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CONTRACTION OF COMPACT SEMISIMPLE LIE GROUPS
VIA BEREZIN QUANTIZATION

BENJAMIN CAHEN

ABSTRACT. We establish contractions of the unitary irreducible
representations of a compact semisimple Lie group to the unitary
irreducible representations of a Heisenberg group by means of
Berezin quantization.

1. Introduction

In [28], In6nii and Wigner introduced the notion of contraction of Lie groups
on physical grounds: If two physical theories are related by a limiting process,
then the associated invariance groups should be also related in a limiting
process. For instance, the Galilei group is a contraction, that is, a limiting
case in the sense of [28], of the Poincaré group.

When a Lie group Gy is a contraction of a Lie group G, a natural question
is how to obtain the unitary irreducible representations of Gy as limits of
the unitary irreducible representations of G. This delicate problem was first
studied systematically by Mickelsson and Niederle [32]. In the paper [32], a
proper definition of the contraction of unitary representations of Lie groups
was given. The nonzero mass representations of the Euclidean group R"*! x
SO(n+1) and the positive mass-squared representations of the Poincaré group
R+ % SOg(n,1) were obtained by contraction (i.e., as limits in the sense
defined in [32]) of the principal series representations of SOg(n +1,1). More
generally, in [22], Dooley and Rice established a contraction of the principal
series representations of a semisimple Lie group to some unitary irreducible
representations of its Cartan motion group.

Contraction theory is a way to relate the Harmonic Analysis on two Lie
groups. In particular, contractions of Lie group representations allow to re-
cover some classical formulas of the theory of special functions [21], [33]. One
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can also use contractions to transfer results on LP-multipliers from unitary
groups to Heisenberg groups [20], [34].

In [18], Dooley suggested interpreting contractions of representations in
the context of the Kirillov—Kostant method of orbits. In this spirit, a contrac-
tion of the discrete series representations of SU(1,1) to the positive massive
representations of the Poincaré group R? x SO(1,1) was introduced in [15].

n [17], Cotton and Dooley showed how to obtain contraction results by
using the notion of adapted functional calculus which we have introduced in
[6], [7] (see also [8]). The basic idea is then to ‘read’ contraction results on
the symbols of the representation operators which are functions on the associ-
ated coadjoint orbits. This approach is particularly efficient in the case when
these orbits have Kéhlerian structures [9], [10], [11]. Indeed, in this case, the
representation spaces are reproducing kernel Hilbert spaces [14] and the so-
called Berezin calculus generally provides an adapted functional calculus on
the corresponding coadjoint orbits. Moreover, the representation operators
are operators of the functional calculus and one can study the behavior of
the corresponding symbols in the contraction process. For example, in [9],
we recovered and we improved the contraction results of [33] relative to the
contraction of the unitary irreducible representations of SU(2) to the uni-
tary irreducible representations of the 3-dimensional Heisenberg group. Sim-
ilarly, in [10], we studied a contraction of the discrete series representations
of SU(1,1) to the unitary irreducible representations of the 3-dimensional
Heisenberg group. More generally, in [11], we established a contraction of the
unitary irreducible representations of SU(n + 1) to the unitary irreducible
representations of the (2n + 1)-dimensional Heisenberg group. In particular,
we approximated the coefficients of the unitary irreducible representations of
the (2n 4 1)-dimensional Heisenberg group by the coefficients of the unitary
irreducible representations of SU(n+1) in a simpler way that was done in [19].

In the present paper, we extend some results from [9], [11], and [33] to
any semisimple compact Lie group G. More precisely, let T be a maximal
torus of G. Fix a set AT of positive roots of G relative to T. Let my be
the unitary irreducible representation of G with highest weight A. Let Gy be
the (2n + 1)-dimensional Heisenberg group where n is the number of positive
roots orthogonal to A. Then Gy is a contraction of G in some generalized sense
(see [11] and Section 5 below). Let p be a nondegenerated unitary irreducible
representation of Gg. We establish and study a contraction of the sequence
Tma to p. In particular, we obtain a contraction of the coefficients of m,,) to
the coefficients of p in the spirit of [11] by using a realization of 7y on a (finite-
dimensional) Hilbert space of complex polynomials and the explicit formulas
for the Berezin symbols of 75 (g) for g € G obtained in [12] (see also [13]).

This paper is organized as follows. In Section 2, we describe the unitary
irreducible representations of Gy, and we introduce the Berezin calculus on
the associated coadjoint orbits. In Section 3, we realize m) on a Hilbert



CONTRACTIONS OF COMPACT SEMISIMPLE LIE GROUPS 267

space H) of complex polynomials by means of the Gauss decomposition of
the complexification G¢ of G. We also introduce the corresponding Berezin
calculus and we recall from [12] some explicit formulas for the coherent states
in Hy, and also for the Berezin symbols of the operators m)(g) for g € G
and dmy(X) for X in the Lie algebra of G. In Section 4, we establish some
technical results. In particular, we give a lower bound for the restriction to
the diagonal of the reproducing kernel of Hy. In Section 5, we introduce a
contraction (in some generalized sense) of G to Go. In Section 6, we relate the
contraction of a sequence of operators acting on the spaces H,, to the simple
convergence of their Berezin symbols. We then obtain in Section 7 our results
on the contraction of m,) to p. In Section 8, we give similar contraction
results for the derived representations. Section 9 is devoted to a particular
case in which we are able to establish a more precise contraction result. As
an example, we study the case when G=SU(p+¢) and A= 1 +Xa+---+ A,
in the notation of [35], which leads us to consider the Berezin quantization of
the symmetric space SU(p+q)/S(U(p) x U(q)).

2. Berezin quantization for the Heisenberg group

In this section, we recall some well-known facts on the Bargmann—Fock re-
alization of the unitary irreducible representations of a (2n + 1)-dimensional
Heisenberg group and the corresponding Berezin calculus [11], [23].

Let Gg be the Heisenberg group of dimension 2n+ 1 and g its Lie algebra.
Let {X,...,X,,Y1,...,Y,, Z} be a basis of gy in which the only nontrivial
brackets are [Xj, Yi] = Z, 1 <k <n and let {X7,..., X5 Y;,...,Y*, Z*} be
the corresponding dual basis of gg.

For a = (a1,a9,...,a,) €R™, b= (b1,ba,...,b,) € R™ and c € R, we denote
by [a,b,¢] the element expy (Yr_; ax Xy + S p_, beYi +cZ) of Gy.

Fix a real number v > 0, and denote by O, the orbit of the element &, =
~Z* of g; under the coadjoint action of Gy. By the Stone-von Neumann
theorem, there exists a unique (up to unitary equivalence) representation p.,
of Gy whose restriction to the center of Gg is the character [0,0,c] — "¢
[23]. The representation p. is associated to the coadjoint orbit O, by the
Kirillov-Kostant method of orbits [29]. Here, we introduce the Bargmann—
Fock realization of p, as follows.

Let H, be the Hilbert space of holomorphic functions on C™ such that

12 = [ P din(2) < +oc,

where du(z) = (2my) " exp(—|z|?/2v) dz1 dy; - - - dxy, dy,,. Here, we use the
notation z = (z1,29,...,2,) and zp =z +iyk, Tk, yxr ERfor k=1,2,...,n.
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Then p, is the representation of Gy on H.,, defined by

p~([a,b,c]) f(z) = exp (ic*y + i(b +ai)* (22 + y(—b+ ai))) f(z+v(=b+ai)),

where z, a and b are considered as column vectors.
For z € C", introduce the coherent states e)(w) = exp(z*w/27y). We have
the reproducing property

f(z):<faez>7 (fEHV)a
where (-,-), denotes the scalar product on H.,.

Consider now a bounded operator A on H.. The Berezin (covariant) sym-
bol of A is the function defined on C™ by

v e
(2.1) () =
and the double Berezin symbol of A is the function defined by
(Aed,el)y
<67U7 ez>’7
for z,w € C™ such that (e?,el), # 0 (see [3], [4] and [5]). The function S, (A)
is holomorphic in the variable z and anti-holomorphic in the variable w. More-

over, we can reconstruct the operator A from its double symbol S, (A) by the
following integral formula (see [14]):

(2:3) Af(z)= . f(w)S5(A) (2, w) e, €2) dppny (w).

From this, we deduce immediately an integral formula for (Af, g), which we
require later

@A) (AR = [ IS (A) ) D din ) dis ().

For g € Gy, the Berezin symbol of the operator p.(g) is easily obtained
from the reproducing property:
(2.5)

S (0 (9)) (2 0) = exp (7 — r(lal + 16 + 5 (b +ia)'z — S (b - >)

(2.2) S5 (A)(z,w) =

Moreover, for X =3} ap X+ > 0 biYe + ¢Z € go, we have

(2.6) Sy (dp (X)) (z,w) = %(b +ia)tz + %(ia —b)'w + ivc.

Let us introduce the parametrization 1., of the orbit O, defined by
¥y (2) = Re2) X* + (Im2)Y* +~Z*

with obvious notation. Then, for all z € C"™, X € g¢, we have

(2.7) 8 (dp (X)) (2, 2) = il (2), X).
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3. Berezin quantization for a compact semisimple Lie group

In this section, we introduce some notation and we recall some results from
the paper [12] in which we realized the unitary irreducible representations
of a compact semisimple Lie group as representations on a Hilbert space of
complex polynomials.

Let G be a connected simply-connected semisimple compact Lie group. Let
T be a maximal torus of G and A be the root system of G relative to T'. Let
AT C A be a system of positive roots. Let g and t be the Lie algebras of G
and T, respectively. We denote by g¢ and t° the complexifications of g and t.
Let G¢ and T be the connected complex Lie groups whose Lie algebras are
g¢ and t°.

Let 8 be the Killing form on g¢ that is, S(X,Y) = Tr(ad X adY’) for
X,Y € g For each A € (t°)*, we denote by H) the element of t¢ satisfying
B(H,Hy)=A(H) for all H € t°. For \,pp € (t°)*, we set (A, p) := B(Hx, Hy,).

Now, we fix A € (t°)* real-valued on it. Then ¢H) lies in g. Let T3 C G be
the torus generated by exp(iH,). We can apply to T} the construction of [36],
Section 6.2. Let H be the centralizer of T} in G. Clearly, T C H and the root
system of H relative to T is A; = {a € A/(\,a) =0}. Let h be the Lie algebra
of H, h¢ be the complexification of h and H¢ be the connected subgroup of G°¢
corresponding to h°. Let g°=t°@ > A da be the root space decomposition
of g°. Let AT =ATNA; and @ =AT\ Af. We set nt =3 504 and
nT =5 ce8-a Then, by [36], 6.2.1, nt and n~ are nilpotent Lie algebras
satisfying [h¢,n*] C n* and we have the decompositions

(31  @=penten,  F=tO Y 0. Y g
acAT aeAT

We denote by Nt and N~ the analytic subgroups of G¢ with Lie algebras n™
and n~, respectively.

Let us consider the generalized flag manifold M := G/H. A complex
structure on M is defined by the diffeomorphism M = G/H ~ G°/H°N~
[36], 6.2.11. We denote by 7: G° — M ~ G°/H°N "~ the natural projection.
Recall that (1) each g in a dense open subset of G¢ has a unique Gauss de-
composition g =nThn~ where n™ € N*, h€ H® and n= € N~ and (2) the
map o : Z — 7(exp Z) is a holomorphic diffeomorphism from n™ onto a dense
open subset of M (see [25], Chapter VIII). Then the natural action of G¢ on
M ~G°/H°N~ induces an action (defined almost everywhere) of G¢ on n*.
We denote by ¢ - Z the action of g € G¢ on Z € n". Following [31], we intro-
duce the projections k : NTHN~ — H¢ and ( : NtTH N~ — N7T. Then, for
g€ G and Z ent, we have g- Z =log((gexp Z).

We set (X +:iY)*=—-X +4Y for X,Y € g and we denote by g — g* the
involutive anti-automorphism of G¢ which is obtained by exponentiating X +
iY — (X +4Y)* to G¢. Also, let 6 be the conjugation of g¢ with respect
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to g and let 6 be the automorphism of G¢ for which df =6. Then we have
O(X)=—X* for X € g° and 0(g) = (¢*)~* for g € G°.
Let us assume, moreover, that A is integral and dominant i.e., 2;\((5‘*)) isa

nonnegative integer for each o € AT. Let xo be the unique character on H
such that A = dxo|¢ and let x» be the unique extension of xo to H°N~. There
exists a unique (up to equivalence) unitary irreducible representation my of
G with highest weight A. This representation is usually realized in the space
of the holomorphic sections of the holomorphic line bundle L) = G¢ x,, C.
Here, we use the realization of ) which was obtained in [12] by trivializing
L, by means of the section Z € n™ — [exp Z,1]. Let xa be the character
of H¢ corresponding to A =3} 4, that is, xa(h) = Det,+ Ad(h) for each
h € H¢. Then the G-invariant measure on n" is du(Z) = xa(k(Z)) dur(Z)
where k(Z) := r(exp Z* exp Z) and du,(Z) is a Lebesgue measure on n™ [12],
[31]. The representation space of 7y is the finite dimensional Hilbert space
‘H ) consisting of complex polynomials f satisfying

(3.2 I1913:= [ U@Pak@)edu(2) < +oc,
where
(3.3) i = [ k() du(2) < 4o

(see [12]). The representation 7y acts on Hy as

(3.4) (mA(9)F)(Z) = xalexp(=Z)gexp(g™" - 2))f(g™" - Z).

For each Z € n*, there exists a unique element e% in H, (the coherent
state) such that f(Z) = (f,e}) for all f € H,. Here (-,-)) denotes the scalar
product on Hy. We have

(3.5) ez (W) = xa(k(exp Z* expW)) ™!

for Z,W € n* [12]. Another expression for the coherent states e in terms of
projected determinants can be found in [2].

REMARKS 3.1. (1) We have e)(W) =1 and |[1]|, = 1.
(2) It is well known that, for any orthonormal basis (f,) of Hy, we have
X (W) =S20m7x ¢ (W) f,(Z). Taking (f,) so that f; =1, we get

p=1

a(k(2)7h =1

for each Z € n™. In particular, this implies that H,, C Him+1)a for each
m € Zt. We shall see in the next section that UmeZ+ H.nx is the space of all
complex polynomials on n.
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As in Section 2, we can define the Berezin symbol S)(A)(Z, W) of an
operator A on Hy. We also obtain an integral formula for (Af, g)\ analogous
to that of Section 2:

36) (Afgh= [  TOVGDISAEZ W)l e

X (xaxa) (B(2)) O xa) (B(W) e dpr (Z) dpr (W).

In [12], we give explicit expressions for the derived representation dr) and
for the Berezin symbols of m(g) and dmx(X). In the following proposition,
we recall some results from [12].

PRrROPOSITION 3.2.
(1) Let g€ G. We have

(3.7) Sx(mA(g)(Z, W) = xA(k(expW*g L exp Z) tk(exp W* exp Z)).
(2) Let X € g°. We have
(3.8) Sx(dmA(X))(Z, W) = A(pye(Ad((expW* exp Z) L exp W*) X),

where pye denotes the projection of g° onto h° in the decomposition (3.1).

Moreover, we can write

(3.9) Sx(dmA(X))(Z, W) =iB(Ya(Z, W), X),
where
(3.10) UN(Z, W) := Ad(0(exp W)((exp W* exp Z)) (—iH).

In particular, the map ¥y : Z — WA(Z,Z) is a diffeomorphism from nt onto
a dense open subset of the orbit Oy of —iHy € g for the adjoint action of G.

The Berezin symbol of m)(g) (sometimes called star exponential) plays a
prominent role in the construction of the generalized Fourier transform for
compact Lie groups [1], [37].

4. Some technical results

In this section, we keep the notation of Section 3. We establish a lower
bound for the function ¢ (Z) := x, ' (k(exp Z*exp Z)) on n*.

Let us denote by |- | an arbitrary norm on g°. Given a function ¢ from
a subspace of g¢ to g¢ and p € Z1, we write ¢(X) = O(|X|?) if there exist
M >0 and € > 0 such that [¢(X)| < M|X|P whenever | X| <e.

We denote by p,+ and p,- the projections on n™ and n~ in the direct
decomposition (3.1). The following lemma is a consequence of the Baker—
Campbell-Hausdorff formula (see [35] for instance).



272 B. CAHEN

LEMMA 4.1.
(1) For X in a sufficiently small neighborhood of 0 in g¢, write

expX =expYexpUexpV
with Y ent, Ueh®, and V en~. Then we have

(4.1) U:Ph”(X)**ph ([pat (X),pa- (X)) + O(1 X ).
(2) For Z and W in a sufficiently small neighborhood of 0 in n*, write
expZrexpW =expYexpUexpV
with Y ent, U eh®, and V en~. Then we have
(4.2) U= pye([2*,W]) + O(max(|Z|,|W])*).
Proof. (1) We first show that Y,U,V = O(|X|). Set
U=u(X):=logk(exp X).

By differentiating u at X =0, we get du(0)(X) = pye(X) for each X € g¢ (see
[12], Proposition 4.1). Then, by writing the first-order Taylor formula for u
at 0, we obtain u(X) = O(|X|). Similarly, we find Y,V = O(|X|).

Now, by the BakerfCampbellfHausdorﬁ formula, we have

1
X=Y4+U+V+= [YU] Y,V]—|—§[U,V]+O(max(\Y\,|U|,\V|)3)

2[
for X in a sufficiently small neighborhood of 0 in g¢. Since [Y,U] € n™ and
[U,V] € n~, this gives

(43) pye (X) = U+ e (¥ V) + O(XP).
(14) P (X) =Y + %[Y U)+ 3o (Y. V) + O(XP),
(45) Pae (X) =V 4 LU V] 4 o (I V]) + O(XP).

Equalities (4.4) and (4.5) imply
(4.6) [Pa+ (X), pa- (X)) = [V, V] + O( X ).

Replacing (4.6) in (4.3), we then obtain the desired equality.
(2) Using the Baker—Campbell-Hausdorff formula again, (4.2) is an imme-
diate consequence of (4.1). O

Let us consider a Chevalley basis (Ey)aca U (Ha)aca, for g¢ (see for in-
stance [29], Chapter 5). Here, A denotes the set of simple roots corresponding
to AT. In particular, we have [E,,E_o] = H, for a € At. Note that g is
spanned by the elements —(E —F_,), l(Ea +E_,) and iH,, for a € At and
that we have the property ~a E_, for a € A. Now, we introduce the basis

(Ey)acse for nt defined by E, T)Ea (o € @) and the corresponding
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Euclidean norm defined by |Z| = (Y, cq |2a[*)/? for Z=3"_ 4 20 Fa. Note
that we have

(17) Ao(12,21) =23

acd

1

B a)Z“|2H“) =1zF

for each Z € n*. In the following proposition, we give some properties of the
function @j.

PROPOSITION 4.2.

(1) For Z en* close to 0, we have px(Z) =1+ |Z]*> + O(|Z]3).
(2) Let H € it such that B(H) := max,ea+ «(H) < 0. Then, for Z € nt,
we have

(4.8) ox(Ad(exp H)Z) <1+ 20 (53(2) —1).

(3) For each Z € nt, we have px(Z) > 1 with equality if and only if Z = 0.
(4) There exist r >0 and C > 0 such that C|Z|" < px(Z) if |Z] > 1.

Proof. (1) Set U :=logk(exp Z* exp Z). By (2) of Lemma 4.1, we have that

U=py([Z5,Z) +O(1Z]") == ()\104)
acd

Then dx(U) = \U) = —|Z|?> + O(]Z|?). Hence,
oA (2) = X3 (k(exp Zexp 2)) = e M =14 |22+ O(|2)°).

(2) We argue as in the proofs of [24], Lemma 88 and [30], Corollary 7.18.
We also denote by my the extension of 7\ to G¢ and by 7} the contragredi-
ent representation to my. Recall that 7y is a highest weight representation
with highest weight A\ and unit highest weight vector fo = 1. Denote by
A1, A2, ..., A, A the weights of 7). Note that (1) mx(N7T) fixes fo, (2) for each
h € H¢ we have 7y (h) fo = xx(h) fo and (3) for y € N~, ma(y) fo is of the form
fo+ Zé’:l f; with f; in the weight space for the weight A; < A.

Now, we obtain an expression for ¢,(Z) in terms of 7} as follows. For
Z €n’, write exp Z*exp Z = zhy with 2 € N*, h€ H¢ and y € N~. Then,
we have

2ol Hao + O(1Z]%).

|73 (exp Z) fol3X = (fo, malexp Z* exp Z) ™" fo)a
= (fo,xa(h)"'maly™) fo)a

and taking into account that the weight spaces for distinct weights are or-
thogonal, we get

* ——y ! —
(4.9) 173 (exp Z2) follX = xa(h) = x5 (5(exp Z* exp Z)) = pa(2).
Note that the weights of 7§ are —A1,...,—X\;,—A. Then, for Z € n™, we can
write 7} (exp Z) fo = fo + 22:1 f; with f; in the weight space for the weight
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—A; for j=1,2,...,1. Consider a =expH where H € it satisfies §(H) =
max,ea+ @(H) <0. Then we have

!
7 (alexp Z)a™ ) fo = fo + Z eX =AU ¢

j=1
Thus,

l

(4.10)  pa(Ad(a)2) = |73 (alexp Z)a™") foll X =1 Z 2D f13.

But for each j =1,2,...,I, A= \; is of the form } | _ 1+ noa where the n, € VA
are not all equal to 0. This implies that (A — A;)(H) < B(H) and equality
(4.10) gives

!
eA(Ad(a)2) <1+ eI )13 < 14200 (p)(2) - 1).
j=1

(3) By 2 of Remark 3.1, we already have p)(Z) > 1 for Z € n™. Now
consider Z =37 4 zaFq € 0\ (0) such that p\(Z) =1. Let H € it as
above. Then by (4.8), we have p)(Ad(exptH)Z) <1 for all ¢ > 0. Since
Ad(exptH)Z =3 co zoe! M B, goes to 0 as t — +00, we get a contradic-
tion to 1.

(4) We set ¢ = infjzj—1 pA(Z). By 3, we have ¢ >1. Now, let Z e n*
such that |Z] > 1. Fix H € it as above. Then there exists ¢ > 0 such that
|Ad(exptH)Z|> = 3 cp |2al?e®H) = 1. Thus, we have e>(H)t|Z]2 <1
where ~(H) := mingeqp o H) < 0. Applying (4.8), we get (c — 1)e=28(H) <
vx(Z). Finally, we obtain (¢ — 1)|Z]" < ¢a(Z) where r=20(H)/v(H) >0

U

REMARK 4.3. Let us consider the Iwasawa decomposition G¢ = GAN where
A =exp(it) and N =exp(D_,ca+ 0-a) (see [25], Chapter VI, Theorem 6.3).
Let Z € nt. Write exp Z = kan with k€ G, a € A and n € N. Since k* = k!
and a* = a we have that exp Z* expZ = n*a?n and then r(expZ*expZ) =
r(n)"a%k(n). This gives x(Z) = x; ' (a?) = x)*(exp H(exp Z)) where H is
the so-called H-function corresponding to the Iwasawa decomposition G¢ =
GAN [30]. So, we have related the function ¢y to the H-function for which
we find some estimates in the literature, see for instance [16], Lemma 6.1.
This gives an alternative proof of Statement 4 of Proposition 4.2.

PROPOSITION 4.4. There exists a constant C >0 and a positive integer

mg such that for each integer m > mg and each Z € n", we have pmr(Z) >
14+ C|Z|2.
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Proof. With the notation of the previous proposition, we fix mg € Z such
that rmg > 2. Then for |Z| > 1, we have

Pmo(Z) = oA(Z)™ 2 c|Z|"™ = | Z[*.
From this and Proposition 4.2, we easily deduce that

C:= inf —SDmOA(Z) -1

> 0.
Zent |22

Hence, for m > mg and Z € n*, we have 0,1 (Z) > pmor(Z) >1+C|Z2. O

A natural question is whether there exists a constant C' > 0 such that
ox(Z)>1+C|Z|? for each Z en™.

COROLLARY 4.5. Let P denote the space of complex polynomials on nt.
Then P = Um21 Honx-

Proof. Let f € P. By Proposition 4.4, we can choose mq sufficiently large
so that Xmea(k(Z)) < (1 + C|Z|?)~! for each Z € n*. Then for each integer
N >0, we have |f(Z) X Nmox(k(Z)) < (1+C|Z|?)~¥ for each Z € n*. Hence,
for N sufficiently large, we have || f||nmor < +00 i.e. f € Hnmox- O

5. Contraction of G to the Heisenberg group

We retain the notation from the previous sections. In particular, we fix
a real number v > 0 as in Section 2 and an integral dominant weight A\ as
in Section 3. Let us introduce some additional notation. Let aj,as,...,ay,
be an enumeration of ®. For k=1,2,...,n, we set X} = Q%(Eak +E_q,),
Y. = %(Eak —-FE_,,)and 7= mZH)\ Let go be the subspace of g generated
by Xg, Y, k=1,2,...,n and Z. Let po be the orthogonal projection of g
on the line generated by Z with respect to the Killing form. For r > 0, we
denote by C,. the linear isomorphism of g defined by C,. = r?py + r(Id — po).
We introduce the Lie bracket on g defined by

[Xa Y]O = TIIL%C;l([CT(X),CT(Y)D

LEMMA 5.1.

(1) For X andY in g, we have [X,Y]o = po([(Id — po)(X), (Id — po)(Y)]).

(2) The Lie algebra (go, [-,-]o) is a Heisenberg algebra. In the basis Xy, Yy,
k=1,2,....n, Z of go, the only nontrivial brackets are [X&, Yi]o = Z.

(3) The Lie algebra (g,[,]o) is isomorphic as a Lie algebra to the product
of the Heisenberg algebra (go,[,-]o) by an Abelian Lie algebra of dimension
dimg — dimgg.

Proof. Direct computation. O
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We denote also by C,. the restriction of C,. to gg. Then we have
n n n n
C., <Z ap Xk + Z Yy + CZ) =r <Z ar Xy + Zkak> +7r%cZ
k=1 k=1 k=1 k=1
and it is immediate from Lemma 5.1 that that C,. : go — g is a contraction of

g to go in the sense of [11], Section 4. The corresponding contraction of G to
the Heisenberg group G with Lie algebra gg is the map ¢, : Gg — G defined

by cr(expg, (X)) = expq(Cr(X)).

In the following proposition, we describe how the parametrizations of the
orbits Op,x and O, (see Sections 2 and 3) are related in the contraction
process. In the rest of the paper, we identify n™ with C"* by means of the
linear isomorphism (21, 22,...,2,) = Z = p_; 2k FEa,-

PROPOSITION 5.2. Let r(m) be a sequence of |0,1] satisfying

lim  mr(m)? =2y.

m——+0o0o

Then, for each X € go and each Z € n*, we have
(51) hm ﬂ(wm)\ (Z/ V 27 ) 7"(m) ) <w"/( ) >

Proof. Assume that X = X or X =Yj. Then C,(;,)(X) = r(m)X. Taking
equality (3.10) into account, we have

B(wma(Z/V/2ym), Crm) (X))
= —imr(m)B(Ad(C(exp(Z2*/y/2ym) exp(Z/\/2ym))) Ha,
Adb(exp(Z/+/2ym)) "' X).

In order to study the behavior of this expression as m — 400, we need a
first-order Taylor formula for the function

F(t) = BAd(C(exp(tZ7) exp(tZ))) Ha, Ad O(exp(t2)) 7' X)

at t=0. We have F(0) =0 and F’'(0) = 8([d¢(e)(Z* + Z),H,\), X ) + B(H},
[Z*, X]). Since by [12], Proposition 4.1, we have

d(e)Z*+2Z)=pur (Z* + 2Z) = Z,
we then obtain
(5.2) F(t)=pB(Hx, [Z2" = Z,X])t + o(t).
If X = X, then B(H),[Z* — Z,X]) = — 5 (2 + Z&) and (5.2) implies
: 1 _
im B(ma(Z/7/29m), Crn) (X)) = 5 (21 + Z5) = Rezp.
Similarly, if X =Y}, then 3(H),[Z* — Z, X]) = 1 (21, — Zx) and

hm ﬂ(d}m)\(z/\/ﬁ) r( m) ) = 7%(2']@ *Ek) =1Imz.
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Finally, if X = Z then we immediately obtain
lim ﬁ(wm,\ (Z/\/va),CT(m) (X)) =7.

m——+00

Comparing with (2.7), we obtain (5.1). O

6. Contraction of operators

In order to simplify the notation, we write 7, Hum, (-5 Yms Xm, Cmy Sm in-
stead of Tx, Hmx, (5 )mx, XmAs Cmxs Sma, respectively. Moreover, we fix the
Lebesgue measure dyur,(Z) on n' as follows. Writing Z = Y"7'_| 21, E,, and, for
k=1,2,...,n, 2z = T + Yk, Tk, yr € R, we take dur(Z) =dxydy; - - - dzy, dyy,.
Recall also that we have set k(Z) := r(exp Z*exp Z) for Z en™.

LEMMA 6.1.
(1) For Z en™, we have
(6.1) lim i (k(2//2ym)) = 7712
(2) For Z,W €n™, we have
(6.2) mlif}rloo<env[l//\/m’€?/\/m>m = (e ex)n-
(3) We have
63 tm )= [ e 2) - @)

Proof. (1) Fix Z € nt. Note that x,,, = x¥*. By 1 of Proposition 4.2, we
have

log xim (k(Z/+/2ym)) = —mlogxy" (k(Z/v/2ym))
= —mlogr(Z/\/2ym)
= —m(|2|/v/2ym)" + O(1/v/m)
=—(1/29)|Z]* + O(1/V/m).

Statement 1 then follows.

(2) See the proof of Proposition 7.1. Note that the present lemma is not
used in the proof of Proposition 7.1.

(3) Recall that

el = / ) (k(2)) dp (2).
n
Changing variables Z — Z/+/2ym in this integral, we get

C;f(%m)”:/ (Xm-xa) (k(Z/+/2ym))dur(Z).

nt
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By 1, the integrand I,,,(Z) := (xm-xa)(k(Z/+/2ym)) satisfies

lim In(Z)=e 121/,
In order to obtain 3, it suffices to verify that the Lebesgue dominated con-
vergence theorem can be applied. This can be done as follows. By Propo-
sition 4.4, there exist a constant C' > 0 and an integer mg > 0 such that
Xmb(k(Z)) > 14 C|Z|? for each Z e nt. For m € Z*, we set N(m) = [2-].

mo
Fix Ng € ZT. There exists my € ZT such that N(m) > No whenever m > my.

Noting that xa-Xm < Xm < XmoN(m) < Xm((, ™ for m > mj we have

~1 ) — 1\ N m)
(XA-Xm ( (Z/\/F)) <1+N )Xmo(k(Z]\/[z/T??)) 1)
N(m)(X;z%j (k(Z/\/2vym)) — 1) —No
: (1 " NO >

N(m) |z
1
( O Ny 2ym
c ,\
<  E—— .
B <1+ 4’YmoNo|Z| )

for each Z € n. Here we have used the fact that if N(m) > Ny then

() < (e vig)

for each z € RT. Clearly, the function Z — (1 + (C/4ymoNo)|Z|?)~No is
integrable on n™ for Ny > 1. This ends the proof. O

PROPOSITION 6.2. For each integer m > 1 let A,, be an operator of Hy,.
Let A be a bounded operator of H.. Assume that:

(i) The sequence ||An|lop is bounded;
(i) we have limy,—yoo Sm(Am)(Z/2ym, W/\/2vym) = S, (A)(Z,W).

Then, for any complex polynomials P and Q, we have
(6.4) mliI}rloo <AmP(\/2fym»)7Q(\/2’ym«)>m = (AP, Q).

Proof. First, note that we can assume that P and @ are homogeneous with-
out loss of generality. By Corollary 4.5, for m sufficiently large we have P €

H,, and Q € H,, and, consequently, P(y/2ym-) € H,, and Q(v/2ym-) € Hy,
By using (3.6), we express (A, P(v/2ym-),Q(v/2ym"))m as an integral.
Changing variables (Z,W) — (Z//2ym,W/\/2ym) in this integral, we get

(6.5) (AmP(V2ym),Q(V2ym)),,

— &2 (2ym) 2" / L (Z.W) dui(Z) dyur, (W),
ntxnt
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where the integrand I,,(Z, W) is given by
Ln(Z,W) = POW)Q(Z) S (Am) (Z//2ym, W/ /2ym)
x <€Tv?//\/mae?/m>m(Xm-XA)(k(Z/M))
X (mx2) (B(W//2ym)).

Note that, by 3 of Lemma 6.1, we have lim,,_,  « c2,(2ym) 2" = (2ry)~2".
Moreover, by 1 of Lemma 6.1, we have

lm I, (Z,W)

m——+oo
= P(W)Q(2)S, (A)(Z,W)(€}y, e})ye 171 121 IWIE/27,
Now, as in the proof of Lemma 6.1, we want to verify that the Lebesgue

dominated convergence theorem can be applied. To this aim, we write by
using the Cauchy—Schwarz inequality

|<A7rz6%/¢m’€?/\/m>m| < ||Am||op||€?/\/277m”muenv;//\/277m”m'
This implies that

L (Z W) S IPOIQZ)| | Amllopxs”? (k(Z/ v/ 2ym) ) x5 (k (W /2ym)).

As seen in the proof of Lemma 6.1, for each integer Ny > 0 there exist a
constant C7 > 0 and an integer m, such that for each m > m; we have

G2 m)) < (L ),

Hence, we obtain
(6:6) |Ln(2,1)] < Col POVIQ(Z)|(1 -+ Cr| Z12) 072 (1 4 Cy W) N,

where Cs is a constant. Now, we can choose N sufficiently large so that the
right-hand side of (6.6) is an integrable function on nt x n*. This ends the
proof. O

COROLLARY 6.3. Let P and Q two homogeneous complex polynomials dif-
ferent to 0. Then we have

(6.7) im (A (1Pl P) QU @) = (AP P, QIS Q)+
Proof. Since P and @ are homogeneous, one has
(A (P17 P), Q1% @) m
= [ P(V2ym) [, lQ(v2rm) |, (AnP (V) (v 29m)),,

But applying Proposition 6.2 to the particular case A,, = Id, A= Id, we get

Also, we have limy,— 40 || P(v/27m-)||lm = || P||y. The desired result then fol-
lows from Proposition 6.2. (]
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For each integer m > 0, we denote by B,, the linear isomorphism of P
defined by (B,,P)(Z) = P(Z/\/2ym).

PROPOSITION 6.4. Under the assumptions of Proposition 6.2, we have
(6.8) lim (BnAnB, )P(Z)=AP(Z)

m——+0o0
for each complex polynomial P and each Z € n™.

Proof. For each Z € n™, we express

(BnAm By YP(Z) = A (B, P)(Z//2ym)
as an integral by using a formula for A,, analogous to (2.3), and we proceed
as in the proof of Proposition 6.2. O

7. Contraction of representations

We retain the notation from the previous sections. In this section, we use
the results of Section 6 in order to establish our main results on the contraction
of the sequence 7, to the representation p., of Gy. As in Section 6, we consider
a sequence 7(m) such that lim,, o mr(m)? = 2v.

PROPOSITION 7.1. For gy € Gg and Z,W €n™, we have

(7.1)  Hm S (7 (€n(m) (90))) (Z/V/29m, W[/ 29m) = S5(p4(90))(Z, W)

Proof. Let Z,W € n" and go = exp(>_p_; ax Xk + D peq bi¥s + CZ) e Gy.
Let

Upn ::logn<exp(Z*/m)
X eXp( <Z ar Xy + Zkak> —r(m cZ) exp(W/W))

We have to study the behavior of the sequence uy, := x,"(expU,,) as
m — +o00. We proceed as in the proof of (1) of Lemma 6.1. From Lemma 4.1,
we deduce that

s T’ r(m)’

pye([27,%]) — Pye([2,W])

r(m)?

4~2

pue (25 W) = 57 m)pi (s (2) 9 (2)]) + Or(m)?),

where

n

XY= ;(aka + bk Yx) kz_:l( (ar +ibg)Eo, + = 9 (ak — ’Lbk)E_ak)
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Noting that we have

' ~ 1 1 _

phc([Z 72]):722—22 (ak+'lbk)mHak mod.ni"Jrnl s
k=1 ’

n 1 1 N )

pr([ZaW]) - —Z Z’Ujk(ak — Zbk-)mHak mOd. nl —+ Ill s
k=1 ’

- 1
([Z*,W])=—=> Zrwy Do )Hak mod.nj +ny
k=1 » e

we find

lim logu, = lim (—mA(Uy,))

m——+oo
. —~1_
=1yc+ Z 2zk(mk — bk)
k=1

Zl Zak'i-bk)-f—%ZEkwk—%Zak-‘er

2
k=1 k=1
]

The result then follows from equality (2.5).

Applying the results of Section 6 to the operators A, = T, (¢r(m)(g0)) and
A= p,(g0) for go € Gy, we obtain immediately the following proposition.

PROPOSITION 7.2.
(1) For P,Q €P and go € Gy, we have
(7.2) mliriloo <7Tm (CT(m) (go))P(\/ Q'ym-) , Q(\ / Z’ym-) >m = (py(90) P, Q)~.
(2) For P,Q homogeneous polynomials different to 0 and gy € Gy, we have
(7.3) im (o (ermy (90) (1P 115 P). QU1 Q),,
= {p,(90)(IPI51 P). 1171 Q)+
(3) For PeP, Zen™t and go € Gy, we have

8. Contraction of derived representations

= p~(90)P(Z).

In this section, we establish contraction results for the derived representa-
tions dm,, and dm, analogous to those of Section 7

PROPOSITION 8.1. For X € gg and Z,W €n™, we have

ml_i)rﬂoo S (A7 (Cr(my (X)) (Z//2ym, W/ /2ym)

(8.1)
= S, (dp, (X))(Z,W).
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Proof. Taking (2.7) and (3.9) into account, the result follows from Propo-
sition 5.2. O

PROPOSITION 8.2.
(1) For P,Q €P and X € go, we have

(8.2) ml—i>I—ri-loo <d7rm (C’T(m)(X))P(\/Q'ym-),Q(\/27m~)>m
— 4oy ()P, Q).
(2) For PeP, Zen' and X € gy, we have

(8.3) lim (Bmdwm (Crm) (X)) B P(Z) = dp(X)P(Z).

m—+

Proof. (1) The proof is similar to that of Proposition 6.2. However, here
we do not know an a priori estimate for ||dm,(Cy(m)(X))[op. In order to
dominate the integrand

In(Z,W) := P(W)W<d7rm (Cr(m) (X))ew/\/Q'y_m’ egL/\/Z'y_m>

X Otmxa) (K(Z/v/20m)) Ot xa) (K(W/ /29m)),

we can find an estimate for [(dmp, (C(m) (X))e’v’ll,/\/}y—m, e?/\/Q’y_m>m‘ as follows.
For each X € g, we consider the polynomial

W)=>_qu(X)Z/W!
gl

defined by qx (Z*,W) = (dmx(X)e}, e3y)x. Then by (3.5) and (3.8), we have
(8.4) (A (X)eZ, €5 Y m = max (2, W)xy ™ (k(exp Z* exp W)).

Assume now that X = X or X =Y. Then C),)(X) =r(m)X and the
constant term of ¢, . (x) =r(m)gx is equal to 0 since gx (0,0) = (dmx(X)ep,
ed)r = A(ppe (X)) = 0. Thus, we have

(8.5) ’quT(m)(X) (Z/\/va, W/\/va)’

mr(m) j 1
< > lgu(X))1 27w
VM e

On the other hand, we have
P (s (exp(Z*/\/% ) exp(W/\/2ym)))|
= e Z/‘/_Q'ym’ W/\/‘zwm>m*1|

S ”em—l m—1

Z/\/mnm—l”ew/\/m”m—l

< (R(ZIVBm)GT (k) /2m)).
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Combining this inequality with (8.5), we get

IJm(Z,W)ISIP(W)Q(Z)I( 3 |qﬂ<X>|Zﬂ'||Wl|)

71+ =1

07 k(2 2m)a T (kW) 2ym))

and we conclude as in the proof of Proposition 6.2.
Assume now that X = Z. Then C(,,)(X) =r(m)*X and we have

|chr(m) (X) (Z/ \% 27 W/ V 27 | < mr Z|QJl HZ‘]||WZ|
<372|qu 127w

for m sufficiently large. From this, we deduce a bound for |J,,(Z,W)| and we
conclude as in the proof of Proposition 6.2.
(2) The proof is similar to that of 1. O

9. A particular case

In this section, we consider the case when the action of H on P is multi-
plicity free. In this case, we shall establish a more precise contraction result.

We denote by o the action of H on P given by o(h)P(Z)=P(h~'-Z) for
each h € H, P € P and Z € n". Noting that h-Z = Ad(h)Z for each h € H and
Z € nt, we easily verify that the Euclidean norm on n™ introduced in Section 4
is H-invariant and then the inner product (-,-), on P is o(H)-invariant.

Now, we assume that ¢ is a multiplicity free action. That is, each ir-
reducible (unitary) representation of H appears at most once in o. Let
P = ZjEZ+ P; be the decomposition of P into H-irreducible components.
Note that (1) if j # j/ then (P;, P;), = (0) and (2) since for each integer m > 0
the space of homogeneous polynomials on n™ of degree m is o(H)-invariant,
each P; is a space of homogeneous polynomials.

Let m > 1 be an integer. Since we have ,,(h)P(Z) = xm(h)P(h~!-Z) for
each he H, Pe P and Z e n', the space H,, is o(H)-invariant. Then there
exists a finite subset J,, of ZT such that H,, Z e, Pj. For each j * 4
in Jy,, P; and P are inequivalent irreducible submodules of P and then we
also have (Pj,Pjs)m = (0). Moreover, for each j € J,, the restrictions of (-,-),
and of (-,-),, to the irreducible submodule P; of P are o(H)-invariant and
then there exists a constant c¢,, ; > 0 such that (P,Q)y = ¢m, ;j (P, Q) for all
P,Q e P;.

For each integer m > 1, we denote by D,, the unitary operator from
(Hum, (+5+)) onto (Hm,(-,-)m) defined by D,,,P = /¢y, ;P if P €P; C Hp,
J € Jm. For each j, we fix an orthonormal basis (f];)1<i<dim; for (Pj, (-,-)4).
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If j € J,, for some m then fjm = Dmf;l, 1 <1< dimP; is an orthonormal ba-
sis for (Py, (+,+)m). Hence f}},j € Jp,,1 <1< dim’P; is an orthonormal basis
for H,p, .-

PROPOSITION 9.1. Let (Ay,) and A as in Proposition 6.2.

(1) For each j,j' € Z* and each 1,I' such that 1 <1 <dimP; and 1 <’ <
dimPj:, we have

lim <Amfﬁllaqul,l/>m = <Afj"y,lvfj’yl}l'>’y~

m——400
(2) If moreover A,, (m>1) and A are unitary operators then we have
lim (D A D,) P~ AP|, =0

for each P € P. We also have
lim (D, 'A,,D,,)P(Z)=AP(Z)

m——+oo

for each P€P and Z cnt.

Proof. First note that the expressions that are taken to the limit in 1 and 2
are well-defined for m sufficiently large, according to Corollary 4.5.

(1) Since the polynomials le are homogeneous, the result is a consequence
of Corollary 4.5.
(2) By linearity, we can assume that P = f]'.fl. For each (j',1'), we have

(D A D) £71: £7 00y = (A f70 £ hm — (ALT 1 £ )
as m — +oo. This implies that ((D,,'A4,,Dy) 1)m converges weakly to
Af], in H,. Since |[(D;,' A D) £, 11, = 1= ||Af]|l5, we can conclude that
(Dt AmDin) f]))m converges strongly to Af, in ‘H.. This also implies that
(D! A D) f])in converges pointwise to Af]; on nt. O

Applying Proposition 9.1 to the operators A,, = Ty (cr(m)(g0)) and A =
p~(g0) for go € Go, we immediately obtain the following result.

COROLLARY 9.2.
(1) For each gy € Go, j,j’ € Zt, 1 <1< dimP; and 1 <I' <dimPj we
have
lim <7Tm (CT(m)(QO))fﬁ7fﬁl/>m = <p’Y(90)f;l>f},l'>'Y'

m——+oo

(2) For each gy € Gy and P € P, we have
lim || (D5, T (¢r(m) (90)) Din) P = py(90) P, =0

m——+o0

and, for each go € Go, P € P and Z € n™, we have
lim (Dn_mlﬂ'm(cr(m)(go))Dm)P(Z) :p’Y(QO)P(Z)-

m——+00
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EXAMPLE. We take G =SU(p+ ¢q). Then G° = SL(p+ q,C). We use the
notation of [35]. Let T be the maximal torus of G consisting of the matrices

p+q
: a ia ia iag
Diag(e*®,e'®2,...,e' %), aq,a9,...,0p+q € R, ||e F=1.
k=1

The complexification T¢ of T has Lie algebra

ptq
© = {X:Diag([]}17$2,...,l‘p+q) cx, €C Zl'k :0}~
k=1

The set A of roots of t© on g°is A\; — A;j for 1 <i# j <p+q where \;(X) =z,
for X € t° as above. We take the set of positive roots A to be A\; — \; for
1<i<j<p+gq.

Also, we take A=Ay + Ao +---+ A,. The positive root \; — A; is then or-
thogonal to A ifand only if 1 <i < j<porp+1<i<j<p+gq. Consequently,
H consists of the matrices

(61 g)? AeU(p),DeU(q), Det(A) Det(D) =1,

that is, we have H = S(U(p) x U(q)) and the character x» is given by

“ (6‘ g) — Det(A).

Moreover, we have

v {(h 2 ezeme) v {(B 2 veume)

In particular, we can identify n™ to M,,(C). We also have

He = {(6‘ g) A€ M,(C),D € M,(C), Det(A) -Det(D):l}.

We easily compute the NTH¢N~-decomposition of a matrix g € G¢ (see
[12]). From this, we deduce that the action of G¢ on n* is given by

g-Z=(AZ+B)(CZ+D)', g= <é g).

In this case, the Hilbert space H.,, ) associated with x,, consists of complex
polynomials f such that

£ = [ 1F@F ettty +2°2) " " epr dun(2) <+

Here dur(Z) denotes the Lebesgue measure on M,,(C) defined by duy(Z) =
[1; dxr dyry where Z = (zp; + i) ks Trts Yyt €ER for 1<k <pand 1<1<gq
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and the constant ¢,,» can be calculated by adapting Hua’s method for com-
puting some integrals over matrix balls (see [27], Theorem 2.2.1 and [12],
Section 7):

—1
L :wpqql_[ (g +m—k) .
mA kZOF(p—Fq—I—m—k)

Also, the coherent states for the Hilbert space H,,, are given by

eF*(W) = Xma(k(exp Z* exp W) ™) = (Det (I, + Z*W))m

and the the representation m,,) is given by

if g

-1 _

Tmr(9)f(Z) = (Det(CZ + D))" f((AZ + B)(CZ + D))

= (A B). Note that we have in this case

ox(Z)=Det(Iy+ Z*Z) > 1+ Te(Z°Z) =14 Y _ |z’
kl

in accordance with Proposition 4.4.
The action of H on nt is given by

A O\
(O D>~Z_AZD .

The corresponding action o of H on P is multiplicity free (see for instance
[26]). Then Proposition 7.2 and Corollary 9.2 can be applied here in order to
obtain contraction results for the sequence (m,,)) to the unitary irreducible
representation p, of the (2pg + 1)-dimensional Heisenberg group.
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