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O-MINIMAL STRUCTURES: LOW ARITY VERSUS
GENERATION

SERGE RANDRIAMBOLOLONA

ABSTRACT. We show that an analogue of Hilbert’s Thirteenth Prob-
lem fails in the real subanalytic setting. Namely we prove that, for any
integer n, the o-minimal structure generated by restricted analytic func-
tions in m variables is strictly smaller than the structure of all global
subanalytic sets, whereas these two structures define the same subsets
in R*t1,

1. Introduction

The aim of this paper is to prove that, for any fixed n € N, the o-minimal
structure generated by the family of all global subanalytic subsets of R" is
strictly smaller than the structure of all global subanalytic sets: some suban-
alytic subsets of R"*! are “transcendental” over the family of all subanalytic
subsets of R™.

The main motivation for this work was to prove that the statement

“Given an o-minimal structure S over X, there is an integer n
such that S and str (S(™)—its reduct generated by S-definable
subsets of X™ —define the same subsets of X, for all N.”

is false. We now know it fails in the case S is the structure of global subanalytic
sets.

This result can be seen as a negative answer to a generalized real analytic
version of the second part of Hilbert’s Thirteenth Problem: subanalytic func-
tions do not have the superposition property (see [12] for the positive answer
in the continuous setting).

In Section 2, we give the following definitions: o-minimal structure, gener-
ated structure, subanalytic sets and sub-n-analytic sets; only the last one is
original. We then recall some well known properties.

In Section 3, we show that restricted analytic functions in n variables and
subanalytic subsets of R"*! have the same definability power. This elegant
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proof is due to Daniel J. Miler and is based on Hironaka’s Uniformization
Theorem for subanalytic sets.

In Section 4-7, we use Gabrielov’s “Explicit Fibre Cutting Lemma”, a di-
agonal argument on formal series and metric control on truncation of trans-
lated power series, to prove that there is a restricted analytic function f :
[~1,1]"*! — R whose graph cannot be defined by mean of restricted analytic
functions in n variables.

2. Definitions

DEFINITION 2.1.  We call S = (S™),,cy a structure over (R; +,- ) if it has
the following properties:

(S1) 8™ is a boolean subalgebra of P(R™) for each n € N.

(S2) If n is an integer and A is a semialgebraic subset of R™ then A € S

(S3) If A€ 8™ then R x A € S+,

(S4) IfAe S (n1) and 7 : R"*1 — R" is the cartesian projection m(z1, ...,
Tpi1) = (T1,...2,) then m(A) € S™.

It is said to be an o-minimal structure over (R;+, - ), if, in addition, it has the
following property:

(S5) Every element of S™) is a finite union of singletons and open intervals.

In other words, a structure over (R;+,-) is a collection of real sets, con-
taining the family of all semialgebraic sets and stable under natural set theo-
retical operations: union, intersection, complementation, cartesian projection
and cartesian product. The structure is o-minimal if the elements of S() are
the simplest possible: finite unions of intervals and points.

Elements of |J, S are called S-definable sets; given an S-definable set
A, we call the integer n such that A € S the arity of A.

A function f from some A C R"™ to R™ is said to be S-definable if its graph
is an S-definable set.

For an introduction to the geometry in o-minimal structure, see, for in-
stance, [6] or [7].

Let us now define the notion of generated structure.

IfU = (U™ ey and V = (VM) oy are such that Y™
V() C P(R™), we will denote by U C V the property ‘U™
neN’.

If A = (A™), ey is such that A C P(R™), there exists a smallest element
(for the partial order C on [],, .y P(P(R™))) among the S = (§(™),,cn forming
a structure over (R; +,-) and satisfying A C S. We will denote this structure
by str (A), and call it the structure generated by A.

P(R™) and

-
C V™ for all



SUBANALYTIC SETS OF LOW ARITY 549

REMARK 2.2. Let ng be an integer and F("0) a subset of P(R™); when
no confusion is possible, we will identify F("0) and the family

G = (6" )nen € [[ P(PR™),

neN

where G = ) if n # ng and G("0) = F(no),
In such a case str (F(")) stands for str (G).

Given an n € N, we let B(n) be the algebra of all functions f : [-1,1]" — R
such that f admits an analytical continuation in a neighbourhood of [—1,1]™.
We call such a function f a restricted analytic function (in n variables).

Let & = (£™),en+ be the element of [, .. P(P(R™)) defined by

g0tV = {graph(f), f € B(n)}.
With the previous notation, we denote by R,, the structure str (£).

THEOREM 2.3 (Gabrielov). R,, is an o-minimal structure.
An element A in R,, is called a global subanalytic set.

DEFINITION 2.4. Given an integer n we let
Ran(n) = str (5("-"_1));

Ran(n)-definable sets are called global sub-n-analytic sets.

In other words, Ry, () is the structure generated by the graphs of all re-
stricted analytic functions in at most n variables (whereas there is no bound
on the number of variables for the restricted analytic functions used to gen-
erate Ryy).

For instance,

T+ T2 I3 — COS Xy

in —— >0
+ sin 5 > 0}

{(z1, 22, 23) € [-1,1]3; cos
is a Ryn(1)-definable subset of R3.
PROPOSITION 2.5. R,y is model complete (as a B(n)-structure).

Let p be an integer; we will denote by A,(B(n)) the subalgebra of B(p)
generated by all the functions

(.%'1, PN 7;I;‘p) — f(sco(l), ce ,.”L'U(n)),
as o ranges over {1,...,p}tL7} (the set of functions from {1,...,n} to
{1,...,p}) and f ranges over B(n) (the set of restricted analytic functions in

n variables).
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Once we have noted that, for every p € N, the algebra A,(B(n)) is stable
under the action of partial derivation operators, Proposition 2.5 easily fol-
lows from Gabrielov’s “Explicit Model Completeness” ([11, Theorem 1 and
Corollary]).

We will use a more precise version of this result in Sections 4 and 5 to show
how R,y (n)-definable functions are controlled by restricted analytic functions
in at most n variables.

3. Sub-n-analytic sets

PROPOSITION 3.1. Ry is the structure generated by global subanalytic
sets of arity n + 1.

The following proof is due to Daniel J. Miller.

The inclusion Ry, () E str (RY) is easy.

Let us prove the other inclusion by induction on n. The case n = 0 is clear,
so let n > 0 and assume the results holds for n — 1.

Denote by K the set [—1,1]". By the cell decomposition theorem ([7,
Theorem 2.11]), it is enough to prove that, given an R,,-definable function
f:C — R, where C is an R,y-cell either included in or disjoint from K, then
[ is Ray(n)-definable.

Note that the mapping i : (21,...,2,) — (1/21,...,1/2,) is Raneny-
definable and sends R \ K to K; we thus can suppose that A C K.

Up to a finer cell decomposition, we can furthermore suppose that | f(zZ)|—1
has constant sign on C' and, since y + 1/y is R,y (,)-definable, we can assume
that |f(Z)] <1 forallT € C.

Let G be the closure of the graph of f; G is a compact subanalytic set of
dimension d < n.

Hironaka’s uniformization theorem ([1, Theorem 0.1]) gives a d-dimensional
analytic manifold Y and a surjective analytic proper mapping ¢ : ¥ — G.

Since G is compact and v surjective and proper, Y is compact; we then
easily get a finite family {¢; : [~1,1]¢ — Y},—1 s of restricted analytic
functions such that the union of their images is covering Y.

Hence G = |Ji_, ¢ o ¢;([-1,1]%) is an Ran(q)-definable set and thus an
Ran(n)-definable set.

By the induction hypothesis, C' is an R,;(,—1)-definable set and thus an
Ran(n)-definable set. The function f is R,,(,)-definable, for its graph, G N
(C x R), is.

4. n-regularity

In the following sections, we prove that there are some R,,-definable an-
alytic functions in n + 1 variables which are not R,;(,)-definable. We first
show how each R, (,)-definable function is “controlled”, through the notion
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of mn-regularity, by the restricted analytic functions in n variables used to
define it.

Let n and p be two integers; in the proof of Proposition 2.5 we have defined
the algebra A,(B(n)).

By definition, each g € A,(B(n)) can be written in the form

g(xlv v 7mp) = Q(hl(mal(l)v oo 7x01(71))7 .. '7hq(xaq(l)7 e 7x0q(n)))a

where ¢ is an integer, ) is a polynomial in ¢ variables with integer coeffi-
cients, the h;’s are restricted analytic functions in n variables and the o;’s are
mappings from {1,...,n} to {1,...,p}.

We will call an element of A,(B(n)) a restricted analytic function in p
variables which essentially depends on at most n variables.

In some sense, the graph of an R, (,)-definable function looks almost ev-
erywhere like an analytic variety defined as a zero-set of restricted analytic
functions depending on at most n variables.

Let us make this statement more precise: we first recall a special case of
Gabrielov’s “Explicit Fibre Cutting Lemma” (see [11, Lemma 3 and Theorem

1]):

THEOREM 4.1 (Gabrielov). Given a d-dimensional sub-n-analytic setY C
R™, there is a p € N, a finite family {X,} of sub-n-analytic subsets of R™*P
and a sub-n-analytic subset V of R™*P such that, if m : R™ x R? — R™ s
given by w(z1, ..., Tmtp) = (21,...,Tm), one has:

(1) Y=n(V)ulUn(X,);

(2) dimm(V) < d;

(3) for each v, dim X, =d and mx, : X, — Y has rank d at every point
of Xu;

(4) for eachs € X, {T —35;7 € X, } is near 0 the zero-set of m+p —d
elements f; : R™? — R of A, 4,(B(n)), (df;); having rank m+p—d
at 0;

(5) XanX, =0 for \# p.

This theorem leads us to the following definition:

DEFINITION 4.2. Let f be a function from a neighbourhood U of 0 in
R™*1, to R. f is said to be n-regular at 0 if there exist

e an integer p,

e a (p+ 1)-tuple (g1, -+, gpt1) of elements of A, 4,1 2(By),
e a neighbourhood V C U of 0 € R"™!, and

e for each T € V, a point (y1(Z),...,yp(T)) in R?,

such that
o 6i(ZT,y1(T),...,yp(T), f(T)) =0, for all ¢, and
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09i
0z 1<i<p+1

n+2<j<n-+p+2
is full at the point (Z,y1(Z), ..., yp(T), f(T)).

e the rank of

A function f from a neighbourhood U of @ € R™*! is said to be n-subregular
at @ if T — f(@+ T) is n-regular at 0.

In other words, f is n-regular at 0 if, as in Theorem 4.1, the germ of its
graph is the germ of the projection 7w(X) of an analytic manifold X given as
the zero-set of some functions depending essentially on at most n variables,
and 7 x is locally a diffeomorphism.

PROPOSITION 4.3.  Given an R,y n)-definable function f : [—1, 1"t - R,
there is a point @ €] — 1, 1[™ such that f is n-regular at @.

This proposition follows from an easy dimensional argument and Theorem
4.1.

5. Diagonalization

In the sequel we will build a function A : [-1,1]"*! — R such that

e there is noa@ € —1,1["*!, at which h is n-regular (and thus h cannot
be R,y (n)-definable),

e but h is a restriction to [—1,1]"! of some analytic function from
R™*! to R (and consequently is R,,-definable).

We will now “enumerate” the germs (above 0 € R™™1) of n-regular (at 0)
functions f : R"*! — R.

We first have to choose a value y for f(0,...,0).

By the definition of m-regularity, it is enough to consider, as p ranges
over N, all (p + 1)-tuples (g1, ..., gp+1) of elements in A, p42(B,) such that
gi(0,...,0,9) = 0 and the rank of

9gi
<8zj 1<i<p+1
n+2<j<n+p+2
is full at points (0, ...,0,y).
Let us fix such a p € N.
By definition, each g € A1 ,+2(B,) is of the following form:
e thereisage Nand a Q € Z[Th,...,T,],
e there are some hq, ..., hy € B(n),
e for each i € {1,...,q}, there is a mapping o; from {1,...,n} to
{1,...,n+p+2},
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such that

(@1, Tpgpr2) = Qhi(Toy ()53 Tay(n))s -+ 0 P (T (1)5 - -+ 5 Tary ()
So let us fix a ¢ € N, a (p+ 1)-tuple of elements in Z[T1, ..., T,] and, for each
1<j<gqgandl1<i<p+1, amapping 0';» from {1,...,n} to{1,...,n+p+2}.

The only parameters left free are now

e the value of y of f(0,...,0),
e the (p + 1)g-tuple of restricted analytic functions h in n variables.

All those germs are thus built by choosing a set of “assembly instructions”
(the integers p and ¢, polynomials @ and mappings o) and then by assembling
“pieces” (the restricted analytic functions h in n variables) that fit this set of
instructions.

Let
s <(p(8)aq(5))7 (Qk(s))lgkgp(s)-&-la (O-;(S)) 1<5<q(s) )
1<k<p(s)+1

be a surjective mapping from N to
q\ p+1
[T (@} x @, T x (1 npt 2y ) )

(p,9)eN?
Fix an s € N, and thus some integers p(s), ¢(s), some polynomials
(Qr(8))1<k<p(s)+1
and some mappings
(05(5) 1<i<q(s) -
1<k<p(s)+1
Then let M, be the subset of

R x (R{X1,..., X, }9*)

consisting of the elements

k
(yv ((gj )1§j§q(s)) 1<k<p(s)+1>

that satisfy the conditions in Definition 4.2:
(1) hi(0,...,0,y) =0,Vi e {1,...,p(s) + 1},

(2) the rank of
Oh;
O0x; 1<i<p+1

n+1<j<n+p+2

p(s)+1

at (0,...,0,y) is full, with

—0(S k —0 (S k
P21,y Togp(s)+2) = Qk(s)(glf(x ) )1)3 e ,95(3)@ ( )“(S’))’
and

_o(s)F
€T 5 = ("Ea(s)?(l)a s axa(s);“(n))'
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Then, by the Implicit Function Theorem, we have a mapping
o° Ms - R{Yh cee aYn+1}

(y, (95) 1<i<ats) )
1§k§p(s)+1

to an analytic function f defined in a neighbourhood of 0 € R"*! and satis-
fying
e f(0,...,0)=1y;
e there are analytic functions (fi,..., fys)) in a neighbourhood of (0,
...,0) such that the graph of (fi,..., fp(s), f) is, in a neighbourhood
of (0,...,0,y), the zero-set of the h;’s.

which sends

REMARK 5.1. By the definition of n-regularity, if f : U — R is n-regular
at 0 € R™™!, then the germ of f at 0 is in (J, oy ®*(Ms).

Let us denote by Rp g[X1,...X,,] the set of polynomials in k variables,
of degree < D and of order > d at the origin, with real coeflicients.

DEFINITION 5.2.  We denote the truncation mapping by
TSE : R{Xl, e ,Xm} — RD,E[XL .. Xm}

ovp _
D< 09X
<|v|<E
The chain rule for derivatives and an easy induction on F gives us the next
proposition, which will be useful in deducing the non-surjectivity of the map
®° from the non-surjectivity of some rational mapping ®% between finite
dimensional spaces.

PROPOSITION 5.3.  Given three integers s, D and E with D < E, let ]Tjs
be the image of Mg by the truncation

= 1d @ (T 20)

of power series
:R x (R{X,..., X, }9®) — R x (Ro,p[ X1,. .., X,]%*))

Then there is a rational mapping ®%, 5 such that the diagram

p(s)+1 p(s)+1

M, —2=R{Y1,..., Y1}

n+1

/vs ?RD,E[YM .o .,Yn_._ﬂ
1Y)
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s commutative.

This proposition simply says that the derivatives at the origin of order < F
of an element ¢ in the image of ®° depend only on y and on the derivatives
at the origin of order < E of the gf used to define ¢ in the source space of
@5 and that this dependence is in a rational manner.

6. Translation in the source space

The previous section would help us to produce, by a diagonal argument,
an analytic function which is outside of the image of each ®* and thus is not
n-regular at 0 € R™+1,

However, we want to construct a function which is nowhere n-regular in a
neighbourhood of 0. Hence we have to consider T — h(a + T) as @ ranges
over a neighbourhood (let us say | — 1, 1[**1) of 0; unfortunately, we then lose
the finite dimensional dependency we found in the previous section.

More precisely, for @ €] — 1, 1[**1, if we let 75 be the function that assigns
to an analytic function h near [—1,1]"! the function Z +— h(Z + @) (which is
analytic near 0), we do not have the equality

Tpi (ra(h)) = Tpi' (7= (Th' (1));

each partial derivative of hg at the origin depends on all partial derivatives
of h at zero.

The aim of this section is to show that this dependency can, however, be
handled by metric arguments.

We first equip each Rp g[Y1,...,Y,+1] with the norm

S a¥

PROPOSITION 6.1.  Let (Dy) be a increasing sequence of integers, n a pos-
itive real number, @ a point in | — 1,1["*1, h an analytic function in a neigh-
bourhood of [—1,1]""1 and K an integer.

If for all k > K we have

b || <y
’ D’“D’““( ) oo Qk(Dk—&-l!)n_H,

= max{]|a,|}.
v

(oo}

then
[Tt ) = T, (7 (B, )] <

This is an easy consequence of the fact that, if Dy < |u| < Dg41, then

olw |(7—a olvlp _ Ui
R S N A— ———(0) - g LT
8Y1H1 Yriﬁ:{rl Z Vgh 8Y11/1 . YniJlrl ( ) 1:[ (M2> (62

D i <IvI<Djta
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and

II (Vi)aiw_m < (D)™™

.\t
if |v| < Dg41 and |@] < 1.

REMARK 6.2. The linear mapping LE on Rp,,Dysi (Y15 - - Yoy1] defined
by LE(P) = Tp,.Dy.r (T (P)) is an isomorphism, since the image of a mono-
mial X is the sum of X and some lower degree monomials.

Furthermore we have the identity

|@57| = max {1/1Z5(P)lloe  1Plloo = 1}

and the mapping (P, @) — 1/|LE(P)|« is continuous on the compact set
n+1
{I1Pllec =1} x [=1,1]""". X
Thus we have a bound S, for the norm of (LE)™" that is independent of
ae€]— 1,1

7. Construction

We will use the good behaviour through truncation of the ®° to build a se-
quence of integers (D,) and, for each s € N, a polynomial P, in
Rp, D1 [Y1,...Yy], such that the formal power series h(Y1,...,Y,41) =
> Ps(Y1,..., Y1) is the power expansion of an analytic function on R™*1,
while 7 (h) is outside of the image of ®* for each s € Nand @ € | — 1,1[""".
The restriction to [—1, 1]n+1 of this function (which is clearly Ry (;,41)-defi-
nable) will thus not be R,;(,,)-definable as announced in Section 5.

As we noted before Proposition 5.3, the lack of surjectivity of each ®* will
follow from the lack of surjectivity of some mapping P}, Dat1 between finite
dimensional spaces.

More precisely, if we fix s and D, the function

E — dim(R x (Rog[X1,..., X,J0)"OH
is a polynomial of degree n in E, whereas
F— dlm(RD7E[Yi, ey Yn+1])

is a polynomial of degree n + 1.
We thus can build an increasing sequence of integers (Dy) such that

p(s)+1

)

dim(R x (R, p

is smaller than

[X1,...,X,]7) Y+n+1

s+1

dim(Rp,,p,,, [ Y1, -, Yata]),

for each s.
Suppose we have built for r < s some P. € Rp, p
1y > 0 such that

Y1,...Y,41] and

r+1[
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(A’r’) Vt < 7’7 ||Pr||oo S 2"'(Drzt1!)n+l;
(B,) the ball of center P, and radius 7,.S,, where S, is such that

va €] - LA S, > (TRt o) |

‘ o0

(see Remark 6.2), does not meet the image of
n -1 T
Pr: (a>§) = (TDT$7-+1 © Ta) o (I)DTDT+1 (5)7

where « ranges over | — 1,1["! and & over M,.

We can then choose Ps € Rp_ p_,,[Y1,...Yn41] and g > 0 satisfying (Ay)
and (B;) as follows:
Let

. Mt
d=min{ ———;t<sp;
{2’“(DT+1!)”+1 }

by the dimensional inequality of source and image space (due to the choice
. . -1

of Dsy1) and the rationality of ps : (o, &) — (ngll)erl otz) °®p p,,, (8

we know that the image of p, is nowhere dense in Rp_ p_,,[Y1,... Yot1]- We

thus can choose Ps and 7, such that || Ps|| < and
B(P,:ns8,) N ps(] = 1,11 x M) = 0.

Let h(Y1,...,Y,41) be the formal series > Py(Y1,...,Yn41). We easily
get from the inequalities (A,) that h is the power expansion of an analytic
function on R™*1,

Let @ be a point in | — 1, 1], From condition (B,) we get that

(Tp by, o) (B(TRp, s 0e80)) NTE | @n(M,) =0
and then, by the definition of S,

B((Tpp,., oma o Tpp, ) hi m) N T

.

. (M) =0.

r+1

By (Aj) for s > r, we get from Proposition 6 that
| @5, oma)h— (53 oraoTath )b]| <

thus
(Tp!5,,, oma) h & Th'h, ,, @o(My).
Hence
Tah ¢ q)T(Mr)
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