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MASS MINIMIZERS AND CONCENTRATION
FOR NONLINEAR CHOQUARD EQUATIONS IN R¥Y

HoNGYU YE

ABSTRACT. In this paper, we study the existence of minimizers to the fol-
lowing functional related to the nonlinear Choquard equation:

1 1 1

B = [ V45 [ V@R - [ o)l

2 RN 2 RN 2p RN
on S(c) = {u € H'RN) | fon V(@)|ul? < +oo, |ul2 = ¢, ¢ > 0},
where N > 1, « € (0,N), (N+a)/N < p < (N+a)/(N—2)+ and
Io: RN — R is the Riesz~ potential. We present sharp existence results
for E(u) constrained on S(c¢) when V(z) = 0 for all (N+«a)/N < p <
(N 4+ «)/(N — 2)4. For the mass critical case p = (N + a + 2)/N, we show

that if 0 <V € L2 (RY) and  lim  V(z) = 400, then mass minimizers
|z|—+oo

exist only if 0 < ¢ < ¢« = |Ql2 and concentrate at the flattest minimum

of V' as ¢ approaches ¢, from below, where @ is a groundstate solution of
—Au 4 u = (I * [u|(NHat2)/N) |y | (N+at2)/N=2 in RN,

1. Introduction
In this paper, we consider the following semilinear Choquard problem:
(1.1) —Au — pu = (I * |uP)ulP2u, =R, peR,

where N > 1, o € (0,N), (N+«a)/N <p < (N+a)/(N —2)4, here (N +«a)/
(N-2)y =(N+a)/(N—-2)if N >3and (N +a)/(N —-2); =40 if N=1,2.
2010 Mathematics Subject Classification. 35J60, 35Q40, 46N50.
Key words and phrases. Choquard equation; mass concentration; normalized solutions;

Sharp existence.
Partially supported by NSFC No. 11501428, NSFC No. 11371159.

393



394 H. YE

The Riesz potential I,,: RN — R is defined as (see [26])

F(N—a)

2 1

Io(x) = —~ rLEs for all z € RV \ {0}.
r<2>wN”2a

Problem (1.1) is a nonlocal one due to the existence of nonlocal nonlinearity.
It arises in various fields of mathematical physics, such as quantum mechanics,
physics of laser beams, physics of multiple-particle systems, etc. When N = 3,

uw=—1and a« = p = 2, (1.1) turns to be the well-known Choquard-Pekar
equation
(1.2) —Au+u= (I *|u*u, zecR?

which was proposed as early as in 1954 by Pekar [25], and by a work of Choquard
1976 in a certain approximation to Hartree-Fock theory for one-component
plasma, see [14], [16]. Equation (1.1) is also known as the nonlinear station-
ary Hartree equation since if u solves (1.1) then ¢ (t,2) = e®u(x) is a solitary
wave of the following time-dependent Hartree equation:

ithy = =AY — (Io * [$[P) Y|P %y in R x RY,

see [7], [21].

In the past few years, there are several approaches to construct nontrivial
solutions of (1.1), see e.g. [5], [14], [17], [18], [20], [21], [27] for p = 2 and [22], [23].
One of them is to look for a constrained critical point of the functional

1 1
1. I [ 2 _ I, P p
(13) s =5 [ 19 =g [ s )l
on the constrained L2-spheres in H*(R™):

S(c) ={uec H' R | |uls = ¢,¢ > 0}.

In this way, the parameter ;1 € R will appear as a Lagrange multiplier and such
solution is called a normalized solution. By the following well-known Hardy—
Littlewood-Sobolev inequality: For 1 < r,s < +oo, if f € L"(RY), g € L*(R"),
A€ (0,N)and 1/r +1/s+ A/N = 2, then

f(x)g(y
(1.9 [ [ A8 < o sl
rN Jry [T — Yl
we see that I,(u) is well-defined and a C' functional. Set
1.5 I(c*) = inf I,
(1.5) p(c”) uel%(c) p(u),

then minimizers of I,(c?) are exactly critical points of I,,(u) constrained on S(c).
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Normalized solutions for equation (1.2) have been studied in [14], [17]. In this
paper, one of our purposes is to get a general and sharp result for the existence
of minimizers for minimization problem (1.5).

To state our main result, we rely on the following interpolation inequality
with the best constant: For (N 4+ «)/N <p < (N +«a)/(N —2),,

(10) [ (o )P

D ) (Np—(N+a))/2 ) (N+a—(N-2)p)/2
<%2(/ wm) (/|u) 7
‘Qp 5 RN RN

where equality holds for u = @, where @), is a nontrivial solution of

_Np—(N+a) N+4+oa—-(N-2)
2 2

(1.7) AQ, + L@y = (I # 1QuIP)QuP2Qp,

for x € RY. In particular, Q(N+a+2)/N 18 a groundstate solution, i.e. the least
energy solution among all nontrivial solutions of (1.7). Moreover, when p =
(N + a+2)/N, all groundstate solutions of (1.7) have the same L2-norm (see
Lemma 3.2 below).

For p = (N + «)/N, recall from [15] the Hardy—Littlewood—Sobolev inequal-
ity with the best constant:

(18) /RN(IOL % ‘ul(N+oc)/N)‘u|(N+a)/N

1 (/ ) (N+Ot)/N
< )
— 2(N+«a))/N
|Q(N+oz)/N|g( e/ RN

U= Q(NtayN, Where Quviayn =C(n/(n” + |z —a?)N/?,

with equality if and only if

C > 0 is a fixed constant, a € RY and 5 € (0, +00) are parameters. Then our
first result is as follows:

THEOREM 1.1. Assume that N > 1, « € (0,N) and (N +a)/N < p <
(N +a)/(N—2),.
(a) Ifp=(N+«)/N, for any c >0,

N

Iintayn (@) = AN +a) (

C

2(N+a)/N
|Q(N+a)/N|2>

and I(N+a)/N(C2) has no minimizer.

(b) If (N+a)/N < p < (N+a+2)/N, then I,(c*) < 0 for all ¢ > 0,
moreover, I,(c?) has at least one minimizer for each ¢ > 0.

(c) If p= (N +a+2)/N, then there exists c. := |Q(Nta+2)/n|2 such that
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0 if 0 < ¢ <y,

(i) I(N+a+2)N(02) = ‘
—00  ifc> ¢y,
(i) I(Nta+2)/n(c?) has no minimizer if ¢ # c.,
(iii) each groundstate of (1.7) is a minimizer of I(Ntat2)/n(C2),
(iv) there is no critical point for I(Nia+2y/n(u) constrained on S(c) for
each 0 < ¢ < ¢,.
(d) If (N+a+2)/N <p < (N+a)/(N—2);, then I,(c*) has no mini-
mizer for each ¢ > 0 and I,(c?) = —oo.

REMARK 1.2. Theorem 1.1 can be viewed as a consequence of [14, Theorem 9]
for p = 2 and [22, Theorem 1]. However, we still state and prove Theorem 1.1
here, using an alternative method, since our result is more delicate and it provides
a framework to our subsequent considerations.

REMARK 1.3. (a) Since until now the uniqueness (up to translations) of the
positive solution to (1.7) is only proved for the case a = p = 2, see e.g. [3],
[11] and [13], it follows that if N = 4 and a = 2, then up to translations,
the minimizer of I(N4at2)/N (c?) is unique and there exists no critical point for
I(Nta+t2)/n(u) constrained on S(c) for each ¢ # c..

(b) For N > 3 and (N+a+2)/N < p < (N+a)/(N —2), it has been
proved in [12] that for each ¢ > 0, I,(u) has a mountain pass geometry on S(c)
and there exists a solution (uc, ) € S(c) x R™ of (1.1) with I,(u.) = (),
where (c) denotes the mountain pass level on S(c).

By Theorem 1.1, p = (N + a +2)/N is called the L2-critical exponent for
(1.5). In order to get critical points under the mass constraint for such L?-critical
case, we add a nonnegative perturbation term to the right-hand side of (1.3),
i.e. consider the following functional:

(1.9) E(u) = %/RN [Vul® + %/RN V(@)|ul®
N

(Ia % |u|(N+a+2)/N)|u‘(N+a+2)/N7

" 2(N+a+2) /RN
where

(Vo) Vel (RY), inf V(z)=0 and lim V(z)= +oc.

zeRN |z| =400

Based on (Vj), we introduce a Sobolev space

/ V(a)ul? < —i—oo}
RN
with its associated norm

o = ([ 09w+ o+ v

H= {ueHl(RN)
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THEOREM 1.4. Assume that N > 1, a € (0,N) and (Vo) holds. Set

(1.10) e. = inf E(u),
u€S(c)

where S(¢) = {u € H | |ula = ¢}. Let ¢, be given by Theorem 1.1.
(a) If 0 < ¢ < cx, then e, has at least one minimizer and e, > 0.
(b) Lt N—2<a<Nif N>3and0<a <N if N=1,2, then for each
c > ¢y, €. has no minimizer. Moreover,
0 if ¢ = ¢y

€e =
—00  if ¢ > Cy.

(¢) lm e.=e.,.
c—(cx)™

We also study concentration phenomena of minimizers of e, as ¢ converges
to c. from below. Let u. be a minimizer of e. for each 0 < ¢ < ¢, then, by (1.6)
and Theorem 1.4, we see that [on V(z)luc/> — 0 as ¢ — (ci)”, ie. ue can
be expected to concentrate at the minimum of V. To show this fact, besides
condition (Vy), we assume that there exist m > 1 distinct points z; € RV and
q; > 0 (1 <1i < m) such that
(Vi) V>0 inRY\{z1,...,2,} and p,;:= lim Viz)

i € (0,400).

Set q := max{qi,...,qm}. Let {cx} C (0, c.) be a sequence such that ¢, — ¢, as
k — +oo.

THEOREM 1.5. Suppose that N > 1, « € [N—2,N) if N >3 and o € (0, N)
if N = 1,2, and (Vo) and (V1) hold. Then there exist a sequence {y,} C RV
and a groundstate solution Wy of the following equation:

(111) =AWy + Wy = (I % |[Wo| N T2/ )7 | (N+at2/N=2y17, 4 e RV

1/(qi+2)
dilki . 9
)\i = LYY s

such that up to a subsequence

A:= min {)\i

(1.12) lim Ec _ X (g+2)( N\
. k—+o00 [1 — (ck/c*)2(0‘+2)/N]‘I/(‘Z+2) B 2q a—+2

and

e\ 2@HD/NT N/ (2(a+2))
) 1= (%) e

Cx
e\ 2F)/N 1/ (a42)
- z+ g
Cx
a2 1/(q+2) N/2 a+2 1/(q+2)
[57) ) w(() )
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in LPNs/(N+e)(RN) for (N + a)/N < s < (N +a)/(N — 2)+ as k — +oco. Here
Wy is, up to translations, radially symmetric about the origin. Moreover, there
exists xj, € {z; | \i = X\, 1 <0 <m}, such that yr, — 5, as k — 400.

REMARK 1.6. (a) It has been proved in [22] that for a € [N —2,N) if N >3
and « € (0,N) if N = 1,2, each groundstate solution u of (1.11) satisfies

lim  |u(z)||z] VD2l € (0, +00).
|z|—=+o00

Hence A; € (0, 400).
(b) By Remark 1.3 (a), Wo = Q(n+4a+2)/n if N =4, a =2 (see Remark 3.3
below).

The result of Theorem 1.5 is different from that in [19] studying E(u) by
replacing p = (N + a+ 2)/N with p < (N + «a +2)/N, where one considered
the concentration behavior of minimizers as ¢ — 4+o00. Concentration phenomena
have also been studied in [24] and [4] by considering semiclassical limit of the
Choquard equation

—e?Au+Vu =" %Iy * [ulP)|[ulP2u  in RV,

However, since the parameter is different, we need a different technique to obtain
our result.

The proof of Theorem 1.5 is based on optimal energy estimates of e, and
fRN |Vuc|2 for each minimizer u.. The main idea to prove Theorem 1.5 comes
from [8], which was restricted to the case of local nonlinearities. But due to the
fact that our nonlinearity is nonlocal and that the assumption imposed on V is
more general than that in [8], the method used in [8] cannot be directly applied
here. It needs some improvements and careful analysis. First, by choosing
a suitable test function, we get that 0 < e, < C1[1 — (c/c,)2(@+2)/N]a/(a+2) ag
¢ — (c«)~ for some constant C; > 0 independent of ¢. The lower bound now is
not optimal. The method in [8] which uses the perturbation term [ V(2)u? to
remove the local nonlinearity term does not work in our case. To overcome this
difficulty, we notice that if there exists {e.} C Ry with lim &, = 0 such that

c—(ex) ™
(1.14) o < / Vie(2)|? < Cs,
RN

where w.(z) = Eév/ 2uc(€cx) and C3 > C5 > 0 are two constants independent
of ¢, then there exist {y.} C RY, z; € {x1,...,2,}, a groundstate solution
Wo € HY(RY) to (1.11) and a constant 8 > 0 such that e.y. — z;, and w.(x) :=
We(x + ye) — (B)N2Wy(Bz) in H(RN). Moreover, if

1— (C/C*)2(a+2)/N

(1.15) lim o

c—(cy )™

:]_7
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then

c—(ce)™ Eg 2q o+ 2
which implies that (1.13) holds. So it is enough to prove that (1.14) and (1.15)
hold. However, we cannot directly obtain (1.14) if we just take

o\ 20 +2/N1/(g+2)
=[]
Cx

there. In other words, one should first obtain an optimal energy estimate of

e A2c2<q+2>( N )q/@“)
lim — = ,

Jan [Vue|? (see Lemma 3.8 below). We succeeded in doing so by noticing that
Jan [Vue|?> = +00 as ¢ = (¢)~ and choosing suitable scalings. Such arguments
were also used in [9], [10] (see also [6]) to deal with local equations.
Throughout this paper, we use standard notations. For simplicity, we write
fQ h to mean the Lebesgue integral of h over a domain Q C RV. LP := LP(RV)
(1 < p < +00) is the usual Lebesgue space with the standard norm |- |,. We

”

use “— 7 and “— 7 to denote the strong and weak convergence in the related

function space respectively. C will denote a positive constant unless specified.

“

We use “:=” to denote definitions. We denote a subsequence of a sequence {u,, }

as {u,} to simplify the notation unless specified.

The paper is organized as follows. In Section 2, we determine the best con-
stant for the interpolation estimate (1.6) and give the proof of Theorem 1.1. In
Section 3, we prove Theorems 1.4 and 1.5.

2. Proof of interpolation estimate (1.6) and Theorem 1.1

In this section, we first prove the interpolation estimate (1.6). It is enough

to consider the following minimization problem:

S, = inf W)
L L0

) (Np—=(N+a))/2 ) (N+a—(N-2)p)/2
(L) ()
RN RN
@l
RN

LEMMA 2.1 ([22, Lemma 2.4]). Let N > 1, a € (0O,N), p € [1,2N /(N + «))
and {u,} be a bounded sequence in L*NP/(N+)(RN) " [f y, — u almost every-
where in RY as n — +oo, then

1. Ioz np np* Ia n P mn P

Jin ([ ol = [ o = ) )
— [ el

RN

where

Wy(u) =
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LEMMA 2.2. (a) ([29], Brezis Lemma) Let 2 be an open subset of RY and
let {u,} C LP(Q), 1 <p < o0o. If {up} is bounded in LP(QY) and u, — u almost
everywhere on ), then

T ([ul? = [ — ul?) = [l

(b) ([29], Vanishing Lemma) Let r > 0 and 2 < ¢ < 2*. If {u,} is bounded
in HY(RY) and
sup / |un|? =0, n — +oo,
Br(y)

yERN

then u,, — 0 in L*(RN) for 2 < s < 2*.

LEMMA 2.3. Let N > 1, € (0,N) and (N + o)/ N<p<(N +«a)/(N — 2)4,
then S, has a minimizer Q, € HY(RY), where Q, is a nontrivial solution of
equation (1.7) and

2p—2
S = ‘QP 2p .
’ P

PROOF. The lemma can be viewed as a consequence of Proposition 2.1 in [22]
and Theorem 9 in [14], but we give an alternative proof here. The idea of the
proof comes from [28] (see also [2]), but some details are delicate.

Since W, (u) > 0 for any u € HY(RY)\ {0}, S, is well-defined. Let {v,} C
HY(RN)\ {0} be a minimizing sequence for S,, without loss of generality, we

/ |V, |? :/ [on|? = 1.
RN RN

0:= lim sup/ 0|
nEeO yerN J By (y)

If § = 0, then by Lemma 2.2, v,, — 0 in L*(RY), 2 < s < 2*. Hence by the
Hardy-Littlewood—Sobolev inequality (1.4),

1
/ (L * [0 ]?)[va]?
RN

can assume that

Up to a subsequence, let

Wp(vn) =

— +00,

which is a contradiction. So § > 0 and there exists a sequence {y,} C RY such
that

(2.1) / o2 >
Bl(yn)

Up to translations, we may assume that y, = 0. Since {v,} is bounded in
H'(RYN), by (2.1), there exists v, € H'(RY)\ {0} such that v,, — v, in H'(R").

> 0.
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Then by the Brezis Lemma and Lemma 2.1, we have

Sp < Wp(”p)

[ s lonl)lenl
< lim [ W, (v,) 288

il R AR TG
]RN
[ Gaxlon = lP)on = w, P
RN
— Wp(vy — vp)

[ o ol
RN
o sloalonl = [ (o lon =l = o0

<S5, lir_{_l =5y,
n——+oo
[ U )i

iLe. Wy(vp) = Sp. Moreover, [Vuylz = |vp|a =1 and S, = 1/ [on (Lo * |vp[P) v, [P
Therefore, for any h € H'(RY), %|t=OWp(vp +th) = 0, i.e. v, satisfies the
following equation:

~[Np — (N + a)]Av, + [N + a — (N — 2)plv, = 2pS,(1a * |v]|P)|vp [P~ 2vp,

in RY. Let v, = (1/pS,)'?P=2Q,, then Q,, is a nontrivial solution of (1.7) and
2p—2
Sp = 1Qply""/p- 0

Next we give the proof of Theorem 1.1. For any u € H'(RY), set

A= [ VuP. B = [ (sl
then I,(u) = A(u)/2 — B(u)/(2p). It follows from (1.6) and (1.7) that for
(N+a)/N <p<(N+a)/(N=-2)y,

D —(Nta e (N—
(2.2) B(u) < WA(“)(NP (N+ ))/2|u|é\7+ (N—=2)p
pi2

with equality for u = @, given in (1.7), moreover,

(2.3) AQy) = %B(Qw — Q2

LEMMA 2.4. Let N > 1 and « € (0, N).

(a) If (N+a)/N <p < (N+a+2)/N, then I,(u) is bounded from below
and coercive on S(c) for all ¢ > 0, moreover, I,(c*) < 0.
(b) If p= (N +«a+2)/N, then

0 if 0<c<eh:=|QNtat2)/Nl2,

I(N+a+2)/N(C2) = )
—o00 if ¢ > c,.
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(¢) If N+ a+2)/N <p< (N+a)/(N—2), then I,(c*) = —oco for all
c>0.

PrOOF. (a) For any ¢ > 0 and u € S(¢), by (2.2), there exists C :=
(NFTe=(N=2)p) /|Q 5P~ such that
A(u) — CA(u)(Np=(N+a))/2
5 .
Since (N +a)/N <p < (N+a+2)/N,0< Np— (N+a) < 2. Then (2.4)
implies that I,(u) is bounded from below and coercive on S(c) for any ¢ > 0.
Set uf(z) := t"/?u(tz) with t > 0, then u* € S(c) and
2 tNp—(N+a)

5 A(u) — TB(U) <0 for ¢t > 0 small enough,

since 0 < Np — (N + «) < 2, which implies that I,(c?) < 0 for each ¢ > 0.
(b) When p = (N+a+2)/N, Np — (N + «) = 2, similarly to (2.4) and
(2.5), we have

A (2(a+2))/N
Iinsarayn(u) > (2”) {1— <CC> } >0 if0<c<e,

(2.4) Ip(u) =

(25)  L(u)

and I(niat2)/N(€?) < I(ntatoyn(ul) = 0ast— 0T for all e. Then, if 0 < ¢ <

o> I(Ntat2yn(c?) = 0.

If ¢ > ¢y, set Q'(z) := (ct™/?/c.)Q(N+at2)/n (tz), then by (2.3),

. 242 (2(a+2))/N
INyar2)n(Q) = 22 {1 - (C*) } — —00 ast — +00,

then I(niato)/n(c¢?) = —o0 for ¢ > ¢,.

(o) f (N+a+2)/N <p < (N+a)/(N—2)4, then Np— (N +a) > 2,
hence by (2.5), we have I,(u') — —oo as t — +o0, so I,(c?) = —cc for all
c>0. (]

LEMMA 2.5. If (N+a)/N <p < (N +a+2)/N, then
(a) the function ¢ — I,(c?) is continuous on (0,+00);
(b) Ip(c?) < I(a?) + I,(c* — a?) for all 0 < a < ¢ < +0c.

PRrOOF. For any ¢ > 0 and u € S(c), we have fu € S(6c) with > 0 and
62 — 6°r
2p
(a) It ngrfoo ¢n = ¢, let {u,} C S(c) be a minimizing sequence for I,(c?),

(2.6) L,(0u) — 6% (u) = B(u).

then by Lemma 2.4, {u,} is bounded in H'(R"). Hence by replacing u and 6
in (2.6) by u, and 6,, = ¢, /c, we see that ET I,(c2) < I,(c?). On the other
n o0

hand, let {u,} C S(c,) be such that I,,(u,) < I,(c2)+1/n < 1/n, then similarly,
I,(c?) < hr—{l I,(c%), which implies the lemma.
n—-—+0o0
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(b) Let {u,} C S(c) be a bounded minimizing sequence for I,(c?). Since
I,(c®) < 0, there exists K; > 0 such that B(u,) > K;. Let 6 > 1 in (2.6),
then we have I,(0u,) — 021 (u,) < (6% — 6??)K;/(2p) < 0, which implies that
1,(6%c*) < 621,(c?) for each 6 > 1. Without loss of generality, we may assume

that 0 < o < v/¢2 — a2, then

2
2 ¢ 2 2
Ip(”) < gz lp(c” — o)
2
[0
:Ip(02 — a2) + f

3 I(? — a?) < I,(¢* — a?) + I,(a?). O

LEMMA 2.6. Let N>1, a€(0,N) and (N +a)/N<p<(N +a)/(N —2);.
If w is a critical point of I,(u) constrained on S(c), then there exists . < 0 such
that I)(u) — pew =0 in H=(RYN) and

_ Np-(N+aq)

Aw) >

B(u) =0.

PROOF. Since (Ip|s()) (u) = 0, there exists p. € R such that I,(u) —peu = 0
in H=1(RY). Then A(u) — B(u) = p.c?. By Proposition 3.5 in [23], u satisfies
the following Pohozhaev identity:

N -2 N+a N
TA(U) ~ 2 B(u) = o5 Hec™
Hence
Au) = WB(U) and p. = (V- 2)}27];02(]\7 i Q)B(u) <0. O

PRrROOF OF THEOREM 1.1. (a) If p = (N + «)/N, for any ¢ > 0 and u € S(c),
by (1.8) we have

N . (2(N+a))/N
I(Nyayn(u) > — ( ) ,
2(N +a) \|QN+a)/Nl2
Set
CtN/2

Q€N+a)/1v($) : N+a)/n(tT),

- —0Q
Qw2
then, by (1.8) again, we see that

I(N+a)/N QN 10y /)
242 AQ ) N ( c )(2(N+a))/N
= a5 A~ 9 N+a)/N) — )
20Qn w3 N 2(N 4+ ) \ |Q(N+a)/Nl2

letting ¢ — 07, then

N < c ) (2(N+06))/N

I 2\
(Nta)/n(€7) 2(N 4 o) \ |Q(N+a)/N2
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By contradiction, if for some ¢ > 0, there is u € S(c) such that I(yyq)/n(u) =
I(N+a)/N(02), then (1.8) shows that

(2(N+a))/N
1 N c
0< ~A(w) = ——~ B - [ —C <0,
2 @) 2(N+a)[ w <Q(N+a)/1v|2> } B

which implies that u = 0. It is a contradiction. So I(N+a)/N(02) has no minimizer
for all ¢ > 0.

(b) If (N+a)/N <p < (N+a+2)/N, for any ¢ > 0, by Lemma 2.4,
I,(c*) < 0. Let {u,} C S(c) be a minimizing sequence for I,(c?), then Lem-
ma 2.4 (a) implies that {u,} is bounded in H*(R") and for some constant C' > 0
independent of n, B(u,) > C. Hence there exists u € H'(R") such that

(2.7) U, —u in H'(RY), un () = u(x) ae. in RY.

Moreover, by the Vanishing Lemma, up to translations, we may assume that
u # 0. Then 0 < |uls := o < ¢. We just suppose that o < ¢, then u € S(«a). By
(2.7) and the Brezis Lemma, we have

: a2 1 2 102 — 2 2
ngrfoo [un — ulz = ngrfoo lunly = |ulz = ¢ — o

Then by Lemmas 2.1 and 2.5 (a), we have

Ip(cz) = lim I,(u,) = lim I,(u, —u)+ I(u) > Ip(02 — a2) + Ip(aQ),

n—-+00 n—-+o0o

which contradicts Lemma 2.5 (b). So |ul2 = ¢, i.e. u, — u in L2(RY). By (2.2),
we have B(uy,) — B(u). Then I,(c?) < I,(u) < ngr}rloo I (uy) = I,(c?), ie. uis
minimizer for I,(c?).

(c) (i) has been proved in Lemma 2.4 (b). To prove (b), suppose by contra-
diction that there exists ¢y € (0,c¢,) such that I(nia4o)/n(c§) has a minimizer
ug € S(CQ), ie. I(N+a+2)/N(uo) = I(N+a+2)/N(Cg) =0, then by (22),

N Co

A(’LLO) = 7B(u0) S <

(2(a+2))/N
- N+a+2 c*)

A(UO) < A(Uo),

which is impossible. So combining (i), we see that J(ntat2)/5(c?) has no mini-
mizer for all ¢ # c,.

By (2.3), we see that I(niat2)/n(Q(N+a+2)/N) = 0 = I(niatr2yn(c), ie.
Q(N+a+2)/N is a minimizer for I(N+a+2)/N(cf). Moreover, by Lemmas 3.1 (b)
and 3.2 below, each groundstate solution of (1.7) is a minimizer of [ nq-2)/n5(c2).
So we have proved (iii).

For any ¢ > 0, suppose that u is a critical point of I(N+a+2)/N(u) constrained
on S(c), then by (2.3) and Lemma 2.6, we have

N c (2(a+2))/N
= — < —_
A = 5B < (£) AQw),
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which implies that c. < e. Then, there exists no critical point for I yya2)/n5(®)
constrained on S(c) if 0 < ¢ < ¢,. So (iv) is proved.
(d) By Lemma 2.4 (c), I,(c?) has no minimizer for all ¢ > 0 if (N + « + 2)/N

<p<(N+a)/(N-2). O

3. Proof of Theorems 1.4 and 1.5

For p = (N 4+ a+ 2)/N, (2.2) turns to be

51) B(u)<N+a+2<1><2(““))/N

STN Alw)|ul T

cy
with equality for u = Q(nyat2)/n and ¢ = |Q(Ntat2)/n |2, Where Q(nyato)/n

is a nontrivial solution of

o+ 2
(32) —AQ(Nta+2)/N T TQ(N-{-Q-}—?)/N

N+a+2)/N) |(N+a+2)/N72Q(

= (I * |Q(N+a+2)/N|( |Q(Nta+2)/N N+a+2)/N>

in RN, Set

N/2
o+ 2 ~ o+ 2
Q(N+at2)/n(7) = ( ~ ) Q(N+a+2)/N < N w>

then @(N+a+2)/N satisfies the equation

(3.3)  — AQ(N+at2)/N T Q(Ntat2)/N

Ntot2)/N) ‘@(N+a+2)/N|(N+a+2)/N7

= (I * QN yas2y/n|¢ 2Q(Ntat2) /N>

in RY. The following lemma is a direct consequence of Theorems 1-4 in [22].

LeEMMA 3.1. Assume that N > 1 and o € (0, N).
(a) There is at least one groundstate solution u € H*(RY) to (3.3) with

F(u) =d:=inf{F(v|ve H®R")\ {0} is a weak solution of (3.3)},

where

Fo) =3 [ (90 + 1)

N
_ I (N+a+2)/Ny [, [(N+a+2) /N
2(N +a+2) /RN( * [l ol

(b) If u € HY(RY) is a nontrivial solution of (3.3), then u € LY(RY) N
C2(RYN), u € W25(RYN) for every s > 1 and u € C(RY \ u=({0}).
Moreover,

N 2 N 2

Nrtao+2 — ﬂ/ luf? = B(u).

RN

(3.4) I Au) = P



406 H. YE

(¢) Ifu is a groundstate solution of (3.3), then u is either positive or negative
and there ezists 1o € RY and a monotone function v € C°°(0,+o0) such
that

u(x) = v(|lz — x0|), for allz € RY.
(d) Let N—-2<a<NifN>3and0 <a < N ifN=12 Ifuis
a groundstate solution of (3.3), then

lim  |u(z)]|z| VY26l € (0, 400).
|z|—=+o0

Moreover, |Vu(z)| = O(|z|~N=D/2e~12l) g5 |2| = +00.

LEMMA 3.2.

(a) d=c%/2.

(b) w is a nontrivial solution of (3.3) with |ula = ¢« if and only if u is
a groundstate solution.

PrOOF. For any nontrivial solution u of (3.3), by Lemma 3.1 (a)—(b) and
(3.1), we have

1
¢« <ulz and dSF(u):§/
R

where equality holds only if u is a groundstate solution. In particular, since

Jul,

Q(N+a+2)/N is a nontrivial solution of (3.3),

~ @ N+a+2 N|2 Cf
d < F(Q(N+tat2)/N) = % =5

Therefore, if u is a groundstate solution of (3.3), then, by Lemma 3.1 (c), u is

nontrivial and
2

2

C—ngF(u):dgc—*,
2 2 2

which shows that d = ¢2/2 and |u|y = c,. On the other hand, if u is a nontrivial

2
*

solution of (3.3) with |u|s = ¢, then

2 1 2
God<rw=; [ WP=5.
2 ]RN 2

—

which implies that F(u) = d, i.e. u is a groundstate solution. O
REMARK 3.3. @<N+a+2)/1\; is a groundstate solution of (3.3).
LEMMA 3.4 ([1]). Suppose that V € LS. (RY) and |x|1i>n—&1-oo V(xz) = +o0, then
the embedding H — L*(RN), 2 < s < 2%, is compact.
PROOF OF THEOREM 1.4. Set

C(u) = / V(z)|u?> >0, forallue H'(RY),
RN
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then
A(u) | C(u) N
Ew) ===+ = ~antargPW
(a) By (3.1), for any 0 < ¢ < ¢, and u € S(c),
o\ 20+2)/N
(3.5) B(u) > ;[1 - <c> }A(u) + %C(u) >0,

then e, = inf E(u) > 0 is well defined for 0 < ¢ < ¢,.
u€S(c)

For cach 0 < ¢ < ¢, let {u,} C S(c) be a minimizing sequence for e, then
by (3.5), {u,} is bounded in H. Hence there exists u, € H such that u, — u. in
H. By Lemma 3.4, u,, — u. in L*(R"Y), 2 < s < 2*, which implies that |u.|s = ¢
and B(u,) = B(ue). So e. < E(u.) < HETOOE(un) = e, l.e. u, € g(c) is a
minimizer of e.. Moreover, by (3.5), e. > 0. So e, > 0 has at least one minimizer
for all 0 < ¢ < ¢4.

(b)Let N—2<a<NiN>3and0<a< N if N=1,2. For any ¢ >0,
let ¢ € C°(RY) such that 0 < ¢(z) < 1, p(x) =1 for |z| < 1, p(z) = 0 for
|z| > 2 and |V¢| < 2. For any xg € RY and any t > 0, set

CAttN/Q

Cx

(3.6) Q'(z) = o(@ — 20)Q(N+ata)n (tx — x0)),

where A; > 0 is chosen to satisfy that |@t|2 = c¢. By the exponential decay of

Q(N+a+2)/N, We see that

1 1 x ~
zZ 'tz /RN (902 (t) B 1) QN +arayn(@)? = 1

as t = 400. Then A; depends only on ¢t and , liin Ay = 1. Since V (z)p?(z — o)
— 00

is bounded and has compact support, C(Q?) — (¢2/¢2)V (zq).

_ A, \ 2Nt /N _
B(Q") = ( > tQ{B(Q(N+a+2)/N)

Cs
g\ [(VHa+2)/N N
@() ‘ - 1) |Q(N+a+2)/1v(y)|(N+a+2)/N] }

LE{00)
()

B (CAt>2(N+a+2)/N

Cx

+ 1) |@(N+a+2)/N ($)|(N+a+2)/N}

t2 [B(@(N+a+2)/N) + f1(1)].
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By the Hardy-Littlewood—Sobolev inequality (1.4) and the exponential decay of
Q(N+a+2)/N, there exists a constant C' > 0 such that

morse( [ |[(5)] T

) \@(N+a+2)/1v($)|2(N+a+2)/(N+a)

2N/(N+a)

>(N+a)/(2N)

~ (N+a)/(2N)
sc( /| i |Q<N+a+2)/N<x>|2<N+“+2>/<N+a>)
x| >t

+o0 (N+a)/(2N)
<C (/ 7,—2(N—1)/(N+a)e—2(N+oc+2)r/(N+oz)>
t

< Cft—(N—l)/Ne—(N+a+2)t/N

as t — +00. Then by the exponential decay of é(N+o¢+2)/N and |V©(N+a+2)/1v|,
we have

2 _ ¢ \ 2(et2)/N 2
(3.7) B(Q") = 22 t* A(Q(N+a+2)/N) [1 - (C*> ] +2 fo(t)+ 52 V(o)

as t — 400, where f2(t) denotes a function satisfying tiigloo |f2(£)|t" = 0 for all
r>0.

If ¢ > ¢y, then by (3.7), e, < t_lgrnooE(@t) = —o00, hence e, = —oo and there
exists no minimizer for e.

If ¢ = c,, then by (3.5) and (3.7), 0 < e, < V(zp)/2. Taking the infimum
over xq, e., = 0. We just suppose that there exists u € S(c,) such that E(u) =
ec., then it follows from (3.5) that

(3-8) Cu) =0,

which along with condition (Vg) imply that « must have compact support. Then
A(u) = B(u), i.e. uis a minimizer of S(niq42)/n. So u satisfies equation (3.2).
Set u(z) := (y/(a+2)/N) N/2w(\/(a +2)/Nz), then w is a nontrivial solution
of (3.3) with |w|s = c., hence, by Lemma 3.2, w is a groundstate solution. So, by

Lemma 3.1 (d), | ‘lim Ju(x)||z|(N=D/2el#l € (0, 400), which contradicts (3.8).
x| —+oo

Moreover, we conclude from (3.6) and (3.7) that
1%
limsupe. < (o) as t — +oo.
c—(ex)™ 2
As zg is arbitrary, we have lim e.=0=e,,. O

c—(cx)™

In what follows, we consider the concentration behavior of minimizers u. as ¢
approaches ¢, from below when N —2 < a < Nif N >3 and 0 < a < N if
N =1,2 and the potential V satisfies conditions (Vy) and (V7).
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LEMMA 3.5. Suppose that (Vo) and (Vi) hold, then there exists a positive
constant My independent of ¢ such that

o\ 2@ +2)/Nya/(a+2)
o<e<ani- ()

- as ¢ — ()™,

where ¢ = max{qi,...,qm}-

Proor. Without loss of generality, we may assume that ¢ = ¢;, for some
1 < ip < m. By (V1), there exists R > 0 small enough such that V(z) <
240 |T — i, |%0 for |z — x;,| < R. Similarly to (3.6), let

cAp tN/? 2(x — x; ~ ~
(2L ) Quvsnrayw ta = 1) € 50

u(x) ==
where Ap: >0 and Ar; — 1 as t = +oo. Then

2ui,c* A%, o~
Clu) < =gt /]R el 1@y stz n (@)

*

Hence similarly to (3.7), for large t,

Cx

e. <

AQu+ar2yn) 3 [1 ) < ¢ )““*2)/”]
- 2

20t [ (ol Qs (@) + 2400,
R

where lim |h(t)[t? = 0.
t—+4oc0

Taking t = [1 — (¢/c,)2(@T2/N]=1/(4i0+2) | there exists a constant M; > 0
independent of ¢ such that 0 < e, < M;[1 — (c/c,)2(@T2)/N]a/a+2, O

The following lemma, is essential to obtain the optimal lower bound of e. and
to prove the main theorem.

LEMMA 3.6. Suppose that (Vo) and (Vi) hold and there exists {e.} C Ry
with e — 0 as ¢ — (ci)” such that C; < A(sé\fﬂuc(ecw)) < Cy, where
Co > C1 > 0 are two constants independent of ¢, then there exist {y.} C RY,
zj, € {w1,...,xm} and yo € RN such that (ecyec — j,)/ec — Yo as ¢ — (cx) ™.
Moreover,

(a) let we(z) := Eév/zuc(ecx + ecye), then there exist a groundstate solution

Wo € HYRYN) of the following equation.:
(3.9) —AWy + Wy = (I * |[Wo| N HaF2/Ny i | (N+at2/N=2g7, = 5 ¢ RV,

and a constant B > 0 such that w.(z) — (8)N/>Wo(Bx) in H'(RN).
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2 + qj, (Ciz\qio+2CiH°/2 > 2/(@i02) {1 B ( c

230 B e

2(a+2)/Nqq/(a+2)
)

as ¢ — (cx)”, where ¢ = max g¢; and
1<i<m

qilbq
i =
¢ <203 /RN |:C

1— (C/c*)2(a+2)/N
€g+2

qi

1/(gi+2)
A= min {)\,; Wo(x)|2> }

1<i<m

Moreover, if

:]_7

lim
c—(cy) ™

then

e NE(g+2)( N NV
lim — =
c—(ce)™ Sg 2q a+2

and yo = 0, f = ((a+2)/N)/ a2\,
PRrOOF. By (3.5) and Theorem 1.4, we see that

(3.10) C(ue) >0 asc— (ci)”.

Set w.(z) := 6?,/2%(50:6). Then |w.]2 = ¢. Up to a subsequence, let § :=

lim  sup [5 . |W|?. If 6 = 0, then w. — 0 in L*(RY) as ¢ — (c,)7,
e-r(ex)~ yexn * P1 W)
2 < s < 2*, hence by (1.4), B(w.) — 0. So

C Alw, N
! (w)<ecag+2

0< < v Bwe) =0 «) s
< Ntat2) (We) =0 asc— ()

2 - 2 =

which is impossible. Then ¢ > 0 and there exists {y.} C RY such that

- 1)
/ |we| > = > 0.
Bi(y.) 2

Set we(z) := wWe(r +ye) = EiV/Quc(scx + &cYe), then

(3.11) / we|* >
B1(0)

We claim that {e.y.} is uniformly bounded as ¢ — (¢,)~. Indeed, if there exists
a sequence {ci} C (0,c,) with ¢ — ¢, such that |e., y..| = +00 as k — 400,
then by (Vo), (3.10) and (3.11) and the Fatou Lemma, we have

0 = liminf B(u.,) = liminf/ V(een® + ey Yer )| We, (2))?
k——+oo k—+oco JrN
0
2

> [ min(V (G + o) (0F) 2 (400) - § = +x,

B1(0) k—4o00
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which is impossible. So {e.y.} is uniformly bounded as ¢ — (c.)~. Moreover,
there exists xj, € {z1,..., 2, } such that

EclYe — Tjy . . —
(3.12) {} is uniformly bounded as ¢ — (¢.) .

€c

Indeed, by contradiction, we just suppose that for any x; € {z1,..., 2}, there
exists ¢, — (cx)” such that [(ec,ye, — Ti)/ec,| = +00 as k — +o0o. By (Vy),
(3.11) and the Fatou Lemma, for any positive constant C,

o1 9
(3'13) Egl-il-{.lf % RN V(‘C:Ckx + gckych)wck (33)
2/ lim inf V(Eckxjgckyck)mck(x)ﬁ
RN k—+o0 Ecy,
2
> / lim inf Ve + zi) |2|% | we, |z + i Cenlor
RN k—doo  |ec,m|® cr
crYer, — Li g, 1(50
Zﬂi/ liminf|m+wa wck(ac)|22L.
By (0) koo Ecx 2
Hence by (3.5),
Alwg) [ ()
@314) e, > Sl 1 (2 3 [ Veant el
> & 1— Ck et/ _’_,Uifscsqi
= 22 c. 4 ek
i/2N\ 2/qi+2 2(a+2)/Nqqi/qi+2
S +2 %‘5#1‘0;1/ /a 1 (% (a2 a/a C2/ai+2
- 2q; 4 Cx
/2 2/(qi+2) 2(a+2)/Nqq/(q+2)
> % +2 (qiauicl > 02/ (ai+2) [1 _ <C’f) }
2q; 4 Ca

as k — —+o00o, which contradicts the upper bound obtained in Lemma 3.5 since
C > 0 is arbitrary. Then (3.12) holds. So there exists some yo € RY such that
(€cYe — x40 )/ Ec — Yo as c— (cs)™-

Since u. € S(c) is a minimizer of e, (E|§(C))’(uc) = 0, i.e. there exists
a sequence {\.} C R such that E'(u.) — Acue = 0 in H™!, where H~! denotes
the dual space of H. Then
52% = l (QW‘C:zec - QTHEEC(UC) - a; ZA(wc))a

2
which along with (3.10) imply that there exists 8 > 0 such that 2\, — —f32
as ¢ — (c,)”. By the definition of w,, we see that w. satisfies the following

equation:

(3.15)  — Aw, + 2V (ee + ecye)we

_ (Ia * |,wc|(N+ac+2)/N)|,wc|(N+oc+2)/N72wc — )\Cgiwc
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in RY. Since {w.} is uniformly bounded in H!(R¥), there exists wy € H'(RY)
such that

we — wWo in HY(RY),
(RN), 1< s <27,

we(r) = wo(z) ae. in RY.

We — W in L.

Moreover, (3.11) implies that wy # 0. Then wp is a nontrivial solution of
—Awg + [Pwg = (I * |wo| N+ N g |(N+at2)/N=24,0in RV, Set wp(z) =
BN/2Wy(Bx), then Wy is a nontrivial solution of

— AWy + Wy = (I,  |[Wo|NHaF+2/NY |y | (NFa+2)/N=2yp7, 5 e RV,

Hence by Lemma 3.2, we have ¢, < |Wy|a = |wplz < lim) |welz = ¢, e
c—» -

lwolz = [Wola = ci. Hence w, — wp in L*(RY) and then B(w.) — B(wp). So
we conclude from the equations w. and wq satisfy that w. — wy in H'(RN).
Moreover, Lemma 3.2 shows that W is a groundstate solution of (3.9). So by
Lemma 3.1 (c)~(d), Wo(z) = O(|z|~N=D/2e~12) as |x| = 400 and we may
assume that, up to translations, W is radially symmetric about the origin.
Similarly to (3.13), we see that

1
(3.16)  liminf — V(eex + ecye)|lwe(z)|?

c—(cx)” Ec JRN

1
Z lim inf T/ V(Ecx+gcy6)|wc(‘r)|2
c—(cx)™ 5cm RN
2
Ec

N / liming L Ee o) 1,
R
> Hjo / |z+ﬂy0|q10|WO(|1’|)|2> Hio / ‘x|‘1j0|WO(1’)‘23
RN RN

Ne—(e)  |ecx|¥o
- 5%‘0 - ﬂ‘b’o

where the last inequality is strict if and only if yg # 0. Hence similarly to (3.14),

Ch ¢\ 2t o a 2 i
eox o51-(£) + e [ Lttt

2(a+2) /N 219012
S e

\
[N
m

N

22 Cx o0~ °
- 2+ qj, (Ao +2(\/Cy)%o 2/(4jo+2) (e 2(a+2)/Nva/(q+2)
o QQJO ﬂqjo Cx

as ¢ — (cx)”, where A= min ;.

1<i<m
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If lim (1 — (c/ce)?@+2/N /2942 = 1 then

c—(ex) ™

o . €c 1 Hijo B 2
(3.17) Cll_{l(lcl*l;f; g > 3 (A(wo) + o /]RN |x‘q10 |W0($)|

qjo 12
(BN
“ '\ 2a+2  g,B%

- /\?Ocz( N )qm/(q_m+2) Gjo +2
- 2 a+2 Qo
- A2c2(q +2) N\ ¥/(a+2)
- 2q a+2 '

On the other hand, for any x; € {z1,...,z,,} and t > 0, let

(o) = e (t)N/Qw(g; — z)Wo (M)

Ccy \ Ec

where ¢ is a cut-off function given as in (3.6) and A. > 0 is chosen to satisfy
ve € S(c). Then I%m) A. = 1. By the Dominated Convergence Theorem, we
c—(cy )™
see that
c o1 E(v.
(3.18) limsup e—q < limsup (Z )
c—(cx) ™ Ec c—(cx)™ €c

2

12 tN
= A(W, li — 1%
AW+ e [ v

1 /22N 7,
—— * M q W, 2
2(a+2 +tq /RN ‘.T| ‘ 0(.’1’3)| >

~a+2
B 2(t2 N )
_C* + ’

oz —z;)Wo <M>

Ec

2 a+2 qt?
where
_ ) V(x) 75 if ¢ = qi,
o; = lim ——— =
wow |z =zt ) oo if g #£ g,
and

-  (F e D
%= (54 [ tebime) =4
2¢; Jrw 4+oo if g # g;.

So, since t > 0 is arbitrary, taking infimum over {\;}7, in (3.18) and combining
with (3.17), we see that

2.2 q/(q+2)
o= M) (N |
c—(cx)™ Eg 2q a+2

Then (3.16)—(3.18) must be equalities, what implies that yo = 0 and § =

((a+2)/N)M(@+2) ), 0
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LEMMA 3.7. Suppose that (Vo) and (Vi) hold, then there exists a constant
My > 0 independent of ¢ such that

¢\ 2(a+2)/Nya/(a+2)

e. > M, [1 <> } as ¢ — (ci)”
Cx

PROOF. Suppose that u. is a minimizer of e., we first show that

(3.19) Aue) = 400 as c— (c) .

In fact, by contradiction, if there exists a sequence {cx} C (0,c,) with ¢ — ¢,
as k — 400 such that the sequence of minimizers {u., } C §(ck) is uniformly
bounded in H, then we may assume that for some v € H, u,, — v in ‘H and, by
Lemma 3.4 and (3.1),

Ue, — u in L*(RY) and B(u.,) — B(u).

Hence u € S(c,) and 0 < e,. < E(u) < lim E(ug)= lm e, =0, ie. uis
k——+4o00 k—4o00
a minimizer of e. , what contradicts Theorem 1.4. Since

N

1
0< ~Alug) — ————Blu,) < e,
< A 2(N +a+2) (ue) < e
we see that
N
—B
by Ntat? (ue)
im =1.
c—(cx)™ A(Uc)
Then by (3.19), we have
N
—92 _
= —————B c *
€. N +at2) (ue) = 400 as ¢ — (cx)
and
2 < A(eN?uu(eox)) < 24 2e%, < 4.
Hence our conclusion follows from Lemma 3.6. O

LEMMA 3.8. Suppose that u. is a minimizer of e. and V satisfies (Vo) and
(V1), then there exist two positive constants K1 < Ko independent of ¢ such that

o\ 2(0+2)/N7 =2/ (a+2) o\ 200+ /N7 =2/ (q+2)
ap-(z) ] saesm- (2)
Cs Cx

as ¢ — ()~

PROOF. The idea of the proof comes from that of Lemma 4 in [8], but it
needs more careful analysis. By (3.5) and Lemma 3.5, we see that

2e. c
A(UC) S (a+2)/N g 2M1 |:]- - (

- (2) )
Cx

) 2(a+2)/N:| —2/(q+2)
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as ¢ — (c4x)”, where M; is given in Lemma 3.5. For any fixed b € (0, c), there
exist two functions u, € S(b), u. € S(c) such that e, = E(up) and e, = FE(uc),
respectively. Then by (3.1), we see that

1 2(a+2)/N
ep SE(I;UC) < ec—i—Q[l— (i) }A(uc).

Let n:= (¢ —b)/(cx — ¢) > 0, then n — +00 as ¢ — (¢,)~. Then by Lemmas 3.5
and 3.7, we have

€p — €Ec

b\ 2@ F2)/N
()

Cc

b\ 20+2)/NY a/(a+2) o\ 202)/NY a/(a+2)
(@) ) e (E) )
> Cyx Cx
= b 2(a+2)/N
()
c

M,

o\ 2@+2)/N
o\ 2(a+2)/N7 =2/(a+2) 11— <C>
> {1 (c*> } b 2(a+2)/N B 2(a+2)/N7 -1
- )]
C Cx

N q/(q+2)
a - Mo\ 50—
N [1_ (C>2( +2)/N:| 2/(a+2) 2(2(04—1—2))

Cx

%A(uc) >

( b )2(a+2)/N qa/(a+2)

Cx

- M

Ui

what gives the desired positive lower bound as ¢ — (c4)~. O

PRrROOF OF THEOREM 1.5. Let {cx} C (0,c.) be a sequence satisfying ¢, —
(c)” as k — 400 and {u., } C S(cx) be a sequence of minimizers for e.,. Set

cr 2(a+2)/N-1/(q+2)
- [1_() ] >0,

Cx

By Lemma 3.8, we see that K; < A(Eé\,zﬂuck (ec,2)) < Ks. Then by Lemma 3.6,

o G _ NAla+2) [ N\
koo €4, 2q a+2
Moreover, there exist a sequence {y., } C RY and zj, € {z1,...,2,} such that

Ecrler — Tj, as k — +oo and there is a groundstate solution Wy € H(RY)
of (3.9), which is, up to translations, radially symmetric about the origin and
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such that

3

N2, (Een + Eenen) = We, ()

a+2 1/(g+2) \ N/2 a+2 1/(q+2)
e (5 ()

in L2Ns/(N+a)(RN) for all (N +a)/N < s < (N +a)/(N —2),. O
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