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ISOMETRIC DEFORMATIONS OF MINIMAL
SURFACES IN §*

THEODOROS VLACHOS

ABSTRACT. We provide an elementary proof of the fact that the
space of all isometric minimal immersions f: M — S* of a 2-
dimensional Riemannian manifold M into S* with the same nor-
mal curvature is, up to congruence, either finite or a circle. Fur-
thermore, we show that if M is compact and the Euler number
of the normal bundle of f is nonzero, then there exist at most
finitely many noncongruent isometric minimal immersions of M
into S* with the same normal curvature.

1. Introduction

A classical question about isometric immersions is to decide if given an
isometric immersion f : M — N, this is, up to ambient isometries, the unique
way of immerse isometrically the Riemannian manifold M into the Riemann-
ian manifold N. When f is a minimal immersion, one can ask if this is the
unique isometric minimal immersion of M into N. If this is the case, f is
called minimally rigid. The rigidity aspects of minimal hypersurfaces in space
forms have drawn several author’s attention. A conclusive result was given
Dajczer and Gromoll [5] for complete minimal hypersurfaces.

It is interesting to determine whether a given minimal surface can be de-
formed in a nontrivial way. Choi, Meeks and White [4] proved a rigidity
result for complete minimal surfaces in R3. The case where the Euclidean
space is replaced by a sphere is more difficult. Barbosa [2] proved that mini-
mally immersed 2-spheres in a sphere are minimally rigid, while according to
Ramanathan [12] any compact minimal surface in S, allows at most finitely
many noncongruent isometric minimal surfaces.

We are interested in isometric deformations of oriented minimal surfaces
f: M — S* which preserve the normal curvature. If M is simply connected,
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then there exists a 2m-periodic one-parameter family fy of isometric mini-
mal immersions preserving the normal curvature, the associated family. This
family is obtained by rotating the second fundamental form of f and then
integrate the system of Gauss, Codazzi and Ricci equations. It is trivial, in
the sense that each fy is congruent to f, if f is superminimal (cf. [14]). Thus
the rigidity for simply connected minimal surfaces fails in a natural way, and
consequently the rigidity problem for minimal surfaces has a global nature.
The above procedure cannot be carried out if the fundamental group is non-
trivial. Inspired by a recent paper due to Smyth and Tinaglia [13], we provide
elementary proofs of the following results concerning the space of isometric
deformations of minimal surfaces in S*.

THEOREM 1. Let f: M — S* be an isometric minimal immersion of a
2-dimensional Riemannian manifold M into S* with normal curvature Ky.
Then, up to congruence, the space of all isometric minimal immersions of M
into S* with normal curvature Ky is either finite or a circle.

THEOREM 2. Let f: M — S* be an isometric minimal immersion of a
compact oriented 2-dimensional Riemannian manifold M into S* with normal
curvature K. If the FEuler number of the normal bundle of f is nonzero, then
there exist at most finitely many noncongruent isometric minimal immersions
of M into S* with normal curvature Ky.

The Euler number of the normal bundle of f is nonzero if and only if its
self-intersection number ¢ is nonzero ([11, Cor. 3.2]). It is known (cf. [9]) that
for any compact nonsuperminimal surface of genus g we have |q| < 2(g — 1).
Thus g > 2 if the Euler number of its normal bundle is nonzero. All compact
superminimal surfaces in S*, which are not totally geodesic, have normal
bundle with nonzero Euler number. For all these surfaces, the number N
of noncongruent isometric minimal immersions into S* is N =1. We do not
know any examples with N > 2.

An immediate application of Theorem 2 is the following.

COROLLARY 3. Let f: M — S* be compact minimal surface whose normal
bundle has nonzero FEuler number. If M admits a one parameter group of
isometries py, that preserve the normal curvature, then there exists a one
parameter group of isometries 7; of S* such that fop;=Ti0 f for all t €R.

2. Preliminaries

Let f: M — S* be a minimal surface, that is, an isometric minimal im-
mersion of a connected oriented 2-dimensional Riemannian manifold M, with
normal bundle N f and second fundamental form B. We view M as a Rie-
mann surface with complex structure determined by the metric and the ori-
entation. The complexified tangent bundle TM ® C is decomposed into the
eigenspaces of the complex structure .J, called 7'M and T"” M, corresponding
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to the eigenvalues ¢ and —i. The second fundamental form can be complex
linearly extended to TM ® C with values in the complexified bundle N f ® C
and then decomposed into its (p,q)-components, p + ¢ = 2, which are tensor
products of p many 1-forms vanishing on 7" M and ¢ many 1-forms vanishing
on T'M. Since f is minimal, for any local complex coordinate z = u + iv, we
have
B=B®0 ¢ B(O’Q),
where
0 0 — 0
B2 — g == 2 | 422 B(0:2) — B(2,0) d ==
02792) " w9
The Hopf differential is the differential form of type (4,0)
$:= (BZ RO,
For any local orthonormal frame field {e;} along f, such that {e;,es} are
tangent with dual coframe {wy, w2}, we put
H, = <B(el,el),ea> —|—i<B(el,eg),ea>, a=3,4 and @=wi +iws.
We easily obtain
1, —2 —2
(I) = Z(Hg +H4>g04
The curvature ellipse of f at x € M, is
E(x) = {B(X,X) X eT, M| X|= 1}.
The zeros of ® are precisely the points where the curvature ellipse is a circle.
A minimal surface is called superminimal if ® =0. The Codazzi equation
implies that ® is holomorphic (cf. [3]). Thus either f is superminimal, or the

points where the curvature ellipse is a circle are isolated.
The normal curvature Ky (cf. [1]) is given by

dwsy = —K w1 Awa,
or equivalently,
(1) Ky =i(H3H, — H3H,).

We note that |Ky|=2ku, where k> 1> 0 are the length of the semi-axes of
the curvature ellipse. The length of the second fundamental form satisfies

(2) Bl = 2(|Hs|* + |Ha|?).
Using the null frame field n = e3 + ieq,77 = e3 — ie4 of the complexified
bundle N f ® C, we have
<B(2’O), B(2’0)> - <B(2’0),77><B(2’0), 77>-
Therefore, we obtain

1, —2 -2 1
®= (Hs+Hy)p" = Zk+k_g04,
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where ki := H3 +iH,. The functions a- := |k+| determine the geometry of
the curvature ellipse. Indeed, since the Gaussian curvature K of M is given
by K =1—||B||?/2, from (1) and (2) we deduce that ay = (1 — K + Kx)'/? =
Kk +ep, where ¢ = £1, depending on the sign of Ky .

3. Isometric deformations of minimal surfaces in S*

3.1. Associated family of simply connected minimal surfaces. Let
f: M — S* be a simply connected minimal surface. For each 6 € S' =R/277Z,
we consider the orthogonal and parallel tensor field

Jg =cosfI +sinfJ,

where [ is the identity map and J is the complex structure. The symmetric
section Iy of the homomorphism bundle Hom(T'M x TM, N f) given by

[y(X,Y):=B(JyX,Y), X,YeTM

satisfies the Gauss, Codazzi and Ricci equations with respect to the normal
connection V* of f (cf. [14], [5], [6]). Hence there exists an isometric minimal
immersion fy : M — S* with second fundamental form

B (X,Y)=TyoB(JyX,Y),

where Ty : Nf — N fy is a parallel and orthogonal vector bundle isomorphism.
The 27-periodic family fy is the associated family of f. It is trivial, in the
sense that each fp is congruent to f, if f is superminimal (cf. [14]).

It is obvious that f and fy have the same normal curvature. Eschenburg
and Tribuzy [9, Th. 2] proved that any other minimal immersion of M into
S* with normal curvature K is congruent to some fy.

3.2. Deformations of nonsimply connected minimal surfaces. Let
f: M — S* be a nonsimply connected minimal surface with normal curvature
K. Since superminimal surfaces are rigid among superminimal surfaces (cf.
[15]), we may assume hereafter that f is not superminimal. Let g : M — S* be
another immersed minimal surface with normal curvature K. We consider
the covering map p: M — M, M being the universal cover of M equipped
with the metric and the orientation that makes p an orientation preserving
local isometry. Corresponding objects on M are denoted with tilde. The
minimal surfaces f fopand g:= gop have normal curvature Kny=Kpyo .
According to [9], § is congruent to some fg in the associated family of f
Thus, the space of all isometric minimal immersions of M into S* with normal
curvature K is the set

S(f):={0€[0,2n] : there exists fo : M — S* so that fo="fo op}.
Clearly 0 € S(f) and, for each 6 € S(f), the normal curvature of fy is Ky .

LEMMA 4. For any o in the group D of deck transformations of the covering
map p: M — M, the minimal surfaces fg and fgoo are congruent.
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Proof. It is enough to prove the existence of an orthogonal and parallel
isomorphism between the normal bundles of fy and fy o o that preserves the
second fundamental forms. If Ty is the isomorphism between the normal
bundles of f and fg, then we define the bundle isomorphism

59 Nfg—N(fgoo)
so that YXy|z : Ng—;fg — N~(f9 o0) is given at any point & € M by
Zol:(8) :=Tolo( (T '12(9)), €€ N;xfe.
The second fundamental forms of fy oo and fy are related by
BI°? |4 (5,®) = Ty o B |, () (Jo 0 dos(8), doz (), ¥, € Ty M,
where Jy = cos0I +sinf.J. Since o is a deck transformation, it follows that
BI°?|3(5,@) = Ly 0 B |3(5, @).

Let £ = Ty(n), where 7 is a section of Nf. Since Xy(&) =Tp(noo~ ') oo,
for any X tangent to M, we have

(ViXg)e=VE(Ty(noo ) oo) —Tp(Vi(noo ™)) oo

= (vda(X)T9 (noo™t)) oo —Ty(V (77 oo t))oo
=T5(Vxy (oo ) =Vx(noo™)) oo,

where, by abuse of notation, V+ stands for the normal connection of both fp

and fg oo. Let § be a local section of Nf such that noo~! =6o0p. Now
observe that

L -1 1 -1 L l
vda()%)(”og ) =Vx(noo )= Vipodo (%)~ Vap)0 = 0-
Therefore Xy is parallel, and this completes the proof. 0

Proof of Theorem 1. Lemma 4 allows us to define a homomorphism
@y : D — Isom(S*) for each @ € [0,27], such that

fooo=dg(c)o fo, oeD.
We observe that 0 € S(f) if and only if @o(D) = {I}. Assume that S(f)
is infinite. Then there exists a sequence {,,} in S(f) which converges to
some 6y € [0,27]. From &y (D)= {I} for all m € N, we immediately obtain
@y, (D) ={I}. Let 0 € D. By applying the Mean Value Theorem to each
entry (Pg(0));x of the corresponding matrix, we have

d o
70 (@g(o))jk(ﬁm) =0
for some 9m which lies between 6y and 6,,. By continuity, we obtain

& (9(0)),,(00) = 0.
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Applying repeatedly the Mean Value Theorem, we conclude that
dn

any integer n > 1. Since ®y(o) is an analytic curve (cf. [8]) in Isom(S?), we
infer that @y (o) = I for each o € D, and so S(f) = [0, 2x]. O

4. TIsometric deformations of compact minimal surfaces
For the proof of Theorem 2, we need some auxiliary lemmas.

LEMMA 5. Let f: M —S* be a minimal surface which is not contained in
any totally geodesic S3. For any 0 € S(f) there exists a parallel and orthogonal
bundle isomorphism Ty : N f — N fg such that the second fundamental forms
of f and fo are related by

BY(X,Y)=Tpo B/ (JyX,Y), X,Ye€TM.

Proof. Since f and fy have the same normal curvature, for any simply
connected subset U of M there exists a parallel and orthogonal bundle iso-
morphism T} : N f|y — N fp|u such that the second fundamental forms of
flu and fg|y are related by

Bfelv (X, Y)=TY o BV (J,X,Y), X,Y eTM.

Let U,V be simply connected subsets of M with U NV # @. Then we have
T =Ty on UNV \ My, where M is the set of points where the normal
curvature vanishes. Since M \ My is dense in M, by continuity, we see that
TY =T) on UNV. Thus Ty is globally well-defined. O

LEMMA 6 ([15]). Assume that f : M — S* is not superminimal and let M,
be the zero set of ®. Around each point in M\ My, there exist a local complex
coordinate (U,z), U C M \ My and orthonormal frames {e1,e2} in TM|U,
{es,eqa} in N f|U which agree with the given orientations such that

(i) the Riemannian metric of M is given by

|dz|? 0 el — iesy
s iz W o= s

(K1 — pf) 0z 2(k{—pf)

(ii) e3 and eyq give respectively the directions of the major and the minor azes
of the curvature ellipse, and

(iii) Hs = k1, Hy = ip1, where k1 and py are smooth real functions with
Kk =|k1|,po = |p1|. Moreover, the connection and the normal connection
forms, with respect to this frame, are given respectively, by

*md,ul — ,uldlil
Kt —pd

ds® =

Y

1
(3) wiz =7 * dlog(n% — p%), w34 =

where x stands for the Hodge operator.
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Let f: M — S* be a minimal surface which is not contained in any totally
geodesic S?. Assume hereafter that f is not superminimal. For each point x €
M\ My, we consider an orthonormal frame {ej1,e2,e3,e4} on a neighborhood
U, C M\ M of z as in Lemma 6. We note that ws4 cannot vanish on any
open subset of M\ M;. For any 0 € S(f), {e1,e2,Types, Tpes} is a frame along
fo, where Ty : N f — N fp is the bundle 1somorphlsm of Lemma 5. We observe
that Hs, H, and the corresponding functions Hg ,HY for fy, associated to the
frame {ey,eq, Tpes, They }, satisly

(4) HY =exp(—if)Hs and HY = exp(—if)H,
Using (4) and the Weingarten formula for fp, we obtain

(5) Vi (Toez) = —r1 exp(i0)dfy (E) + wsa(E)Tyea,
(6) VE(Tyes) = ipg exp(i0)dfy(E) — wss(E)Thes,

where F = e; — ie5 and V stands for the usual connection in the induced
bundle (i; o f)*(TR?), i1 : S* — R being the inclusion map.

LEMMA 7. Assume that for 0; € S(f),j=1,...,n, there exist vectors vj €
R?, such that

(7) Z (fo;,vj) =0 on U,.
j=1
Then the following hold:
(8) Zexp(iﬁj)(/ﬂ(Tgeg,vj} —ip1{Tyeq, vj>) =0,
j=1
(9) K1Y exp(2i6;)(fo;,v;) = LY exp(i;)(Tyes, v;)
j=1 j=1

away from the zeros of wsa, where L = —FE(ws4(F)) — 3iwi2(E)wss(E), and

(10) E(Z exp(iej)<Tge4,vj>> = —ws4(E) Y _ exp(if;)(Tpes, v;).

Jj=1 Jj=1

Proof. Our assumption implies that

n

(11) > (dfo,,v;) =0.
j=1
Differentiating, using the Gauss formula, (4) and (7), we see that

Z exp(ib;) (F3 (Tyes,v;) + Ha(Tpeu, vj>) =0.
j=1

Since H3 = k1, Hy =iu1, the above immediately implies (8).
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Equations (3) yield
(12) E(Iﬁ:l) = —2i/<;1w12(E) + iu1w34(E),
(13) E(,ul) = —Qiulwlg(E) + ili1W34(E).

Differentiating (8) with respect to E, using (5), (6), (12) and (13), we
obtain

Zexp i0;) (r(Toes, v;) — s(Tyea,v;))

(52 = 12) S exp(2i6;) (dfo, (B), v; ),

Jj=1

DN | =

where r = —ikjwi2(E) +ipwss(F) and s = piwia(E) — kiwse(E). Using (8),
we have

(14) Zexp (10,)(Tpeq,v;) =

Jj=1

Zexp (2i0;){dfo,(E),v;).

2w34

Differentiating (14) with respect to E, using (6), (8), the Gauss formula and
(14), we find

Jj=1

Z exp(2i0;)(fo;, v;)-

w34

By virtue of (12) and since k2 > pu? on U,, the above is written as

(15) 2w34(F) Zexp(2i9j)<f9j7vj> = LZexp(?iGj)<dfgj (F),vj>7

j=1 j=1
where L = —FE(w34(F)) — 3iw12(E)ws4(F). Now (9) follows from (14) and
(15). Moreover, we obtain using (6) that

E(Zexp(iﬁj)<Tge4,vj ) = —iu Z<df@

Jj=1

—ws34(E) Z exp(ib;)(Thes, v;),
j=1
which in view of (11) immediately yields (10). d

We need the topological restrictions for minimal surfaces in S* obtained by
Eschenburg and Tribuzy [9]. To state their result, we recall that a nonzero
function a: M — [0,+00) is called of absolute value type [7], [9] if locally
a = ap|h|, where ag is smooth and positive and h is holomorphic. The zero
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set of such a function is isolated, and outside its zeros the function is smooth.
The order k> 1 of any z € M with a(xz) =0 is the order of h at z. Let
N(a) be the sum of all orders for all zeros of a. Then Aloga is bounded on
M\ {a =0} and its integral satisfies

AlogadA = —-27N(a).
M
LEMMA 8 ([9]). Let f: M —S* be a compact minimal nonsuperminimal
surface with Gaussian curvature K and normal curvature Ky. Then the
functions ax = (1 — K £ KN)I/2 are of absolute value type and the FEuler
numbers x(M),x(N f) of the tangent and the normal bundle satisfy

2x(M) £ x(Nf) = —N(az).

Proof of Theorem 2. We assume that f is not superminimal. According
to Theorem 1, either S(f) is finite or S(f) = [0,27]. Suppose to the con-
trary that S(f) = [0,27]. We claim that the coordinate functions of the mini-
mal surfaces fy,0 € [0,7), are linearly independent. Since these functions are
eigenfunctions of the Laplace operator of M with corresponding eigenvalue
2, this contradicts the fact the eigenspaces of the Laplace operator are finite
dimensional. To show that the coordinate functions are linearly independent,
it is enough to prove that if

n
(16) > (o, v5) =0,

j=1
for0<6; <--- <0, <m, thenv; =0 for all 1 <j<n.

Assume to the contrary that v; #0 forall 1 < j <n. Let My = {x1,..., 2%}
be the zero set of ®. Around each point = € M \ M7, we choose local complex
coordinate (U, z) and an orthonormal frame {e1,ez,e3,e4} on U, C M \ M;
as in Lemma 6. We consider the complex valued function

n 2
b= (Zexp<wj><:reje47vj>> |
j=1
where Ty, : Nf — N fp, is the bundle isomorphism of Lemma 5. Obviously 1
is well-defined on M \ M;. The second equation of (3) yields
— 1

w34 (E) = g (F1E (1) — p E(k1)).

Then (8) and (10) imply that E(¢(1 — p?/k?)) = 0. Hence, the function
(1 — p?/Kk%) : M\ M; — C is holomorphic. Since ¥ is bounded, its isolated
singularities are removable and consequently there exists a constant ¢ such
that

(17) Y(k* —p?)=ck® on M\ M.
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We claim that ¢ =0. Indeed, if x(z;) = p(z;) > 0, for some [, then taking
the limit in (17) along a sequence of points in M \ M; which converges to z;,
we deduce that ¢=0.

Suppose now that x(z;) = u(x;) =0 for all 1 <1 <k. Let (V,z) be a local
complex coordinate around z; with z(x;) =0. It is a well-known consequence
of the Codazzi equation that

B2Y =R (3 Q) dz*
z z

is holomorphic as a N f ® C-valued tensor field (cf. [10]). Since B> is not
identically zero and B|,, =0, we may write

(18) BZ0) = ;mBEO) on v,

where m; is a positive integer and B9 is a tensor field of type (2,0) with
B9, #0. We define the N f-valued tensor field B := B> + B(2:0). Since
its (1,1)-part vanishes, it follows easily that B maps the unit circle on each
tangent plane into an ellipse, on the corresponding normal space, whose length
of the semi-axes are denoted by % > ji > 0. We also consider the differential
form of type (4,0)

&= (BO, B

which, in view of (18), is related to the Hopf differential of f by ® = 22,
We split ® and ®, with respect to arbitrary orthonormal frames {£1,£2} and
{&3,€4} of TM|V and N f|V, respectively as

o= i(ﬁi +Hy) ot = ik+k,<p4,
- i(ﬁiﬁi)@‘*: ihl}_gp‘*,
where
ky =Hy+iH,,  ky=Hs+iHy,
H, = (B(&1,61),8a) + 1(B(&1, &), ),
H, = (B(&1,61),80) +i(B(£1,&).6a), a=3,4.

From (18), we obtain H, = zmlﬁm or equivalently, ki = z"”l;:i. Hence

(19) k=[["E,  p=|z""p
Now (17) yields
(20) V(R — i) =ck® on V\ {z}.

If #(x;) > fi(x;) for all 1 < <k, then (19) implies that N(ay) = Zle m; =
N(a_-). Hence, Lemma 8 yields x (N f) = 0, which contradicts our assumption.
Thus, R(x;) = f(x;) for some 1 <[ <k. Taking the limit in (20), along a
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sequence of points in V' \ {x;} which converges to x;, we obtain c&?(x;) = 0.
Since B|;, # 0, we infer that ¢=0.
From (17), we obtain ¥» =0 on M \ M;. Hence, (9) implies

Z exp(2i0;)(fo;,v;) = 0.

j=1
Combining this with (16), we have

n

> (fo,,w;) =0,

j=2
where w; := A\v; #0,5=2,...,n, and A\; = cos 20,, — cos20; or \; =sin260,, —
sin26;. By induction, we finally conclude that (fp, ,w) =0, for some nonzero
vector w. So fp, lies in a totally geodesic S?, contradiction. This concludes
the proof of the theorem. O

Proof of Corollary 3. Let fqo,,j =1,...,n,0="00 < t) <--- <0, <27 is
the maximal family of noncongruent minimal surfaces in S* which are isomet-
ric to f and have the same normal curvature. Since the second fundamental
form of the minimal surfaces f; := f o ¢y depends continuously on the param-
eter, we deduce that f; is congruent to exactly one of fy, for all ¢. Since
fowo=f, we conclude that f; is congruent to f for all t. O
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