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ON THE EXISTENCE OF A COMPLEMENT FOR A FINITE
SIMPLE GROUP IN ITS AUTOMORPHISM GROUP

A. LUCCHINI, F. MENEGAZZO, AND M. MORIGI

ABSTRACT. In this paper we determine all finite simple groups G for
which the automorphism group Aut G splits over G = InnG.

The theory of group extensions, and, in particular, the study of conditions
which force the splitting of a given extension or class of extensions, is one
of the themes with which the name of Reinhold Baer is associated. The
present article gives a concrete, very special instance of this type of study: we
examine the automorphism groups of the finite non abelian simple groups to
determine those groups G for which Aut G splits over GG, where we identify
G with the inner automorphism group Inn G. For such groups, the structure
of the complement for Inn G in the automorphism group Aut G is of course
well known: the complement is isomorphic to the outer automorphism group
Out G (see [2]).

The question we are considering is very natural and easily stated; yet, it
seems that only very partial results are known (see [6], [7]).

In fact, this is a problem on simple groups of Lie type, since the remaining
cases are easily dealt with. Indeed, if n > 5, n # 6, Sym(n) = Aut(Alt(n))
always splits over Alt(n), while Alt(6) = PSL(2,9) has no complement in
Aut(Alt(6)). Similarly, all automorphism groups of the sporadic simple groups
split over their socle: if G is a sporadic group, then either Aut G = Inn G or
Inn G has index 2 in Aut G, and in each case there exists a conjugacy class of
non-inner involutions in Aut G (see [2]).

On the other hand, the behaviour of groups of Lie type is not so uniform,;
it depends on the type of the group and on some arithmetical conditions
involving the cardinality of the field and the rank of the group. The following
theorem collects our results.

Received March 8, 2002.

2000 Mathematics Subject Classification. 20E32, 20D06, 20F28.

This research was supported by MIUR, project Teoria dei gruppi e applicazioni. The
third author was supported by the University of Bologna, funds for selected research topics.

(©2003 University of Illinois

395



396 A. LUCCHINI, F. MENEGAZZO, AND M. MORIGI

THEOREM. Let G be a simple group of Lie type over a finite field with
q= p™ elements, p prime, and denote by d the order of the abelian group
H/H where H is the group of diagonal automorphisms of G and H is the
subgroup of H consisting of those diagonal automorphisms which are inner.
(The values of d for untwisted and twisted groups are given in the tables in
Sections 8 and 4.) Then Aut G splits over G if and only if one of the following
conditions holds:

(1) G is untwisted, not of type D;(q), and (%, d,m)=1;
(2) G = Di(q) and (£=2,d,m) = 1;

(3) G is twisted, not of type >Dy(q), and (%1,(17 m) = 1;
(4) G =2D;(q) and either 1 is odd or p = 2.

The paper is divided into four sections. In Sections 1 and 2 we study the
groups A, (q) and 2A,,(q), respectively, using their natural projective represen-
tations; in Sections 3 and 4 we consider the remaining untwisted (respectively
twisted) groups of Lie type.

1. The special linear groups

Let F = F, be the finite field with ¢ elements, where ¢ = p™ for some
prime number p. We fix a generator A of the multiplicative group of the
field F*. As usual, GL(n,q) (resp. SL(n,q)) will denote the general (resp.
special) linear group of degree n over the field Fy. In the following we will
identify F* with the subgroup of GL(n,q) consisting of scalar matrices, and
let PGL(n,q) = GL(n,q)/F*, PSL(n,q) = SL(n,q) F* /F*. For an element
g € GL(n,q) its image in PGL(n, ¢) will be denoted with g. Also, as usual,
det(g) will denote the determinant of a matrix g.

Throughout this section, we will consider G = A, _1(q) = PSL(n,q), for
n and ¢ fixed. Let ¢ be the Frobenius automorphism of F, defined by a? =
aP (using the exponential notation for automorphisms). Then ¢ induces an
automorphism of GL(n, ¢) of order m, which will also be denoted by ¢, given
by (ai;)? = (af;) fori,j =1,...,n

Let ¢ : GL(n,q) — GL(n, ¢) be the automorphism defined by g* = (¢")~ !,
where ¢ denotes the transpose matrix of g.

Both ¢ and ¢ induce automorphisms ¢ and z of PGL(n, ). ¢ generates the
group of field automorphisms, 7 is the product of the graph automorphism and
an inner automorphism if n > 3, and it is an inner automorphism if n = 2.
As G is simple, we may also identify G with Inn G < Aut G.

We have the sequence of normal subgroups

SL(n,q) < GL(n,q) <TL(n,q) = GL(n,q){¢) < TL(n,q){s).
Taking quotients modulo the scalar matrices we obtain

G < PGL(n,q) < PT'L(n,q) = PGL(n, q){¢) < Aut G = PI'L(n, q){7).
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Also, PGL(n,q)/G is cyclic of order d = (n,q — 1) and ¢ acts on it as the
p-th power. We want to prove that G has a complement in AutG if and
only if (q%dl,d, m) = 1. Letting ¢t be the product of all prime factors of d
dividing q%‘ll, counting multiplicities, this is equivalent to proving that G has
a complement in Aut G if and only if (¢, m) = 1.

LEMMA 1.1.

(i) (g) is a complement for PSL(n, q) in PGL(n, q) if and only if det(g) =
A4 with (u,d) =1 and g% € F*.

(ii) Assume that G has a complement C in PTL(n,q). Then it is possible
to choose g € GL(n,q) and h € SL(n,q) such that C = (g, ¢h),
det(g) = A, |g| = d and g = g*.

Proof. (i) Suppose that det(g) = A*. Then g generates PGL(n, q) modulo
PSL(n, q) if and only if A* generates F* modulo (F*)", that is, if and only if
(u,d) = 1. Therefore (g) is a complement if and only if we have that g¢ = 1,
that is, g¢ € F*.

(ii) Choose g such that (g) = C NG. As g generates PGL(n, ¢) modulo
PSL(n,q), we have that det(g) = A\* with (u,d) = (u,n,q — 1) = 1. Let
r,8,v € Z be such that ru + sn + v(g — 1) = 1. Then det(\°¢g") = A and we
may replace g by A°g”. The remaining statements follow from the fact that
the projection 7 : C — (g, )G/G is an isomorphism. O

LEMMA 1.2. Assume that G has a complement in PTL(n,q). Then
(m,t) = 1.

Proof. Let g,h be as in Lemma 1.1 (ii), so that g = \* € F*. Taking the
determinant of both sides we have that A? = det(g)? = (A*)". So d = an
mod ¢—1, that is, 1 = a(n/d) mod (¢ — 1)/d and thus («, %) = 1. It follows
that («,t) = 1.

We may view ¢h as a ring automorphism of the ring Mat(n,q) of n x n
matrices with entries in F. As g®" = gP, we have that ¢*" = (gz)P for some
z € F*, so ¢h normalizes the subring F[g] of Mat(n,q) (where, as usual, F
is identified with the ring of scalar matrices). Now the map 7 : F[g] — FJg],
defined by v™ = vP is also a ring automorphism of F[g], and ¢hn~! is a ring
automorphism which centralizes F. So A = g¢ = (gd)¢hm" = (g#hm "yd =
(g92)* = A*2% and 2% = 1. Thus we may assume that z = A?(@=1/9 for some
integer (. It is easy to see that ¢(?")" = gP' 2" for each natural number i. As
(¢h)™ is a scalar matrix, we obtain that g = g(?")" = gp" zmP" = ga,ma =
g9z™, s0 g9l = zT™. As g7 = gdq%l = )\aq%l, we have that a% =
—(mﬁ)(q%dl) mod g — 1. Tt follows that « = —fmmodd, so (m,t) | (a,t) =1,
as we wanted to prove. O
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We now seek a complement for G in PTL(n,q). If n = 2, we find g €
GL(n, q) such that det(g) = ), g? € F*, and (g) is normalized by ¢; if n > 3,
we find a matrix g with the above properties and such that (g) is normalized
by wu, for a suitable matrix u € GL(n, q) such that (1u)? = 1 and tu commutes
with ¢.

LEMMA 1.3. Letd = tl, di|d, di = t1l1, where t; = (dy,t). There exist
V1, Ung, € F and u € Z such that (u,t1) =1, v;-l =1forj=1,...,n/t1,
and

n/t1
H(_ t1 1)\u )\d/dl
=1

Proof. Assume that a prime r divides q%l =
vides q%dl, so r divides neither [, as (%,l)

%: %t. Then r di-
n n q—1\ __
nor g, as (4,%°) =

1. It follows that (q?—l,%) = (q%l,l%) = 1. Thus we have (l—l %) =

=11 nt |(qfl E)Li—i
l ll’ttl l ’t lltl_d1'
0 n

We now distinguish two cases. If ¢; is odd or i is even, we take u,y € Z

such that y<— n Ly u— = d . Note that, by dividing both sides by %, we get
yTt1+u Lh=1, so(utl)fl
1

If ¢ is even and = —1 is odd then di | 5=, so we may take u,y € Z such

that y4— L ug = d1 + 45=. Again, dividing by , we get yI—= t1 +ull =

1+ q—lﬁ , SO (u, t1) =1, because every prime diViding 1 leides also q%dl.

-1
T
1,

In both cases u has the desired properties, and taking v; = )\yql;ll, v; =1
for j # 1, we have
n/t1
H(_l)tl—l)\uvj _ (_1)(t1_1)n/t1)\uﬁ+y% — \d/di 0
Jj=1

We now describe a construction which will be used in the sequel.

LEMMA 1.4. Let di = t1l1 be as above. Take uw € Z and v1,... vy, €F
such that vé-l =1 for every j = 1,...,n/t1, and H”/tl( i\t = A/ D,

Then there exists a matriz g € GL(n q) such that ¢ € F* and det(g) =
A/,

Proof. Note that Lemma 1.3 ensures the existence of u and vi,...,v,/,
with the required properties. Let j € {1,...,n/t:}, ¢ = A" and ¢; = cvj.
Consider the commutative ring V; = F[w,], where w; has minimal polynomial
i — c; over F, that is, F[w;] is isomorphic to the quotient of the polynomial
ring Flz] over the ideal (z'* — ¢;). Then Vj is a vector space of dimension #;

. t;—1 .
over F and a basis is {1,wj,w]27 ... ,wj1 }. We have that w; acts on V; via
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right multiplication, and the matrix associated to this endomorphism with
respect to the fixed basis is

0 1 0 0
0 0 1 0
95 =1 : 0
0 0 0 1
Cj 0 ... 0 0

Note that det(g;) = (—1)" =t A\%v;.

Also g?l = (g;f-l)l1 = (¢;) = (cvj)h =l Let V = @;ithj and let g be
the matrix
g1
9= - )
gn/t1

then g% = cl' € F* and det(g) = H?ff(—l)tl_l)\“vj = A/ as required.
O

ProrPOSITION 1.5. PSL(n,q) is complemented in PGL(n, q).

Proof. Take vq,...,v,/; € F and u € Z as in Lemma 1.3, with d; = d,
and let g be the matrix constructed in Lemma 1.4. Then (g) is the required
complement. O

We will also need the following observation:

OBSERVATION 1.6.  Consider the polynomial x*—c, where c € F and s|q—1.
If c = X", where (u,s) = 1, then x® — ¢ is irreducible in F[x].

LEMMA 1.7. Let Flw] be a field, where w has minimal polynomial x* — ¢
over F and s|q — 1. Assume also that (s,m) = 1 and let k € N be such that
mk = —1mods. Let 7 : Flw] — F[w] be the map defined by v™ = vP. Then
Y = w1 s an automorphism of Flw] of order m such that a¥ = aP for
every a € F and w¥ = (wz)P, where z = la"=1/s ¢ (w)y NF*.

Proof. Flw] is a field of order ¢° = p™*. Also, ¢ = 7™*+1 induces ¢ on F,
so m divides the order of 9. Note that the order of 7 is sm, so if mk+1 = sh
we have that ¢™ = g(mk+l)m — gshm — 1 Hence ) has order m. Also,

wb =w™ = (wqufl)p = (wc(qk’l)/s)p, and z = (@"~D/s ¢ (w). O

Next, we recall some well-known facts about symmetric bilinear forms.
Let K be a field and let 8 : V x V — K be a symmetric non-degenerate
bilinear form over a K-vector space V of dimension s. If f € End(V) is a
linear map, then there exists a unique linear map f’ € End(V) such that
Bluf,v) = B(u,vf’) for every u,v € V. The map f’ is called the adjoint map
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of f with respect to 3, and f is said to be self-adjoint if f’ = f. Take a basis
{e1,€2,...,es} of V and let A, A’ and B be the matrices associated to f, f’
and 3 with respect to this basis. Then A’ = BTAT(BT)~!. The following
lemma is an exercise in [5, p. 367

LEMMA 1.8. Let V be a vector space of dimension s over the field K,
and let f € End(V) be a linear map. Then there exists a symmetric non-
degenerate bilinear form (3 with discriminant 6 € {£1(K*)?} such that f is
self-adjoint with respect to 3.

LEMMA 1.9. Let V' be a vector space of dimension s over the field K, and
let B be a symmetric non-degenerate bilinear form on V with discriminant §.
If p is odd and § = (K*)? or if p = 2 and s is odd, then there exists a basis
E of V such that the matriz associated to 3 with respect to E is the identity
matriz. If p is odd, —1 is not a square in F and § = —1(K*)?, then there
exists a basis E of V' such that the matriz associated to 3 with respect to E is
the diagonal matriz B = diag(—1,1,...,1).

Proof. See [3, pp. 16,20]. O

In the sequel, if R is an algebra and w € R, the linear map given by right
multiplication by w will be denoted by 7,,.

LEMMA 1.10.  With the hypotheses and notations of Lemma 1.7, let V =
Flw]. There exists a basis E = {e1,...,es} of V and a matriz B € GL(s,p)
such that the following hold:

(i) ¢B € Aut(SL(n,q)) has order 2, and it commutes with ¢.

(ii) The matriz g associated to r,, with respect to E is such that g*B =
g~ ! and g® = (gz)P, where z = cld =1/s ¢ (9). Also, g° = ¢ and
det(g) = (—1)*"te.

Proof. We have that F[w] is a field of order ¢* = p™*. The field F’ of
fixed points of the automorphism ¢ has order p* and we have FNF’ = F,, as
(m,s) = 1.

Let F' = F,[v] and note that F[w] = F[v] and that every basis of F" over
F, is also a basis of F[w] over F. We may view F’ as a vector space over
F,, and consider the linear map r, € Endp, (F'). By Lemma 1.8 there exists
a symmetric non-degenerate bilinear form 3 on F’ over F, with discriminant
6 € {£1(F;)?} such that r,, is self-adjoint with respect to 3. Note that if p = 2,
then s is odd. By Lemma 1.9 we may choose a basis E = {e1,...,es} of F
such that the matrix B associated to § is of the form B = diag(e, 1,...,1),
where ¢ € {£1}. Then the matrix A of r, with respect to this basis satisfies
ATB = A

Now consider V' = F[v] = Flw]. We have that E is a basis for V over F.
Also, as w € F[v], w is a linear combination of powers of v, so the matrix g
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1

)

associated to r,, with respect to E is such that ¢ ? = g, that is, ¢*% = ¢~
as required. Moreover, B € GL(s,F,), B= BT = B~!, so that (i) holds.

Next, let £ = A1 4+ v+ ...+ A 0% €V, with A,...,\s €F. As ¢ acts
trivially on E C F’, we have ¥ = A} + Mo ... + A\Pv*~! that is, ¢ is the
semi-linear map associated to the identity matrix and the automorphism ¢
with respect to the basis F. As w¥ = (zw)?, the matrix associated to 7, is
g® = cp(qk_l)/sgp, as we wanted to show.

Note that rys is right multiplication by the scalar ¢, so ¢° = c and z° — ¢
is both the minimal polynomial and the characteristic polynomial of g. It
follows that det(g) = (—1)*"!e. O

PROPOSITION 1.11.  Let dq|d, di = t1l1, where t; = (d1,t). Assume that
D < PGL(n,q) is such that G < D and D/G has order dy. If (m,t1) = 1,
then G has a complement in (D, ¢, 7).

Proof. Take vy,...,v,/,, € F and u € Z as in Lemma 1.3, and let ¢ = \*
and ¢; = cv;. Note that ¢; = Avtei(@=D/l for some integer aj, and as
(u,t1) = 1 we have that (u + aqu;ll,tl) = 1, so by Observation 1.6 the
polynomials ' — ¢; are irreducible. Now we may apply Lemma 1.10 and
find matrices g; and B; such that B; satisfies (i) of Lemma 1.10, g;Bj = g;l,

k . k_
g? = (cv; )Pl _1)/“9;7 and g;il =cvjfor j=1,....n/t1. As |4 !
k
that v§q D/t~ 1 g0 gf = 2@ =D/tigr Also, gt = gt = (cvp)h = .
Now consider the matrices

, it follows

g1 B
9= ) B = )
gn/t1 Bn/t1

We have that : B has order 2 and commutes with ¢, g¢*% = g~ and g% = (g2)?,
where z = ¢(@" =D/t ¢ F. Also, g% = i and

n/ty n/ti
det(g) = H det(gj) _ H (_l)tlfl/\uvj _ /\d/dl.
Jj=1 j=1
Then C = (g, ¢, tB) is the required complement. O

Combining Lemma 1.2 with the special case d; = d of Proposition 1.11 we
get:

THEOREM 1.12. PSL(n,q) has a complement in Aut(PSL(n,q)) if and
only if (45+,d,m) = 1.
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2. The unitary groups

In this section, we will consider the group G = ?A4,,_1(¢q) = PSU(n, q), for
n and q fixed.

Let F = F 2 be the finite field with ¢ elements, where ¢ = p™ for some
prime number p. We fix a generator A\ of the multiplicative group of the field
F*. Then U(n,q) (resp. SU(n,q)) will denote the general (resp. special)
unitary group of degree n, that is, U(n,q) = {g € GL(n,¢?) | g(¢")° = 1},
where o = ¢™ € Aut(GL(n,q?)), and SU(n,q) = {g € U(n,q) | det(g) = 1}.
All other notations, unless otherwise specified, are as in the previous section,
and as usual F* is identified with the subgroup of GL(n,q?) consisting of
scalar matrices.

We have the sequence of normal subgroups

SU(n, q) < U(n,q) < U(n, q)(¢),
from which, taking images in U(n, q){(¢) F* /F*, we obtain the sequence

PSU(n,q) < PU(n,q) < U(n,q){¢) F* /F* = Aut(PSU(n, q)).

Also, PU(n,q)/G is cyclic of order d = (n,q + 1) and ¢ acts on it as the
p-th power. We want to prove that G has a complement in AutG if and
only if (%ll,d, m) = 1. Letting t be the product of all prime factors of d
dividing %1, counting multiplicities, this is equivalent to proving that G has
a complement in Aut G if and only if (¢,m) = 1.

LEMMA 2.1.
(i) If g € U(n,q), then det(g)?™! = 1.
(ii) U(n,q) NF* = {a € F* | a7 =1}.
(iii) (g) is a complement for PSU(n, q) in PU(n,q) if and only if det(g) =
Ma=Du apith (u,d) = 1, and g* € F*.
(iv) Assume that G has a complement C in AutG. Then it is possible to
choose g € U(n, q) and h € SU(n, q) such that C = (g, ph), g*" = g»,
det(g) = A=V with (u,d) = 1, and g%, (¢h)*>™ € F*.

Proof. (i) and (ii) follow directly form the definition of U(n, ¢). To obtain
(iii) and (iv), we note that, by (i), det(g) is of the form A(¢=D*  The proofs
are now analogous to those of Lemma 1.1. O

LEMMA 2.2.  Assume that G has a complement in Aut G. Then (m,t) = 1.

Proof. Let g,h be as in Lemma 2.1 (iv), so that det(g) = A9~D* with
(u,d) = 1, and g¢ = X\*(4=1) € U(n,q) N F* for some natural number a (see
Lemma 2.1 (ii)). Taking the determinant on both sides, we obtain A\%(4=1) =
Aen(@=1) that is, du(g—1) = da(g—1) mod(¢®—1), and so u = a2 mod L.
If r is a prime such that r|t, then T|% and 7 { u, so r  a. It follows that
(o, t) = 1.
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We may view ¢h as a ring automorphism of the ring Mat(n, ¢%). As g*" =
g°, we have that g®* = (g2)? for some z € F*, so ¢h normalizes the subring
F[g] of Mat(n, ¢?). Now the map 7 : Fg] — F|g], defined by v™ = v?, is also a
ring automorphism of F[g], and ¢hr~! is ring automorphism which centralizes
F. So A*a=1) = gd — (gd)"’h’rf1 = (g¢h”71)d = (gz)¢ = X24=D2d and ¢ = 1.
Hence we may assume that z = M@=/ g1 some integer 3. As (¢h)?™
is a scalar matrix and ¢(®"" = g?"2%?" for each natural number i, we obtain
that g = g(¢h)2m = gq2z2m, o) gq?_1 = 2~2™_ Moreover, ng_1 = gd(qz_l)/d =
/\O“(q_l)(’f_l)/d7 so we have oz(q—l)qz;1 = —(27715)#51 mod ¢% — 1. It follows
that a(q — 1) = —28m mod d.

Let r be a prime which divides t. If » = 2, then p # 2. Both %1 and
d are even, so ¢+ 1 =p™ +1 =0 mod 4 and m is odd. If r # 2, then
rld,rl¢ + 1,71 ¢ — 1, and r t « (by what we have just proved), so r { m. It
follows that (m,t) =1, as we wanted to prove. O

We now seek a complement for G in AutG. We find g, h € U(n,q) such
that det(g) = \971, g% € F*, (¢h)?>™ € F* and (g) is normalized by ¢h.

LEMMA 2.3. Assume that d = tl, di|d, di = t1l;, where t; = (d1,t).
Then there exist vy,...,v,/, € (F*)97' and u € Z such that vél =1 for
j=1,...,n/t1 and

n/t1
H (_1)t1—1/\u(q—1)vj — )\(q—l)d/d1.
j=1

Proof. The proof is analogous to that of Lemma 1.3. O

LEMMA 2.4.  Let dy = t1l1 as above. Take w € Z and vy,... v, € F
such that vé-l =1 for every j = 1,...,n/t1, and H?ff(—l)tl_l)\“(q_l)vj =
Na=Dd/dv - Then there exists a matriz g € U(n,q) such that g™ € F* and
det(g) = Ala—Dd/dr

Proof. Note that Lemma 2.3 ensures the existence of u and vy, ..., v,/
with the required properties. Then construct the matrix g as in Lemma 1.4,
using ¢ = X971 in place of ¢ = A\*. It is easy to see that gj(gj—-r)" =
diag(l,...,l,c;“l) =1, as c?“ = (Aw@=Dy)a+! = 1 because lj|g + 1. Tt
follows that g(g")? = 1, so g € U(n, q). O

PROPOSITION 2.5. PSU(n,q) is complemented in PU(n,q).

Proof. Take v1,... v,y € F and v € Z as in Lemma 2.3, with d; = d
and let g be the matrix constructed in Lemma 2.4. Then (g) is the required
complement. O
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LEMMA 2.6. Let Flw] be a commutative ring, where w has minimal poly-
nomial ' — ¢ over F (where t; is as in Lemma 2.3), that is, Flw] is iso-
morphic to the quotient of the polynomial ring F|x] over the ideal (z'* — c).
Let ¢ = X971V and assume also that (t1,u) = (t1,m) = 1. Then Flw] has
a ring automorphism v of order 2m such that a¥ = aP for every a € F and
w¥ = (wz)P, with z € (c). More specifically, we have:

(i) If t1 is odd, let k € N be such that 2mk = —1modt,. Then z =
=D/t ¢ (w).

(ii) If ty is even let k € N be such that k is odd and mk = —1mod ¢1/2.
Then z = (@ =D/21) ¢ (),

Proof. (i) In this case (t1,2m) = 1. Note that, as t1|¢ + 1, we have that
(t1,q—1) = 1, so by Observation 1.6 the polynomial z** —\“(¢=1 is irreducible.
Then the map ¢ = 72™**! constructed in Lemma 1.7 with s = ¢; and 2m in
place of m has the required properties.

(ii) As (m, %) =1, there exist an odd k € N and s € Z such that mk +
s% +1=0.

Let e = (@ ~1D/21) Ag¢? = 1 modt, it follows that 1+¢2+---+¢2*~1D =
kmodt. Also, it is clear that (‘72;1,151) =1,s0ifa = u%(l—i—qz—i—- . ~+q2(k_1))
we have that (a, 1) = 1. It follows that e = A(@~Du(@®*=1)/(2t) = ya(@®~D/ta
has order ¢;, so /2 = —1.

Let b = A“4=1/2 50 that b> = ¢. Then 2} — ¢ = (21/2 — b)(z"/% +b).
Consider the ring K[w], where w; has minimal polynomial z'/2 — b. Note

that, as (u%, %1) =1 and % %, the polynomials z*'/2 — b and /2 + b
are irreducible.

We have that (wi€)'*/? = —b and we may assume that F[w] is the direct
product Flw;] x Flwy€] = Flw] x Flwy], as € € F. Moreover, we may assume
that w = (wy,wie) and that F < Flw)] is identified with the subfield F =

{(a,a) | a € F} of the direct product.
mk
Define 9 : Flw] — Flw] by (a1,a2)?¥ = (ag,af’f2 +1). For every a € F we
have that (a,a)? = (ap,apmk“) = (a?,aP) = (a,a)P, so that ) acts on F as

the p-th power . In particular, the order of v is at least 2m.
2mk—+2 2mk—+2

We also have that (ay,az)*” = (a? ,ab ), so ¥? stabilizes Flw;].
Moreover, 92" = g(2mk+t2)m — p=2smt1/2 Byt 72m4/2 acts trivially on Flw],
so 1 has order 2m. Note that

2mk+1 2mk
-p _ -p _ D —pP_—p\ _ D -1 -1
whw™P = (wl,wle)w(wl,ww) P = (e, w e P) = (e,w] e )P
and
2mk 2k 2k 2k
1 1 t —1)/t _
wl = wi = w11(q Wt — @ =D/t = 2,
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Therefore w¥w =P = (e, €)P, that is,
w¥ = (gz)P, 2= (O D/ @D/ ¢ F A (). 0

LEMMA 2.7.  With the hypotheses and notation of Lemma 2.6, there exist
two matrices g,h € U(ty,q) such that g'* = ¢, det(g) = (=1)"17te, g =
(g2)P, where z = " =D/t € (g) if t1 is odd, and z = (& ~D/C1) ¢ (g} if
ty is even. Also, (¢ph)*™ = 1.

Proof. We have that E = {1,w,w?, ..., w1} is a basis of V = F[w] as a
vector space over F. The matrix g associated to r,, with respect to F is

01 0 ... 0
0 0 1 0
g=1: 0
0 0 O 1
c 0 0 O

We have that g € U(t1,q), by the same argument as in Lemma 2.4. Also,
gt = c and det(g) = (—1)"*~!c. Note that ¢ is a semilinear map associated
with the automorphism ¢ of F. We have that (w®)¥ = ¢ (w)*, where o €
Sym(¢1). So v permutes the subspaces Fw®. Let h be the matrix associated
to the linear map which acts in the same way as ¢ on the given basis. Then
h is monomial. Also, h(h")? is a diagonal matrix with all non-zero entries of
the form c®i(@t1) = \eiwla=D(a+D) = 1 50 h € U(ty, q).

Next, note that the group T'L(V) of semilinear maps is isomorphic to
I'L(n, q) and, with respect to the chosen basis F, we have that ¢ corresponds
to ¢h, so (¢h)?™ = 1. Also, (ph) NF* = 1.

Finally, right multiplication by w" is right multiplication by (wz)P, so
g% = (g2). O

PROPOSITION 2.8. Let dyi|d, di = tily, where t1 = (di,t). Let D <
PU(n,q) be such that G < D and D/G has order dy. If (m,t1) = 1, then G
has a complement in (D, ¢).

Proof. Take vq,...,v,/;, € F and u € Z as in Lemma 2.3, and let ¢ =
AUa=1) and ¢; = cv;. Note that ¢; = Aula=D+e (@ =1/ for some integer
aj, and as (u,t1) =1 and tl\%, we have that (u + aj%,tl) =1, so the
hypotheses of Lemma 2.6 are satisfied. Now we may apply Lemma 2.7 and
find matrices g;,h; € U(t1,q) such that (¢h;)*™ = 1, /" = (g2, with
z; € (g;). If t1 is odd, we have

2k . .
25 = Cg'q U< (CUJ‘)(qzk_l)/t1 = (@ -1/h
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for every j =1,...n/ty, as ly | %. If ¢, is even, we have

2 = cg,q?’“fl)/@n) = (cv;) @ —D/C@0) = (a*=1)/(2h)

q

for every j = 1,...n/ty, as [y | L (where I; is odd). Also, g;ll = ghth =

2_
2ty J

(cvj)h = ch.
Now consider the matrices

g1 hi
gn/t1 hn/tl

We have that g,h € U(n,q), (ph)>™ =1 and ¢g** = (gz)P, where z € FN(g).
Also, g® = ¢l and

n/t1 n/tl
det(g) = ] det(g;) = J] (=) 7A@ Doy = Ao/,
j=1 j=1
Then C = (g, ¢h) is the required complement. O

Combining Lemma 2.2 with the special case d; = d of Proposition 2.8 we
get:

THEOREM 2.9. PSU(n, q) has a complement in Aut(PSU(n, q)) if and only
if (£, d,m) = 1.

3. Untwisted groups of Lie type

In the following, we denote by F, the finite field of order ¢ = p™, with p a
prime and m a positive integer. Moreover, we denote by A a generator of the
multiplicative group of F . Let ® be a root system corresponding to a simple
Lie algebra L over the complex field C, and let us consider a fundamental
system IT = {a1,...,a;} in ®. For any choice of II and for any finite field F,
we let L(q) denote the corresponding finite group (where L denotes the type
of the group; i.e., L = A;, B;,C}, Dy, Es, Er, Eg, Fy, G2).

We assume that for the various possible root systems the elements of II are
labelled in such a way that (a,a) = 2 and (a,b) = 0 for each pair of roots in
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II, with the following exceptions:

A (ag,ai41)=—1for 1 <i<l-—1;

B;: (a1,a1) =1, (a5, a;41) = —1for 1 <i<Il-—1,;

Cy:(ag,a:)=1,(a;,a;4+1)=—1/2for 1 <i<[]—2,
(ar—1,a1-1)= —(ar—1, @) = 1;

D;: (a1,a3) = (a;,a;41) = —1for 2 <i<1—1;

E;: (a;,ai41) = (aj—3,a;) = —1for 1 <i <1 —2;

Fy: (a1,a1) = (ag,a2) =1, (a1,a2) = —1/2,
(az,a3) = (a3, a4) = —1;

Gs: (a1,a1) =2/3, (a1,a2) = —1.

The Chevalley group L(q), viewed as a group of automorphisms of a Lie
algebra Ly over the field K = F, obtained from a simple Lie algebra L over
the complex field C, is the group generated by certain automorphisms x,(t),
where t runs over F; and r runs over the root system ® associated to L. For
each r € ®, X, = {z,(t) | t € Fy} is a subgroup of L(g) isomorphic to the
additive group of the field. X, is called a root subgroup, and the group L(q)
is generated by the root-subgroups X,., +r € II. In the following we will use
the notations and the terminology introduced in [1].

Let us recall some facts about the automorphism group of L(q).

Any automorphism o of the field Fy induces a field automorphism (also
denoted by o) of L(q), defined by

(@, (8))7 = 2, (t7).
The set of the field automorphisms of L(g) is a cyclic group of order m gen-
erated by the Frobenius automorphism ¢.

We recall that a symmetry of the Dynkin diagram of L(g) is a permutation
p of the nodes of the diagram, such that the number of bonds joining nodes
i, j is the same as the number of bonds joining nodes ip, jp, for any i # j.
A non trivial symmetry p of the Dynkin diagram can be extended to a map
of the space (®) into itself, which we also denote by p. This map yields an
outer automorphism € of L(q); € is said to be a graph automorphism of L(q).
If L(q) is Ai(q), ! > 2, Di(q) or Eg(q), then (x,(t))¢ = xr,(y,t), where r €
®, t € Fy, v € Z. Moreover, the v, can be chosen so that v, = 1 if r € II,
and v, = —1if —r € IL.

Let P = Z® be the additive group generated by the roots in ®; a homomor-
phism from P into the multiplicative group FZ will be called an Fg-character
of P. From each Fg-character x of P arises a diagonal automorphism h(x)
of L(q) which maps z,(t) to z,(x(r)t). The automorphisms of the form h(x)
form an abelian subgroup H of the full automorphism group of L(g). Now con-
sider the additive group @ generated by the fundamental weights A1, ..., A;.



408 A. LUCCHINI, F. MENEGAZZO, AND M. MORIGI

Any element of P is an integral combination of A1,...,\;. (More precisely,
ai = Y 1<j< Ajidj, where (4;5) is the Cartan matrix of L.) Thus P is a
subgroup of ). Every F,-character of () gives rise to an F,-character of P
by restriction. However, an Fg-character of P need not be the restriction
of some Fg-character of Q). More precisely, if an F,-character of P, say Y,
can be extended to an F,-character of @, then the automorphism h(x) is
inner, and vice versa. In the following we will often apply the above cri-
terion to decide whether a diagonal automorphism h(y) is inner; this will
be done using the information coming from the Cartan matrix. Namely, if
x(a;) = A%, 1 < ¢ <, then x can be extended to a F,-character of @ by
setting x(\;) = A% for 1 <i < [ if and only the integers 31, ..., 3 satisfy the
conditions a; = Zl<j<l AjiB; modg—1forl<i<lL

We denote by H the group of the diagonal automorphisms that are inner
and by d the order of the abelian group H /H. The value of d is given by the
following table.

L(q) d
Ailg) | (I+1,g-1)
Bi(g) | (2,¢—-1)
Cilg) | (2,g—1)
Di(q) | (4,4 -1)
Eeg(q) | (3,¢—1)
E?(Q) (27(] — 1)
Es(q) 1
G2(‘I) 1
Fy(q) 1

The main result about the automorphism group of L(q) is as follows:

For each automorphism 6 € Aut L(q) there exist an inner automorphism i,
a diagonal automorphism h, a field automorphism f and a graph automor-
phism €, such that 6 = ihfe; moreover,

L(q) < (L(q), H) < (L(q), H,¢) < Aut L(q).

We will prove the following result:

THEOREM 3.1.  Suppose that ¢ = p™ and let L(q) be an untwisted group
of Lie type. Define ¢ = ¢' if L = Dy, and § = q otherwise. Then L(q) has a
complement in Aut L(q) if and only if the following condition is satisfied:

(%) (d%dl,d,m) =1.
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We have already proved that this is true for A;(¢) = PSL(l 4 1, ¢). In this
section we discuss the remaining cases.

The subgroup (L(q), H ) of inner-diagonal automorphisms is always com-
plemented in Aut L(g), so we only have to deal with the cases when d # 1.

We first prove that the condition (x) is necessary in order for L(q) to have
a complement.

As had already been noticed by Pandya [6, Lemma 3.5], Lang’s Theorem
implies the following result.

LEMMA 3.2. Suppose that L(q) has a complement X in Aut L(q). Then
there exists g € L(q) such that the Frobenius automorphism ¢ belongs to X9.

Thus, if L(q) has a complement X in Aut L(q), we may assume without
loss of generality that ¢ € X. In particular, Y = (L(q), fI) N X is a subgroup
of X isomorphic to H /H and normalized by ¢. We will show that this is
possible only if (§ — 1/d,d,m) = 1. To this end we use the Bruhat Decom-
position. As is well known, if N is the normalizer of H in L(q), then there
exists a homomorphism from N onto the Weyl group W of L, with kernel
H. For each w € W we fix an element n,, € N which maps to w under this
homomorphism and such that [n.,¢] = 1. Let U = (X, | r € II) and let U,
be the subgroup generated by those root subgroups X, for which r is positive

and rw is negative. Each element x of (L(q), H) has a unique representation
in the form = = uyh(x)n,u, where uy € U, h(x) € H, w € W, u € Uy,.

LEMMA 3.3.  Suppose that L(q) = Bi(q),Ci(q), or E7(q) and that there
exists a complement Y of L(q) in (L(q), H) normalized by the Frobenius au-
tomorphism ¢. Then (x) is satisfied.

Proof. We may assume d # 1. Hence d = (¢ — 1,2) = 2 and ¢ = p™
with p an odd prime. In this case Y = (x), with |z| = 2. Using the Bruhat
Decomposition we may write x in the form z = uyh(x)n,u with u; € U and
u € Uy. Then

z =% = ulh(x)*nlu® = ulh(x)*n,u’.

Note that uf € U and u® € Uy, so by the uniqueness of the representation of
x we deduce h(x)? = h(x), and this implies x” = x. Since = ¢ L(q), we have
h(x) € H \ H, which implies that there exists 1 < i < I with y(a;) = A* for
an odd integer s. Therefore sp = smod ¢ — 1. Hence (¢ —1)2 < (p —1)2, and
this is possible only if m is odd. To conclude the proof, it is enough to notice
that if d = 2, then (¢ — 1/d,d, m) =1 if and only if m is odd. O

LEMMA 3.4. Suppose that L(q) = D;(q) with 1 even and that there exists a

complement Y of L(q) in (L(q), H) normalized by the Frobenius automorphism
¢. Then (x) is satisfied.
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Proof. Again we may assume d # 1. In this case d = 4, I;T/H ~ 7o X Zo
and ¢ centralizes H /H. In particular, Y contains an element z of order 2
centralized by ¢. Arguing as in Lemma 3.3, we deduce that m is odd, and this
is equivalent to the condition that (¢! — 1/4,4,m) = 1. O

LEMMA 3.5.  Suppose that L(q) = D;(q) with I odd and that there exists a

complementY of L(q) in (L(q), ﬁ) normalized by the Frobenius automorphism
¢. Then (x) is satisfied.

Proof. Again it is enough to prove that either d = 1 or m is odd. Assume
d # 1. Then ﬁ/H is cyclic of order d € {2,4}. Let = be a generator of Y. If
[¢, 2] = 1 we may repeat the argument of Lemma 3.3 to deduce that m is odd.
So assume that ¢ does not centralize x. This occurs only if d = 4, p = 3mod 4,
and m is even. In this case we take an element y € Y of order 2 and write y in
the form y = uih(x)ny,u with u; € U and u € U,,. As ¢ centralizes y, using
the uniqueness of this representation, we deduce x? = x. Since y ¢ L(q), we
have h(x) € H\ H, which implies that there exists 1 < i < [ with x(a;) = A%,
for some integer s not divisible by 4. Therefore sp = smodq — 1. Hence
(g —1)2 < (s(p—1))2 <4, but this is impossible, since if p = 3mod4 and m
is even, then ¢ = 1 mod 8. O

LEMMA 3.6.  Suppose that L(q) = Eg¢(q) and that there exists a comple-

ment Y of L(q) in (L(q),f[} normalized by the Frobenius automorphism ¢.
Then (x) is satisfied.

Proof. In this case d = (3,q — 1) and (%) is equivalent to the condition
that either d = 1 or (3, m) = 1. Suppose that d # 1. H’/H is cyclic of order
3. Let = be a generator of Y and write « in the form z = uih(x)n,u with
uy € U and u € U,,. Since ¢? centralizes z, arguing as in the proof of Lemma
3.3 we deduce h(x)¢2 = h(x), and this implies X" = x. Since = ¢ L(q), we
have h(x) € H \ H, which implies that there exists 1 < i < 6 with y(a;) = A*®
for an integer s not divisible by 3. Therefore sp?> = smodq — 1. Hence
(¢ —1)3 < (p? — 1)3, which implies (3,m) = 1. O

It remains to prove that if (x) is satisfied, then L(g) has a complement in
Aut L(q). As we have already noticed, (L(q),ﬁ ) is always complemented in
Aut L(q), so we only have to consider the case when d # 1.

We first recall the following useful result (see [1, Theorem 7.2.2]):

LEMMA 3.7. Ifn € N andn maps to w under the natural homomorphism
from N onto W, then h(x)™ = h(x™), where x*(r) = x(rw) for each r € ®.

For any r € ® let w, be the reflection in the hyperplane orthogonal to r
and let n, = z,(1)x_,(—1)z,(1). Then n, € N and n, maps to w, under the
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natural homomorphism from N onto W. In the following we write w;, n; in
place of wg,, ng,, for any a; € IL.

LEmMA 3.8. If L(q) = Bi(q) and (x) is satisfied, then there is a comple-
ment X of L(q) in Aut L(q).

Proof. We may assume d = 2 (in which case L(g) has no graph automor-
phism). Let u be a generator of the 2-Sylow subgroup of F; and define x
by X(al) = u, x(az) = p~t, and x(a;) = 1 for i > 2. Consider the ele-
ment z = h(x)n;. We have n? = hi(—1) = 1 (see [4, p. 20]), x“*(a1) =

(alwl) = x(~a1) = p~" and x**(a2) = x(a1w1) = x(2a1 + az) = p. Hence
22 = h(x)h(x)™ = h(x)h(x™*) = 1. Moreover, since (x) is satisfied, we have
(g—1)2 = (p—1)2, so p? = p and [x,¢] = 1. We claim that = ¢ L(q).
Indeed, if © € L(q), then h(x) € H, and x could be extended to an F,-
character of Q; as 2\ = lay + (I — 1)ag + -+ + a;, we would then have
x(M)? = x(lay + (1 — 1)ag) = p € F2 ;> @ contradiction. But then X = (z,¢)
is a complement for L(q) in Aut L(q ) O

LEMMA 3.9. If L(q) = Ci(q) and () is satisfied, then there is a comple-
ment X of L(q) in Aut L(q).

Proof. We may assume d = 2. Let u be a generator of the 2-Sylow subgroup
of F} and define x by x(a;) = p if i = 1mod 4, x(a;) = p~tif i = 3mod4,
x(a;) = 1 if i is even and i # [, and x(a;) = x(a;_1)~" if [ is even. Let
n = nns...n; with £ = 2[1—71] + 1 and consider the element = = h(x)n.
Let w = wyws ... wg. Then x%(a;) = x(a;w) = x(—a;) if 7 is odd, x*(a;) =
x(a;w) = x(a;—1+a;+a;+1) = 1if i is even and ¢ # I, and x*“(a;) = x(qqw) =
X(2a;—1 + a;) = x(a;)~t if [ is even. Since n? = hy(=1)hz(=1)... hx(=1) =1
(see [4, p. 20]), we have 22 = h(x)h(x)" = h(x)h(x¥) = 1. Moreover, since
(%) is satisfied, (¢ — 1)2 = (p — 1)2, so u? = p and [z, ¢] = 1. We claim that
x ¢ L(q). Indeed, if x € L(g), then h(x) € H, and x could be extended to

an Fg-character of @Q); as 2A\1 — a; € (2a1, 2a2, . .., 2a;—1) we would then have
x(a)) = x(\1)? mong, and hence x(a;) € Fg, a contradiction. But then
X = (z, ¢) is a complement for L(q) in Aut L(q). O

LEmMA 3.10.  If L(q) = E7(q) and (x) is satisfied, then there is a comple-
ment X of L(q) in Aut L(q).

Proof. We may assume d = 2. Let u be a generator of the 2-Sylow subgroup
of ¥y and define x by x(a1) = x(ar) = p, x(az) = p~', and x(a;) = 1
otherwise. Let n = ninsn; and consider the element = h(x)n. Let w =
wywgwy. Then y*(a;) = x(agw) = x(—az) if i € {1,3,7}, x*(a5) = x(a;w) =
x(a;) = 1ifi € {5,6}, x*(a2) = x(a2w) = x(a1 +az2 +az) =1, and x*(as) =
X(asw) = x(az + a4 + a7) = 1. Since n? = hy(—1)h3(—1)h7(=1) = 1 (see
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[4, p. 20]), we have z2 = h(x)h(x)" = h(x)h(x¥) = 1. Moreover, since ()
is satisfied, (¢ — 1)2 = (p — 1)2, so w? = p and [z,¢] = 1. We claim that
x ¢ L(q). Indeed, if z € L(q), then h(x) € H, and x could be extended to an
F4-character of Q; as 2\ = 3aq +4az + 5a3 + 6a4 + 4as + 2a¢ + 3a7, we would
then have x(\1)? = x(3a; + 5a3 + 3a7) = p € Fg, a contradiction. But then
X = (z, ¢) is a complement for L(q) in Aut L(q). O

LeMmMA 3.11.  If L(q) = Es(q) and (x) is satisfied, then there is a comple-
ment X of L(q) in Aut L(q).

Proof. We may assume d = 3. Consider the subgroup S = (X,,, X_q,
1 < i < 5) of Eg(q) and let T be the subgroup of Aut Fg(q) consisting of
the elements of the form sh(y) with s € S and x(ag) = 1. Let Z = Z(S).
Then Z is cyclic of order 2, generated by z = hg, (=1)hay(—1)hag(—1). More-
over, S = SL(6,¢)/(w) with w a primitive 3rd root of unity in F,, S/Z =
As(q) = PSL(6,q), T normalizes S and acts by conjugation on S/Z = As(q)
as the group of the inner-diagonal automorphism of As(q). We have proved in
Proposition 1.11 that if (x) is satisfied, then there exist g1 € GL(6, ¢)\SL(6, q)
and go € SL(6,q) such that (tg2)? = 1, [tg2,¢] = 1, ¢ and 1g, normalize (g;)
and g3 € Z(SL(6,q)). Thus there exist an element y € S, centralized by ¢
and such that ye has order 2 (where € is the graph automorphism of L(q)),
and an element z = sh(x) € T such that = ¢ S, 23 € Z, and (z) is normal-
ized by ¢ and by ye. We claim that X = (22, ¢, ye) is a complement for L(q)
in Aut L(g). We only have to prove that 22 ¢ L(q). Since z ¢ S, we have
x(a1)x(az2) " tx(as)x(as)~t ¢ Fg. If 22 € L(q), then h(x?) € H, and x? could
be extended to a F,-character x of Q; as 3\ = 4a1+5a2+6as+4as+2a5+3as,
we would then have (y(a1)x(az2) tx(as)x(as)™1)? = x(\1)? mod Fg, a contra-
diction. O

LEMMA 3.12.  If L(q) = D;(q) with | even and (x) is satisfied, then there

is a complement X of L(q) in (L(q), H), which is normalized by the Frobenius
and the graph automorphisms.

Proof. We may assume d # 1. In this case ﬁ/H & Zo X Zy. Moreover,
if x is an Fy-character of P with x(a;) = 1 for ¢ > 4 then h(x) € H only if
x(a;)x(a;) € Fg for each (i, §) € {(1,2,4)}2. Let i be a generator of the Sylow
2-subgroup of the multiplicative group of the field Fy . For i € {1,2,4} let x;
be the F,-character of P defined by x;(as) = p%, xi(a;) = 1, and x;(a;) = p
if j ¢ {i,3}. Consider the elements x1 = h(x1)nang, v = h(x2)ning, and
x4 = h(x4)nine, It can be easily verified that z1, 22, x4 generate a complement
X of L(q) in (L(q), H). Since (¢ —1/2,2,m) =1, (¢ —1)/(p — 1) is odd and
u® = p. This implies that X is centralized by the field automorphisms. Any
graph automorphism € of D;(q) arises from a permutation of the roots aj,as
when [ # 4, and from a permutation of the roots ai,as,as when | = 4. This
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automorphism e permutes in the same way the three generators x1, s, x4 of
X, so X is normalized by the graph automorphisms. O

LEMMA 3.13.  If L(q) = Di(q) with 1 odd and (*) is satisfied, then there is
a complement X of L(q) in Aut L(q).

Proof. We may assume d = (4,q — 1) # 1. We first deal with the case
d = 2. Consider the subgroup S = (X,,, X4, | 1 < i < 3) of D;(q) and let
T be the subgroup of Aut D;(q) consisting of the elements of the form sh(x)
with s € S and x(a;) = 1 for ¢ > 4. Then S = A3z(q) = PSL(4,q) and T
acts by conjugation on S as the group of the inner-diagonal automorphism
of S. We have proved in Theorem 1.12 that if (*) is satisfied, then there
exists a complement (x) of PSL(4,q) in PGL(4, ¢), normalized by ¢ and ¢.
When we identify PSL(4, ¢) with As(q), the automorphism ¢ can be written
as the product of an inner automorphism centralized by ¢ with the graph
automorphism. Note that the graph automorphism € of D;(q) centralizes the
root subgroup X,,,3 <1 <[, and acts on T as the graph automorphism of
As(q). Thus there exist an element y € S, centralized by ¢ and such that
ye has order 2, and an element x = sh(x) € T of order d modulo S, which
generate a subgroup normalized by ye and ¢. We claim that X = (x, ¢, ye)
is a complement for L(q) in Aut L(g). We only have to prove that « ¢ L(q).
Since z ¢ S, we have x(a1)x(az) ¢ Fg .If 2 € L(q), then x could be extended
to a Fy-character x of Q; as 4\ € a1 + az + 2(a1, az, as, aq, . . ., a;), we would
then have x(a1)x(a2) = )Z(Al)4modF3, which implies x(a1)x(az) € Fg, a
contradiction.

Now assume d = (¢ — 1,4) = 4. Let p be a generator of the 2-Sylow sub-
group of Fy and define x by x(a2) = p, x(a1) = x(az) = 1, x(a;) = 1 if i
is even and i # 2, x(a;) = —p~ ' if i is odd, i > 3 and i = 1 mod 4, and
x(a;) = —p if i is odd, ¢ > 3 and ¢ = 3 mod 4. Let n = ninznansny...n
and consider the element x = h(x)n. Since n* = 1, we have z* = (h(x)n)?* =
h(X)h(X)"h(X)”2h(X)”3 = h(XXwa2xw3), where w = wjwswawswy . .. w;.
But a;(1 +w+ w? + w?) = 0 if i is odd or i = 2, as(1 + w + w? + w3) =
2(a; + ag + 2a3 + 2a4 + as) and a;(1 + w + w? + w?) = 2(a;—1 + 2a; +
a;+1) if i is even and i > 4. Hence XXwXMQst =1 and 2* = 1. More-
over, 2z = h(xX)nh(x)n = h(x)hs(~1hr(~1) ... hu(~1)h(x)" = h(Tox™),
where (1) — x(a2), ¥(a2) = x(a1), and (a;) = x(a;) otherwise, (as) —
—1, and % (a;) = 1 otherwise. Now,

x¥x(a1) = x(a2)x(a1w) = x(a2)x(—a1 —az —az) =1,
X¥x(az) = x(a1)x(a2w) = x(az) =1
x¥x(as x(ay) =1

7X(CL2 + a3+ aq4 + CL5) = ].,

(a1)x(azw)
= x(az)x(azw) =

(as)x(asw) =
x¥x(ai) = x(ai)x(aiw) = x(ai)x(—a;) = 1 if i is odd, i > 5,
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xx(ai) = x(ai)x(a;w) = x(as)x(ai—1 + a; + aiy1) =1
if ¢ is even, ¢ > 6.

Hence we conclude z¢ = x~!. Moreover, since (x) is satisfied, we have (g —

1) = (p— 1)2, so pP = p and [z,¢] = 1. We claim that 22 ¢ L(q). Since
22 ¢ S, we have y(a1)x(az) ¢ Fg. If 22 € L(q), then x? could be extended

to a Fy-character x of Q; as 4\ € a1 + as + 2(a1, az, as, aq, . . ., a;), we would
then have p? = y(a1)?x(a2)? = y(A\1)* mod F‘ql, a contradiction. But then
X = (x, ¢, €) is a complement for L(q) in Aut L(q). O

4. Twisted groups of Lie type

We begin with a short description of the twisted groups. Let G = L(g¢*)
be a group of Lie type whose Dynkin diagram has a non trivial symmetry
p of order s. If € is the graph automorphism corresponding to p, let us
suppose that L(¢®) admits a non trivial field automorphism « such that the
automorphism o = e« satisfies 0® = 1. If such an automorphism o does exist,
the twisted group °L(q) is defined as the subgroup of the group L(q®) which
is fixed elementwise by o. The structure of *L(q) is very similar to that of a
Chevalley group: if ® is the root-system fixed in L(¢®), the automorphism o
determines a partition of ® = US;. If R is an element of the partition, we
denote by Xg the subgroup (X, | r € R) of L(¢*), and by X the subgroup
{x € Xg,| 27 = z} of °L(q). The group °L(q) is generated by the groups
Xéi, ® = US;; in fact, the subgroups X% play the role of the root-subgroups.
An element R of the partition which contains a simple root is said to be a
simple set. We have Aut(°L(q)) = (°L(q), H', ¢), where ¢ is the Frobenius
automorphism and H' = N (°L(q)). Note that h(x) € H! if and only if
x(rp) = x(r)® for any s € ®. Moreover, a diagonal automorphism h € H' is
inner if and only if » € H' = H N*L(q). Let d be the order of H'/H". Then
d =1 except in the following cases:

*L(q) d
Aig) [(T+1,9+1)
Di(g) | (4,4 +1)
Es(q) | (3,¢+1)

We will prove the following result:

THEOREM 4.1.  Suppose that ¢ = p™ and let °L(q) a twisted group of Lie
type.
(1) If °L(q) # 2Dy(q), then °L(q) has a complement in Aut*°L(q) if and
only if (%,d, m) =1.
(2) Ifl is odd, then 2Dy(q) has a complement in Aut2D;(q) for any choice
of q.
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(3) If 1 is even, then 2Dy(q) has a complement in Aut?D;(q) if and only
ifd=1.

We have already shown that this is true for 24;(q) = PSU(l + 1, q). When
d =1, {¢) is a complement for °L(q) in Aut®L(q), so we only have to deal
with the cases 2D;(q) and %E(q).

LEMMA 4.2. If | is odd, there exists a complement X of 2Di(q) in
Aut 2Dy (q).

Proof. We may assume d # 1. First suppose d = (¢ + 1,4) = 2 and note
that this implies (‘rg—l,Q,m) = 1. Consider the simple sets Ry = {a1, a2},
Ry = {—a1, —CLQ}, R3 = {a3}, Ry = {—&3}. Let S = <X11%1,X}1%2,X}133,X1134> <
2Di(q) and let T be the subgroup of Aut2D;(q) consisting of the elements
of the form sh(x) with s € S, h(x) € H' and x(a;) = 1 for i > 4. Then
S = 243(q) = PSU(4,q) and T acts by conjugation on S as the group of
the inner-diagonal automorphism of S. Since (‘I;F—I,Q,m) = 1, by Theorem
2.9 PSU(4, q) has a complement in Aut(PSU(4, q)). Therefore there exist t =
sih(x) € T and sg € S such that (t) is a complement for S in T normalized
by s2¢ and |s2¢| = |¢|. We claim that X = (¢, s2¢) is a complement for 2D;(q)
in Aut2D;(g). We only have to prove that ¢t ¢ 2D;(q). Since t ¢ S, we have
x(a1) ¢ (F2)2 If t € 2Dy(q), then x could be extended to an F,2-character
of @ satisfying x(A2) = x(A1)%. As 2(A\;1 — A\2) = a1 — ag, we would then have
Y(A1)2@7D = x(a1)971, which implies x(a;) € (F,2)?, a contradiction.

Now assume d = (¢! + 1,4) = 4. Let p be a generator of the 2-Sylow
subgroup of F. and define x by x(a1) = p, x(a2) = p?, x(az) = —1, and
x(a;) = 1 otherwise. Let n = ngninansny ...n; and consider the element x =
h(x)n. Since [n,¢] = [n,e] = 1, we have z € 2D;(q). Arguing as in the proof
of Lemma 3.13 it can be shown that 2* = 1. Now let y = nino¢. We claim
that ¥ = 271 Indeed, z¥x = (h(x)n)?h(x)n = h(x)™"2®n™"2h(x)n =
RO )™ hy(~1)hs(—1) -l (—D)h(0)™ = A((x?)™ 2 x"), where v(a1) =
Y(ag) = —1, and ¢¥(a;) = 1 otherwise, and w = wswiwowswy ... w;. Let
% = (x*)" " gy, Then

X(a1) = —x(arwiw2)Px(a1w) = —x(—a1)"x(az2 + az) = p¥ " =1,
X(az) = —x(agwiws)Px(agw) = —x(—ag)’x(a1 + az) = p' 77 =1,
X(a3) = x(azwiw2)’x(azw) = x(a1 + az + a3)’x(—a1 — a2 — a3)
- M(q+1)(p—1) =1,
X(a1) = x(aawi1w2)Px(aqw) = x(as)’x(a1 + a2 + a3 + a4 + as)
= —pitt =1,

X(a;) = x(a;wrw2)?x(a;w) = x(a;)Px(—a;) =1if i is odd, ¢ > 5,
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X(ai) = x(aiwiw2)?x(a;w) = x(a:)’x(ai—1 + a; + aiz1) =1
if ¢ is even, ¢ > 4.

We claim that (x,n1n2¢) is a complement for 2D;(q) in Aut2D,(q). We only
have to prove that 22 ¢ 2D,(q). If 22 € 2D;(q), then x? could be extended to
a Fg2-character y of @ satisfying x(A\2) = x(A1)?. As 2(A\1 — A2) = a1 — ag,
we have y(A1)2(4=Y = 12(0=1) Moreover, from A + s = 52 (a; 4+ az) + (1 —
2)az + - - + a; we deduce y(A\1)7 € (F,2)2@+) | so

g1
pE =g

which is again a contradiction. O

LEMMA 4.3. Ifl is even and q is odd, then 2D;(q) has no complement in
Aut 2Dl (q)

Proof. Assume that X is a complement of 2D;(q) in Aut2D;(q). We may
assume X = (x, dy), where y € 2D;(q) and z is an inner-diagonal automor-
phism of 2D;(q) of order 2, centralized by ¢y. We may write z = h(x)z,
with z € 2Dy(q), x(a1) = X, x(a2) = A9, and x(a;) = 1 for i > 3 (where A
is a generator of F}2). The inner diagonal automorphism group (*D;(q), HY
can be viewed as a subgroup of (D;(¢%), H). We claim that h(x) ¢ H. In-
deed, if h(x) € H, then x could be extended to an Fg2-character of Q; as
2\1 € a1 + (a1 + ag, a3, ...,a;) we would then have A\ = x(ay) € (qu)2, a
contradiction. This implies that # ¢ D;(¢?). By Lang’s Theorem there exists
g € Dy(¢?) with (¢y)? = ¢. In particular, z9 € (Dy(¢?), H) \ Di(¢%) and is
centralized by ¢. Using the Bruhat Decomposition in D;(¢?) we may write 29
in the form 29 = uih(x1)nwu with u; € U and u € U,,. Then

29 = (29)? = ulh(x1)®nlu® = ulh(x1)*n,u.

Note that u‘f € U and u? € Uy, so, by the uniqueness of the representation of
29, we deduce h(x1)?® = h(x1), and this implies x¥ = 1. Since 29 ¢ D;(¢?), we
have h(x1) € H\ H, which implies that there exists 1 < i <[ with x(a;) = A%,
for an odd integer s. Therefore sp = smod ¢ — 1. Hence (¢ — 1)y < (p—1)a,
but this is impossible. O

LEMMA 4.4. If 2Es(q) has a complement in Aut?FEg(q), then (qdil, d, m)
=1.

Proof. In this case d = (3,¢+ 1) and (%,d, m) = 1 is equivalent to the
condition that either d = 1 or (3,m) = 1. Suppose that d # 1. Assume that
X is a complement of 2Eg(q) in Aut?FEg(q). We may assume X = (z,¢y),
where y € 2Eg(q) and z is an inner-diagonal automorphism of 2Eg(q) of order
3, centralized by (¢y)?. We may write z = x(h)z, with z € 2Eg(q), x(a1) = A,
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x(as) = A%, and x(a;) = 1 otherwise (where \ is a generator of F;» ). The inner

diagonal automorphism group (2Es(q), H') can be viewed as a subgroup of
(Es(q?), H). We claim that h(x) ¢ H. Indeed, if h(x) € H, then x could be
extended to an F j2-character of Q); as 3\ = 4a,+5a3+6a3+4as+2a5+3ag, we
would then have y(A1)? = A2, which implies A € (F,2), a contradiction.
This implies that ¢ Eg(¢?). By Lang’s Theorem there exists g € Eg(q?)
with (¢y)? = ¢. In particular, 29 € (Es(q?), H) \ Es(¢?) and is centralized by
¢?. Using the Bruhat Decomposition in Eg(¢?) we may write z9 in the form
29 = urh(x1)nywu with u; € U and u € U,,. Arguing as in the previous lemma

we deduce that h(x1)®" = h(x1), and this implies le = x1. Since 29 ¢ Eg(q?),
we have h(x1) € H \ H, which implies that there exists 1 < i < 6 with
x(a;) = A* for some integer s not divisible by 3. Therefore sp?> = smod ¢ — 1.
Hence (¢>—1)3 < (p?—1)3, which implies (m, 3) = 1 (for otherwise (¢%—1)3

(q+1)s=(@+Ds(l—p+---4+p™ s> (p+1)3 = (p*> — 1)3). 0

LEMMA 4.5. If (%,d, m) = 1, then there is a complement of *Eg(q) in
Aut?Es(q).

Proof. We may assume d = 3. Consider the simple sets R; = {a1, a5},
Ry = {—a1,—as}, R3 = {az,aa}, Ry = {—az,~as}, R5 = {az}, R =
{—as}. Let S = (X} |1 <i < 6) < 2Eg(q) and let T be the subgroup
of Aut 2Fs(q) consisting of the elements of form sh(x) with s € S, h(x) € H'
and x(ag) = 1. Let Z = Z(S). Then Z is cyclic of order 2, generated
by z = hg,(—1)hey(—1)he,(—1). Moreover, S = SU(6,q)/{w) with w a
primitive 3rd root of unity in F,2, S/Z = 245(q) = PSU(6,q), T normal-
izes S and acts by conjugation on S/Z = As(q) as the group of the inner-
diagonal automorphism of As(q). We have proved in Proposition 2.8 that if
(241, d,m) = 1, then there exist g; € U(6,q) \ SU(6,9) and g» € SU(6,q)
such that |¢gs| = |¢| = 2m, ¢go normalizes (g1) and g3 € Z(SL(6,q)).
Thus there exist an element y € S and an element x = sh(x) € T such
that © ¢ S, 2> € Z, (x) is normalized by ¢y and |¢py| = |¢p| = 2m. We
claim that X = (22, ¢y) is a complement for 2Es(q) in Aut?FEg(q). We only
have to prove that z2 ¢ L(q). Since z ¢ S, we have y(ai)x(az)~! ¢ Fg. If

22 € L(q), then h(x?) € I:I, and x? could be extended to an F,-character
X of Q; as 3\1 = 4a; + bag + 6as + 4ag + 2a5 + 3ag, we would then have
(x%(a1)x?(a2) 17! = x¥(A1)* mod Fz, a contradiction. O
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