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THE SL(3,C)-CHARACTER VARIETY OF THE FIGURE
EIGHT KNOT

MICHAEL HEUSENER, VICENTE MUNOZ AND JOAN PORTI

ABSTRACT. We give explicit equations that describe the character
variety of the figure eight knot for the groups SL(3,C), GL(3,C)
and PGL(3,C). For any of these G, it has five components of
dimension 2, one consisting of totally reducible representations,
another one consisting of partially reducible representations, and
three components of irreducible representations. Of these, one
is distinguished as it contains the curve of irreducible represen-
tations coming from SL(2,C). The other two components are
induced by exceptional Dehn fillings of the figure eight knot. We
also describe the action of the symmetry group of the figure eight
knot on the character varieties.

1. Introduction

Since the foundational work of Thurston [46], [45] and Culler and Shalen
[13], the varieties of representations and characters of three-manifold groups
in SL(2,C) have been intensively studied, as they reflect geometric and topo-
logical properties of the three-manifold. In particular, they have been used to
study knots K C S?, by analysing the SL(2, C)-character variety of the funda-
mental group of the knot complement S® — K (these are called knot groups).

Much less is known for the character varieties of three-manifold groups in
other Lie groups, notably for SL(r, C) with > 3. There has been an increasing
interest for those in the last years. For instance, inspired in the A-coordinates
in higher Teichmdiller theory of Fock and Goncharov [20], some authors have
used the so called Ptolemy coordinates for studying spaces of representations,
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based on subdivisions of ideal triangulations of the three-manifold. Among
others, we mention the work of Dimofty, Gabella, Garoufalidis, Goerner, Gon-
charov, Thurston, and Zickert [17], [18], [22], [23], [21]. Geometric aspects of
these representations, including volume and rigidity, have been addressed by
Bucher, Burger, and lozzi in [10], and by Bergeron, Falbel, and Guilloux in
[3], who view these representations as holonomies of marked flag structures.
We also recall the work Deraux and Falbel [14], [15], [16] to study CR and
complex hyperbolic structures.

In a recent preprint, Falbel, Guilloux, Koseleff, Rouillier, and Thistleth-
waite [19] compute the variety of characters of the figure eight knot in SL(3,C)
using the ideal triangulation approach. We also compute this variety of char-
acters in this paper, but with a completely different method and we obtain a
different description. Here we describe it as an affine algebraic set with trace
functions as coordinates.

The SL(3,C)-character varieties for free groups have also been studied in
[34], [35], [36], [49], and the SL(3,C)-character variety of torus knot groups
has been determined in [41]. Other results on the local geometry of SL(3, C)-
character varieties have been proved in [1], [4], [26], [40].

For I' a finitely generated group, and for G = SL(r,C), GL(r,C), or
PGL(r,C), the variety of representations is denoted by R(I',G). It is an
algebraic affine set, the action of G by conjugation is algebraic and the affine
GIT quotient is naturally identified with the wvariety of characters X (T, G),
see [38]. Notice that both R(I',G) and X (T',G) can be reducible (hence not
varieties in the usual sense), and their defining polynomial ideals may be non-
radical (when this happens they are said to be scheme non-reduced), cf. [38].
When G = SL(r,C), points in X (I', SL(r,C)) are precisely characters of repre-
sentations, that is, for p € R(I', G) its character is the map x,: I' = C defined

by x,(v) =tr(p(y)), ¥y €T.

Definition 1.1. A representation p is reducible if there exists some proper
subspace V' C C” such that for all g € G we have p(g)(V) C V; otherwise
p is irreducible. A semisimple representation is a direct sum of irreducible
representations.

A representation p: T' — SL(3,C) is called partially reducible (respectively,
totally reducible) if it is the sum of a one-dimensional and two-dimensional
irreducible representation (respectively, a sum of three one-dimensional rep-
resentations).

This paper focuses on the fundamental group of the complement of the
figure eight knot, denoted by I". We consider the following two natural pre-
sentations:

(1) I'>(a,b,t|tat™" =ab,tbt™" = bab),
(2) ~ (S, T|ST 'ST'TS=TST'S™'T).
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The former comes from the fibration of the three-manifold over the circle, the
latter from knot theory [11], [43], as the generators are meridian loops. The
presentations are related by

S=t t=3,
{T_ th and a=T"1STS !,
=a"ta
’ b=TS"1.

The figure eight knot exterior fibres over the circle, with fibre a punctured
torus. Thus I' is the split extension of the group of the fibre, the free group
F5, by a cyclic group, the group of the circle. This explains Presentation (1),
as the group of the fiber is freely generated by a and b. This free group
F5 =(a,b) is the kernel of the Abelianisation ¢: I' = 'y, 2 Z, which is given
by
(3) (S)=¢(T)=1, and ¢(t)=1,¢0(a)=¢p(b) =0,
respectively; so Fy is also the commutator subgroup of I'. Hence, for any
representation p: I' = G with G = SL(r,C), GL(r,C), or PGL(r,C), we have

Presentation (2) is the usual presentation for a 2-bridge knot group, as the
figure eight knot is the 2-bridge knot b(5,3) in Schubert’s notation (see [11,
Section 12.A]). In particular, X (I',SL(3,C)) is a subvariety of the SL(3,C)-
character variety of the free group of rank 2 generated by S and T, and results
of [34], [49] will apply, see Proposition 2.3. More precisely, we consider the
algebraic map X (I',SL(3,C)) — C?® defined by

X = (1), 500, 2(x), 2(x), @(x), @(x), B(x), BX)).
where
y()=x(9),  g)=x(57"), 20 =x(5T),
5)  Z00=x(s7'T7"),  al)=x(T.9]),  al)=x([S,T]),
BOX) =x(S7T),  BOO=x(ST™).
We see in Proposition 2.3 that they define coordinates for X (T",SL(3,C)) as
a subvariety of C8. Using Presentation (1), those coordinates are:
alx)=x(), al)=x(a""),
BOx) =x(b),  BO)=x(7"),
y() =x®),  g0)=x(""),
(x) = X(ta_lta) = X(th),
Z(x)=x(a" "t at™) = x (b7 72).
Throughout this paper, usz = {1,w,@w?} C C*, w=ce , denotes the
group of the third roots of unity. We identify pg with the center of SL(3,C),

(6)

z

27i/3
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consisting of diagonal matrices, and for any knot group T, it acts on the spaces
R(T,SL(3,C)) and X (T",SL(3,C)) via
(@p)(7) =¥ p(y) and  (@wx)(7) == Px(),
respectively, where ¢: I' — Z is the Abelianization map in (3). The action of
the generator of the center w € ug in coordinates is
@ (y,5,2, %0, & B, f) = (wy, @*y, w2, wZ, 0, &, 8, B).
The main result of this paper is the following.
THEOREM 1.2. Let I' be the group of the figure eight knot. The character

variety X (I',SL(3,C)) C C® has five algebraic components. They are described
in terms of the coordinates (5) as follows:

(1) The component XTr corresponding to totally reducible representations is
described by:
a:&:B:B:37 (y7y)€(c27 Z:y272y’ 222}2723/
The component Xtg is smooth and isomorphic to C2.

(2) The component Xpr corresponding to partially reducible representations
is parametrized by the smooth variety

2 -1
P= {(v,w,xl) eCxC*x (C—{1}) ‘ %wzvz}.
X1 —
More precisely, a parametrization ®: P — Xpgr is given by:
a(v,w,z1) = a(v,w, 1) =1 + 1,
_ 1

B(’U7w7xl)zﬁ(v7w7xl): +1a
1 —1
1 _ v
y(uw,xl)zv—i——, y(U,U),.’El)ZW+—,
w w
_ = 5 _a 2
z(v,w,xl)—wa+w2, Z(v,w, 1) w—l—w )

The component Xpr s smooth except at the three points
(y7y72727a7&7576) SN (474a8a853537373)'
There are three components Vo, V1 and Vo corresponding to irreducible repre-
sentations.

(3) The distinguished component Vg is the zero set of the ideal generated by
the following equations:

a=q, B:ﬁ_v

V47 =a?8+aB?+6aB+3a+38+2,
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2423 =082 410028 + 90% — 203 — 2,
Yz + 5z =o’f + 3af + 3a + 1,
7Pz +yPz=a?B? +4a%B+20% + 4o + 20+ 28 + 1,
722 +yz2 =a’B2 + &®B + 40?8 + 3% + 5a8 + 3a — 1.
(4) The first non distinguished component Vi:
a=a=1, yy=p0+p+2,
v+ 9> =BB+58+58+5, =y, z=1.
(5) The second non distinguished component Va:
B=pB=1, yy=a+a+2,
v+ 7° = aa +5a +5a + 5, z=1y%—17, =7 —y.

The components V;, 1 =0,1,2, are smooth except at the three points: s -
(2,2,2,2,1,1,1,1).

The component Vj is called distinguished because it contains the compo-
sition of the holonomy representation of the complete hyperbolic structure
with the irreducible representation Sym?: PSL(2,C) — SL(3,C). The com-
ponents V7 and V5 factor through Dehn fillings of the knot, with respective
slopes +3, see Proposition 10.3. In particular, they do not contain faithful
representations, and the volume of characters in those components vanishes.

REMARK 1.3. The ideal generated by the equations in item (3) of The-
orem 1.2 is not radical. Generators of the radical are given in Remark 7.2,
those are the defining polynomials of the variety of characters, as we know
that Vj is scheme reduced, by Proposition 5.15.

The intersections of the components are as follows:

e XtrNXpgisthe curve a=a=pB=/5=3, y>y% —5y> —57° +28yy— 64 =0,
z=1y%—27, and Z = > — 2y. This curve is smooth except at the three points
us - (4,4,8,8,3,3,3,3).

o XorNVi=XprNVe=0.

e XTrNVy=us3-(4,4,8,8,3,3,3,3).

e The intersections Xpr NVi = XprNVo =V N Vi N Vo =V N Vs consists of
three points pu3 - (2,2,2,2,1,1,1,1). These three points are singular points
of V;,1=0,1,2, and they are regular points on XpgR.

e Xpr NV, is the curve given by the equations (2) of Theorem 1.2 and the
equation w? — 2vw + 1 =0. This curve is nonsingular except at the three
points

VonXpr N XTrR = p3 - (4,4,8,8,3,3,3,3).

e VonViisthe curve a=a=1, =0, yg=28+2, y> + 3> = 2+ 108 + 5.

This curve is nonsingular except at ps-(2,2,2,2,1,1,1,1).
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o VoNVyisthecurve a=a, B=B=1, yg=2a+2, ¥+ 5° =a? + 10a + 5.
This curve is nonsingular except at ps-(2,2,2,2,1,1,1,1).

To obtain the irreducible components, we consider first the restriction of
those characters to the group of the fiber Fy = (a,b) (Presentation (1)) by
considering the characters that are fixed by the action of the monodromy.
Here we use Lawton’s and Will’s coordinates for X (F»,SL(3,C)). This allows
us to distinguish three components of irreducible characters, that are worked
out explicitly.

The paper is organized as follows: Section 2 is devoted to generalities on
character varieties of knot groups. Representations of I" in SL(2,C), GL(2,C)
and PGL(2,C) are discussed in Section 3, and reducible representations in
SL(3,C), in Section 4. Section 5 is devoted to the description of the restric-
tion to the variety of characters of Fy as fixed points of the monodromy. Then
the non-distinguished and the distinguished components are computed respec-
tively in Sections 6 and 7. Section 8 is devoted to characters in GL(3,C) and
PGL(3,C). In Section 9, we describe how the symmetry group of the fig-
ure eight knot acts on the variety of characters. In Section 10, we identify
the non-distinguished components as induced by Dehn fillings on the knot.
Finally, in Section 11 we discuss explicit representations that are relevant.

Some of the computations require software, either Sage [44] or Mathematica
[31]. All worksheets and notebooks can be found in [27].

2. Character varieties of knot groups

Throughout this section, we let I' denote any knot group (in the rest of the
paper it denotes the figure eight knot exterior), and ¢: I' — Z the Abelian-
ization which maps the meridian of the knot to 1, see Equation (3). The
center p, of SL(r,C) consists of diagonal matrices and it can be identified
with the set of rth roots of unity {w* |k =0,...,r — 1} C C*. The cen-
ter acts on R(T",SL(r,C)) and X(T',SL(r,C)) via multiplication, that is, for
p € R(I',SL(r,C)), x € X(T,SL(r,C)), and w” € p,., we have for all v € T":

@ p(y) =™ p(y) and @F - x(y) =P x(v).

In what follows, we will use that H(T,u,) = Hom(T',u,) = u,, and
H?(T',p1,.) =0 for a knot group I'. This follows from the universal coefficient
theorem since Hy(T',Z) = H1(C,Z) 2 Z, and Hy(C,Z) =0 where C' denotes
the knot complement. Notice that the natural morphism Hy(C,Z) — Ho(T',Z)
is surjective (see [28, Lemma 3.1]).

LEMMA 2.1. Let I’ be a knot group and p: I' = PSL(r,C) be a representa-
tion. Then there exists a lift p: T — SL(r,C) of p. Moreover, all lifts of p are

gien by p, - p.
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Proof. There is a short exact sequence
1— p, — SL(r,C) — PSL(r,C) — 1.

We associate to the representation p: I' — PSL(r,C) a second obstruction
class wy = wo(p) € H(T', ) defined as follows: choose any set-theoretic lift
f: T —SL(r,C) and define wy: I' x I' — ;- such that

Vy,ve €1, f(mve) = f(n) f(re)wa(v1,72)-

It is easy to see that wy € Z2(T', ) is a cocyle. Moreover, the cohomology
class represented by ws does not depend on the lift f. Now, ws represents
the trivial cohomology class since H?(T, j1,-) is trivial. Therefore, there exists
a map d: I' = u, such that for all v1,v, €T,

wa(71,72) = d(71) d(72) d(m172) "

It is clear that p: I' — SL(r,C) given by p(vy) = d(v)f(y) is a representa-

~

tion. Finally, d is unique up multiplication with a cocycle h € H* (T, 1) =
Hom(T', i) & . O

LEMMA 2.2. Let I be a knot group. Then we have X (I',PSL(r,C)) =
X (T, SL(r,C))/ur and

X (T, GL(r,C)) = X (T, SL(r,C)) x,,, C*.

Proof. The isomorphism X (I, PSL(r,C)) = X (I", SL(r,C)) /i, follows from
Lemma 2.1.

Now the same proof as for Lemma 2.1 shows that for any homomorphism
h: T — C* there exists a homomorphism h: I' — C* such that A" = h (see
[2, Lemma 2.1]). Therefore the map R(T',SL(r,C)) x C* — R(I', GL(r,C))
given by (p,\) = A?p is surjective, and (p,A) and (p’,\’) map to the same
representation if and only if (p’,\) € u, - (p, \). Hence,

(R(T,SL(r,C)) x C*) /u, = R(T, GL(r,C)).

The actions of u, and GL(r,C) on R(T',SL(r,C)) x C* commute. Moreover,
GL(r,C) acts trivially on the representations into the center C*. Hence,
R(I',GL(r,C))// GL(r,C) = ((R(T,SL(r,C)) x C*) / GL(r,C)) /pur
=~ (X (I,SL(r,C)) x C*) /pr
— X (T, SL(r,C)) x,, C". 0
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Distinguished component. For a hyperbolic knot group, there exists a
unique one-dimensional component Xy C X (I',PSL(2,C)), up to complex
conjugation, which contains the character of the holonomy representation.
Complex conjugation corresponds to changing the orientation of the three
manifold, thus there is a unique PSL(2,C)-character of the holonomy of an
oriented knot exterior. The holonomy representation lifts to two representa-
tions p: I' = SL(2,C), and by composing any lift with the rational, irreducible,
r-dimensional representation Sym”~': SL(2,C) — SL(r,C) we obtain an ir-
reducible representation p,: I' = SL(r,C). It follows from [40] that x,,. €
X(I',SL(r,C)) is a smooth point contained in a unique (r — 1)-dimensional
component of X (I', SL(r,C)). We will call such a component a distinguished
component of X (T,SL(r,C)). For odd r, as Sym"~': SL(2,C) — SL(r,C)
factors through PSL(2,C), thus there is a unique distinguished component.

Totally reducible representations. Totally reducible representations are
representations which split as a direct sum of one-dimensional representa-
tions. In particular they are representations of the Abelianization of a knot
group I', which is Z. Thus the restriction of a totally reducible representation
to the commutator subgroup is trivial and it only depends on the image of a
meridian, that is, a diagonal matrix.

If the image of a meridian is diag(A1,..., ), then the space of parame-
ters is (o1,...,0,), where o; is the ith elementary symmetric polynomial on
Aty-. oy Ar (hence o, =1 for SL(r,C)). Thus, for any knot group I'

Xrr([,SL(r,C)) =C" 1,
(7) Xrr(T,GL(r,C)) =C" ! x C*,
Xrr(I,PGL(r,C)) = (C" ")/,

where @ - (01,...,0,_1) = (wo1,@?09,...,@" " to,_1).

Now (and in the rest of the paper) we move to the specific case where
I' is the figure eight knot group. As the group I' is generated by S and T
(Presentation (2)), X (T',SL(3,C)) can be viewed as a subvariety of the variety
of characters of a free group generated by S and T. Lawton and Will [34],
[49] prove that the variety of characters of the free group on two generators S
and T is an eight dimensional variety embedded in C'° with coordinates the
traces of the elements:

Sil,Til, SilTil, [S, T]il.

This induces an embedding of the variety of characters of the group of the fig-
ure eight knot in C'°, as it is generated by S and T. Using that S and
T are conjugate, we reduce from ten to the the eight parameters in (5):
(y,7, 2,2, a, @, 3, B). Thus, is the following proposition.
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PROPOSITION 2.3. For I the figure eight knot group, the character variety
X(T',SL(3,C)) embeds into C8. The embedding is given by the parameters

(y,7, 2,2, a, &, 3, B) in (5).

Of course the previous proposition applies to any two-bridge knot group,
as it has a presentation similar to (2) with two generators represented by
meridian curves.

3. Representations in SL(2,C), GL(2,C), and PGL(2,C)

Let T' be the knot group of the figure eight, in this section we analyze the
space of representations X (I, G) for G = SL(2,C), GL(2,C) and PGL(2,C).
Reducible representations are totally reducible, hence they have been de-
scribed in Section 2, and we discuss next irreducible representations.

To understand the irreducible representations of the figure eight knot group
into SL(2,C), we follow [42]. For G =SL(2,C) or GL(2,C), let x € X(I',G)
be a character. Consider the restriction map

res: X(I',G) — X (F»,SL(2,C)).
We use Fricke coordinates for X (Fy,SL(2,C)), given as

z1(x) =x(a),  za(x)=x(),  x3(x)=x(ab),
which define an isomorphism X (Fy,SL(2,C)) = C?. In those coordinates,
conjugation by ¢ induces a transformation given by:
(x1,22,23)(X) — (X(ab),x(bab), X(abzab)) = (xg,xgxg fxl,xng — 2123 7552).
Here we have used the basic identities for Y, Z € SL(2,C),
tr(YZ) =tr(Y)tr(Z) —tr(YZ7),
(8) tr(YZ) =tr(ZY),
tr(Y 1) = tr(Y).
Thus
res(X(I',G))

= {(21,22,73) € C? | x1 = 3, T2 = ToT3 — T1,T3 = Tox3 — T1T3 — T2}

= {(z1,22) € C? | z1my = 11 + z2}

= {(Jcl,mg) eC?| (x1—=1)(z2—1)= 1} ~C—{1}.
The point with coordinates (z1,x2) = (2,2) corresponds to the restriction
of reducible representations to Fb, and the rest of the curve corresponds to

irreducible representations.
To get X(T',SL(2,C)) we introduce a third variable:

Yo(x) = x(t) = x(ta) = x(tb) = x(tab)
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(it is straightforward that ¢, ta, tb and tab are conjugate elements). The group

[ is generated by t =S and T = a~'ta. Notice that b= [a~!, ] is conjugate

to T'S~!, and therefore coordinates for X (T',SL(2,C)) are given by z1, xo

and yo, by Fricke’s theorem. By applying the identities (8) to the trace of

b=[a"1,t], we get mo = 2% —y2 (21 —2) — 2 and 29 = 21 /(71 — 1). Hence,
0=a? —m%(y% + 1) —|—3331(yg — 1) —|—2(1 —yg)

=(z1 — 2)((71’1 + 1)y(2) + z% + 21— 1)

=D - D1+ ).

xr1 — 1
Hence, there are two components:

Z1
X1 22, Tog =

:27 yoe(ca
x1—1

corresponding to reducible representations, and (xq — 1)(zy — 1) =1, 32 =
1 + x2 + 1, corresponding to irreducible ones.

PROPOSITION 3.1. The character variety X (I',SL(2,C)) has two irreducible
components, written as follows, in terms of the coordinates x1 = x(a), o =

x(b) and yo = x(t):

e The component corresponding to reducible representations: x1 =2, ro =2,
yo € C.

e The component corresponding to irreducible representations:

(9) (1 —1(z2—1) =1, Yo =z1+z2+ 1.

They intersect transversally in the two points: x1 = xo =2, yo = £/5.

From this, to get PGL(2, C)-characters, we have to quotient by us = {£1}
acting on yo, that is by involution yo — —yo (see Section 2 and [24]).

PROPOSITION 3.2. The character variety X (T',PGL(2,C)) has two irre-
ducible components, written as follows, in terms of the coordinates x1 = x(a),
wy = x(b) and 2 =y§ = x(t)*:

e The component corresponding to reducible representations: x1 =2, re =2,

zo € C.

e The component corresponding to irreducible representations:
(371—1)(5(12—1):1, Zo=x1+x2+1,
which is isomorphic to C — {1}.
They intersect in one point: 1 = xo = 2,29 = 5.
To get the GL(2, C)-representations, recall from Lemma 2.2 that
X(I‘,GL(2,C)) = (X(F,SL(Q,(C)) X C*)/ug.

This algebraic set has two components: the one consisting of characters of
reducible representations is isomorphic to (C x C*)/ua, and the one containing
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characters of irreducible representations that is isomorphic to (E x C*)/pua,
where F is the curve defined by (9). The action of pz on C x C* generates the
equivalence (Yo, A) ~ (—yo, —A). The ring of invariant functions of this action
is generated by u =y, v =1y, w = A2, and the algebraic relations between
these functions are generated by uw = v2. The variable u can be eliminated
since 1/w is a regular function on C*. We obtain that (C x C*)/us = C x C*.
It coincides with the component XTg(I", GL(2,C)) (see Equation (7)).

The product E x C* is parametrized by (z1,yo,A), corresponding to char-
acters satisfying the equations (9). In order to obtain (E x C*)/us we have to
identify (z1,y0,A) ~ (1, —y0, —A). Now, the ring of invariant functions of this
action is generated by u =92, v =yoA, w = A? and 1, and the algebraic rela-
tions between these functions are generated by uw = v?. Hence, (E x C*)/ s
is isomorphic to

2
+x1—1
{(U,w,xl) eECxC x (C— {1})‘ww Z’UZ}.
T, — 1
The intersection of the two components is given by introducing the additional
equation z1 = 2, and therefore:

(ExC*)/u2) N ((Cx C*)/pa) ={(v,v*/5,2) |[veC*} = C*.

Notice that for a representation py: I' = GL(2,C) with character s :=
Xp, € X(I', GL(2,C)) we have:

v(xz2) = tr(p2(t)) € C, w(xz) = det(p2(t)) € C*,
z1(x2) = tr(p2(a)) € C— {1}.

PROPOSITION 3.3. The character variety X (I',GL(2,C)) has two irre-
ducible 2-dimensional components. More precisely,

e The component XTr(I', GL(2,C)) contains the characters of reducible rep-
resentations, and it is isomorphic to C x C*:

Xrg (T, GL(2,C)) 2 {(v,w,21) €C x C* x (C—{1}) |z, =2} =C x C*.

e The component Xo which contains characters of irreducible representations:

2 4 g 1
Xy {(v,w,xl) eCxC* x (C—{1}) ’ %wzﬂ}.

The intersection Xo N X1r (T, GL(2,C)) is isomorphic to C*:
{(0,0,2) €Cx C* x (C—{1}) | w =02} = C*.

4. Reducible representations in SL(3,C)

We start by describing the totally reducible characters already given in
Section 2, Equation (7), with the coordinates (5):

a:@:5:5:37 (yag)e((:Qa Z:y272g> and Z:g272y'
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Here we have used that, by the Cayley—Hamilton theorem, for every A €
SL(3,C) the equality tr(A4%) =tr(A)% — 2tr(A~1) holds.

Now we move to partially reducible representations, that is, representations
that are a direct sum of a 2-dimensional representation and a 1-dimensional
representation. We shall use the explicit identification of Lemma 2.2:

R(T',GL(2,C)) = (R(T',SL(2,C)) x C*) /s,

in particular a representation in GL(2,C) is written as a representation in
SL(2,C) times a one-dimensional representation in C*. Let py: I' = GL(2,C)
be irreducible. Then p = py @ (det p2)~* is partially reducible, and if (v, w,z1)
denote the coordinates of the character x» := X, as in Proposition 3.3, then
the coordinates of x, are functions of x2 = (v,w,x1). More precisely:

a(xz) =alx2)=z1+1,  Blxe) =Hlx2) =22 +1,
( )—u+l J(xz) = — +w
Yy\xz) = w’ Y\xz)= w .
In order to calculate z(x2), we will use that for all Y, Z € GL(2,C) the iden-
tities
tr(YZ)=tr(Y)tr(Z) —det(Y)tr(Y'Z) and tr(Y ') det(Y)=tr(Y)
hold. This gives

1
z(x2) = v? — was + s and Z(x2) =

Now, we have
2

v
—=z1+29+1
w
and hence we obtain
alx2) =a(x2)=z1+1,  B(x2) =B(x2) =z2+1,

1 v
(10) y(x2) =vt U(x2) = —+w,

Z(X2):w($1+1)+$v Z(x2) = x1+1 +w?.
It follows that the component Xpg(I",SL(3,C)) of partlally reducible charac-
ters is parametrized by the component Xo=(E xC*)/us ¢ X(I',GL(2,C))
of irreducible characters. If ps,ph € R(I',GL(2,C)) are two semisimple rep-
resentations then p = py @ (det p2) =t and p’ = ph @ (det ph)~! determine the
same character in X (I',SL(3,C)) if and only if they are conjugate. Here we
have used that each point of X (I', SL(3,C)) is the character of a semi-simple
representation which is unique up to conjugation [38]. Hence, two characters
X2, X5 € X2 can only give the same character of X (I",SL(3,C)) if p2 and p} are
reducible that is, if for the corresponding parameters (z1,v,w) and (z},v’,w")
of x2 and x4, respectively the equations x; = 2} = 2, v? = 5w, and (v')? = 5w’
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hold. Therefore, if x2 and x4 € Xo give the same character of X (T",SL(3,C))
then y(x2) =y(x45) and g(x2) = 7(x5). This is equivalent to
5 , 5 5 02 5 (v)?

CRETU e Myt Tyt s
If v="1', then w=w', and x2 = x4 follows. If v #v’, then (vv')3 =125, and
there are exactly three pairs of reducible characters which map to the same
the character in X (T',SL(3,C)):

( L V53 Vh

S+ 22 Y 9) (4,4
2 2 2 2 )H(7 78?873)37373)7

5 V5 o(3 V5
<w<§:|:7),w (5:‘27)72)’—)W'(4,4,8,8,3,37373),
<w2<gi§>,w<gi§),2>Hon(4,4,8,8,3,3,3,3).

Recall that being reducible and being totally reducible are Zariski closed
properties. In particular, the set of irreducible characters is Zariski open, and
the set of partially reducible characters is also Zariski open in components
that contain only reducible characters.

PROPOSITION 4.1. The locus of reducible representations of the character
variety X (I', SL(3,C)) consists of two irreducible components:

e The component Xtgr := X1r([,SL(3,C)) contains only characters of totally
reducible representations and it is isomorphic to C2:

{(,9,2,2,0,0,8,8) eC¥ |la=a=B=F=3,2=y> -2, 2=7" — 2y}

o The component Xpr := Xpr(I',SL(3,C)) contains only characters of (par-
tially or totally) reducible representations, and it is parametrized by the
component Xo C X(I',GL(2,C)) (see Proposition 3.3). A parametrization
is given by:

a(v7w7x1) = O_Z(Uﬂl),l’l) =+ ]-a

= x
5(’[}711),3}1):5(1),’11)7.'171): ! +1a
1‘171

1 i v
y(v7w7x1)=U+—, y(’U,’LU,iCl):U)+—,

w w

(wm)=wat -0 Avwm) =2 4o
Z\U, W, T ) = wx — zZ\v,w,r1) = — w.
, W, L1 w27 , W, L1 w

The component Xpr is smooth except at the three points us-(4,4,8,8,3,3,3,3)
which are contained in the intersection Xtr N Xpr. Moreover, Xor N XpR 1S
isomorphic to the plane curve with equations: a =a == =3, 64 — 28y —
V50 +9°) =0, 2=y* -2y, 2=7" - 2y.
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REMARK 4.2. It can be checked that the parametrization of Xpgr is an
immersion and that the singularities are nodal, i.e. two branches of the
parametrization are smooth and intersect transversely at each of the three
singular points us - (4,4,8,8,3,3,3,3).

To finish the section, we shall describe the set of reducible characters in
X(T',SL(3,C)) that lie in the closure of the components of irreducible charac-
ters. Recall that the set of reducible characters X,.q = XTr U XpR is Zariski-
closed and its complement Xj,, is Zariski-open.

LEMMA 4.3. The set Xyeq(T,SL(3,C)) N X, (T, SL(3,C)) is parametrized
by a singular curve C C Xy given by

2
C= {(w,xl) eC* x (C—{1}) |w® _2w32x1x+—x11—1 +1 :O}.
| —

More precisely, the curve C has exactly three singular points us x {0}. The
parametrization is given by restricting the parametrization of Proposition 4.1
to C, i.e., by substituting v = (w3 + 1)/2w. In addition, the intersection
Xrea(T',SL(3,C)) N X (T, SL(3,C)) are smooth points of Xyea(I',SL(3,C))
and X (I',SL(3,C)) respectively, with the exceptions of the siz points s -
(2,2,2,2,1,1,1,1) and us - (4,4,8,8,3,3,3,3).

Proof. A reducible and semisimple representation p: I' — SL(3,C) with
character x, can be written as p = (¢ ® g) @ ¢~ 2, with representations

¢: I = C* and ¢: I' — SL(2,C). Namely, p(y) = diag(¢(v)e(v),o(v)7?),
Vy eTl'. Thus

(11) v=x,(t)p(t) and w=(t)>.

By [29, Theorem 1.3], if x, € Xin(I',SL(3,C)) is partially reducible, then
€ = ¢(t) satisfies

(12) € — 2, (1)€° + 1=0.
2

This uses that the Alexander polynomial twisted by o is A¢(z) = 2* —
2x,(t)x + 1. Kitano [33] has computed A?(1) =2 — 2x,(¢), and the same
computation yields A¢(zx) as follows: using the fibration of the figure eight
knot, we know that A¢(x) = 22 — §(x)z + 1, for some regular function
0 : X (I, SL(2,C)) — C; in addition 0 is determined from A2(1) =2 —2x,(?).
This implies that €3+ &3 = 2y,(¢). This condition is necessary for a partially
reducible representation p, i.e. when p is irreducible. The representation g is
reducible precisely when o = 8 =3 and the condition is also necessary in this
case if we can show that

(13) Xrtr(T,SL(3,C)) N X (I, SL(3,C)) € Xpr (I, SL(3,C)).

To prove (13), the discussion in [30] using twisted cohomology yields that the
ratio between two eigenvalues of p(t) is a root of the untwisted Alexander
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polynomial t? — 3t + 1. By [30], this is also a sufficient condition for a 2 x 2
block of p being approximated by irreducible representations in GL(2,C),
because it is a simple root. Using (11) and (12), we get w® — 2vw + 1 =0,
equivalently v = “’;:U'l. By replacing the value of v in %w =2 we get
the equation of the lemma.

Finally, we notice that when (a, ) # (1,1),(3,3), [29, Corollary 8.9] ap-
plies and the corresponding characters are smooth points of Xpgr and Xj.
respectively, as the corresponding roots of the twisted Alexander polynomial
are simple. O

From Lemma 4.3 it follows that

20 — 3
(14) wh —2uat "2 4120
a—2

on Xyea(I', SL(3,C)) N X;,, (T, SL(3,C)). In addition, by Proposition 4.1, any
X € Xrea(T',SL(3,C)) satisfies (o — 2)(8 —2) = 1. Thus we get:

COROLLARY 4.4. The fiber of the projection

Xrea (T, SL(3,C)) N Xip (T, SL(3,C))
— {(.p)€C?| (a—2)(B-2) =1} =C— {2}

has sixz points except when (o, ) = (1,1), (3,3), or (#, IQL‘/E), where it has
three points.

Proof. Notice that g = (2a — 1)/(a — 2). each character in X,eq(T,
SL(3,C)) N X (I',SL(3,C)) determines a unique parameter w with the ex-
ception of the three characters with coordinates us - (4,4,8,8,3,3,3,3,3). To
such a singular point correspond two values of w € 3 - (% £ %) In this case
w? =94 44/5 and a = 3 =3 follows from (14).

The discriminant of (14) is 4(a? — a — 1)(a — 1)? and hence it vanishes if

andonlyifa:ﬁ:lora:LQ\/g andB:1I2\/g. 0

REMARK 4.5. We will see later in Proposition 5.15 that us - (2,2,2,2,
1,1,1,1) are the only singular points of the components of Xj,..(T',SL(3,C)).
We already saw that ps-(2,2,2,2,1,1,1,1) are smooth points of Xpr. Hence,
w3 - (4,4,8,8,3,3,3,3) are smooth points on Xj,, (I, SL(3,C)) and Xrr, and
they are singular on XpgR.

5. Restriction to the fibre

In this section and up to Section 8, we work with Presentation (1), cor-
responding to the fibration over the circle with fibre a punctured torus. In
particular, the group of the fibre F; is the free group of rank 2 generated by
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a and b. To compute X;,,(T', G) for G =SL(3,C), PGL(3,C), or GL(3,C), we
look at the restriction:

res: X(I',G) — X (F,SL(3,C)),

whose image does not depend on G. For X (F,SL(3,C)), we use Lawton’s
description in [34]. According to it, there is a two fold branched covering

m: X (F»,SL(3,C)) — C®,
where the coordinates of C® are the traces of
(15) a,a 10,07 ab,b a7t ab™t a7 1D

The branched covering comes from a ninth coordinate, which is the trace of
the commutator

[a,b] = aba~ b1
This trace satisfies a polynomial equation
2?2 — Pr+Q=0,

where P and @ are polynomials on the first eight variables (see [34] for the
expression of P and Q). The solutions are precisely the trace of [a,b] and the
trace of its inverse.

We shall compute X (I',SL(3,C)) in several steps, first we start with
m(res(X (I, @))), from this we describe res(X(I',G)) as a 2:1 ramified cov-
ering, and then we prove that X;,,(I',SL(3,C)) is a 3:1 ramified covering of
res(X (I, G)).

To compute 7(res(X(I',G))) C C8, first of all we reduce the eight coordi-
nates to four by using conjugation identities:

a=x(a) = x(ab),
a=x(a™") =x(b7"a™"),
B=x(b)=x(a""b),
B = X(b_l) = X(ab_l).
LEMMA 5.1. The projection w(res(X (I',G))) has three components:
Uo={(a,a,8,8) eC' |a=a,5=p},
U, = {(a,@,ﬁ,@) eC'la=a= 1},
Us={(a,a,8,8)eC!| =5 =1}
Proof. We mimic the proof for SL(2,C) in Section 3, that is, we look at the
fixed points in C® of the action of the monodromy (conjugation by t). Since
for each character there is a unique semisimple representation, there is always

a matrix that realizes the conjugation, and this can be taken as the image
of t for extending the character to I'. Four of the identities that we get by
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looking at the fixed points are equivalent to the reduction from eight to four
coordinates. We discuss the other four identities.
The first identity comes from taking traces on the image of

tabt~! = abab.

To express the trace of ab®ab using Lawton’s coordinates we use the SL(3,C)
analog of the identities for SL(2,C) in (8). Denote the images in SL(3,C) by
capital letters. From the characteristic polynomial identity, we have

(BA)® — a(BA)*> + @aBA —1d =0.
Multiplying by A~ we get

BABAB=aBAB—-aB+ A"
Thus, by taking traces we get the equation

(16) a=af —af+a.
Similarly, for t(ab) =1t~ = (ab%ab) ™1 we get
(17) a=af—af+a.

The third identity comes from tbt ~' = bab. From the characteristic polynomial
identity, we have
B® - 3B?+ BB -1d=0.
Multiplying by B~1A we get
B*A=pBA—-B3A+B A,

Thus, we get the equation

(18) B =Ba— o+ B.
Similarly, from tb='t=! = (bab)~! we get
(19) B =pBa—pa+B.

The statement follows from identities (16)—(19). Notice that we do not need
to compute more identities because of [34], and because t[a,b]t ™1 = [a,b]. O

To get all the ambient coordinates we need a new variable:
n(x) = x(la,b]).
We know by [34] that
(20) n?—Pn+Q=0,

for some polynomials P,Q € Z[a, 3, @&, 3]. Using Lemma 5.1 and by replacing
the values of P and @ in [34], we obtain the following lemma.

LEMMA 5.2. W =res(X(I',G)) has three components Wy, W1 and W,
each W; being a two-fold ramified covering of U; according to (20).
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o For Wy the polynomials and the discriminant are
Q=02+ a2t — 20*8 — 40®2 — 402 3% — 208 + o*
+2026 41202682 + 2a8% + B + 403 +45% — 1202 — 125% 49,
P=0a?8%-20°8 —2a6% + 2a% + 2% — 3,
P?—4Q = (a262 —6a5—4a—4ﬂ—3)(aﬁ—2a—25+3)2.
e For Wy, we have
Q=p5°+p°-365+2,
P=pB—-B-B-1,
P?—4Q = 23% —4p% — 45° — 255 — 253
+ B2+ B+ 1263+ 26 +28 1.
o For Wy, we have
Q=a>+a*-3aa+2,
P=aa—a—a-1,
P? —4Q = o*a® — 4a® — 4a° — 20%a — 20>
+a? +a® + 12aa + 2+ 2a — 7.
We describe the image of the set of reducible characters.
LEMMA 5.3. The image res(X;eqa (I, G)) CW is the curve
{(a,ﬁ,n) €W0|aﬂ—2a—2ﬁ+320}.

All characters in this curve are partially reducible, except at the point o= 3 =
3, that corresponds to totally reducible representations.

In particular, the only point in W1 and Wy that is restriction of reducible
representations is precisely their common intersection W1 N Wy which is the
point given by a =a=LB=p=1 and n= —1. This point lies also on W.

Proof. We know from Section 4 that if x7; and xzo denote the traces in
SL(2,C) of the images of a and b, then the image of X(I',SL(2,C)) in
X (F5,SL(2,C)) is given by the equation z1z9 — 21 — 22 = 0. Now the lemma
follows from the identities a =a=x1 + 1, B=8=1x9 + 1. O

REMARK 5.4. The discriminant locus of Wy contains af —2a — 25 +3 =0.
It contains a second component:
a?B? —6apf —4a — 45 —3=0.
This is the set of characters of the representations obtained as composition of
representations of I' in SL(2, C) with Sym?: SL(2,C) — SL(3,C). This may be

seen with the same argument as in Lemma 5.3, but using that « = a = 2?1
and B=B=2%—1.
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Corollary 4.4 yields the following.
COROLLARY 5.5. The fiber of
res: Xied (F, SL(S,(C)) N Xier (F, SL(3,(C))
— {(a,8,m) €Wy | aff — 200 — 284+ 3 =0}

has cardinality 6, except for (o, ) = (1,1), (3,3), or (1%—\/3, LQ‘/E), where it
has cardinality 3.

REMARK 5.6. The intersection of the two components of the discriminant
(see Remark 5.4) is the pair of points (o, 8) = {(3,3),(12—‘/5,1%\/5)}. The
third point (e, 8) = (1,1) in Corollary 5.5 yields singular points in V; (defined
in Proposition 5.9).

A character of I" that is irreducible may have a restriction to F5 that is
reducible.

LEMMA 5.7. The characters of res(Xi(T',G)) that are Fy-reducible are
characters of representations p whose restriction to Fy is totally reducible,
and p(t) acts as a cyclic permutation of the invariant subspaces of p(Fs). In
particular p is metabelian and tr(p(t*!)) = 0.

Proof. Let p € R(I', G) be an irreducible representation whose restriction to
F5 is reducible. If p| g, was partially reducible then, as the invariant subspaces
would have different dimension, they should also be invariant by p(t), and
therefore p would be reducible. Thus, the only possibility is that p|g, is totally
reducible and p(t) cyclically permutes its three invariant subspaces. O

Irreducible metabelian characters in SL(3,C) have been studied by Boden
and Friedl in [6], [7], who prove that in X (I",SL(3,C)) there are five of them.

COROLLARY 5.8. There are five characters in res(Xi.(I',G)) that are F-
reducible: one in Wy, a == —1; two in W1, (8,0) = (—1£2i,—1F2i); and
two in Wa, (o, &) = (=1£2i,—1F2i). In all cases n=3.

Those yield precisely five characters in X(I',G) for G = SL(3,C) and
G = PSL(3,C) (they satisfy y =9 =z =2z =0) and five subvarieties for
G = GL(3,C). To study further the fibre of res: X, (I',SL(3,C)) — W,
notice that the fibre of Fy-irreducible characters in W has precisely three
points. Namely, if p € R(I",SL(3,C)) satisfies that p|pg, is irreducible, the
relations in (1) yield that p(¢) is unique up to the action of ug, the center
of SL(3,C). It is straightforward to check that those three choices yield the
same character if and only if p is a metabelian irreducible representation as
in Lemma 5.7. Thus, the five characters in Corollary 5.8 are the ramification
points of res: X;.,(I', SL(3,C)) — W. Notice that those five characters also
lie in the zero locus of the discriminant P? —4Q = 0, as they satisfy n = 3.
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In [7] Boden and Friedl prove that these representations are smooth points
of X(T',SL(3,C)), so X (I',SL(3,C)) has the same number of components
as W. Summarizing, we have the following proposition.

PROPOSITION 5.9. The set Xi.(I',SL(3,C)) has three components Vg, V3
and Va, that are respective 3:1 branched covers of Wy, W1 and Ws.

The branching points in X (I',SL(3,C)) are the five metabelian irreducible
characters in Corollary 5.8.

If we add the variables

y0) =x),  yo)=x("1),
then the variables (o, @, 3, 3,7,v,%) describe Xi..(I',SL(3,C)), and the map

(a)d56565n7y7g)H (a7@7/8767’rl)

is three-to-one except at (y,7) = (0,0). Actually, it is the quotient by the ac-
tion of the center (y,%) — (wy, @?7), where w € 3. Notice that in Lemma 4.3
we have shown that reducible characters in X, (I', SL(3,C)) are also deter-
mined by the values of y and y. Thus, using Proposition 2.3, we get the
following.

PROPOSITION 5.10. The parameters (o, a, 3,3,1,y,9) describe the set of
irreducible characters X (T, SL(3,C)) pointwise (that is, they describe a va-
riety homeomorphic to X (I',SL(3,C)) in the classical topology). The param-
eters (y,7, 2,2, a, &, 3, B), with z = x(ta~'ta) and 2 = x(a= 't~ tat~'), describe
Xirr (T, SL(3,C)) scheme-theoretically.

REMARK 5.11. The set X;,,(T", SL(3,C)) carries two topologies, the Zariski-
topology and the classical topology. Following Lawton, we can identify the
quasi-affine variety Xi.(I',SL(3,C)) with a subset of C® where the corre-
sponding parameters are given by (y,%, 2, Z, a, &, 3, 3) (see Proposition 2.3).
Here we say scheme-theoretically because the natural defining ideal is a priori
non-radical. Proposition 5.10 shows that Xj..(T', SL(3,C)) is homeomorphic
(classical topology) to a subset of C7 where the corresponding parameters are
given by (o, @, B,3,m,v,7). Notice that by Lawton, 1 is a polynomial func-
tion of (y, 7, 2, 2, @, &, 3, B). The restriction of the polynomial map f: C® — C7
given by f(ya Y, 2,2, , @ Ba B) = (Oé, Q, 57 5; mY, g) to XirY(Fa SL('?)a C)) is POly—
nomial and bijective, but its inverse is not polynomial. More precisely, z and
% are not polynomial functions in (a, @, 3, 8,1,,7).

We consider the projection Vy — C? to the plane with coordinates (o, 3),
namely x — (x(a), x(b)). This is the composition of the projections res: Vy —
Wy and 7: Wy — Uy =2 C?. We will need later the computation of the cardinal-
ity of its fibre. From Corollary 5.5 (for reducible representations), Lemma 5.2
and Proposition 5.9, we have the following lemma.
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LEMMA 5.12. For («,3) € C?, the cardinality of the fibre of mores: Vo — C2
18
1 Zf (avﬂ):(_lv_l)a
3 ifa?B?—6aB—4a—46—-3=0 and

(0‘76) # (-1, _1)a or if (av/B) = (17 1)’

6 otherwise.

|(7Tores)*1(a,6)| =

The Zariski tangent space at a character y is denoted T7*" X (T, SL(3,C)),
without assuming that it is scheme-reduced.

LEMMA 5.13. Let x € X(I',SL(3,C)) be a character such that res(y) is
irreducible. The restriction map induces an isomorphism

T% X (I,SL(3,C)) 2 T2 (X (F,SL(3,C))" ),

res

where ¢: Fy — F» denotes the action of the monodromy (conjugation by t),
¢* the induced map, and X (Fy,SL(3,C))?®" the fired point set.

Proof. We have a natural isomorphism:

T/ (X (F2,SL(3,0) ") 2= (T X (F, SLB.C)))

res

where ¢* still denotes the tangent map. By Weil’s theorem, those Zariski
tangent spaces (as schemes) are naturally isomorphic to cohomology groups:

T? X (I,SL(3,C)) = H' (T,51(3,C) ad ),

TZ% X (F2,SL(3,C)) = H' (Fy,51(3,C)ad,),

for any representation p with character x (cf. [38]), where Adp denotes the
adjoint representation. We let ¢* denote also the induced map in cohomology,
as it corresponds to the tangent map. The Lyndon-Hochschild-Serre spectral
sequence applied to 1 — F, - T' = Z = (t) — 1 yields the exact sequence:

H'(Z,51(3,C)%% ) = H' (T,51(3,C)aq,)
—)Hl(F275[(37(C)Adp)¢ — H*(Z,51(3 (C)Adp)

cf. [48, 6.8.3]. Thus it suffices to show that the invariant subspace s((3, (C)ifip
is trivial. By contradiction, assume that there exists a nonzero 6 € s((3,C)
which is Fy-invariant, namely Ad,q)(0) = Ad,4y(0) = 6. This implies that
exp(Ad) commutes with p(a) and p(b), for every A € R, hence the restriction
plF, is reducible. O

REMARK 5.14. The singular locus as schemes of the components of W is
the set of Fy-reducible characters of W, as this is the singular locus of the
discriminant in Lemma 5.2. Hence, it is the union of the five ramification
points in Corollary 5.8 and the curve res(X;eq(I', SL(3,C))) in Lemma 5.3.
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In the previous remark, we say as schemes because during the computation
of U; and W; we just use traces on group relations and Lawton’s theorem, and
we never compute radicals of the ideals.

PROPOSITION 5.15. The components Vo, Vi and Va are smooth (and scheme
reduced) everywhere except possibly at (o, 8) = (1,1).

Scheme reduced at one point means that the local ring is reduced. This
property, together with smoothness, holds when the dimension of the Zariski-
tangent space equals the dimension of the irreducible component.

Proof. Let x € Vo U Vi UV, be an irreducible character. If x is one of the
five ramification points of Corollary 5.8, then it is smooth and scheme reduced
by [7]. Otherwise, x|r, is irreducible, thus Lemma 5.13 applies and we get that
TfarX(F, SL(3,C)) is isomorphic to TrZe:EX) (X (F,SL(3,C))?"). In particular,
if x¢Von (V1 UVy), then TfarVi is isomorphic to Trzeng)Wi if x € V;, and by
Remark 5.14 it is a two dimensional space. Hence, x € V; is a smooth point.

For irreducible characters in V5N V; or in VN V4, the cohomology groups
yield the tangent spaces to VoU V3 UV, and W = WU W7 UWs, thus we need
to add linear conditions on the ambient coordinates to distinguish components
(a=a, = B;a=1;o0r B= 1). From those linear conditions, we easily get
the dimension of the Zariski tangent space.

Reducible characters are discussed in Lemma 4.3, that yields smooth-
ness for each reducible character in Vj except for a ==1 and a == 3.
Smoothness for this last point can be checked using the arguments of [28,
Thm. 1.3]. O

6. Description of the non-distinguished components

Now we move to get equations for Vg, V1, Vo. We name Vj the distinguished
component of the character variety X (T', SL(3, C)) since it is the one containing
representations coming from Sym? : SL(2,C) — SL(3,C). Accordingly, Vi, Vs
will be called non-distinguished components.

In this section, we find explicit equations of the non-distinguished compo-
nents Vi, Vs. We start with V5. We keep on working with Presentation (1)
and using capitals to denote the images of a, b and t €T in SL(3,C).

PROPOSITION 6.1. The non-distinguished component Vo is described as fol-
lows. Take coordinates o =tr(A), a=tr(A™1), B=tr(B), B=tr(B™'), n=
tr([A,B)), y =tr(T), y=tr(T™1), 2 =tr(TATITA), z =tr(A"1T1AT1),
the equations satisfied by Vo are f=p=1, yg=a+a+2, y* +7° =
aa+ba+ba+5 n=3>-3a+a+l), z=9>—7y, z2=9%>—v.

The only reducible representations are given by (y,7, 2,2, o, &, 3, 5) € 3 -
(2,2,2,2,1,1,1,1) and are partially reducible.
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Proof. By Lemma 5.2, W5 is described as the double cover of the plane
(o, @), ramified over the curve A =0, where

A =a?%a? — 403 — 4a® — 20%a — 20a® + o? + a® + 12aa + 2o + 2a — 7.

Thus the ring of functions of Wy is Q[a, @][vA]. We have 8= 8 =1, so the

matrix B has eigenvalues 1,4, —i. We fix a basis that diagonalizes B, so that
we can write

1 0 0

B=|0 ¢ 0

0 0 —i

Assume that the matrix A has non-zero entries (2,1) and (3,1). Rescaling
the basis vectors, we can write

A:

— = Q
~

c
e
)

Solving the equations tr(A) = tr(AB) r(B) = tr(BA_1 ,
the equatlons for the inverses tr(A=1) = tr(A~ b, tr(B71)
tr(B~1) =tr(B~2A71), together with det(A4) =1, a = tr(A) and a = tr(A~1),
we get the coefficients [27]

o e —2a+1) (a2 —2a+ 1)
A= 1 1T_i(0£ — 1) . 1+z (o« —4aa 22141-54-21\/_)
1 (a —« 74010( 4a+5—2ivVA) 4
1 41 —2a+1 T(a -1)

This matrix is well-defined off the set o® —2a+1=0.
Now, solving the equations TA = ABT and TB = BABT, we get a one-
dimensional space of matrices T spanned by

1@? - 2a + (-1 +

(@ — 25 + DL + Da + Do’ — (4 - di)a — (2 +

. L _ i)a — ))VA + (6 —
3- OVE — (2 — 2082 — Y2 - 26 + D2((-1 - 2 LT - D)Hva

(6—6i)ad—+(2—2i)a— (1+ 1’4)\/Z+2ia2+(17i)a+(17 §Z>§(f2+<_2 __6’)20‘_2 (1=
)ad 4 (-1 +3i)a® + (3 —  Daa+(G-5)a—(5-5)) DU at@G+sdata+d+
Yo+ (7 — 3i)) 15i)ad — (3 — 114)a + 2a* +

(=1 —=7i)a® + (=5 —5i)a? +
(11 + 13i)a + (—3 — 191))
—2(a? — 4ia + 2a — (3 —
Ty = 412))7\2/Z — }2;3&2 - (8 + (L(a? — 26 + 1)((20 + 2 — 4@ + a + a — 3)VA +
4a? + 2iala + (-8 + 4‘2\/Z L6 4 (84 4D ia® 4+ 10ia® — 1550 + 4ia> +
2i)a’a + (16 + l4i)aa + R CR Ol W VL P P e B
(8 4+ 14id)a + (2 — 2i)a* +

= 5.3 2 _
e SRR ET it + gieda - sia’a +
(=8 —6i)a> + (—4+6i)a? + 36iaa + 1Tia + 32
(1 —12i)a — (8 — 114)

1 2 — .

s(a® — 2a + 1)((2ia +
(a? — 2a + 1)(-2ivVA + 2~ o..8
(=2 + 2i)a? 4 20 4 208 + (@ —2a+1)%(a — & — 49) 4+ 20)VA - 2ia” 4 (—4 +

_4da — (8 — 2i 2i)a? 4 (—4 + 8i)aa + (4 +
(6 -ana—(8=20) 2i)a+2ia? — 2ia — (54 21))
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Let yo = tr(Ty), g0 = det(Tp)tr(Ty ), do = det(Tp). Tt is readily computed
that

yo=2(a" —2a+1)((1 +9)a+3—i)VA— (1 +i)a’ + (—1 + 3i)a’ + (2 + 6i)ac

+ (3 —d)a+ (—2+2i)a” + (2 — 2i)a — (7 - Ti)),

o =4(a® —2a +1)*((—ia®* — 40® + 6ia” + (4i — 4)a’a + 12a + (2 + 4i)daa

do =

+4ia® + (4i — 4)a — (33i + 8)) VA +ia’a — 3ia” + (4 — 3i)a*a
— (12 + 11d)a* + (4 — 40)a’@” + (=8 + 6i)a’a + (—28 + 18i)a’®

— (20 + 4i)o’a@® 4 (16 + 46i)a’a + (20 + 2i)a” — (16 + 4i)aad’

— (20 4 8i)aa® + (120 — 35i)aa + (12 — 35i)a + (—16 + 12i)a°
+ (4 — 8i)a” + (28 + 9i)a — (88 — 211)),
8(1 —i)(a® —2a+1)°((—a® + (6 + 6i)a” + (4 + 6i)a’a + (17 — 36i)a*
+ (8 — 24i)a’a — (84 + 204)a” + (12 — 24i)a’a® — (72 — 60i)a’a
+ (21 + 1204)a” — (72 + 72i)a@” + (136 + 104i)ad + (134 — 122i)a — 8ia°
— (36 — 244)a” + (116 + 22i)a — (189 + 36i)) VA + a’a — 7a” + (3 + 42i)a’
— (1+6i)a’a+ (~8 — 6i)a’a” + (37 + 24i)a’a + (109 — 42i)a’
+ (=324 66i)a*a” + (107 — 190i)a @ — (201 + 152i)a* + (4 + 24i)a’a®
+ (76 — 12i)a’a” — (369 4 104i)a’a — (97 — 396i)a” + (156 — 96i)a’a’
— (236 + 44)a*a® + (337 + 590i)a’ @ + (373 — 46i)a” + (48 + 8i)aa*
— (132 4+ 2004)aa® — (260 — 5304)aa” 4 (395 — 704i)ad — (309 + 426i)a
+ (48 — 56i)a" — (92 — 1444)a” + (76 + 98i)a” + (69 — 378)a — (95 — 500i)).

The choices T € SL(3,C) are of the form wkdgl/?’Tg, w=e2"3 | =0,1,2.

1/3

Therefore, the coordinates y = tr(T), § = tr(T~!) are given by y = yod, ’°,

¥ ="Tod, 23 computer calculation gives [27]

yy=a+a+2,

1 1
y3=§(aa+5a+5a+5)+§x/&
1 1
53:§(aa+5a+5@+5)—§\/&

n=tr([4,B]) = ;(a&—a—d—l)—%\/Z.

Note that we only compute quantities that are ps-invariant. First, we note
that n=9° —3(a+a+1).

The above equations describe a Zariski open set defined by dy # 0, a2 —
2a +1#0. When we approach a point on the set dyp = 0, the matrix T

above becomes singular. But the normalized matrix T = d,,

~1/ 3T0 has values
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y =tr(T),y = tr(T~!) that tend to finite well-defined numbers. Moreover,
the representations of F» given by (A, B) and (BA,BAB) are conjugated
since they have the same Lawton coordinates. And as they are irreducible,
the conjugation matrix 7" is uniquely defined (up to the action of ps3). This
gives well-defined (y,¥) up to us, and by continuity, they satisfy the equations
above.

For dealing with the set a®> —2& + 1 =0, we can argue by continuity as
above. We can also parametrize the set of matrices A in which either the
entry (2,1) is zero or the entry (3,1) is zero. This gives the matrices:

etl 0 $(—a® —a? —3a+5)
1 (z—9(a-1) §(—a? —2a-5) )
0 1 (;+9e-1)

O‘T'H a—1 0

0 (- Ha-1) 1

1 i(-a?-2a-5) (1+H(a-1)

There are two matrices because of the double covering over the locus a? —

2a0+1=0.

Finally, note that over the point (o, @) = (1,1), we have partially reducible
representations in Xpgr(I',SL(3,C)), and these form a curve, given as (see
Proposition 4.1):

L= (y5+3)+ (v* —yg +5° +3) — (yg — 1)*=0.
The intersection of the closure of Wi is given by yy = 4, y> + ¢ = 16. These
are the three points (y,7) = (2,2), (2w, 2w?), (2w?,2w), @ = e>7/3,

The parameters (a, &, y,§) describe point-wise the variety Vo. By Proposi-
tion 5.10, we must add the variables z = tr(TA™!TA), z =tr(A~ T 1AT1),
to describe V5 scheme-theoretically. An easy computation with the above
matrices A, B, T yields that [27]

Z= y2 - ga

Z=7—y.
Note that to describe V5 we only need the variables («,@,y,%) even scheme-
theoretically. O

We can work out the component V; in a similar way and get the following.

PROPOSITION 6.2. The non-distinguished component Vi is described as fol-
lows. Take coordinates o = tr(A), a=tr(A™Y), B=tr(B), f=tr(B™1), n=
tr([A,B]), y =tr(T), y=tr(T1), 2 =tr(TATITA), z =tr(A"T-1AT1),
the equations satisfied by Vi are a =a =1 and yg=F+ B+ 2,4 + 7° =
BB+58+58+5,n=y>-3(B+B+1), z=19, 2=y. )

The only reducible representations are given by (y,y,z,z,a, &, 3,0) € us -
(2,2,2,2,1,1,1,1) and are partially reducible.



80 M. HEUSENER, V. MUNOZ AND J. PORTI

REMARK 6.3. One can check that the only singular points of V5 are the
points in ps - (2,2,2,2,1,1,1,1). We check this as follows: V3 is a six-fold
branched covering of the plane («, @), having three preimages over the curve
A =0 and one preimage over the points (—1 =+ 2i, —1 F 2i). The singularities
of A=0 are at (=14 2i,—1F2i), (1,1), cf. Remark 5.14. We only have to
check whether V5 is smooth at those points, which can be done by hand.

Using the equations, one can easily see that the points u3-(2,2,2,2,1,1,1,1)
are ordinary double points (locally analytically isomorphic to the surface sin-
gularity {(u1,us2,u3) € C3|u 4+ u3 +u3 =0}).

The same happens for V.

7. Description of the distinguished component

The distinguished component is the component Vj, which is a triple cover-
ing of Wj.

PROPOSITION 7.1. The distinguished component is parametrized as fol-
lows. Taking coordinates o = tr(A), a =tr(A™!), B =tr(B), g =tr(B™!),
y=1tr(T), y=tr(T~Y), 2 =tr(TA"'TA) and z = tr(A"1T-TAT~Y), it has
equations:

a=a, B=4,
yy=(a+1)(B+1),
22=20°B+ o’ +1,
y3+ 7% =a’B+ap®+6aB +3a+ 38+ 2,
2423 =082+ 10028+ 90% — 203 — 2,
yz + jzZ = o’ + 3af + 3a + 1,
7Pz+ 1y z=a’B? +4a%B+20% + 4o + 20+ 26 + 1,
722 +yz° =% + o’ B+ 4028 + 30® + 5af + 3o — 1.

The intersection with the reducible locus is as follows:

e VoN XrR is given by the three points (y,7,z, 2, o, &, B3, 3) = us - (4,4,8,8,3,
3,3,3). These points are smooth points of Vo and XTr respectively. We
have n=tr([A, B]) =3.

o VN Xpr is given by a siz-fold branched covering of the curve aff — 2a —
26+4+3=0, a # 3, ramified over the points (o, f) = (1,1) and (%‘/g, Lz*/g),
where there are only three preimages.

For (a,8) = (1,1) the preimages are (y,§,2,z) = pg - (2,2,2,2). Those
are the same three points as in V; N Xpr, j=1,2. In this case we have
n=—1.

For (a, ) = (#, M) the preimages are (y,9,2,%2) = ps - (—1,—1,

2
12V5 1EVE) - Moreover, n = 3.
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Proof. By Lemma 5.2, Wy is described as the double cover of the plane
(c, B) ramified over the curve A’ =0, where

A= (®B° —6aB —4a— 48— 3)(aff — 20 — 23 + 3)°.

The locus F = af —2a— 23+ 3 =0 corresponds to reducible representations.
Therefore, the ring of functions of Wy Nres(Xi (T, G)) is Qla, B|[F~1, VA],
where

A=a?p%—68a—4a —45 — 3.

We have 3 = 3, so the matrix B has one eigenvalue equal to 1. A slice of the
set of such matrices is defined by

Assume that the matrix A has non-zero entries (2,1) and (3,1). Rescaling
the basis vectors, we can write

N

Il
— = Q
~
Q o O

Solving the equations tr(A) = tr(A~1), tr(A) = tr(AB), tr(B) = tr(BA™1),
tr(AB~ ) =tr(B71), tr(A=Y) = tr(A=tB~!) and det(A4) = 1, we get [27]

af—2a—p 2(af—2a—2B+3)(B—a)
53 ) (6-3)%(B+1)
A= 1 40®—af®+4ap?—9aB—6a+782—68—9+(8—3)(B+1)VA
B . 2(6-3)(B+1)(B—)
1 40’ —aB+4aB2—9af—6a+782—68—9—(8—3)(B+1)VA

2(B—3)(B+1)(B—a)
(aB—2a—28+3)(B—a)(B—1)
, ( (F=3)2(B;+1)
408°—aB*+58° 508 +2a” 388 —2a° —2a8-98+(8—3)(B+1) (B=2)VA
. 2(B-3)(B+1)(B—a)
af®+28° —8ap +2a*B—582—20° +5af+6a+66+9—(8—3)(B+1)VA
2(B—-3)(B+1)(B—a)

These matrices are well defined for 5 #3,—1, a.
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dimensional space of matrices T spanned by

To

—(a — BB — 3)’B(B +
12208 — B2 — 4o + 28 —
3)VA + (o = B)(B — 3)(B +
1)2(2a8 — B2 — 4o + 28 —
3)(382 + B — ap® + 3087 —
8a — 6)

(B —3)2(B+1)2(8a + p* -
3% —36% — B+ 6)VA+ (8 —
3)2(8+1)28(—8a? + ap* —

(af — 2a — 28 + 3)(a
BB — 3)(B + 1)(af® —
a52—2a,8+4a—ﬁ3—
262 — 28 + 3)VA + (aB
2a — 2B + 3)(a — B)(B
1)(a?85 — aB® — 4a2p* —
2084+ 8% + a2 % + 14083 +
1383 + 102282 — 10082 —
1082 4+ 4028 —17aB — 158 —
1602 — 24a — 9)

+ 1

Now, solving the equations TA = ABT and TB = BABT, we get a one-

—(aBf — 2a — 28 + 3)(a —
BY(B—3)(B+1)(B* —ap® -
283 + aB? — B2 + 208 +
B + 4a + 3)VA + (aB —
2a — 28 + 3)(a = B)(B +
1)(—aB® + a?B% + 5a8° +
38° —4a?p* —8aB* —38% +
a?p% — 18aB83 — 178% +
180282 + 53aB2 + 2682 —
20028 + aff + 128 — 1602 —
240 — 9)

(B —3)(8+ 1)(8% — 88° +

B — 3B + @S —  18* + 38° — 258° 4+
1684 +58% £ 882 — 158 + 38 — o?B® + 8a?pt —
o?p% — 8a2p1 1 210263 —  21024% + 60262 + 36025 —
140282 — 28428 + 3222 — 16a? + afS — 9aB85 +

aB® + 7aB® — 20aB8t +
30aB8% + aB? — 4laB +
48 + 18)VA + (B — 3)(B +
1DB(2B° — 228* + 2883 +

28aB8% — 18aB% — 33a82 +
3laf — 24a — 9VA +
B = 3B + (7% +
268° — 2384 — 2583 — 382 —

3a8% — 3a8% 42308 + 6a — 982 + a®B% — 8a%B* + a®p% + 82385 — 210354 +
383 — 582 + 155+ 9) 210333 140382 -~ 220%8% +4a%8% — 320°8 +
12038 + 16) — o285 +  98+aB” —11ap%+54a8° —

(B-3)2(B+1)%(28° — 82 —
88 — aB* + 4aB% — ap? —
1008 + 4a + 3)VA + (8 —
3)%(8 + 1)%(28* — 88% —
582 + 68 + 5aB8% — 11083 —
13082 + 1laB + 24a —
o285 + 4a28% — o283 —
100282 — 40?8 — 1602 +9)

a?78% —23a28% + 520283 —
700282 — 33028 + 7202 +
7aB® — 37aB8* + 73a8% —
30aB2 — 18 + 8la + 27)

(B=3)(B+1)(38° — 148 +
22833 + 782 — 398 4 2a28% —
130284 +26028% — 50252 —
34028 + 28a%2 — aB® +
7aB® — 2508 + 44083 —
3aB8? — 79aB + 33a +
NVA+(B—3)(B+1)(28° -
178% +408* — 2083 — 6382 +
278 + 2a38% — 13a%8° +
2603 8% — 50383 — 340382 +
12038 + 16a® — o287 +
7a2B8% —31a28% + 790284 —
55282  — 922282 +
105028 + 7202 + 6aB% —
37a8% + 97aB* — 73083 —
138a82% 4+ 10803 + 81a + 27)

73aB8% — 1583 + 22082 +
18aB8 + T2a + a?B7 —
9a28% + 310285 — 64028 +
46023 4390282 — 16028+
4802 + 27)

B — 3)(B + 1)(a?p5 -
7a?8% + 16a28% — 90283
110282 + 18a23 — 2002
aB” + 7aB’ — 18a8°
17a8* + 3083 — 1302
20a8 — 39a + 386
1385 + 8t + 1783
B2 + 68 — 18)VA + (B
3)(B + 1)(a®B7 — 738
16a38°% —9a38% — 11038
2a°82 + 28238 — 48a°
288 + 70287 — 212238
3602 3° 31028
130283 -  14a2B2
23028 + 2402 + 6aB” —
34a8% + 5608° — 6aBt —
16aB83 — 86aB2 — T2a8 +
9a + 287 — 178% + 298° +
1684 — 138% — 3382 — 3683)

[

The choices T € SL(3,C) are of the form wkdal/?’To, w=e2m/3 k=
0,1,2, do = det(Tp). Therefore, the coordinates y = tr(T), § = tr(T~1),
z=tr(TAITA) and z = tr(A*T"YAT~!) can be computed using this ex-
plicit parametrization. Noting that only quantities that are ug-invariant can
be computed, we get by explicit calculation [27]:

yy=(a+1)(B+1),
2y = (a?B+ af® +6aB +3a+38+2) — (a— B)VA,
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27° = (a8 + af? + 60 + 3a+ 35 +2) + (o — B)VA,
2% = aB% + 10028 + 9% — 20° — 2 — (—4a + 3a? +a3ﬂ)\/Z,
27% = 0% +100°8 + 90° — 20° — 2+ (—da + 302 + *B) VA,
22=1+a”+ 2048,
2yz=a2,6+3a,8+3a+1—|—(1—a)\/z,
20z = B+ 30 +3a+1— (1 —a)VA,
2+ 1)(B+1)z=(a’B+3aB+3a+1+(1- a)\/Z)z],
2a+1)(B+1)2 = (a®B+3aB+3a+1—(1—a)VA)y,
2n=2tr([4,B]) = (ozzﬁ2 — 208 —23%a + 2a% + 26% — 3)
— (af —2a — 28+ 3)VA.

This produces the equations in the statement. In order to see that these equa-
tions are sufficient, let Z be the zero set of those equations, it suffices to check
that, for each (a, 3) € C?, the fibre of the projection Z — C? has precisely the
cardinality given in lemma 5.12, which is an elementary computation.

The intersection of V with the reducible locus is as follows:

(21)

e With the totally reducible representations (i.e., « = = 3), it is given by
(y,7,2,2) = (4,4,8,8), (4w, 4w?, 4w?, 4w), (4w?, 4w, 4w, 4w?), w = 2™/3,
e With the partially reducible representations (i.e., «f —2a—28+3 =0, with
(o, B) #(3,3)), it is given by six points over each (a, ), if a # 1,3, 1i2‘/5,
defined by the six solutions for (y,7), cf. Corollary 4.4.
For (o, B) = (%‘/5, %), there are only three (y,7,2,2z) € us - (—1,—1,
%57 12L‘/5), and in this case n = 3.
For a = =1, we have n=—1, and (y,9,2,2) = 3 - (2,2,2,2). These
are the same three points as in V; N Xpr, j=1,2. (]

REMARK 7.2. We know by Proposition 5.15 that the component Vj is
scheme reduced. On the other hand, it is easy to see that the ideal I C
Qly, 9,2, 2z, a, B] generated by the equations in the statement of Proposition 7.1
is not a radical ideal. Now, computer supported calculations [27] produce
generators of the radical rad(I) C Qy, ¥, 2, Z, o, ]. More precisely, rad(I) C
Qly,7, 2, z, o, 8] is generated by the following 18 polynomials:

2yz + 2% — 22+ a® — 6af — 6a — 1,

yg—af—a—pfF—1, 2020 — 224+ a® +1,

gap+y* —yitya—zB—z  yaf+y —grtya—z6-z,
yzo — ja? — 7% 4 3ja — za — 2, jzo—ya® — 2% 4+ 3ya — Za — Z,
ija—gjz—l—yoz—Za—l—y—Z, yza—yi—l—gja—za—kg—z,

2972 — 222 + 2ya’® + za? — 2Zafl — 45z + 42 — 8ya — 2Za + 6y — Z,
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§2z — jo — 2zaf + 2yz — 22% + 4jo — 2za — 37,
727+ 3y% — 2yz — 22 + 25 — 228 — 27 — 2z,
4% 2 + 4y°7 — 2228 — T2Z — o® — 1603 — 8a — 63 + 3,
7P +y*z—gzB+ af? —§z — 22 — 208 — a — 283,
2y — 2y%Z + 252B — 4aB? + 252 + 22 + a* — 8af — 4o — 23 — 3,
2z7af — 452° — 4yZ? + 2Za — o + 827 + 4a® + 1803 + 11a — 12,
2272 — 22702 + a* — 423 — 47% — 8a® + 1827 + 1802 — 27,
49272 — 22728 — 327% — z0® + 8223
+ 3672 — 327z + 42° + 16y — 3026 — 29Z.
By Lemma 7.3, these generators are also generators of the vanishing ideal

I(VO) - (C[y? Y, 2,2, 6]
Let k be a perfect field and k/K be a field extension. Notice that every field

of characteristic zero is perfect. Consider the polynomial ring k[xy,...,x,)
and K[z1,...,2,] 2 K Qg klz1,...,2,]. Let I Cklxq,...,z,] be an ideal. The
exact sequence 0 — I % k[zy,...,2,] = k[z1,...,2,]/T — 0 gives an exact
sequence

0 K®pl— KQklry,...,z] > K ®p (k[z1,...,2,]/1) = 0.
Now there is a K-algebra isomorphism
K @ (kloy, ..., x0)/I) 2 Koy, .. zn) /(1 Kz, .. 20]),

where I - K[x1,...,2,] denotes the image (id ® 1)(K ®; I) C K ® k[z1, ...,
x,] under the identification K[z1,...,2,] = K ® k[x1,...,z,].

LEMMA 7.3. The ideal I C k[z1,...,x,] is radical if and only if the ideal
I-Klzy,...,2,) C K[21,...,25] is radical.

Proof. We use that an ideal J in a ring R is radical if and only if R/.J is
reduced, that is, it does not admit nilpotent elements. The isomorphism

K @ (klzy, ..., z0)/1) 2 Klzy,...,z0] /(I - K[z1, ..., 2,))

implies at once that if I - K[xy,...,x,] is radical then I C k[z1,...,2,] is
radical.

On the other hand, if k[z1,...,2,]/I is reduced then it follows from [9, V,
§15, Theorem 3] that K ®y, (k[z1,...,2,]/I) is also reduced. Here we use that
k is perfect. O

REMARK 7.4. By Proposition 5.15, the only singular points of V, are pug -
(2,2,2,2,1,1,1,1). Using equations (21), we can parametrize (y, 7, z, Z) locally
around («, ) = (1,1). There are two branches, depending on the choice of
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sign for v/A. Both branches are smooth and intersect transversely at the
point. So the singularities are simple nodes.

We have also characterized the partially reducible representations and the
totally reducible representations that can deform into irreducible ones (see
also the description in Lemma 4.3).

REMARK 7.5. In Proposition 5.10, we have said that V[, can be described
pointwise by the parameters («, 3,1,y,%). The equations are [27]:

n?> —Pn+Q=0, where P, Q are given in Lemma 5.2,
yy=(a+1)(B+1),
y3+ 7% =a?B+ap?+6af +3a+ 38+ 2,
(a—P) (277 — (a262 —2a%8 — 2%+ 202 +25% — 3))
= (aﬁ—2a—2,8+3)(2y3 - (042,8—1—0462 +6a,8—|—3a+36+2)).
REMARK 7.6. The covering Vy — C? of Lemma 5.12 given by yx —
(x(a),x(b)) is regular. More precisely, the group of deck transformations
D is generated by ps and ¢, where ¢: X(I',SL(3,C)) — X (T",SL(3,C)) is
given by ¢(x)(7) = x(v™'). If x = x, is the character of the representation
p: I' = SL(3,C) then ¢(x) = x,-: I' = C is the character of the dual represen-
tation p*: T' — SL(3,C) given by
" Cint
vyel, p'(v)= (oM7),
where A" denotes the transpose matrix for A € SL(3,C). In the coordinates
(y,9,2,%,, ), the action of w € u3 and ¢ is given by
w(y?g’z7§7a7ﬁ) = (wy7w2g7 w2Z7w27a7/8)7 and
L(y7g7z,27a7/8):(g,y72’z,a,5)-
The ring of invariant functions of this action is generated by «, S and the
following functions:

fi=yg, =2z hB=y*+7  fa=2+ 2
hi=yz+ 9z, hy = 7%z + %, hs =722 +yz°.
Therefore the quotient Vy/D embeds into C” x C? and it follows from equa-
tions (21) that the image ¢: Vo — C7 x C2 is isomorphic to C? and given
by
fi=(a+1)(B+1), fo=202B+a’+1,
fs=a?B+af?+6a8+3a+33+2,
fi=a*B?+10a%6 4902 — 20° — 2, hi=a’B+3af+3a+1,
ho = a?B? + 4028 + 2a% + 4o + 20 + 26 + 1,
hs = a3B% 4+ a3 + 40’8 + 302 + 5aB + 3a + 1.
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Here (f1, fo, f3, fa,h1,h2, h3,a, B) are the coordinates of C” x C2. Finally,
Vo =q 1 (Vo/D) is the zero-locus of the equations stated in the proposition.

REMARK 7.7. Long and Reid give in [37] two one-parameter families of
representations pg, or: I' = SL(3,C):

0 0 1 1 -2 3
200() =11 0 —k |, pp(a)=10 k —1-2k]|,
01 —-1—k% 0 1 —2
-2—-k -1 1
pr(b)=|-2-k -2 3/,
-1 -1 2
0 0 1 1473 -T T?
QT(t) = 10 T2 ) QT(a) = 0 -1 2T )
01 0 =T 0 1
-1 0 O
or(b) = -T2 1 -T
T 0 -1

The characters of these two families are in the component V;, and we have
(yagazazaaaﬁ) = (_k_17k7k2_27_2k+1ak_1’_k_2) and (y7g7z727a7ﬁ) =
(0,12, —T? T* —2T,T% — 1, 1), respectively.

8. Character varieties for PGL(3,C) and GL(3,C)

We use the descriptions of the various components of the SL(3, C)-character
variety given in Sections 4, 6 and 7 to give a similar description for the char-
acter varieties for PGL(3,C) and GL(3,C).

By Lemma 2.2, we have X (I', PGL(3,C)) = X (I",SL(3,C))/us. One can get
a coordinate description introducing new variables which are the generators
of the ring Cly, 7, z, Z]*#, namely:

3 3 - 3
ur =Y, Uz =Y, us =yy, Ug =27,
_3 _ __
(22) Us =z, Ue = 2z, ur =yz, ug =Yz,
-2 2 _ 9 92
Ug =Yz, Ui =Y 2, Uil =yYzo, U2 =Y 2.

These coordinates satisfy certain relations that can be found with a computer
calculation in a standard way. Using the mathematical package Magma [8§],
we have found a set of 29 relations.

PROPOSITION 8.1. The character variety X (I', PGL(3,C)) has five compo-
nents.

e The component corresponding to totally reducible representations, isomor-
phic to C? /s, ps acting by (y,7) — (wy, @?7).
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e The component corresponding to partially reducible representations is
parametrized by the smooth surface
{(v1,v2,v3,21) €EC x C* x Cx (C—{1}) | vyvs =03,
(z1 — 1)v] = (27 + 1 — 1)va}.

An explicit parametrization u; = u;(v1,v9,v3,21), j =1,...,12, is obtained
from Equations (22) and Proposition 4.1 by using the new parameters vy =
3 3

V0, Vg = W®, v3 = vW.

o Three components consisting of irreducible representations, which are Wy —
{aB —2a—-28+3=0},W; —{B=B=1},Wo — {a=a=1} defined in
Lemmas 5.2 and 5.3.

Proof. The PGL(3,C)-character variety is obtained from the SL(3,C) by
taking the quotient by us acting on the coordinates y, 3, z and z. The locus of
reducible representations is determined in Proposition 4.1. For the partially
reducible representations, we use the description in (10).

Finally, from the discussion at the end of Section 5, the irreducible lo-
cus Xi (I', PGL(3,C)) is isomorphic to the image under the restriction map
res: Xi (I, GL(3,C)) — X (F5,SL(3,C)). This is the set described in Lemmas
5.2 and 5.3. U

To get the GL(3,C)-representations, recall that
X(I',GL(3,C)) = (X (I',SL(3,C)) x C*) /us.
So the variables are (y,7, 2, %, o, &, 3, 5,\) with p3 acting as
@ (Y7, 2, 2,0, @, 3, B,\) = (wy,wQQ, w2z,w2,a,d,5,5,w)\).

Thus one can get a coordinate description introducing the variables u; of
Equations (22) and

w1 = y>‘2a wo = yz)‘v w3 = g>\a wy = Z)‘7
ws = ZA2, we = 22\, W7 =YZA, wg = A3,

The coordinates uj, wy satisfy certain relations that can be found with a
computer calculation in a standard way. Using the mathematical package
Magma [8], we have found a set of 89 relations.

Substituting these variables into the statement of Theorem 1.2 gives the
equations for the three components containing characters of irreducible rep-
resentations.

For the totally reducible representations, we have a simpler description
as Xtr(I',GL(3,C)) = C2? x C*. Also, for the partially reducible GL(3,C)-
representations, they split as an irreducible GL(2,C)-representation and a
one-dimensional representation. Therefore, in analogy to Proposition 4.1,
the component Xpgr(I',GL(3,C)) can be parametrized by Xo x C*. Here
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X, C X(T',GL(2,C)) is the component of irreducible representations (see
Proposition 3.3).

9. The symmetry group of the figure eight knot
The symmetry group Sym(S3, Kg) of the figure eight knot Ky is isomorphic

to the outer automorphism group
Out(T") = Aut(T") /Inn(T")

(see [32, 10.6]). The group Out(I') was calculated by Magnus [39] (see also
[47]). Tt is isomorphic to the dihedral group Dy of order eight
(23) Out(I') = (f,h| f?=h"=(fh)* =1) = Dy,
where the elements f and h are represented by the following automorphisms
(also denoted by f and h):

f(S)=17"1 h(S)=ST-1S1!

Fry=s51 " pry =TS 71
They are also described by the action on ¢,a,b € I" as follows:

fO) =T '=a "t la~t1,
(24) fla)=8ST"'S'T=a"",
fb)y=8S"T=ba"t~b
and
h(t)=ST 'S =ta 't tat= ' ~t7 1,
(25) h(a)=TST>=Tb'T ' =a tab~ta 't 7 ta~ bt
h(b) =TS T 'STS™ ' =STS Tt =TaT ' =a 'tat 'a~a.
A peripheral system (m,£) of the figure eight knot is given by
m=_S5=t,
(=T7'STS 'S 'TST~! = [a,b)].
Notice that by (25), we obtain
h(m) =ta"'m~ 1t 1a,

h(t) = h([a,b]) =a 'ta[b™" ala "t a.
Now the relation t~'a~'t = ba=? gives that the peripheral system (h(m),h(¢))
is conjugated to (m~!,£). This reflects the amphicheirality of the figure eight
knot.

The induced action on the varieties of representations are given in coordi-
nates as follows:

=9 r@=y. =z  fEF=2
ffloy=a,  f{(@)=a  f(B)=8, [ (B)=5

(26)
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and

W)=y,  h@=y, h(a)=B M@= h(B)=a,

h*(B) = a.

LEMMA 9.1. h*(2) =9% — z and h*(2) = y* — 2.

Proof. We check this equality on each component. Away from Vj, z and z
are functions on the other variables, and the proof is straightforward. For Vj,
we compute h*(z) as follows: we have ta~'ta = ST and

h(ST)=ST 'S~ 'Ts ‘Tt =177'ST 'S~  ~T 1S 1T718.

Now, we proceed as in the proof of Lemma 5.1. Let p: I' — SL(3,C) be a
representation. We put p(S) =M and p(T) = N. By the Cayley-Hamilton
theorem we have
(NTIM) = (NI (NTIM Y — e (MN)(NTPM ) +1d.

Multiplying this identity by M N M? gives:

tr(N"TMTINTIM)

=tr(N"'M 1) tr(N~'M) — tr(MN) tr(M?) 4 tr (M°N).
Applying the same procedure to M3N and M2N, we obtain
tr(MPN) =tr(M)tr(M>N) — tr(M ™) tr(MN) + tr(N)

and

tr(M?N) = tr(M) tr(MN) — tr(M ') tr(N) + tr(M~"N).
Now S =t, T =a ta, ta 'ta= ST and b :7TS_1 gives h*(z) = 26 + gz —
y?j+yB +y. Using that on Vo, @ =« and =3, yj= (1+ a)(1+ B), and

yaf + 4% —yz +ya — 28—z =0 (see Remark 7.2) the computation for h*(z)
follows. The formula for h*(Zz) is proved in the same way. O

Thus we have the following proposition.

PROPOSITION 9.2. f* preserves the components of X (I',SL(3,C)) and h*
swaps Vi and V.

REMARK 9.3. If we consider also the action of us, the center of SL(3,C),
we realize that yg and y3 +7° are invariant by both the symmetry group of the
knot and the action of y3. This explains why v and y> + §° are symmetric
polynomials on o and 3 for Vp, on # and /3 for V; and on o and & for Vs,
as well as the symmetries on those variables (swapping Vi and V3). Similar
considerations with the variables z and z can be made.
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10. The non-distinguished components as Dehn fillings

In this section, we view the non-distinguished components as the variety
of representations induced by an exceptional Dehn filling on the figure eight
knot. Those representations also appear in work of Bing and Martin [5] in
the proof of property P for twist knots. This is explained at the end of the
section.

We recall that the figure eight knot has six slopes s € QU {oco} whose
Dehn filling K (s) is a small Seifert fibered manifold; namely, a Seifert fibered
manifold with basis orbifold a 2-sphere with three cone points of order p, g,
and r > 2, S?(p,q,r). The precise coefficients are (cf. [25]):

K (+£1) fibers over S%(2,3,7),

K (+£2) fibers over S?(2,4,5),

K (+£3) fibers over S2(3,3,4).
The center of 71 (K(+s)), s =1,2,3, is generated by a regular fibre. By
Schur’s lemma, any irreducible representation of 71 (K (+s)) — SL(3,C), s =
1,2,3, maps the fibre to the center of SL(3,C). This motivates the study of

representations of the orbifold fundamental groups 7{(S2%(p,q,7)), that are
isomorphic to the (orientable) triangle groups

7 (S%(p,q,7)) = D(p,q.r) = (k, 1| k7,19, (kI)").

These surjections of w1 (K (£s)), s =1,2,3, onto the corresponding triangle
group are given by taking the quotient of the fundamental group of the small
Seifert fibered manifold 7y (K (%s)) by its center.

In particular, using the Wirtinger Presentation (2), we have an epimor-
phism ¢: ' — D(3,3,4) = (k,1 | 13,k3, (kl)*) given by

&(S)=kik and (T = kiklk.
With Presentation (1),
(27) Ppla)=k~""'kl,  (b)=¢(TS™')=kl and ¢(t)= kik.
It satisfies ¢(b)* =1 and ¢(m>3¢) = 1. Notice that the surjection ¢ induces an

injection
¢*: X (D(3,3,4),SL(3,C)) — X (I',SL(3,C)).
Characters y in V; satisfy x(b*!) = 1. In addition, by (27), #(b) = kl has
order 4. This motivates the following lemma.

LEMMA 10.1. The variety X''*(D(3,3,4),SL(3,C)) has a component W of
dimension 2 and three isolated points. The variety W 1is isomorphic to the
hypersurface in C> given by the equation

C—(wo—2)(+ 13+ 5+ 5=0.
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Here, the parameters are v =x(k=11), v = X(kl Y and ¢ = x([k,1]). For every
X EW, x(k*1) = x(*") =0 and x((k))*') =

Moreover, all characters in W are zrreduczble except for the three points
(1,7,¢) = (2,2,1), (2w,2w?,1), (2w?,2w,1), w = >™/3,

Proof. For an irreducible representation of D(3,3,4), the eigenvalues of the
image of elements of order three k and [ are {1,w,w?} (otherwise the image
of k or [ would be central and the representation reducible). In particular
x(k*1) = x(I*1) = 0. For the image of kil there are three possible set of eigen-
values: {1,%,—i}, {-1,4,i}, {-1,—4,—i}, and {1,—1,—1}. We shall see that
for {1,i,—i} we get a two dimensional variety and for {—1,4,¢}, {—1,—i,—i},
and {1,—1,—1}, isolated points.

First, assume that the eigenvalues of the image of kl are {1,4,—i}, namely
x(kl) = x((kl)™') = 1. Then, by applying Lawton’s theorem and by taking
coordinates v(x) = x(k™1), v(x) = x(kl™1), and ((x) = x([k,1]), we get the
hypersurface of C3,

C—wr—2Dt+v3+0° —5up+5=0,

that we denote W.

Next, we deal with the case where the eigenvalues of a representation of
kl are {—1,i,i}, namely x(kl) = —1+ 2i and x((kl)~!) = —1 — 2i. We apply
Lawton’s theorem again, but this is not sufficient to determine a representa-
tion, as the image of kl could not diagonalize. We need to impose further
conditions that determine the value of the characters at kI~ and kI, which
will imply that the dimension of the component of the character variety is
zero. Namely, denote by K and L the respective images of k and [ by a
representation. As we require that K L is diagonalizable, we have

0=(KL+1d)(KL—ild)=(KL)?>+ (1 —#)KL—ild.

Equivalently, KL+ (1—i)Id —i(K L)™' = 0. Multiplying with K—!, KLK 1+
(1—4)K' —iL7'K=2?=0, and since tr L=tr K1 =0, we get rLUK2 =
0. In addition, since K2 = K, tr KL~ ! = tr L™ 1K 2 = 0. Similarly,
tr K—'L = 0, thus we get a zero dimensional variety. Lawton’s formulas
[34] yield that the trace of the commutator and its inverse are the same:
tr[K, L] = tr[K !, L~'] = 1. Thus, this is a single point in the character vari-
ety, by Lawton’s coordinates. The case where the eigenvalues are {—1, —i, —i}
is precisely the same computation, by considering complex conjugation, and
the case {1,—1,—1} is completely analogous.

Finally, let p be a reducible semisimple representation with character
Xp in W. Hence, up to conjugation we can assume that p = p1 ® po,
where p1: D(3,3,4) — GL(2,C) is irreducible, and po: D(3,3,4) — ps sat-
isfies pa(g)det(p1(g)) =1 for all g € D(3,3,4). First, let us assume that
detop; = pg is trivial, ie., p1: D(3,3,4) — SL(2,C). This implies that
tr(p(g)) =tr(pi(g))+1 forall g € D(3,3,4). Hence, Ky = p;1(k) and L1 = p1({)
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are matrices of order three without common eigenspaces. Hence, up to con-
jugation, we can assume that

w 0 w 1
Kl — <a w_l) and Ll — <O w_1> .

Now, the condition tr(K'L) =1 implies tr(K;L;) =0 and hence a = 1. This

gives
_ 1 —w _ 1wt
K1L11: <w1 0 )7 Kl lle(_w 0 >7 and

(K1, L] = <_01 é) .

Hence, tr(p(ki=1)) =2, tr(p(k=11)) = 2 and tr(p([k,1])) = 1.

If A =detop; is a non-trivial homomorphism, then A - p: D(3,3,4) —
SL(3,C) is still a reducible representation A - p=(A-p1) ® (A- p2). Now,
A po is trivial and the preceding argument applies to A - p. Finally, we have
that Hom(D(3,3,4), u3) = p3 and A(kl~1) = A(k~1)? implies the result. O

REMARK 10.2. Further details in the proof of Lemma 10.1 allow to describe
those three isolated points. Composing with ¢*, they correspond to the points

in X(T',SL(3,C)) with coordinates:
(Ot, avﬂvﬂ_) = (17 17 -1+ 217 -1- 27’)5 (17 17 -1- 217 -1+ 27’)1 (_17 _la _17 _1)
For those characters of I', y =4y =2z =2z =0. Those are precisely the three

metabelian irreducible characters of I' that do not lie in V5, see Corollary 5.8.

ProprosITION 10.3. The components Vi and Vo are characters of repre-
sentations which factor through the surjections T' — m1 (K (£3)) respectively.
These components are isomorphic to the hypersurface

C—(wr—2)(+ 13+ -5+ 5=0.

Here, the parameters are

— X(t) fOT’ V27 = X(til) fOT"/Q, C: X(a) fO?” ‘/27
Xt for Vi, x(t)  for Vi, x(b7t)  for V1.

All characters are irreducible except for the three points (v,7,() = (2,2,1),
(2w,2w2,1), (20?2, 2w, 1), with w = e2™/3, that correspond to the intersection
VinVo=VonViNVs. The intersection of V; N Vy is the zero locus of the
discriminant on (:

V20® — 4v® — 4% + 16vi — 16 = 0.
The restriction map X (I',SL(3,C)) — X (F3,SL(3,C)) maps the intersection

Vi NVy onto a single point a=a==L0=1.
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Proof. By (27), the surjection ¢: I' — D(3,3,4) maps b to kl, and a to
a conjugate to [k,l]. Hence, for every character x € YW we obtain that
reso ¢*(x) =res(x o ¢): Fy — C maps b and b=! to 1 (recall that ¢(b)* =1).
Therefore, the map

reso¢*: W — X (F,SL(3,C))

maps W onto the 2-dimensional component V5 given by the equations g =
B =1. On this component, we have a = (, and @ = (v — 2) — ¢ (i.e., @ and
@ are the solutions of the equation on ¢). In addition, the intersection with
a = a corresponds to the two possible values of ¢ (for fixed v and ) being
equal, that is to the zero set of the discriminant of the quadratic equation
on t. The parameters for y € W are x(k~11), x(kl=') and x([k,!]). Now, by
(27) we have

O(t) = klk ~ k2= k=1 and  @(a) =k~ Tkl ~ [k, 1],
and hence the parameters for ¢*y € X (I',SL(3,C)) are
v=¢"x(t), Dz¢*x(t_1) and (=o¢"x(a).

We obtain the component V5 by the same considerations and by replacing
¢ by ¢ o h. Notice that by (25) we have h(t) =t~! and h(a) =b"1. O

The definition of the volume of a representation in SL(3,C) and its main
properties can be found in [3], [10], [22]. Since characters in V4 and V3 factor
through a closed Seifert fibered manifold, we have:

COROLLARY 10.4. The volume of any representation in Vi or Vo vanishes.

REMARK 10.5. One may ask why the Dehn fillings K(+3) give new com-
ponents of X (T',SL(3,C)), while K(£1) and K(£2) do not, even if all of
them are small Seifert fibered orbifolds. The reason is that the groups of
the base orbifolds are different and their varieties of representations have dif-
ferent dimension: X (7 (52(3,3,4)),SL(3,C)) has a component of dimension
two, though X (7 (52%(2,q,7)),SL(3,C)) (g,r > 2) has dimension zero. This
can be checked with the same argument as in the proof of Lemma 10.1.

11. Parametrizing representations

Similar representations of knot groups into SL(3,C) have been used in
the literature before. In particular Bing and Martin used them to prove
Property P for twist knots (see [5]). The study of representations of D(3,q,r)
to SL(3,C) goes back to [12]. Some of this is presented in [11, Section 15B].

We consider the following two matrices K and L of SL(3,C):

0 0 1 1 v

K= o 1 T and L=|0 -1 -1
-1 0 -1 0 1 0
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Notice that K and L are of order three,

0 1 0
KL=|®x zoyo+tz1—1 zotn—1],
-1 —yo—1 -y

thus the characteristic polynomial of KL is given by
Prer(t) =t° = (zoyo + @1 — y1 — DI + (woy1 — x1y1 — 20 —yo +y1 — 1)t — 1.
Hence, tr(KL) =tr(L~*K~!) =1 if and only if

Toyo+x1—y1—2=0 and zoy1 —21y1 —To —Yo+y1 —2=0.
Now, define the ideal

I=(zoyo+x1— 41 — 2,20y1 — T1%1 — To — Yo +y1 — 2) C Clzo, 21, Yo, y1]

and X = V(I) C C* its zero set. For each point (zg,21,%0,%1) € X we obtain
a representation p(yy z, yo.y1): D(3,3,4) = SL(3,C) mapping ¢(b) = kl to a
matrix B such that tr(B) =tr(B~1) =1.

An easy computation gives that X is a smooth irreducible variety, that we
view as a subvariety of R(D(3,3,4),SL(3,C)). The following proposition says
that we can view it as a birational slice.

ProprosITION 11.1. The projection
R(D(3,3,4),SL(3,C)) — X (D(3,3,4),SL(3,C))
restricts to a birational map X — W.

Proof. We write the projection restricted to X as a regular map f: X —
W C C3 given by
f(x07x17y07y1) = (V($0>$1yyovy1)a17(1707331»?/07%)7C($07$17y0ayl)),

where we have used the parameters of Lemma 10.1,

V=1 P(z0,21,50,51) (k_ll)’
V= trp(ZUOinlayanl) (klil)’
¢= 8T P(0,21,50,51) ([k7 l])

In the ambient coordinates the map f is given by

v(20,%1,90,Y1) = ZoYo — T1Yo + To + Y1 — 2,
(20, 21,Y0,Y1) = Toy1 — T1 +yo —y1 + 1,
(w0, 21, Y0, Y1) = TgYoY1 — ToT1YoY1 — TYo + ToYy — T1Yg + L1y
— 23y1 — ToYoy1 + T1Yoy1 + Toy; — Tox1 + 2ZoYo
— 1Yo — 3xoy1 + 221y1 + Yoyr — Yi + 4xo — 21 — 2y — 2.
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The rational inverse is the map g: W — X given by

_ vV24+vp—20—(—3 V-2 —20+(¢ -1
g(l/’l/7<): C—l ) C—]_ )
v -2 42w —-20—-2 -2 +20—-(+1
—v+(+3 -+ (+3

The map ¢ is defined off the algebraic set Y = (X N{¢(=1}) U (X Nn{vr =
¢+ 3}). The decomposition of Y =Y; U---UYj into irreducible components
is obtained by computer supported calculations [27], and it is given by

Yi=V({-1,v+v+2), Yo =V(¢—1,v+n*v—2n),
V3=V (¢—1,v—np+29%), Vi =V(v+0+2,0°+20+(+3),
Ys =V (v+n°v—2n,0° +20°0 —n¢ — 3n),
Ys =V (v—nv+2n°, 0% — 2np +1°C + 3n°).
Each Y; is isomorphic to an affine line and 7 is a primitive 6th root of unity. O
This permits to give explicitly a representation I' — SL(3,C) which corre-
sponds to a given point in W\ Y.

Example 11.2. Let us compute all irreducible representations p:I' —
SL(3,C) such that x, € Vi and trp(m) =trp(m~')=3, ie., v=0=3. By
Proposition 10.3, we obtain ¢? — 7¢ + 14 = 0 and hence (i = 7/2 +i\/7/2.

Now,
3 VT 1 V73 V7
3,3,() =2 +it4,1,-Fi—, 2 Fi—).
9(3,3,¢x) (2 il Fig. g Fig
Hence,
gz#-% 1 1
p(S) = 4\/_@+% —\/{H% 1,
7 5 7. 3
—gi—gy gi—y 1l
VIi4 3 MTigs
p(T) = 1 ~Li+d 1
V7 3 [
—gi—y gi—gy 1l

Moreover, we obtain that

3ivT—2 T4 9 3743
p(0) = 3ivV7T4+15 —3iV/7T+10 9
_3V7, 15 37, 9 -5
2 2 2 2
is also a unipotent matrix. These representations where previously studied by
Deraux and Falbel in connection with spherical CR structures on the comple-
ment of the figure eight knot [14], [15], [16].
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