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BY
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1. Introduction

In [2] R. Brauer and the author obtained rather detailed information about

the irreducible characters of finite groups G of order g which satisfy the follow-
ing condition:

(%) There exists a prime p dividing g such that if y # 1 s an element of a
p-Sylow subgroup P of G then the centralizer of y in G coincides with the cen-
tralizer of P in G.

W. Feit [4] has studied the characters of groups satisfying a more general
condition, stated in the present paper as Hypothesis II in §3. In [5] he
abstracted from this a generalization of Brauer and Suzuki’s results on ex-
ceptional characters of finite groups.

Here we extend Feit’s results on the characters of groups satisfying Hy-
pothesis IT. It is pointed out (§2) that Feit’s proof [5] yields a more general
theorem on exceptional characters than he stated, and two corollaries are
derived. These facts are applied (§3) to the characters of groups G satisfying
Hypothesis II. Finally we obtain lower bounds for the degrees of the irre-
ducible characters and of the faithful characters of G (8§4), in a sense made
explicit there. These results include many of the results obtained in [2] for
groups satisfying condition (*).

For any subset T of a group @, we shall denote the centralizer, normalizer,
and number of elements of T by C(T), N(T), and | T |, respectively. By a
character we shall mean a (possibly reducible) character over the complex
number field. By the kernel of a character is meant the kernel of the corre-
sponding representation. A generalized character is a linear combination of
characters with integer coefficients. The inner product of two generalized
characters « and 8 of a group G is

(a,8) = (1/|G|) 26 a(2)B(@).

A subseript G will be attached to the inner produet when it is desirable to
emphasize which group is involved.

2. Exceptional characters

Let G be a finite group, let L be a subgroup, and let L be a subset of L.
Consider the following conditions:
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(Ia) For every conjugacy class K of G which contains elements of L, K n L
s a class of L.

(Ib) For every element y of L, the centralizer C(y) of y in G lies in L.

It is easily seen that these two conditions are equivalent to the single condi-
tion:

Hyrorugsis I.  For every element x of G,
Lazla™ =1 4 zel,
=0 o x¢lL,
where B denotes the empty set.

If « is a generalized character of L, denote by o* the generalized character

of ¢ induced by @. The proof of the lemma in [5] yields the following stronger
statement.”

Lemma 2.1. Assume G L, and L satisfy Hypothesis I. If a is a generalized
character of L which vanishes at all elements of L — L which are conjugate
relative to G to elements of L, then for every y e L

(2.12) a*(y) = a(y).
Furthermore, for every generalized character B of L which vanishes on L — L,
(2.2a) (", 8%)a = (o, B)1.

The Frobenius Reciprocity Theorem makes possible another formulation
of this lemma. Denote the column of numbers (x | L, &), as x ranges over
the irreducible characters of G, by A,. If = is a fixed member of G, write
X (z) for the column (x(x)). Then

1 1
A, = l—L—lZX(y)&G) = ‘—G—I;X(x)m

yeL

Let inner products of columns of complex numbers have the usual meaning.
Then o*(z) = (X(2), 4.) and (¥, 8%) = (A, 45). If « and B satisfy
the conditions in the lemma, then (2.1a) and (2.2a) become, respectively,

(2.1b) (X(y), 4a) = a(y) (y e L),
(2.2b) (A, 4p) = (o, B).

Direct proofs of (2.1b) and (2.2b) without the use of induced characters can
be given quite easily, as was done in [2] in a special case. The equations
(2.1a), (2.2a), (2.1b), and (2.2b) are also useful when the hypotheses of the
next theorem are not fulfilled.

2 Professor Curtis has informed me that in the corresponding Lemma (38.15) in [3],
an additional assumption was intended: in their notation that 8 vanishes outside S.
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Feit’s proof of his theorem on exceptional characters [5] yields the following
stronger result.

TuroreM 2.1. Let G, L, and L satisfy Hypothesis I. Consider a family
L=Nu:1=1,2,---,k;5s=1,2,--+,n4

of distinct irreducible characters of L. Assume there exist positive inlegers
li,i=1,2 -,k withl; = 1, such that for all y e L — L

(2.3) Linie(y) — lLidi(y) = 0

for1 <1 <k1<j<kl1<s<mn,l1<t<n;,andthat

(2.4) Dinl? > 2l G=2-,k).
Then there exist trreducible characters xis of G and a stgn € = =1 such that
(2.5) (Linje = Lihio)™ = e(lixse — Ui Xis),

Jor1 <i<k1<j<kl<s<n,1<t<n,.

Notice that if L 5 G, then (Ib) implies 1 e¢L — L, and (2.3) implies
Mie(1) = I;Au(1) for all Aj;. As Feit pointed out, the conclusion (2.5) is
equivalent to the statement that

(Zi,s Qs )\is)* = 8( Zi,s Qs Xt‘s)

whenever the a;, are integers such that >_;, a:, Air(1) = 0.
From this theorem we obtain?

CoroLLARY 2.1. Under the conditions of the theorem, there exist inltegers
dj: and characters uj: of L which are orthogonal to all the \;s such that

(2.6) Xit | I = eNji + djs D00 lihia + pje .
Furthermore, for ¢ ¢ G
@) xulz) = byaa) + g O

where the first case occurs if x is conjugate to an element y of L, and the second
case otherwise. If a s a generalized character of L which vanishes at all elements
of L — L which are conjugate relative to G to elements of L, and which is or-
thogonal to Nj: — 1; M1, then

(2.8) (xit | L, @) = li(xu | L, a).

If M, and hence all \;, , vanish on all elements of L — L which are conjugate
relative to G to elements of L, then for all xj¢, dje = 1 dy .

3 Professor Feit has informed me that in his corollary in [5] the equation for A;; | £
was intended to apply only to elements of £.
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For every other irreducible character x; of G, there is an integer d; and o charac-
ter uj of L orthogonal to all the \;, such that
(2.9) xi|L = diD e biNig + pj .

Proof. By the Frobenius Reciprocity Theorem, (2.5) is equivalent to the
agsertion that, for every irreducible character x of G, if (4,t) = (1, 1),

(x| L, Njs — i) = ¢ i x = x,
(2.10) = —¢el; f x=xu,
=0 otherwise,

and thisyields (2.6) and (2.9). Equation (2.7) is obtained by applying (2.1a)
to (2.5).

If A, and hence all \;;, vanish on all elements of L — L which are con-
jugate relative to G to elements of L, then, for (j, t) # (1, 1), we apply the
Frobenius Reciprocity Theorem and (2.5) and (2.2a) to

((xgs = lLixn) | L, M)z,
finding that

djg - lj(s -+ dn) = —£lj.

Treating ((xj+ — lixu) | L, @) in the same way, we obtain (2.8). This
proves the corollary.

The character x;; is called the exceptional character of G corresponding to
i, and all other characters of G are called non-exceptional for the family £,
except that when £ has only one member we shall regard all characters of G
as non-exceptional for £. It is clear that if £ has more than two members,
then for every \; e £, the character x;, of G which is exceptional for A, is
unique. If £ has only two members then &k = 1 and, although the two charac-
ters of G that are exceptional for £ are uniquely determined, it is not uniquely
determined which of the two is exceptional for A\;; and which for A;; until ¢ is
specified.

CoroLLARY 2.2. If G satisfies Hypothesis I and £ and M are disjoint
families of characters of L, both of which satisfy the conditions of Theorem 2.1,
then a character x of G cannot be the exceptional character both for a member of
£ and for a member of M.

Proof.* If either £ or 91 has only one member, this is a matter of definition.
Let £ = {\i:} and 9 = {u;;}, and let {L;}, 6, {m;}, and ¢ be the integers asso-
ciated with these families. Suppose the corollary is false, and that x is the
exceptional character corresponding both to A;; and to uj:. Let M. e £ and
o € N, and let them be distinet from Ay and pj . Let xaa be the exceptional

4 I wish to thank the referee for pointing out that the proof of this corollary becomes
simpler if it is based on Corollary 2.1.
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character corresponding to Az.. By (2.8)
W(x | Ly M pje — M o) = Li(xna | Ly Mo pije — M piny).

According to (2.6) the left-hand side is Iy m,e. Hence according to (2.10)
the right-hand side is I; m, € and x». = x. But this contradicts the fact that
x is also exceptional for A, .

3. Groups which contain a Frobenius factor group
We now study groups which satisfy the following:

Hyroraesis II. G is a finite group with a subgroup of the form M X H
such that M #= {1} and
(i) IfyeM X H— HthenC(y) C M X H.
(ii) For everyx ¢ N(M X H), (M X H)ynz(M X H)x™ < H.
(iii1) H and M are normal subgroups of N(M X H).

Denote M X H,N(M X H), and (M X H) — H by C, L, and L, respec-
tiwely. Denote | M |, |H |, and | L/C | by m, h, and q, respectively. Let the
trreducible characters of M be 1 = o, &1, 2y 200 $na , and let those of H be
1=k, k,ke, . Denotethe character {;x, of C by ¢, and by T, the char-
acter of L induced by ¢io. Letz; = ¢ (1), for 0 <1< n — 1.

LemMA 3.1. Let G be a group which satisfies Hypothesis I1. Then
N(M) = L. Either ¢ = 1 or L/H s a Frobenius group whose regular sub-
group vs C/H, and in the latter case M is nilpotent. The integer q divides m — 1.
No element of L — L is conjugate relative to G to any element of L.

Proof. This is a generalization of parts of Lemma 2.4 in [4], and the first
two statements of the present lemma are proved in the same way. Since the
regular subgroup of a Frobenius group is nilpotent [8], M must be nilpotent
if ¢ # 1. Since L/C is a group of automorphisms of M under which each
element of M — {1} has ¢ images, ¢ must divide m — 1.

Now we prove the last statement of the lemma. First, no element of H
is conjugate to an element of L [4, Lemma 2.4]. Suppose z ¢ L — L and is
conjugate relative to G to an element y of L. Since y ¢ H, the order of y is
not relatively prime to m, and hence the same is true of the order of z. If ¢
is the order of z, then ¢ = t; £, , where #; is a product of primes which divide m,
and &, a product of primes not dividing m. We can write x = 21 2, = 2, 21,
where z; has order #; and x, has order ¢{,. Here z; and x, are uniquely deter-
mined by these conditions. Also x; 5 1 since ¢; # 1. Since L/C has order ¢
and (¢, m) = 1,2:C = C,and thus 21 e C. If ;¢ C — H then z, ¢ C by (i),
and then z e C. But 2 ¢ L — L, so we would have z ¢ H, which would con-
tradict the second sentence of this paragraph. Thus z; ¢ H.

Now y = y1 42 = Y2 Y1, where y;, and y, have orders ¢, and ¢, , respectively.
Thena 2, = 2y1 2 2y2 2 = 2y 2 212 forsome z ¢ G. The uniqueness of x;
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implies that 2; = 2y, 2", Clearly y, ¢ H and hence y; e C — H = L. Again
we have a contradiction. This proves the lemma.
By the definition of induced characters,

$u(y) =0 if ye¢C,
= Zwﬁa(f‘ﬁ if yeC,

where x ranges over a complete residue system R of L (mod C) and {7,.(y) =
Cia(zyz™). If ¢ 5 O then the inertia group of ¢i, is C' (that is, {3, # ¢ for
zeL — C), and {4 is irreducible (4, Lemma 2.2].° From (3.1) we see that
$io = Epif and only it §; = ¢ and x» = «; for some z ¢ L. In particular, to
obtain all the characters {;, it is sufficient to let «, range over a full system $
of irreducible characters of H no two of which are associated in L.

Let F(x,) denote the inertia group of «,. Then C C F(x,). We have
$io = §jo if and only if ¢; = ¢§ for some x € F(k;). If x5 €8, let

&(ka) = {fiat 7 = 0}.

The sets £(«,) are disjoint and together contain every irreducible character
of L whose kernel does not contain M. According to the notation above,
the number of classes of conjugate elements of M is n. Let

(3.2) fa = (F(xa):C).

Then each character §;, with ¢ 5 0 is obtained from f, different characters
¢; = ¢iof M. Hence £(x,) contains (n — 1)/f, distinet characters.
We summarize some of these results.

(3.1)

LemmA 3.2. Let G be a group which satisfies Hypothesis II. Let 8 be a full
system of irreducible characters of H no two of which are associated in L. The
wrreducible characters N of L whose kernel does not include M are distributed
in the disjoint families £(x,), ko €S. Here £(ka.) consists of the characters {i
of L induced by characters {i;x, of C where {; 1s a non-principal irreducible
character of M. The number of members of £(ka.) ts (n — 1)/f, where n s the
class number of M, fo = (F(k,):C), and F(k,) 1s the inertia group of k. tn L.

Every other irreducible character of L is a constituent of the character Toq
nduced by o ke for some k, € 8, where {o = 1.

Next we show
Lemma 3.3. For every a,
2 Fiaesta 2 Sia(y) = 0 if y¢C,
= — 2wk (y) if yeC — H,

=(m— 12 u(y) i y=uyeH,

5 Alternatively, this can be verified by applying the ‘“‘permutation lemma’ [1] to
the character table of M.
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where y = y1ys with y1 e M, ys e H, for y ¢ C, and where w ranges over a full
system R, of representatives of the right cosets F (ks)w of F(k,) in L.

Proof. This follows immediately from (3.1) if y¢C. If yeC then,
according to the remarks preceding Lemma 3.2,

faZ?iaes(xa) 2: $iay) = Zf:ll 2; $ia(y)
= Z?:ll (2 ZzeR g‘:(yl)":(?h)'

But .75 27 is the character of the regular representation of M. Hence
the sum (3.3) has the value

Fa(dm — 1) 2 uer, k2 (32),

where § = 1 or 0 according as y; is 1 or not. This proves the lemma.

Now we prepare to apply Theorem 2.1 and its corollaries, assuming G
satisfies Hypothesis II. The theorem and the first corollary obtained are
generalizations of similar results of Feit [4]. It is clear that if G satisfies
Hypothesis II then it satisfies Hypothesis I. Equation (3.1) implies that

(3.4) 2i Cia(x) = 2i $ia(®) (zeL — L).

Thus £(«,) satisfies condition (2.3).

Make the further assumptions that ¢ ¢ 1 and M is not a non-abelian p-
group with (M:M’) < 4¢°. Then by Lemma 3.1, M is nilpotent, so M’ 5 M.
Hence M has non-principal characters of degree 1, and, in the notation of
Theorem 2.1, I; = 1. If { is an irreducible character of M of degree z > 1,
then Y 27 > 2¢z, where 2; ranges over the degrees of all irreducible characters
¢ of M for which ¢ > 0 and 2; < 2 [4, Lemma 2.3]. Therefore

(3.5) (1/f) 2 22 > 2q2/fa > 22.

But for each a, each character §;, with ¢ 0 is obtained from the f, different
characters ¢ for which z ¢ F(x,). Hence (3.5) shows that £(x,) satisfies
(2.4), and thus all the hypotheses of Theorem 2.1. Consequently we have

(3.3)

TueoreM 3.1. Suppose G is a group satisfying Hypothesis I1, that ¢ % 1,
and that M s not a non-abelian p-group with (M:M') < 4¢". Then for every a,
there exist irreducible characters xio of Gwithl < ¢ <n — 1, and a sign &, = +1
such that

(3.6) (2:ia — 2i Fia)™ = €a(2i Xja — 2j Xia)-

We shall refer to the character x., as the exceptional character for §;, except
when £(x,) has only one member, and in this case we shall regard all the
characters of G as non-exceptional for £(x,). An irreducible character of G
which is non-exceptional for all the families £(«,) will be called non-excep-
tional.

If £(x,) has only one member, then the remarks preceding Lemma 3.2 imply
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that all the non-principal irreducible characters of M are associated in F(«,)
and that L = F(x,). In particular, M has no proper subgroup which is
normal in L. Since ¢ # 1, M is nilpotent and hence must be an elementary
abelian p-group, and ¢ = m — 1.

CoroLLARY 3.1. Suppose G satisfies the hypotheses of Theorem 3.1.

(a) If xia and xj. are the exceptional characters corresponding to . and
ia , respectively, then z; X — 2; Xjo vanishes on all elements of G which are not
conjugate to members of C — H. In particular, z; xi(1) = 2; x(1).

(0)® If «, and xy are distinct members of 8, then no character of G can be the
exceptional character both for a member of £(k.) and for a member of £(ks).

(¢) There exust integers da such that if xj» is exceptional for ¢, then

x| L = &fp+ 2 Zxaeg dab D aexe) %i Sia + bip)

Here da depends only on a and b, and us is a (reducible) character of L whose
kernel contains M and which depends only on b.

(d) For every non-exceptional character x; of G, there are integers e, and
a (reducible) character v; of L whose kernel contains M such that

Xi | L= Z"GES €ja Z?ma(m 2i$ia + vj.

Proof. Part (a) is obtained by applying (2.7), and part (b) by applying
Corollary 2.2. According to Lemma 3.1, no element of L — L is conjugate
to any element of .. Therefore, in the notation of Corollary 2.1, d;; = l;dy .
According to part (b), a character of G can be exceptional for at most one
character of L. If x; is exceptional for {3 then (2.8) can be applied to all
irreducible characters o of L not in £(k;). Then part (c) is obtained from
(2.6) and (2.9). Part (d) follows directly from (2.9).

Equation (3.1) and Lemma 3.3 can be applied to express (¢) and (d) in
another way. They also lead to éxpressions for the degrees of the charac-
ters. We state the latter results.

COROLLARY 3.2. Suppose G satisfies the hypotheses of Theorem 3.1.
(¢") If xj» is the exceptional character for Ej then

xn(1) = ziles ga(1) + (m — 1) Depes dan(q/fa)ka(1) + mo(1)].

(d)  If x; is non-exceptional then
xi(1) = (m = 1) Dupeg €ia(@/fa)ka(1) + »5(1).

4. Bounds on the degrees of the characters

We apply the above results to obtain lower bounds for the degrees of the
irreducible characters of groups which satisfy Hypothesis II.

TueoreM 4.1. Suppose G satisfies the hypotheses of Theorem 3.1. If

6 Apparently it is intended in Corollary 2.2 in [4] to assume that A\; and \; are not
associated in N(M X H), that is, that X; = X, .
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X; 18 a non-exceptional character of G then either x;(1) = m — 1 or M s con-
tained in the kernel of x; .

Suppose x» 1s exceptional for $m. If & = —1 then xp(1) = (m — 1)/2.
If & = 1 and x(1) < m then

(4.1) x| L = $i + 2im,
where uy 18 a (reducible) character of L whose kernel contains M.

Proof. The statement about x; follows immediately from Corollaries
3.1(d) and 3.2(d").

Suppose xj» is exceptional for {. Then, by the definition following Theo-
rem 3.1, £(x;) has more than one member; that is, (n — 1)/fs > 2. There-
fore fy < (n — 1)/2 < (m — 1)/2. Equation (3.2) implies that f, < g.

If &, = —1 then Corollary 3.1(¢) implies that dw > 1 since

(x| Ly §v) > 0.
It follows from Corollary 3.2(¢’) and the inequalities above that
xn(1) = —ag(1) + (m — 1) dw(g/fo)w(l) 2 m — 1 — fo > (m — 1)/2.

Now suppose that & = 1 and that x3(1) < m. Then Corollaries 3.1(¢)
and 3.2(¢’) immediately yield the conclusion stated. This proves the theo-
rem.

This theorem can be applied to obtain lower bounds for the degrees of the
faithful (reducible) representations of G. First we derive a lemma.

Lemma 4.1.  Suppose G satisfies Hypothests I1, and let K be a normal sub-
group # {1} of G. Then M < G or K has non-identity elements which are not
conjugate to any elements of (M X H) — H.

Proof. The product KL is a group, and (KL:L) = (K:K n L). Sup-
pose every non-identity element of K is conjugate to some element of C — H.
Since K <] G, K consists of the members of all the conjugates of (C — H) n K
and the identity. Since these conjugates are disjoint,

|K| = (G:L)|(C —H)nK| + 1.

The left-hand side is divisible by (K:K n L) and the first term of the right-
hand side by (KL:L). Then (KL:L) = 1. Hence K L. It follows
from Lemma 3.1 that K < L u{1}. Since K < G and distinct conjugates
of L are disjoint, it follows that L = G or K = {1}. Thisproves the Lemma.

TaeoreM 4.2. Suppose G satisfies Hypothesis II and has a faithful repre-
sentation X of degree < (m — 1)/2. Then one of the following must be true.

(a) N(M X H) =M X H. Thatis,q = 1.

(b) M is a non-abelian p-group with (M:M') < 4q".

(¢) MG Thatis, L= G.
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(d) M is an elementary abelian p-group, and no proper subgroup of M 1is
normal tn N(M X H).

Proof. Assume that @ does not satisfy (a), (b), or (¢). Then @ satisfies
the hypotheses of Theorems 3.1 and 4.1. Furthermore, according to Lemma
3.1, M is nilpotent. Therefore to prove (d) it will be sufficient to prove that
M has no proper subgroup M, which is normal in N(M X H), because other-
wise the elements in the center of M whose orders divide a fixed prime divisor
p of m would form such a subgroup.

Assume that M has a proper subgroup M, which is normal in L. According
to Theorem 4.1, not all the constituents of X can be non-exceptional. We
shall prove that X is not faithful, contradicting our hypotheses.

Clearly M has non-prineipal irreducible characters {; whose kernels contain
M,. Therefore it follows from Corollary 3.1(¢) and (4.1) that if x; is
exceptional for {3 and has degree < (m — 1)/2, then G has a character
X which is exceptional for a member of the same family £(x) and whose
kernel contains M,. For each exceptional constituent x; of X, such a
character x» may be obtained. Let K be the intersection of the kernels of
the characters xs obtained and of the non-exceptional constituents of X,
Then K is a normal subgroup of G and contains My. According to Lemma
4.1, K contains non-identity elements which are not conjugate to any ele-
ments of C — H. According to Corollary 3.1(a), these elements belong to
the kernel of X. This is a contradiction, and the theorem is proved.

Finally, we can prove a result which supplements cases (a) and (d) of
Theorem 4.2.

TusoreM 4.3. Suppose G satisfies Hypothesis 11 and that G has a faithful
representation X of degree < m'* — 1. Then either M is a non-abelian p-

group with (M:M') < 4¢° or M < G.

Proof. Suppose the theorem is false, and that @ is a counter example of
minimal order. If K is a proper subgroup of @ containing M, then M < K,
because (Ln K:Cn K) < (L:C) = ¢q. Now we show that

(4.2) (M X Hyna(M X Ha™"' = Z,
the center of G, if x ¢ N(M X H). If y belongs to the intersection but not
to Z, then, by Hypothesis II(ii), y e H n xHx™". Then M and xMa™" are

contained in C(y). Since C(y) = G, we have M < C(y), and hence
C(y) < L. According to Lemma 3.1, (¢, m) = 1, and therefore

sMx c M X H.

Hence by Hypothesis 1I(ii), Mz~ < x2Hz™'. Then M < H, which is
impossible. Thus (M X H) n (M X H)x™ < Z. On the other hand,
Hypothesis II(i) implies that Z  H, and hence that Z is contained in the
intersection (4.2). This proves (4.2).
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Suppose G has a proper normal subgroup K with M < K. The minimality
of G implies that K € N (M), and hence all the conjugates of M are in N (M ).
According to Lemma 3.1, (¢, m) = 1. Hence all the conjugates of M are
contained in M X H. Since M is not normal in G, (4.2) implies that M C Z,
which is impossible. This shows that G has no proper normal subgroup
which contains M.

Theorem 4.2 shows that either ¢ = 1 or M is abelian. In the latter case
we can apply a lemma due to Feit [6, Lemma 4.2]. Our Hypothesis II,
(4.2), the fact that M is not normal in G, and the fact proved in the pre-
ceding paragraph are special cases of Feit’s hypotheses. The conclusion is
that every non-linear irreducible character of G has degree > m'? —1. There-
fore the constituents of X are linear, and G is abelian, an impossibility.
Hence ¢ = 1.

Each element x of G produces a permutation of the conjugates of M X H
by conjugation, and by (4.2) if x leaves two different conjugates fixed, then
xeZ. Hence G/Z may be regarded as a transitive group of permutations
such that no non-identity element leaves two symbols fixed. By a well-
known theorem of Frobenius, it follows that the elements of G which leave
no conjugate of M X H fixed together with the elements of Z form a normal
subgroup K of G of order (G:M X H)|Z|. That is, G/Z is a Frobenius
group with regular subgroup K/Z.

We have K # Z since G # M X H. Therefore X has an irreducible
constituent with character, say, x, which does not represent all the elements
of K by multiples of the identity matrix. Then x% contains Z in its kernel
but not K. The degree of every irreducible representation of a Frobenius
group whose kernel does not contain the regular subgroup is a multiple of
the index of the regular subgroup. (Cf. (3.1) and the remarks following it.)
Hence xx(1) > m, and x(1) > m'>. Again we have a contradiction, and
the theorem is proved.

Remark. The new simple groups recently discovered by Suzuki satisfy
the hypotheses of our Theorem 4.2 and fall under case (b) (see [7], especially
§§13-17). Thus case (b) cannot be dropped from this theorem. However,
it is not known to the author whether the corresponding case in the conclusion
of Theorem 4.3 can be dropped.
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