . . In the case of N ¼ 2nþ 2, using the

formula in [10, p. 170], we have

r�nqþ2nþ1ðKnðrÞÞq

¼

r �I0ðrÞ gþ log
r

2

� �
þ
Xy
j¼0

1

ð j!Þ2
r

2

� �2jXj

k¼1

1

k

" #q
ðn ¼ 0Þ;

r�nqþ2nþ1

"
ð�1Þnþ1

InðrÞ gþ log
r

2

� �

þ ð�1Þn

2

Xy
j¼0

1

j!ðnþ jÞ!
r

2

� �nþ2j Xj

k¼1

1

k
þ
Xjþn

k¼1

1

k

 !

þ 1

2

Xn�1

j¼0

ð�1Þ j ðn� j � 1Þ!
j!

r

2

� �2j�n
#q

ðn ¼ 1; 2; 3; . . .Þ;

8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:
where InðzÞ is the modified Bessel function [10, p. 170] and g ¼ 0:57721 � � � is
Euler’s constant. Thus, we have asymptotic expansion of r ! 0 as

r�nqþ2nþ1ðKnðrÞÞq @
0 ðn ¼ 0Þ;
const: r�2nqþ2nþ1 ðn ¼ 1; 2; 3; . . .Þ;

�
ðr ! 0Þ;

where we use I0ð0Þ ¼ 1 and r log r ! 0 ðr ! 0Þ. Hence, the condition

of integrability of (1.8) are 1 < q < y in n ¼ 0 and 1 < q < nþ1
n

¼ N
N�2 in

n ¼ 1; 2; 3; . . . . As a result, we have the condition of integrability of (1.8)

as
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N ¼ 1; 2 ) 1 < q < y;

N ¼ 3; 4; 5; � � � ) 1 < q <
N

N � 2

8<: , max 1;
N

2

� �
< p < y:

So, under Assumption 1.1, we have kGkq
q < y for N ¼ 1; 2; 3; . . . .

This completes the proof of Lemma 2.2. 9

3. Lp Sobolev-type inequality

In this section, we prove Theorem 1.4.

Proof of Theorem 1.4. Exchanging x and y in (1.3) and using Gðy� xÞ
¼ Gðx� yÞ, we have

uðyÞ ¼
ð
RN

Gðx� yÞ f ðxÞdx:

For any fixed y A RN , applying the Hölder inequality to the above relation and

using kGð� � yÞkq ¼ kGkq and f ðxÞ ¼ ð�Dþ a2ÞuðxÞ, we have

juðyÞja kGð� � yÞkqk f kp ¼ kGkqkð�Dþ a2Þukp:

Taking the supremum of the both sides with respect to y, we have the Lp

Sobolev-type inequality

sup
y ARN

juðyÞja kGkqkð�Dþ a2Þukp: ð3:1Þ

We suppose UðxÞ satisfying

ð�Dþ a2ÞU ¼ ðGðxÞÞq=p: ð3:2Þ

From Lemma 1.2, UðxÞ is given by (1.9). By putting x ¼ 0 and using (3.2),

we have

Uð0Þ ¼
ð
RN

Gð�yÞðGðyÞÞq=pdy ¼
ð
RN

ðGðyÞÞqdy

¼
ð
RN

ðGðyÞÞqdy
� �1=q ð

RN

ððGðyÞÞq=pÞ pdy
� �1=p

¼ kGkqkð�Dþ a2ÞUkp;

where we note 1=pþ 1=q ¼ 1. Combining this with (3.1), we have

kGkqkð�Dþ a2ÞUkp ¼ Uð0Þa sup
y ARN

jUðyÞja kGkqkð�Dþ a2ÞUkp:
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Hence we have

sup
y ARN

jUðyÞj ¼ kGkqkð�Dþ a2ÞUkp:

This shows that kGkq in (1.8) is the best constant of the Lp Sobolev-type

inequality (1.7) and the equality holds for UðxÞ defined by (1.9). The concrete

form of kGkq
q in (1.8) is shown by Lemma 2.2. This completes the proof of

Theorem 1.4. 9

4. L2 Sobolev-type inequality

In this section, we prove Theorem 1.6.

Proof of Theorem 1.6. Applying p ¼ q ¼ 2 to Theorem 1.4, we have the

L2 Sobolev-type inequality (1.10), its best constant

kGk22 ¼
ð
RN

jGðxÞj2dx ð4:1Þ

and its best function

UðxÞ ¼
ð
RN

Gðx� yÞGðyÞdy: ð4:2Þ

First, we show that the best function (4.2) equals to (1.12). Using GðxÞ in
(1.4) and the semi-group property of the heat kernelð

RN

Hðx� y; tÞHðy; sÞdy ¼ Hðx; tþ sÞ;

we have

UðxÞ ¼
ð
RN

Gðx� yÞGðyÞdy

¼
ð
RN

ðy
0

e�a2tHðx� y; tÞdt
ðy
0

e�a2sHðy; sÞdsdy

¼
ðy
0

ðy
0

ð
RN

Hðx� y; tÞHðy; sÞdye�a2ðtþsÞ dtds

¼
ðy
0

ðy
0

Hðx; tþ sÞe�a2ðtþsÞ dtds:

By the change of variables
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t ¼ tþ s

s ¼ t� s

�
,

t ¼ 1

2
ðtþ sÞ

s ¼ 1

2
ðt� sÞ

8>>><>>>: ; dtds ¼ 1

2
dsdt;

UðxÞ is given as

UðxÞ ¼
ðy
0

ð t
�t

e�a2tHðx; tÞ 1
2
dsdt

¼
ðy
0

te�a2tHðx; tÞdt ¼
ðy
0

� 1

2a
qaðe�a2tÞ

� �
Hðx; tÞdt

¼ � 1

2a
qa

ðy
0

e�a2tHðx; tÞdt
� �

¼ � 1

2a
qaGðxÞ:

Here, setting n ¼ N � 2

2
for GðxÞ in (1.5), we have

GðxÞ ¼ an

ð2pÞnþ1jxjn
KnðajxjÞ:

Hence, we have

UðxÞ ¼ � 1

2a
qaGðxÞ ¼ � 1

2a

1

ð2pÞnþ1jxjn
qa½anKnðajxjÞ�

¼ � 1

2a

an�1

ð2pÞnþ1jxjn
½nKnðajxjÞ þ ajxjK 0

nðajxjÞ�

¼ � 1

2a

an�1

ð2pÞnþ1jxjn
½�ajxjKn�1ðajxjÞ�;

where we use one of the properties of the modified Bessel function [10,

p. 174]:

nKnðzÞ þ zK 0
nðzÞ ¼ �zKn�1ðzÞ:

So we have

UðxÞ ¼ an�1

2nþ2pnþ1jxjn�1
Kn�1ðajxjÞ:

By rewriting n ¼ N � 2

2
and collecting the above argument, we have
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UðxÞ ¼
ð
RN

Gðx� yÞGðyÞdy ¼
ðy
0

te�a2tHðx; tÞdt ð4:3Þ

¼ aN=2�2

2N=2þ1pN=2jxjN=2�2
KN=2�2ðajxjÞ: ð4:4Þ

Applying N ¼ 1; 2; 3 and the formula in [10, p. 172] to (4.4), we have the best

function (1.12).

Second, we show that the best constant (4.1) equals to (1.11). From UðxÞ
in (4.3), kGk22 is expressed as

kGk22 ¼
ð
RN

jGðyÞj2dy ¼
ð
RN

Gð0� yÞGðyÞdy ¼ Uð0Þ

¼
ðy
0

te�a2tHð0; tÞdt ¼ 1

ð4pÞN=2

ðy
0

t1�N=2e�a2t dt

¼ 1

ð4pÞN=2
a4�N

G
4�N

2

� �
: ð4:5Þ

Applying N ¼ 1; 2; 3 to (4.5), we have the best constant (1.11).

This completes the proof of Theorem 1.6. 9

From the uniqueness of the best constant, we have the following non-

trivial identity.

Proposition 4.1. ðy
0

rðK0ðrÞÞ2dr ¼
1

2
:

Proof of Proposition 4.1. Applying p ¼ q ¼ 2 to (1.8), we have

kGk22 ¼ oN

ð2pÞNa4�N

ðy
0

rðKðN�2Þ=2ðrÞÞ2dr: ð4:6Þ

Because the best constant is unique, (4.6) equals to (4.5) as

oN

ð2pÞNa4�N

ðy
0

rðKðN�2Þ=2ðrÞÞ2dr ¼ kGk22 ¼ 1

ð4pÞN=2
a4�N

G
4�N

2

� �
;

that is, ðy
0

rðKðN�2Þ=2ðrÞÞ2dr ¼
1

2
G

N

2

� �
G

4�N

2

� �
:

If we insert N ¼ 1; 3 into the above relation, then we have well-known identity

from the concrete form of the modified Bessel function [10, p. 172]. If we
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insert N ¼ 2 into the above relation, then we have the non-trivial identity which

is stated by Proposition 4.1. 9

5. Relation to Sobolev inequality

In this section, we state the relation between the Sobolev-type inequality

and the Sobolev inequality. We set p ¼ q ¼ 2 and N ¼ 1 for simplification.

Let D ¼ d=dx. In the background of two inequalities, the di¤erential equa-

tion and the Green function exist. Applying N ¼ 1 to Lemma 1.2, we have

Corollary 5.1.

Corollary 5.1. For any bounded continuous function f ðxÞ, the ordinary

di¤erential equation ð�D2 þ a2Þu ¼ f ðxÞ ðx A RÞ has a unique solution

uðxÞ ¼
ð
R

Gðx� yÞ f ðyÞdy; GðxÞ ¼ 1

2a
e�ajxj:

From Theorem 1.6, we have Corollary 5.2.

Corollary 5.2. For any u A W 2, the L2 Sobolev-type inequality

sup
y AR

juðyÞj
 !2

a kGk22kð�D2 þ a2Þuk22 ; kGk22 ¼ 1

4a3

holds. The equality holds for

uðxÞ ¼
ð
R

Gðx� yÞGðyÞdy ¼ 1

4a3
ðajxj þ 1Þe�ajxj:

We introduce the Hilbert space and the norm

H ¼ fu j u; u 0 A L2ðRÞg; kuk2H ¼
ð
R

½ju 0ðxÞj2 þ a2juðxÞj2�dx:

In the previous paper [1], we have Corollary 5.3.

Corollary 5.3. For any u A H, the L2 Sobolev inequality

sup
y AR

juðyÞj
 !2

aGð0Þkuk2H ; Gð0Þ ¼ 1

2a

holds. The equality holds for uðxÞ ¼ GðxÞ.

From Corollary 5.2 and 5.3, we have Proposition 5.4 concerning the rela-

tion between the L2 Sobolev-type inequality and the L2 Sobolev inequality.
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Proposition 5.4. For any u A fu; u 0; u 00 A L2ðRÞg, the inequality

sup
y AR

juðyÞj
 !2

a
1

2a
kuk2H a

1

2a3
kð�D2 þ a2Þuk22

holds.

Proof of Proposition 5.4. It is obvious that

kuk2H ¼
ð
R

½ju 0ðxÞj2 þ a2juðxÞj2�dxb a2
ð
R

juðxÞj2dx ¼ a2kuk22 ;

that is,

kuk2 a
1

a
kukH : ð5:1Þ

On the other hand, we have

kuk2H ¼
ð
R

½ju 0ðxÞj2 þ a2juðxÞj2�dx

¼ u 0ðxÞuðxÞjx¼y
x¼�y þ

ð
R

½�u 00ðxÞuðxÞ þ a2uðxÞuðxÞ�dx

¼
ð
R

ðð�D2 þ a2ÞuðxÞÞuðxÞdx:

Applying the Schwarz inequality to the above relation, we have

kuk2H a kð�D2 þ a2Þuk2kuk2: ð5:2Þ

Combining (5.1) and (5.2), we have

kukH a
1

a
kð�D2 þ a2Þuk2:

Applying the above inequality to Corollary 5.3, we have Proposition 5.4.

9

Because kGk22 ¼ ð4a3Þ�1 0 ð2a3Þ�1 holds, ð2a3Þ�1 is not the best constant

of the L2 Sobolev-type inequality in Corollary 5.2. Hence, we see that Cor-

ollary 5.2 cannot be obtained directly from Corollary 5.3.
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