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Fractional Integrals and Riesz Transforms Acting on
Certain Lipschitz Spaces

M. RAMSEYER, O. SALINAS, & B. VIVIANI

ABSTRACT. We make a unifying approach to the study of map-
ping properties of fractional integrals and Riesz transforms acting on
spaces of functions f satisfying

g 1/q
S‘;p<—w(a r)<|B|_/ f—mpf] ) )<oo,

where w is a nonnegative functional defined on the family of balls
B C R" with center a and radius r. So, at the same time, we are able
to treat such cases as BMO, Lipschitz spaces, and spaces of func-
tions with variable smoothness among others. Results about pointwise
smoothness related to these spaces are included as well.

1. Introduction

Let w: R" x Ry — Ry be a measurable function. For given 1 < g < oo, we
define the space BMO,, 4 as the set of locally integrable functions f on R" such
that

1/q
(|B|/|f(x)—m3f|"dx) <C (L.1)

for some C > 0 and for every ball B C R” with center a and radius r, where m p f
is the average of f over B, namely mp f = |B|™! fB f(y)dy. As it can be easily
seen, the expression

1 1 . 1/q
||f||w,q=3s2£n{w(a,r) (m/BIf(x)—mel dx) }

turns out to be a seminorm for this space. Then, BMO,, ; modulo constants is
a Banach space. The space BMO,,,; was introduced by Nakai and Yabuta [19],
although a version defined on the n-dimensional torus had already appeared in
Janson [14] in connection with the identification of pointwise multipliers of the
space of functions with mean oscillation controlled by a positive, nondecreasing
function ¢, that is, BMO,, (see [23]). The general BMO,, 4, 1 < g < oo, was
introduced in [20], where a complete study on their pointwise multipliers is done.

w(a r)
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As in [20], we suppose the following properties of w. We assume that there
exists a positive constant C such that

wx, 1) < Cw(x, ), VYVxeR" VH <t (1.2)
w(x,2t) < Cw(x, 1), VxeR",Vi>0. (1.3)
x—yl<t = wk,t)<Cw(y,t), VYx,yeR"Vi>0. (14)

As a first remark, since w(x, ) satisfies (1.2) and (1.3), the definition of BMO,, 4
through inequality (!1.1) over cubes with center a and sidelength r instead balls
is clearly equivalent. On the other hand, we say that the one-variable function
w(x, -) satisfies the doubling condition if (1.3) holds for each x.

The spaces BMO,, 4, provide an adequate setting to make a unifying approach
to the study of several well-known spaces. For instance, a particular case of (1.1)
can be found in [17], where the authors prove a weighted extension of the result
that the Hilbert transform is a bounded map of L into BMO. Also, taking ¢ = 1
and w(x, 1) =o @) [ B(u.t) v(y) dy with a positive and locally integrable func-
tion v and assuming certain properties on ® : R* — RT, we get the BMOg (v)
of [13]. For ®(r) =t", we recover the weighted BMO space of Muckenhoupt and
Wheeden [18]. When v = 1, we get the classical BMO (® = 1), the Lipschitz
integral spaces (P (1) = 1P, B > 0), and, for a more general ¢, the spaces BMOg
considered by Spanne [23]. (See [3] and [16] in addition.)

The case w(x, 1) =t*"" | xgu,nllp(), where 0 < a < n, PO =pO)/(pC) —
1), and || - || .y denotes the norm in the variable Lebesgue space LPO) (see [15]),
has a special interest since the spaces BMO,, , are the spaces SZ »0) introduced
in [22], which, under a natural condition on p(-), turn out to coincide with £y ()
(see Corollary ). In turn, the space £, p(.) has been identified (see Thms. 1.11
and 1.13 in [22]) as a suitable target space for the fractional integral operator
acting on certain LP®).

Some particular cases of the spaces (1.1) are useful in the study of regularity
of solutions of elliptic PDEs (see, e.g., [|; 2], and [22]).

The main purpose of our article is to make a unifying approach to the study of
mapping properties of fractional integrals and Riesz transforms in relation to the
spaces BMO,, 4, so that this approach includes all the aforementioned particular
cases. In addition, we prove some properties of these spaces such as, for instance,
a pointwise characterization.

The structure of the article is as follows. Section 2 contains properties of the
BMO,, , spaces in general (Section ) and the particular case £4, () (Sec-
tion 2.2). In Section 3 we present our main results related to the boundedness of
the fractional integral. Finally, Section 4 is devoted to the boundedness of Riesz
transforms.

2. Properties of the Spaces BMO,, ;, and £ 0

In this section we prove some useful properties of the spaces involved. We start
by recalling some definitions and properties related to real functions. They will
be important tools in our results.
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DEFINITION 2.1. Let A : ]Rar — Rg be a function. We say that 4 is of upper type
B > 0 if there exists a positive constant ¢ such that

h(st) < csPh(t)

for all s > 1 and ¢ > 0. We also say that & is of lower type 8 > 0 if the last
inequality holds for all 0 < s <1 and ¢ > 0. We say that £ satisfies the doubling
condition if there exists a constant ¢ such that 2(2¢) < ch(t) for all t > 0.

DEFINITION 2.2. We say that & is quasi-decreasing if there exists a constant ¢
such that h(t;) < ch(t;) whenever t| < tp.

The proofs of the following lemmas are easy and left to the reader.

LEMMA 2.3. Let h be a function of upper type B with 0 < 8 < 1. Then h satisfies
the doubling condition. Moreover, h(t)/t is quasi-decreasing.

LEMMA 2.4. Consider a function h such that h(t)/tP is quasi-decreasing for some
0 < B < 1.Then h is of upper type B. Moreover, h satisfies the doubling condition.

2.1. The Space BMOy, 4

Now we study conditions on the function w : R* x Ry — Ry under which the
functions belonging to BMO,, 4 satisfy some kind of pointwise smoothness. Con-
versely, we also see that, under certain hypothesis on w, this smoothness implies
that w belongs to BMOy, 4.

ProposiTION 2.5 (Pointwise condition). Let 1 < g < oo, and let w(x,t) be a
function satisfying (1.2). Then, for every f € BMOy, 4, we have

4lx—yl dt
If(X)—f(y)lSCIIfIIw,q/O (W(x,t)er(y,t))T (2.1)
for some constant C > 0 and for almost all x,y € R".

Proof. Let x, y be Lebesgue points of f in R”. Taking B = B(x, |x — y|) and
B’ = B(y, |x — y|), we have
If @) = fDI=1fx) =mpfl+|f(y) —mp fl+|mp f—mpf].

We only estimate the first term on the right-hand side since the second is similar.
Letting B; = B(x,27"|x — y|) for each integer i and using the hypothesis on w,
we get

k—1

|f(x) —mpfl < kl_i)n;o<|f(X) —mp, f] +;|m3,-+1f _mB,-f|)

00 1/q
SC2<|Bz‘|_1/B If(z)—mB,fquZ>
i=0 i
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o
< Cllfllwg Y w27 x = y])

i=0

o0
=Clifla . [

i=0 72

2hr—yl dr
< cufuw,q/O wien . 22)

27i+l|x_y| ) d[
‘ w(x, 27 x —yD)—
“ilx—yl t

Finally, denoting 2B = B(x,2|x — y|), we have
lmp f —mpfl <|mp f —mapfl+|mapf —mpfl
4lx—y| di
< C||f||w,q/ wie. .
0 t
This completes the proof. (]

REMARK 2.6. If, in addition, w(x, ¢) satisfies the doubling condition (1.3), then
we obtain

lx—yl d
FO=FOI=C g [ wen+wo0S @Y
for almost all x, y € R”.

PROPOSITION 2.7. Let w be a measurable function satisfying (1.3). Suppose that,
for some 1 < g < o0,

) 1 r dt q 1/q
Vy(x,r)= (r_”/ (/ w(z’t)7> dz)
B(x,r) 0

is finite for all x € R" and r > 0. If a measurable function f satisfies the pointwise
condition (2.1), then f € BMO\pq,q. Moreover, if there exists a constant C > 0,
independent of x and r, such that

W, (x,r) < Cw(x,r), 2.4)
then f € BMOy, 4.

Proof. The finiteness of W, (x, ) implies that the right-hand side of (2.1) is finite
a.e. Moreover, it is not difficult to see that f is locally integrable. In order to prove
that f € BMO\pq,q, we will prove that

/Blf(y)—melqdySC‘I’q(x,r)"IBI (2.5)
for every ball B = B(x, r). In fact,

/B |f(») —mpfl?dy

= [ (),

4\)’*Z| dl q
/ (w(y,t)-i-w(z,t))T‘dz) dy
0
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8r 8r
5C/</ w(y,t) // w(z, t)—dz) dy
8 \Jo |B|
8r 8r dt q
e ([ o ocnt([ [ e
B\Jo BJO t
5c/<f we, t)dt> dz,
B\Jo t

where in the last step the Holder inequality was applied. Thus, using the doubling
condition on w, we have (2.5). Moreover, if (2.4) holds, then it is clear that f €
BMO,, 4, and the proposition is proved. U

Propositions and allow us to get the following theorem.

THEOREM 2.8. Let w be a measurable function satisfying (1.2) and (1.3). More-
over, suppose that (2.4) holds for some 1 < g < 0o. Then BMO,,,1 = BMO,, s for
every 1 <s <gq.

Proof. By Holder’s inequality it is clear that BMO,, ; C BMO,, ;. On the other
hand, if f € BMO,, 1, then by Proposition f satisfies (2.1). In view of Propo-
sition 2.7, we have that f € BMO,, ,. Hence, again by Holder’s inequality, the
theorem follows. O

The next proposition gives sufficient conditions on w for inequality (2.4).

PROPOSITION 2.9. Let w be a measurable function. If w is of lower type > 0 on
the second variable, then inequality (2.4) holds for every 1 < g < oo.

Proof. Let B = B(x,r). Then by a change of variable we have

r q 1 q
/(/ Mdu> dz=/</ w(z,rt)dt> dz
B \Jo u B\Jo !
1 q
5Cf</ tﬁ_ldt) w(z,r?dz
B \Jo

< C/ w(x,r)¥dz < Cw(x,r)r"
B

This completes the proof. (]

We note that Theorem 2.8 uses the pointwise condition (2.1) and hypothesis (2.4).
However, in the case w = 1, neither of them is valid, and it is well known that
BMOj,; = BMO 4 for every 1 < g < oo. So it is natural to wonder what other
properties of w can assure the same coincidence of spaces. In order to give an
answer, we first state the following result of Franchi, Pérez, and Wheeden [10].

DeFINITION 2.10. For a number 1 <t < oo, we say that a function w satisfies
the D;-condition if there exists a positive constant ¢ such that, for each ball B =
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B(x, r) and any family {B;} of pairwise disjoint subballs of B,

D wi ) < cwlx, )" (2.6)
i

where x; and r; are the center and the radius of B;, respectively. We denote by
[lw] the smallest constant ¢ for which (2.6).

It is not difficult to see that the D;-condition implies the D;-condition for every
1<s<t.

THEOREM 2.11 ([10], Theorem 2.3). Let Bg = B(xg, ro) be a ball in R". Suppose
that w satisfies the D;-condition for some 1 <t < oco. Let f be a measurable
function defined on 17 By and such that

1
—f O = faldy < 1 f o wir. ) @.7)
1Bl /,
for every ball B = B(x,r) C 17By. Then

supk(l{x € Bo:|f = [yl > M
| Bol

1/r
P ) < Cllwllll fllw,1w(xo, 17r0),  (2.8)
A>

where the constant C is independent of f and By.

COROLLARY 2.12. Let 1 <t < 0o. Under the hypotheses of Theorem , we
have

1 1/q
(—/ Lf ) — [l dy) < Cllwllll £ llw,1w(x0, 17r9) (2.9)
|Bol J B,
forevery 1 < q < t, where the constant C is independent of f and By.

Now, in view of Theorem and its corollary, we are able to prove the following
result.

THEOREM 2.13. Let w be a measurable function satisfying (1.2), (1.3), and (1.4).
Then, the spaces BMO,, 4 coincide for all 1 < g < oo.

Proof. 1Itis easily seen that BMO,, ;, C BMO,,. On the other hand, if f € BMO,,,
then by Corollary we have to see that w satisfies the D,-condition for every
1 < g < oo.Infact, let B be a ball, and {B;} a family of pairwise disjoint subballs
of B. Then, from the hypotheses on w we have

D wi, ) <CY wx, )i <CY wlx, )]
i i i

<Cw(x,r)? Z |Bi| < Cw(x,r)!|B|=Cw(x,r)ir".

1

Then the spaces coincide. O



Fractional Integrals and Riesz Transforms 41

q
2.2. The Space Sa’p(,)

Here we consider the spaces SZ’ p0) defined in the previous section. We denote
by p—_(2) and p4+(€2) the infimum and supremum of p(-) over a subset 2 of R".
We only write p_ and py in the case 2 = R". The following lemma shows very
useful relations between the norm of a characteristic function of a ball and its
Lebesgue measure.

LEMMA 2.14. Let B = B(xq, r) be a ball in R".

(a) There exist positive constants a1 and a such that if r < 1, then
ai|BIVP-) <|ixgllpe) < a2l BIV/PHE,

(b) There exist positive constants by and by such that if r > 1, then
bi|BIVP+ ) <l xgllpe) < ba| BIVP-P,

In the setting of variable exponent Lebesgue spaces, it is common to assume the
following log-Holder conditions on the exponent functions p(-):

co
LHy: 3dcg>0/ |px)—py)| =< , Vx,yeR%
R Ty A
LHy: 3poc,c1 >0/ |p(x)—poo|§C7], Vx € R".
log(e + |x])

REMARK 2.15. In [5], Proposition 4.57, it is proved that LHg and LH o, imply that
there exists a constant C > 0 such that

IxBllpe) X8l < CIB] (2.10)

for every ball B C R”". Considering this inequality and applying Holder’s inequal-
ity, we easily see that w(x, -) = || X, |l p() satisfies the following doubling con-
dition:

IxBi.20llpey < Clixse,nllpe), (2.11)
where the constant C is independent of x and ¢. Obviously, p’(-) has the same
property.

DEFINITION 2.16. If inequality ( ) holds, then we say that the exponent func-
tion p(-) satisfies the doubling condition.

In connection with these log-Holder continuity properties, we state two impor-
tant lemmas, whose proofs can be found in several articles; see, for instance,

[9;7; 11; 4].

LEMMA 2.17. Let p4 < 0. Then the following conditions are equivalent:
(a) The function p(-) satisfies LHy.

(b) There exists a constant C such that

|B|P—(3)—P+(3) <C
for every ball B C R".
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LEMMA 2.18. Let p(-) be an exponent function satisfying LH ~,. Then, there exists
a constant c¢ such that

cBIVP < lixplpey < el BV
for every ball B with radius greater than or equal to 1/4.

The following three technical lemmas give some properties of the particular func-
tion w(x, 1) =1 xB,nll prey-

LEMMA 2.19. Let p(-) be an exponent function such that p— > ¢ and satisfying
LHy and LH . Then w(x, t) =t*""| xpx,0)l pr() is quasi-increasing as a func-
tion of t.

Proof. We will see that there exists a constant C > 0 such that, given 0 < s < ¢,
we have

Mxsonllpre) < Cs* IxBe,s) ey (2.12)
where C does not depend on x. For this, we divide the proof into three parts.
(a) If 1 <t < s, by Lemma and the hypotheses on p(-) we have
w(x, 1) = 1" xpoon ) < Cro" M Pe = Cre /e
< Cs*7MP% < Cs“ M| Xl ) = Cw(x, s).

(b) Now, if t <s < 1, then by Lemma with p/(-) instead of p(-) and
Lemma , taking into account that p_(B(x,)) > p_(B(x, s)), we have

wx, 1) =1"""xBee,nllp)
< Cta—ntn—n/p,(B(x,t))

< Cs*/P-(B&.0)
< C5@ P+ (B9 (n/p+(BG.)=n/p-(B(x.5))y
< Cs" "IxBx.s) ey = Cw(x,s).
(c) Finally, suppose that t < 1 < s. By Lemmas and we get that
w(x, 1) < Cre/P-BOD) < € < Cs%Px < Cw(x, s).
The proof is complete. O

LEmMMA 2.20. Let p(-) be an exponent function satisfying LHy and LH .. Then
there exists C > 0 such that, for all t > 0,

Ixsoollpe) < Cllxso.ollpe
whenever |x — y| <t.
Proof. Tt is not difficult to see that p’(-) satisfies LHy and LH, whenever p(-)

does. Moreover, 1/p,, =1 — 1/ps. So, in order to prove the lemma, we are
going to consider two cases. First, suppose ¢ > 1. By Lemma we have

IxBe.o Nl < CIBG, D'7VP= = CIB(y, 0)'"VP% < Clixpo.nll -
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Now, suppose ¢t < 1. Since B(y,t) C B(x,2t) if |[x — y| < ¢, by Lemmas
and we have

X80 llpe) < CIBGe !~
= C|B(x, t)|1_1/p+(3(y’t))|B(x, t)|1/P+(B(>‘J))—1/177(B(x,t))
< C|B(y, t)|1_1/p+(B(y’t))(|B(x, t)|1?—(B(x,2t))—1?+(B(X»2t)))1/1’3
<Cllxsuy.nllpeos
and the lemma is proved. (]
LEmMMA 2.21. Let p(-) be an exponent function such that p_ > = If p(-) satisfies
LHq and LH , then

/’Mﬂww (2.13)
0

tn—c{ t - rn—oc

for every B = B(x,r), where C is independent of B.

Proof. Fix x € R". First, we suppose r < 1. By Lemma we have
/r IxBenllpo d _ C/' |B(x, n)|!~1/P-(BD) gy
0 tnfa t - 0 t}’lf()( t

r
< C/ ta—n/p_(B(x,r))—ldt — Cra—n/p_(B(x,r)).
0

Now, again from Lemma and Lemma we get

/r I XBanllpr) di < Cren/PBE) (/P4 (Blx.r)=n/p-(Blx.r))
0

o t

<C ”XB(x,r) ”p’(-) '

- r}’l -

On the other hand, if r > 1, then

/r I XBoen llpre di :/1 I xBoollpre) di +/’ I xBonllpre) di 2.14)
0 0 1 t

tn — t t}’l—Ol t tn—C(

The previous estimate allows us to obtain

/1 I XBoen llpry di <C
0

e r

Now, since ap_ —n > 0 and (p_) = (p')+, it is not difficult to see that (a —
n)(p-) +n > 1. Then we get

1 < Fla=mp-)+n _ C|B(x, r)|r(0t—")(17—)/ = C|B(x, r)|r(ﬁt—n)(17/)+

PO
< C/ r(a—n)p/(y) dy = C/ (XB(x,r)) dy.
(n—a)
B(x,r) n\r

So it follows that =% is a lower bound for I xB(x,rllpr¢y- Then

/1 I XBenllpre) di - C”XB(x,r)”p’(-) 2.15)
A < ) )

tn—a t rl’l —a
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For the second term, by Lemma the estimate is clear. In fact,
, 1-1/poo
/Wmmﬂu@gicfwa|f’gicfgwwmqm
1 tn—a t 1 tn—oc t 1
< Cp¥ P < Cw. (2.16)
- - rn—Ol
Finally, note that inequalities ( ), ( ), and ( ) imply ( ). O

COROLLARY 2.22. Let 0 < o < n, and let p(-) be an exponent function with
p— > g such that conditions LHy and LH, hold. Then £y p) = Eg’p(_) for
1<g < oo0.

Proof. By Holder’s inequality it is clear that 22’ »() C L, p()- On the other hand,
from Lemma , the hypotheses on p(-), and Proposition 2.5 we have that every
f € Ly p() satisfies the pointwise inequality (2.1). Moreover, the right-hand side
of this inequality is finite.

Now, for fixed 1 < g < 0o, from Lemmas and we have

q
"N xB(zw) ||p/(,) du\? de<C | xB(z,r ”p’(-) J
n—oa L= (n—oa)q 2
B(x,r) \JO u u B(x,) F

<CE* "xsa.nlpyo)ir",

which states that (2.4) holds for w(x,7) =r*""| xB(x,r Il p'¢.)- Then, Remark
and Proposition ensure that f € SZ[, () which finishes the proof. U

Now, if we consider an exponent function p(-) that does not necessarily verify
the log-Holder conditions LHy and LH,, a different approach can be adopted.
However, a smaller range of ¢ is obtained. In order to do this, we first recall (see
[15]) that we can write the representation of the norm given by

I fllpey~  sup f(x)g(x)dx. (2.17)
gi”ng/(,)Sl R?

In order to prove our previous statement, we need the following variable version
of Minkowski’s integral inequality. This result can be found in [5]; however, for
the sake of completeness, we include the proof here.

PROPOSITION 2.23. Let p(-) be an exponent function, and f : R" x R" — R be a
measurable function.

(a) Suppose that f(-,y) € LPO for ae. y € R" and the mapping y —
ILf G pey isin LY. Then

H/ fGoy)dy
R

where C only depends on the bounds of p(-).

sc/|vawho@,
p() R”
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(b) Moreover, for 1 < q < p_, we have

l/q 1/q
H(f If(-,y)lqdy> §C</ ||f(-,y>||‘§,(.)dy> :
R” p() R”

Proof. By Holder’s inequality and ( ) we have

<C sup [/ (f f(x,y)dy)lg(x)IdX]
40) g:llgll,rey=t n \JR"

<C sup [//f(x,y)lg(X)ldxdy}
giligl oy <1L/Rr JRn

S

Rn

Now to prove (b), we observe that % is an exponent function with (%)_ > 1

and ||f||;])(_) =19 p.)/q Whenever f € LP®) Then, from (a) we get
/g4
\([reoma) | =
R” p()
< [ NP dy

[ ey

r©/q

=C/ IFC I, dy,
as desired. O

PROPOSITION 2.24. Let 0 < o < n, and let p(-) be an exponent function with
p— > % such that p'(-) satisfies the doubling condition. If a measurable function
f satisfies the pointwise condition

= x s ey + Ixso.n e dt
t

tn—oz

If(x)—f(y)lscfO (2.18)
foralmost all x,y e R", then f € £4 p(,).

Proof. Given r > 0 and xo € R”, we consider the ball B = B(xo, ). In order to
prove that f € £ ,(.), we will see that

/ | () =mp fldx < CIBI*/" [ x281l - (2.19)
B

In fact, as in the proof of Proposition 2.7, from the hypothesis on f and from the
fact that p’(-) satisfies the doubling condition we get

4r
/lf(x)—meldx<C// ”XB(”””””dtd

tl‘l o

<C/ fllXB(xt)”p()dx n—atl’
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Now, let ¢ > 1 to be determined later. Applying the Holder inequality, we have

/ f () — mp fldx
B

1/ , r g l/q dt
q -
<C|B| /0 ( fB ||xB(x,t>||,,,(A)dx> prees

,
<C|B|' /0 (/R ||xB<xo,r)(x)xB(x,,><~)||j’,,(A)dx> e

We claim that by taking g such that 7, < q' < p_ we have

1/q
</ ||XB(xo,r) (X)XB(x,t)(')”;I,/(‘) dx) = Ctn/q I x2B ”p’(-) <0 (2.20)
Rn

for every 0 <t < r. Thus,

.
f|f<x>—me|dxsC||sz||pf<.>|B|”qf rlatel gy
B 0

= Clix2slly )| BIVr* =4 = Cllxapll ) | BIY",

and so we get our result.

Now, it only remains to prove the claim. In terms of the theory of integration
for vector-valued functions, our claim says that xp(x,.-) (X) XB(x,1)(z) belongs to
the Bochner—Lebesgue space Lip/(ﬂ (see [8], Chap. V.1), whose topological dual
q/
LrG)”
X Bxo.r) ) X B0y (Dl 2

740!

=€ e (/ / XB(Xo»r>(x)XB<x,r)(z)gr(x,z)dxdz>
lgi(x,2l , =1 n n
LLP(-)

=¢ Sup (f / XB(XO»V)(X)XB(Z,I)(X)gt(X,Z)dde>,
”gt(xsZ)H q <1 n JRn
Lipe

space is L Then by duality we can write

where in the last expression we use that xp(x,1)(z) = xB(z,r) (x). Now, taking into
account that for every fixed 0 < t < r, we have xp(x,,2-)(z) = 1forall z € B(x, 1)
whenever x € B(xp, ), we get

1 XBxo.r) () X B0 (2l 9
LP

' ()

<C sup (/ XB(xO,Zr)(Z)f xg(z,t)(x)lgt(x,zﬂdxdz)
llgr (.l 4 =1 Rn R
L po

<Ct' sup / llg: (. D)y dz
<1J2B

gD g
Lp()
<C"Nxaplpo s g D0
lgr e, o <1 L4’

1940
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Finally, recalling that 2 < ¢’ < p_, by Proposition we conclude that

1 XB(xo.r) () XB.1) (D)l 0
LP

' ()

<CN Xl swp g D)l
llgr (.l 4 =1 LpC)
L
LpC)
< Ct" | xpyg ll iy < 00. O
We note that if, in Proposition , p(+) is assumed to be constant in the interval

(n/a,n/(a — 1)™), then the pointwise condition ( ) implies that f belongs
to the Lipschitz space of order 0 < § = o —n/p < 1 (see, in addition, [12] and
[23]).

In view of Proposition 2.7, we get the following pointwise characterization of
La, p(- Without log-Holder hypotheses on p(-).

THEOREM 2.25. Let 0 < o < n, and let p(-) be an exponent function such that
p— > = and p' (") satisfies the doubling condition. The following conditions are
equivalent:

(1) fega,p(-)-
(2) f satisfies ( ).

Proof. By Proposition , clearly, (2) implies (1). In order to prove the con-
verse, we proceed in the same way as in Proposition 2.5, but this time considering
in (2.2) the properties of w(x, ) = t*"" | xgx.nll (). that is, p'(-) satisfies the
doubling condition, and " is decreasing. O

THEOREM 2.26. Let 0 < o < n, and let p(-) be an exponent function such that
p->7. If p'() satisfies the doubling condition. Then L4 p() = £, () for every
n

<
1<s< 2

Proof. By Holder’s inequality, clearly, Efy oy C La,p()- On the other hand, if
f € L4 p(), then by Corollary f satisfies the pointwise estimate (2.18). In
view of Proposition with w(x, ) =t*7" | xB@x,» Il p(-)» we only have to prove
(2.4). Taking s in (1, =), we get

’n—a

r S
/(/ ta_n_l||XB(x,t)||p/(~)dt> dx
B\Jo
1/s s
( (/B r“‘—"—”s||xB<x,t>||;/(A)dx> dt)
C t

IA

r
[0

r

/ t(x—n—l
0

N
1% BGo.y ) XBy (DI Ls dl)
Lr' )

r N
( / “"1t"/°‘||xB(xo,r>||pf(.>dr)
0

IA
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r s
— C”XB(xo,r)”‘;,/(‘) <‘/(; tl)l—n—l'H’l/S dt)

(a—n)srn

= C”XB(xo,r)”;,f(‘)r
= CAlxsll )",

where @ —n + % > 0. Then £4 p() = £ =, as desired.

O

i’p(,) forevery 1 <s <
3. Fractional Integrals on BMO,, , Spaces

In this section, we prove boundedness results for the fractional integral operator.
In order to do this, we consider the following definition.

DerINITION 3.1. Let w(x, t) be a measurable function. We say that w € Wy, if
there exists a constant C > 0 such that

/°° w(x,t)ﬂ <Cw(x,r)

3.1

t t r

forall x e R” and r > 0.

It should be noticed that condition (3.1) appears in the literature in differ-
ent contexts. See, for instance, [12; 6], and, in the particular case w(x,t) =
t* 7" xB.nllpr()» our paper [22].

Now, we prove a technical lemma that will be useful in getting one of our main
results.

LEMMA 3.2. Let « be a real number, and let w be a measurable function satisfying
(1.2) and (1.3). If a function f belongs to BMO,, 4 for a some 1 < g < 00, then
we have

WO s 114y < gy |
B |x—yl 0

where B = B(x,r), and C is not dependent on B.

" t
w(x )d

; t, (3.2)

Proof. Let x € R" and r > 0. We consider the ball B = B(x, r) and denote By =
B(x,27%r), k € Ny. Then, we estimate

]

|f(y) —mp []
= 7d
Z/;?kBkH '

— n—o
paard X =yl

IfO) —msfl ,

B |lx—yl"®

scy e tnn™ [ 1700 -masidy
k=0 Br

00 1/q
SCZ@"V)“Z('BH]/B |f(y>—m3jf|qdy)
k=0 J

k
j=0
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[ k
<Cliflwg Y Q75> wx.277r)
k=0 =0

=Cllflhwg Y_Q 7 r*w(x,277r)

j=0

o0
<Cliflua - [
=0 2=/l

" t%w(x, 1)
scnfnw,qfo m g,

2-Jr dt
*w(x, I)T

as desired. O

REMARK 3.3. Note that conditions (1.2) and (1.3) are only applied in Lemma

to get the integral expression involving the function w(x, ¢). For the particular
case w(x, 1) =d@)t™" fB(x’[) v(y)dy, a similar expression can be proved with-
out assuming those hypotheses on the whole w(x, 7). In that case we only need to
consider the properties of each factor.

Now, for a number o > 0, we denote wy (x, t) =t w(x, t) (clearly, wg = w). We
now prove the main theorem of this section.

THEOREM 3.4. Let 0 < @ < n, and letw be a nonnegative measurable function
satisfying conditions (1.2), (1.3), and (1.4). Now, if wy € Weo, then the frac-
tional integral I, can be extended to a linear bounded operator from BMO,, 4
into BMOy,,, 4 with 1 < q < 00 as follows:

- 1 1
Iozf(x):/ ( — — —— )f(y)dy, (3.3)
Re\ [x —y["m®  |y|*—¢

so that Zx is well defined on BMO,, 4.

Proof. First, we prove that the extension of [, to E is well defined. For this, we
take f € BMO, 4, x € R", r > x|, and the ball B = B(0,r). We need to show
that |Z), f(x)| < oo. Since the expression in brackets in (3.3) has zero integral over
R” as a function of y, we get

~ 1 1
Tfe) = f ( L )(f(y)—szf)dy=11(x)+Iz(X),
Re \ |x —y["m*  |y[rTe

where I; and I are the integrals over B(0, 2r) and R" — B(0, 2r), respectively.
For I, by Lemma and condition (1.2) on w we have

|I1(x)|§/ If(y)—mf(o,zr)fldy+/ |f(}’)_mB(E,2r)f|d
B(0,2r) [y« B(0,2r) lx — y|"—«

/ |f(y)_mB(0,2r)f|dy+/ If(y)—m3<x,4r>f|dy
B(0,2r) B(x,4r)

[y|t—« [x — y[*—¢

<
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dy

©,2r) lx —y["—¢

2r 12 (0, 1) % (x, 1)
<Cllfllwg ; fdwcllfllw,q ; —dt

t
+ Cllf lw.gw(x, 4r)r®
< Cll fllw,qr® w(0, 2r) + w(x, 4r)) < co. (3.4)

Now, let us estimate I (x) for each x € B(0, r). Applying the mean value theorem,
we get

+ |mp,an f — mB(O,Zr)f|/
B

|f ) —mpfl

|y|n—a+1 dy‘

()| SCIBI‘/”/

R"—B(0,2r)
Then, letting By, =2XB = B(0,2%r), k € N, we have

. 1f () —ms f]
L)) Scr,;/g i ay

k+1— Br

<cry @0 B [ 170) - mafidy

k=1 Biy1
00 k+1 1/q
sCrZ(zkn“—lZ(wjrlf If(y)—mB_,.fl"dy)
k=1 j=1 Bj
k+1

< Clfllwgr Y @'Y w(0,27r)

k=1 j=1

o0
< Cllf lhwgr Y _@7r)* 'w(0,27r)
j=1

0 20t
t*w(0, 1) dt
<Clfllw, rE / — Y
w,q = 2y t t

© tYw(0, 1) dt
S
. t t
Since w, € Wy, We conclude that
r*w(0, r)
[L2(x)] < Cllfllw,qrf =C| fllw,qr*w(O,r). (3.5)

Finally, from (3.4) and (3.5) we have that |7&f(xl| < oo for all x € R,
Let us show the boundedness of the operator /. To this aim, we observe that
from the properties of w, for x € R”, r > 0, and 1 < g < 0o, we have

roga 1 q
/ ( / Mdt) dz
B(x,r) \Jo t
r q
5/ w(z,r)q</ t“_ldt> dz
B(x,r) 0
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SCw(x,r)q/ rddz
B(x,r)

<C@%w(x,r))4r".

So, this estimate proves that w, satisfies (2.4). Then, by Proposition 2.7, the proof
of the theorem will be complete as soon as we prove that for every function f in
BMOy, 4, To f satisfies a pointwise inequality like (2.1) with w, instead of w.
In fact, for such a function and given x{, xp points in R”, considering the ball
B = B(x1,2|x1 — x2|), we have

~ ~ 1
T f (1) — T f (1) s/ ) = mp fldy

Re|lxp =" xp =yt

B R"—B

Proceeding in a similar way as in (3.4) and (3.5), we get that

=%l (% (x1, 1) + tw(xy, 1)

o f (x1) = o f (x2)| < C||f||w,1f0 , dt, (3.6)

as desired. O

COROLLARY 3.5. Let a, B € RY be such that 0 < a + B < 1, and let w(x,t) be
a nonnegative measurable function satisfying conditions (1.2), (1.3), and (1.4). If
Wy 48 € Weo, then the fractional integral 1, can be extended to a linear bounded
operator from BMOyy, 4 10 BMOy, ;4 with 1 < g < 00, as in (3.3).

Proof. Ttis clear that wg(x, t) satisfies properties (1.2), (1.3), and (1.4) if w(x, 1)
does. Then, applying Theorem 3.4 with wg, we get the result. O

REMARK 3.6. It is obvious that w = 1 satisfies the hypotheses of the previous
corollary. Then the well-known classical results

1, : BMO — Lip(x)

and

Iy, : Lip(8) — Lip(a + B)

for B > O such that 0 < o + 8 < 1 are included.
Also, Theorem and Corollary recover the following results contained
in [12] (see Thm. 2.9 and Cor. 2.12):

I, :BMO(v) - BMO,(v) whenever v € H(a, 00),
I : BMOg(v) — BMOyg(v) whenever v € H(a + 8, 00),

where H («, 00) is defined by

_ v(y) 1
1BV “/”/ )l [ ugyay.
Ri_p |xp — y|r—ot] |B| Jp
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In fact, it is easy to see that v € H(«, 0co) implies that w(x,t) = t*"v(B(x, 1))
satisfies (1.3) (see [12]), (1.4), and Wy, condition. As we have noted in Re-
mark 3.3, although condition (1.2) does not necessarily hold for this particular
w(x, t), we get the integral expression appearing in (3.0), that is,

o f (x1) — I f (x2)]

2Pi=x2l go=ny (B(xy, 1)) + 19" v(B(x2, 1))
scnfnw,l/ — i

’

which, in view of (1.3) (i.e., the doubling condition of the weight v), gives the
following inequality:

v(z) J

|l’l—0l

T f D) = T FG) < Cll flla </|

z—x1|<2|x1—x3] |z — x1

v(Z
+/ %dz).
|z—x2]|<2]x1 —2x2| |z — x2]

By taking the double average over B this clearly implies that T f € BMO, (v).

4. The Riesz Transforms

Let f be a locally integrable function. Recall that for each j € {1, ..., n}, the
Riesz transform operator is given by

Rjf(x)= lim %f(y)dy.

e—>0F [x—yl|>e |x -
It is well known that these operators are bounded in weighted L? spaces (see [8]
for instance). Moreover, Morvidone [!7] proved the boundedness of the Hilbert
transform as an operator between certain weighted spaces of functions with mean
oscillation controlled by a function ¢, which generalized the results of Mucken-
houpt and Wheeden [ 18] and Peetre [21].

It is important to note that the hypotheses assumed by Morvidone are not con-
tained in ours because that author takes advantage of a better knowledge of the
structure of w(x, t) since just a particular case is considered.

Our next theorem gives a similar result for general functions w(x, 7).

THEOREM 4.1. Let 1 < g < 00, and let w be a measurable function satisfying
(1.2), (1.3), and (1.4). Suppose that w € Weo. Then R; can be extended to a
linear bounded operator R ; f (x) on BMOy, 4 as follows:

i Y=Y ij(y)}
=I5 x-y|>£[|x—y|”+1+ ppet JJ O @D

Here T'(y) is the characteristic function of |y| > 1.
Proof. In view of Theorem , we have to prove the result only for 1 < g < co.

Now, let 1 < ¢ < oo and f € BMO,, 4. First, we prove that R; f (x) is well
defined over BMO,, 4. It is not difficult to see that R ;1 = 0. Using this, for each
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x € B=B(0,r), we get
Rjf(x)=R;(f —mpf)x)

. Xj—y; )’jr(y)}
= lim . + (f() —mpf)dy
e—>0* |)c—y|>6|:|x_y|n+1 |y|”+l
lyl<2r
) Xj—yj ij(y)]
+ lim [ / + (f(y) —mp f)dy
e—>0% |x—y|>¢e |x—)’|”+] |}’|"+]
|y|>2r
=T1(x) + Ta(x). “4.2)
For T, by the definition of the operator,
. Xj—yj
IT1(x)] < | lim / ——L(f () —me>dy‘
e—>07F lx—y|>¢e |x —)’|"+1
|y|<2r
lm O =msfl
e—>0t [x—y|>e [y|"
1<|y|<2r

Since (f(y)—mp f)x2p € L9, the finiteness a.e. of the first term is a consequence
of the boundedness of R ;. For the second one, Lebesgue’s dominated convergence
theorem is applied to get the conclusion.

On the other hand, taking ¢ < r in Ty, applying the mean value theorem, and

considering the increasing sequence of balls By = B(0, 2kr), k=1,2,..., we
have
To0o) < O / ) —ms 1
|y|>2r lx — y|"
% |f(y) —mpf]
=ery [ = mall g,
=1 2k <|y|<2k+1p [yl"
11
<C) —Z—— | f(y) —mpfldy
,; 2K | Byl Jyy,
o0 k+1 1 1 l/q
<CY Y 5 —/ |f(y) —mp, f19dy
—~ 2K\ |Bj| JB,
k=1 j=1 J
o0 2j+lr
. 1 dt
_ J _
—C||f||w,qZ;w(o,2 2
]:
© w(0, 1) dt
= C”f”w,qr -
r t t
< Clfllw.qw(0,r) < o0, 4.3)

where the last inequality holds because w € VW . Finally, taking a sequence { B}
of balls such that B, / R" and applying the previous reasoning for each B,,, we
get that R; f is finite a.e.
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Now, we prove the boundedness of the operator acting on BMO,, 4. As for
(4.2), we consider g = f —mp f, g1 = gx2B, and g» = g — g1 with given B =
B(xg,r).

First, we study R;g;. From the boundedness of the classical Riesz transform
we have

/|Rjg1(X)—mB(Rjgl)|qu=/ IRjg1(x) —mp(R;g1)|?dx
B B
< zq/ IRjg1 (0l dx
B
< C/ |f(x) —mpf|?dx
2B
< CllfII%,qw(xo, 2r)7|BI.

This and (1.3) allow us to conclude that

1

w(xo,7)

1 1/q
<®/B|Rjgl(x)_mB(Rjgl)|qu> <Clfllwg-

On the other hand, for R;g>, taking ¢ < r and then applying the mean value
theorem, by the same reasoning as used for (4.3) we have

Xj =Y 2 =i
R g2(x) — R;822)| s[ J
! ! Ri_ap||x — y[rtl |z — yjrtl

§Crf If(y)—MBfldy
R"—-2B

lxo — y|"+!

|f(y) —mp fldy

X w(xp, t) dt
< C||f||w,qr/ at
i ot

< Cll fllw,qw(xo,r) < oo.

Finally, by Holder’s inequality we can write
1
[ Rigao = ma®seirar = [ [ Rjga0 - Rigacol7 azas
B |B| Jp /B

1
SC”f”qu,q_/ f w(xo, r)?dzdx
|Bl Jp /B
=Cl f1I%.q|Blw(xo, ).
So the theorem is proved. O

REMARK 4.2. For w(x, t) = ¢ (t), the condition ¢ € Wy, implies that ¢ is of upper
type B with B < 1, as it is proved in Lemma (3.3) of [12], which in particular
establishes that ¢ satisfies (1.3). Hence, we can prove that if ¢ is a nonnegative
and nondecreasing function such that ¢ € W, then R; can be extended to a
bounded linear operator on BMOy. This last result is contained in [21].
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