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Asymptotics for diffusion first-passage laws

PAUL MCGILL

Département de Mathématiques, Université Claude Bernard, Lyon I, 69622 Villeurbanne, France.

By using Berg’s Abelian theorem, Csaki extracted a sharp asymptotic estimate for a diffusion first-passage
law from its Laplace transform. We extend the method and give a simple formulation for It6 diffusions.
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1. Introduction

We describe a method that extracts sharp estimates for P[T, < t] from [i(z, x) := E[e—?%x],
where T is the first time a real diffusion, starting from zero, hits x > 0. Many such Laplace
transforms are known explicitly — via solutions of Sturm—Liouville equations [11]. However,
tight bounds on the probability law are more elusive. For example, Remark 6.6 in [15] points
out that a convergent series for a Bessel process hitting law density fails to provide the exact
asymptotic behavior of P[T, < t] as 7 :=¢ /x2 J 0, likewise, the estimate [8], (1.18), derived
from de Bruijn’s Tauberian theorem ([2], page 254).

Csaki [4] observed the utility of Berg’s Abelian theorem ([1], pages 112—113). This describes
an expansion of p — f e‘“zG(p +iu/p)du as p 1 oo, provided G is holomorphic on a right
half-plane and satisfies certain growth restrictions there. Since Cséki’s diffusion has Brownian
scaling, his G depends on z only, but for wider application, we employ a rule of thumb. We write

2z 4 2
KZ€e KZ°+ Y0, X
GQR)=Gz.x) = = ’:iziyo”o ) (o) eRF xR, (1.1)

with yp the leading eigenvalue determined as in (3.2) below and « chosen to ensure log G(p) =
o(p) for p 1 co. Our extension then applies transparently to a wide class of Itd diffusions and
leads naturally to the computation of asymptotic expansions. We therefore state results for the
latter, while granting that few, if any, applications will involve more than the leading term.

The following statement indicates what we have in mind. For Berg’s conditions, see the hy-
potheses of Lemma 2.1 below. Throughout, 0 < pg < p; < py will denote constants independent
of x.

Theorem 1.1. Assume, for min(p, /c,oz) > po, that G satisfies the conditions of Berg’s Abelian
theorem uniformly in x. Then, with error constant independent of x,

P[T, <t]=

22mpy

et —1/kt n—1 G(z’”)(l//ct,x)
KT

(—kt)™" + o(G(l/m,x)(m)"O“))] (1.2)

m=0

as min(1/kt, 1/kt?) 4 co.
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We prove this Tauberian theorem in Section 2. A major drawback for applications remains the
difficulty of verifying its conditions, even in simple cases. Of course analyticity of G follows
by the spectral representation ([11], Section 4.11) of z — [i(z, x), but we lack a similar soft
argument for checking (Ay) and (Bg ;) in Lemma 2.1.

To this end, we formulate a more explicit, if less general, variant; prompted by the well-
known fact ([7], Chapter IV) that one can solve a large class of Sturm-Liouville equations using
asymptotic power series. In Section 3, we explain why the hitting law of an Itd process with
sufficiently smooth coefficients has an asymptotic expansion of the form

iz, x) = VTN " g, (0)[2(z — yo) T (1.3)

n>0

as Mz = p 1 oo sufficiently fast — usually inf(p, px ~X) 1 oo for some K > 1. Taking x = 2/x2,
formula (1.1) then becomes

4z ) L
mz(x/z) an (0" = HZ(:)MH(X)Z : (1.4)

G(z,x)=
where, for the last part we also require px~! 4 co.

Now recall (e.g., [7], Section 1.6) that asymptotic power series can be multiplied and com-
posed. They can also be divided whenever the denominator contains a non-zero constant and
differentiated if the function is holomorphic on a suitable sector — as we have here. Applied to
(1.4), this shows that (Ag) and (B2 ) of Lemma 2.1 hold automatically. Calculating the coeffi-
cients in (1.2), we deduce

Corollary 1.1. Assume (1.3) holds as min(p, px~') 1 0o and define T =t /x>. Then,

n—1
PIT, <t]=e @07 2% [Z ant + G2/, x)O(r"_l)i| (1.5)

m=0

as (1 4+x) | 0, where

[m/2]
2m= "(2n —m)! k
n—m m
anp = E ( 1) m'(n—m)' kgo gm—2k(X)(=2y0)".

Remark 1.1. (1) The error in (1.2) agrees with [1], Section 49.3, and by (Bg ;) of Lemma 2.1,
it has the order of the next term. Note that [4], (2.7), contains a misprint (irrelevant for his
argument).

(2) The requirement (1 + x) | 0 comes from our convergence condition for (1.4). Compare
Example 4.2.

(3) A recursive formula, listed at (3.5), gives an efficient method for computing coefficients
in the reciprocal power series of (1.3).
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(4) The above approach works more generally. If (1.4) holds for z7~1/2G(z) with v > —1,
1YY g y 2

then we can show G satisfies (A1) and (B> ,) with n = 1. See [10], page 435, for an example.
(5) We assume throughout that, in the terminology of [11], zero is either a regular point for X
or else an entrance boundary for X on [0, 00).
(6) From (1.2), we have the probabilistic interpretation lim; o logP[T, < t] = —1/k.
Equivalence with our definition lim,_, oo 7~ logE[e’erA‘] = —2//k follows from de Bruijn’s
Tauberian theorem ([2], page 254).

This article is organized as follows. Section 2 reworks the proof of Berg’s theorem to deter-
mine the error constant required for the proof of our main result. In Section 3, we follow [7],
Chapter IV, and discuss methods for computing (1.3). The final section looks at (1.2) for selected
examples related to Brownian motion with constant drift and the Ornstein—Uhlenbeck process.

2. Proof of Theorem 1.1

The idea is to apply Berg’s Abelian theorem by controlling the x-dependence in (1.1). We there-
fore rework his proof, but keep track of certain error constants. The following lemma (cf. [1],

Section 49.3) uses
Doy = /OO e 4 _ G
—o0 JT 4!

Lemma 2.1. Let G be holomorphic on Rz = p > pg > 0 and positive on [ pg, 00|, and suppose
there existaa >0, B > 1 and n > % such that for all p > py,

(Ag) 1G(p+iu)] < CaaG(p)™ /NP uniformly in Ju = p",
(Bg.n) |G(2m)(p —|—iu)| < CB,ﬁ,mpfmﬁG(p) uniformly in |u| < p",1 <m <n.

Then, for p > p1 = p1(Aa, Bg.n) = po,

L Gem (p)
22m

<2C3ﬂn

< 5EGEpeT @

- G(p +iuye /P du — Z (=)™

L

m=0

Proof. By (A,), the error in restricting the integral to (—p", p) is o(e’(l/z)pznfl)G(p). Using
a Taylor expansion, there exists |x,| < 1 such that

' 5 2n— ]G(m)(,()) 1

—_— G(p+iu)e ™ /Pdu =

N2TY /—p" n;) m! AL n
7" GO (p +ixuu)

r/ 2n)!

)" v/ dy
2.2)

(iu)2e /P du.
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We estimate each term, starting with the series, whose (even) terms are bounded by

n
G(Zm)(p)(_l)m/ﬂ uzmefuz/p du

@2m)! p /75
(2m) (2m)
_GEN0) i, GO0 /°° yme—iitp M
4mm! 2m)! ol JTP
where (Bg ;) shows the final term is o(e~/ 22! )G (p). Similarly, we bound the remainder in
(2.2) by Cp, g, times

PiﬂnG(P) o uzneﬂ,z/p du — pfﬂ(ﬂ*l)G(p) Ton _ p—n(ﬂ—l) G(p) '

)\ /7p Jo (2n)! 4n!
It remains to note that for p > p; sufficiently large, this estimate dominates the sum of the other
error terms. ]

Berg’s result follows by change of variable in (2.1). Taking first z = p + iu, and then w = z2,

we find

dw,

.ep /p+iooG(Z)e_2Z+Z2/de: .ep G(ﬂ)e—zﬂ“"/"’
L/ TP Jp—ico 21\/ o Ty \/E

where is ', is the parabola v2 =4p%(p? — u) in the w = z> = u + iv plane (see Figure 1).

The integrand is holomorphic on the exterior of I', and, by using a simple estimate, we can
deform I', into L, = {c+1is :s € R} without prejudice to the error constant in (2.1). The argument
uses condition (Bg 1) and IG = 0 on [pg, oo[ to deduce G(p) < G(pp)e®” for p > po; see [13]
for details. Our version of [1], Section 49.5, then reads as follows.

2

—

Figure 1. w plane.
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Berg’s Abelian theorem. For G as in the lemma, 30y > p1 such that for any n > 1,

1 e —2Jw4w/p n=l ~2m)
/ (Vw)e ot \/g ®)

27 Joetioo Jw 22mm|

(2.3)
CBBn —p —nip—
<2 e p D JoGlp) Vo> o,

provided ¢ > ,022.
Remark 2.1. If G is bounded on [p{, 00), then we can take pp = pj.

We prove Theorem 1.1 by applying (2.3) to the function (1.1). There are three items. First,
by hypotheses, the expansion (2.1) holds when min(p, 0%k) > p1. Second, as explained above,
(2.3) follows since (Bg,1) applies uniformly in x. Third, choosing ¢ > 0 such that k¢ + yp > p%,
we transform

c+ioco . 1
L K,u(icw—i—yo,x)ew/pdw
2711 Jemico kw + Yo

by substituting p = 1/kt and z = kw + yp. Laplace transform inversion then yields

dz = e WP[T, <1]

e Yol /'Kc+7/0+loo /:\L(Z,x) ezt
2mi Je

ct+yp—ioco <

since we already know the integral converges, while the convergence condition appears as de-
sired.

3. Expansion of the Laplace transform

We consider the computation of (1.3) for an It6 diffusion with generator

1, & d

having coefficients b € C l'and 0 < a € C2. To determine a(z,x) = E[e—%Tx], it suffices to solve
for f(z,x) :=1/1(z, x) as the unique increasing solution of G f = zf subject to f(z,0) = 1.
We therefore seek conditions for f to possess an asymptotic expansion in powers of z~!/2 as
p =Nz 1 co. Computing the reciprocal power series will then give us (1.3).

As in [7], Chapter IV, we first reduce G f = zf to a convenient canonical form. Noting that
g= fef(b/az) solves g” = [(b/a®) + (b/a®)?* + 2za~?]g, rescaling by y = [“a~! shows that
h(y) :=a~/?g satisfies

h'=(r+220h,  r=ad’[(b/a®) + (b/a*)]— (a'?)'a>.
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Erdélyi [7] expands & in powers of z~!/2. However, we need the increasing solution. So, intro-
ducing 2yy = —inf,~or(x), we rearrange as

h' = (x> +rh, F=r+2y>0, x2=2(z— ) (3.2)

and look to expand 4 in powers of 1/x for x 1 co. For this, [7] proposes the following methods.

3.1. Volterra’s integral equation

For 7 continuous, any continuous solution of Volterra’s integral equation

1 X
h(x)=h(x,x)=cieX* +cre X" + —/ sinh x (x — )7 (t)h(t) dr

X Jo

solves (3.2). The obvious candidate 1 =, . /1, is defined by
1 X

ho = c1eX* + cpe ™ X¥; hpt1(x) = — / sinh x (x — t)7 (t)h, (t) dt.

X Jo

Introducing w, (x) = w,(x, x) =e **h,(x, x) with wg = 1, we have

1 X

Wyl () = _f [1— e 2XE D7 (tyw, (1) dt (3.3)
2x Jo

and h(x) =e** Y _owy(x) is the increasing solution of (3.2) normalized by /(0) = 1. By in-

duction

M"(x)x" _

i M(x) := sup |r(1)], (3.4)

O<t<x

lwn (X, X)| <

which gives a simple test for convergence of

= f(z.x) = e~ o POBEVIETON Ny, (122 — y0)]V2, ).

n>0

(z, x)
Beware, however, the practical difficulty of computing ano wy(x,x) and its subsequent re-
arrangement into ano ky (x) x ~". The next method does better on both counts.
3.2. A direct recursion

This method requires 7 to be sufficiently differentiable. The idea is to substitute the required
expansion i (x) = Z:io ky (x) x ~"eX4™) into (3.2) and to then compare coefficients thus:

x%:(q') ko = ko;
X :2khq’ +koq” +ki(q)* = ki;
X7k 420"+ kn1q” + ko2 (@) =Fkn + kg2, n=0.
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Since these equations do not determine kg and k1, we will use
X
ko=1, ki(x) = %f (1) dt
0

from (3.3). Taking ¢ (x) = x to get the increasing solution, the above becomes 2k, 41 =Tkn— k),
which we write as

2kp+1(x) = /x F()ky (1) dt — k) (x), n>1. (3.5)
0

Compared with (3.3), the recursion (3.5) offers a more efficient route to computing

o0
= 2 x) = POUEVIETIN S g () g 02,

n=0

a(z, x)

Assuming 7 to be sufficiently differentiable, and for x restricted to a bounded interval, Erdélyi
[7] proved the validity of this expansion as xy 1 oo. However, our examples may involve more
general conditions.

Remark 3.1. The above presupposes that 7 is integrable at zero. Otherwise, although 7z —
f1(z, x) may still have an expansion, this will not always look like (1.3). For example, [10],
page 435, considers the Bessel process of dimension 2v + 2 where r(x) = w? - %)x‘2 and,
using [3], page 387,

27V (x+/22)"
T+ DI, (xv22)

Then [16], page 203, shows that z(_1/4)(2"+1)ﬁ(z, x) has an expansion of the form (1.3), so we
can apply Remark 1.1(4).

fi(z, x) =E[e ] =

4. Examples

All processes start at zero, B is Brownian motion and p = Mz 1 co. We use X*® (resp. X°) for the
maximum (resp. minimum) of our diffusion X. In particular, (X} > x) = (T, < t). Recall that
7 :=t/x? throughout.

We noted in the Introduction that a series expansion for a Bessel process hitting time fails to
give the asymptotic estimate stated in Conjecture 6.7 of [15]. Gruet and Shi [10] established the
latter using Cséki’s observation [4], but did not dispel the notion, implicit in [15] and also in [5],
that expansions like the well-known [9], Section 8.254,

[2 " 2m)!
P[B! > x] =2P[B, > x] = !/*" — [1 + 2_:1 (zm";:‘ (=)™ + 0(r”+1):|, @.1)

astT =t /)c2 1 0, are somehow exceptional.
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We claim the contrary: Berg’s theorem gives hitting law asymptotics for many of the diffusions
one meets in practice. We illustrate with three examples. In the first, which looks at the range of
Brownian motion with drift, we start from Williams’ formula [17] for i and determine the co-
efficients for (1.5) by hand. The next example considers the Ornstein—Uhlenbeck process where,
despite knowing /i in terms of parabolic cylinder functions, we found the methods of Section 3
provide a better way of obtaining (1.5).

Our final example examines the hitting law for a Bessel process with drift [14]. Here, the meth-
ods of Section 3 fail due to the singularity of r at zero. Nevertheless, G has an expansion, albeit
one containing powers of z~! log z, which we can use to verify (A}) and (B,,,) of Lemma 2.1.

Example 4.1. Define X =Y — Y°, where Y; = B; + At for A > 0. Then, (X, £) is the unique
positive solution of the reflecting SDE

t
XIZBI‘I-)\.I—FZ[, f X‘gd'gs =0,
0

so £ is the local time of X at zero. Using the local martingale f(X,)e™* defined by f” +21f' =
2zf and f’(0) = 0, Williams [17] showed

Xe)ux

x cosh xx + Asinh yx’

o
z/ e UPIX; > x]dt = iz, x) = x>=2z+2%
0

We use his formula to compute the full asymptotic expansion of P[X? > x]as 7, :=t(14+x) | O,
thereby improving a result in [5] (the authors found the leading term as x 1 oo with r = 1). We
start by noting yp = — %Az, so for k =2/x* we find

eZz 2z 8z eAx

G(z,x)= X X .
(@) = sz X 22 7 ix a2z < 422 — <22

To calculate (1.4), we first replace G with a simpler function having the same expansion. In fact,
1/(1—e %) = ano e~%"% can be ignored since its derivatives are all O (e~*P). Also, the second
factor in G satisfies

2z 2z 27X e %
— — X s
27+ xtanh2z  2z4+ix  (2z4+Aix)  2z4+Aix 4+ (27— Ax)e %

where all derivatives of the last term decrease exponentially fast. Thus, G has the same asymp-
totic power series as

8zeM 2z 2eM [1 )\%Z}—l[l Ax:|_1

H = = —
@ 472 — x2)2 x 27+ Ax z 472 + 27

whose expansion converges as min(p, px~!) 1 co. Applying Corollary 1.1,

n—1
PIX? > x] =e M0/ | 8e [Z am(—0)" + 0(1")}, o :=1(14x) 0,
bl

m=0
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where, for v, = #{k > 0:2k < n},

2n —m)!

U= (n — m)!”

n
ay ‘= Z bn,m()\x)ms bn,m =

m=0
Looking at the first few terms,
PIX; > x]
= e M2 Rl — (1 + Ax)T + (222x2 + 3ax +3)72
— (27 +1222x% 4+ 150x + 15)7°
+ (Ba%x* +204°x3 + 904%x2 + 1050x + 105)7*
— BAx% 4+ 450%x* 4+ 21023 %3 + 84002 x% 4 945.x 4 945) 77
+ 0],

we guess, and can easily prove, that by, 2, = v, =n 4+ 1 =b2p41.20+1-
Remark 4.1. 1If ). =0, then by Lévy’s theorem, X*® := (B — B°)*® faw |B|® := B* and, comparing

our expansion with (4.1), we find P[B; > x] and 2IP[ B} > x] have the same asymptotic power
series for 7 | 0. A simpler way to see this uses the strong Markov property.

Example 4.2. For the Ornstein—Uhlenbeck process solving X; = B; — A fot X,;ds,wehavea =1
and b= —Ax in (3.1). Thus, y = $4 > 0 and 7(x) = A2x2. Estimate (3.4) now gives

3n

X
lwn (x, x)| = C

TR x'=00) = ) |wa(x.x)| < oo,

n>0
showing that ano wp(2z/x, x) converges provided inf(p, ,ox_4) 1 oo. Since ZZ;& Wy, (X, x)
differs from ZZ;& ky (x)x ~™ by a finite number of higher order terms, this proves convergence

of the latter and hence of its reciprocal series (1.3). Computing the coefficients in (1.5) from
(3.5), we see

PLX} > x]

2.4 2 4.8
_ <1/2)Ar—(2r>1\/§ (1422 M 304 M
e - + 6 T+ 3 +4 x4+ 201 T

17 ABx6 At a0x12
— (15— 3ax2 + —2%x* - 34,
( SR T R TV E TR A

valid for (1 + x*) | 0. To verify that A2 x4 has coefficient —(6"n!)~!, one can argue by
induction. We have no general expression for the other non-constant coefficients.
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Example 4.3. The Bessel process of dimension 2v + 2 and drift A solves

2 1 [td
vt —s+/\dt

X, =B +
t t 2 OXS

for v > —% (Kendall’s pole-seeking Brownian motion [12] corresponds to v = 0 and A < 0).

Here the methods of Section 3 fail because, in the notation of (3.1), r =b" + b? is not integrable
at zero. Nevertheless, from [14], page 363, and using the relation [6], 6.9(1), we find

eX(A4x)

2_9 2,
N ST N S T N

fi(z,x) =E[e ] =

Choosing yp = — 312 and « =2/x% in (1.1) yields

4z e4z+)»x
22 —22x% 1 Fi(a(42),2v + 1;42)’

G(z) = 7 a@@) = (v+3)(1 — (Ax/42)),
so we need the expansion of z — | Fy(x(z),2v + 1; z) as z — co. We follow the derivation of
[6], 6.13(2), starting from the functional relation [6], 6.7(7),

Fi(@(@), B 2) = ——P)_gimeg (g 2y 4 L) erine

-8B _ .
F(f—a) I(a) Yo fim

for Tricomi’s function

l o
W(a, B;7) = %fo e ¥ A+ nfedr.

By expanding (1 + #)#~*~! in a Taylor series and estimating the contribution of the remainder,
Watson’s lemma ([7], page 34) gives the behavior of ¥ as z — co. The method also works for
z — —o00 since we can analytically continue in z and ¢ to ensure the integral remains absolutely
convergent. Thus (cf. [6], 6.13.1(2)), 1 F1(«(z), B; z) has expansion

1 vta e PV D) [E (@(=2) — D2y — a(—2))

N
M(@) (—oRHl ot )}

k=0
with (@), =a(a+1)...(a+n —1). Writing a(z) =v + % + (Mx/z), we find

G (2)(40)* /¥ 4g) 712

1 4z%M T+ (1/2) + (Vx/42))
T 7472 —22x2 r'Qv+1)

F‘ = (1/2) + Wx /42 v + (1/2) — (Vx /42))k
x| 2
kl(—4z)k

—1
+ 0(|z|”>} ,

k=0
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so the left-hand side has an expansion of the form (1.4). As pointed out in Remark 1.1(4), it
follows that G (z)(4z)* ¥/ satisfies (A;) and (B,.,) for n = 1. Expanding (4z)**/4% in powers
of z7'logz, we deduce the same for G. Applying Theorem 1.1 and doing some elementary
simplification, we end up with

ze,w,x)z /2T

P[Xt >x]=m(l+0(t)), T(l‘f‘X)»LOs

see [10], Theorem 1.1 for the case A = 0.
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