WIENER'S TESTS FOR ATOMIC MARKOV CHAINS!

BY
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1. Introduction

In a paper of Itd6 and McKean [1] a criterion, known as Wiener’s test, is
obtained for deciding whether a set of states in the simple d-dimensional
random walk will be visited finitely often with probability 0 or 1. Lamperti
has shown [2] that a similar test is valid for a class of Markov chains which
includes all d-dimensional random walks with zero means and finite second
moments.

In this paper we obtain necessary and sufficient conditions for the existence
of Wiener-type tests in arbitrary discrete parameter Markov chains with
stationary transition probabilities.

We follow closely the terminology of Chung [3]. The state space I is taken
as the set of positive integers. P = (p4;) (4, j € I) is the matrix of (one-step)
transition probabilities, its nt® power P* = (p{¥’) is then the matrix of n-step
transition probabilities.  is the set of infinite sequences v = (%, 41, *-*)
with 7; ¢ I (£ > 0). The probability measure Pr (-) on @ is fully determined
once the initial probability distribution of states 7, is known, p; = Pr (4, = 7).
Usually we will only be interested in conditional probabilities Pr (- |4 = j)
where the initial state is fixed. The successive states of a sample path are
labelled xy , 1 , - - - and we say that the Markov chain is in state ¢ at time n if
Z, = 7. For any element w = (%, %1, +++) of @ we write z.(w) = 7, .

We define the Green’s function of the chain

(1.1) Gij = 2 n=0 pf-}‘)

where for convenience we put piy = 8;. If G is finite we say that the state
1 is transient, otherwise it is recurrent. The set R of recurrent statesof I can
be divided into disjoint recurrent classes R, = {7 : G,; > 0} corresponding to
certain recurrent states u.

For any set of states A we define the functions

(1.2) fu(i, A) = Pr(z,(w)eA foratleast m valuesof n|zi(w)
h(i, A) = fo(3, A)
= liMpyow fn(?, A) = Pr(z.,(w) eA infinitely often |zo(w) = 7)
en(t, A) = fu(?, A) — fmia(3, A)

= Pr(z.(w) e A exactly m times |zo(w) = 7).

©)

(1.3)

(14)
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We pllt B(i, A) = 60(7:’ A): €ij = 6(7’.3 {J})’ f(/‘: A) = fl(iy A)) fii = f(% {.7})
and note that Gi; = f;;G;;. By expanding f,.(¢, A) according to the position
7 and time 7 of the m™ last entry into A we obtain

(s, A) = R4, A) + 250 2jear 03 en(j, 4)
= h(i, A) + ZieA—-R Gijen(j, 4).
We say that a set A is transient (recurrent) from state ¢ if h(¢, A) = 0 (1).
If A is transient (recurrent) from each state 7 then A is transient (recurrent),

without qualification. If f;; > 0 we say that state j is accessible from state <.
For any set A we denote by L(A) and I'(A) the events

limy.e inf {2, (w) e A} and lim,.. sup {z.(w) € A},

respectively, so that h(7, A) is just Pr { I'(A)| 2o(A) = 1}. The set A is said
to be almost closed [3], [4] if

Pr{I'(A)} = Pr{L(4)} >0

for some initial distribution {p;}T in which all p; > 0. This is equivalent to
saying that

(1.5)

2 5 pih(j, A) = 25 p; Pr{L(4)|2(w) = j} > 0
and hence to the requirement that
(1.6) h(j, A) = Pr{L(4)|zo(w) =j} #0 (G =1).

An almost closed set is said to be atomic if it does not contain two disjoint
almost closed sets. It is non-atomic if it contains no atomic almost closed set.
If T is atomic (non-atomic) the Markov chain is said to be simply atomic
(simply non-atomic). If I contains no non-atomic almost closed set the
Markov chain is said to be atomie, countably or multiply, according to whether
I contains infinitely many disjoint atomic almost closed sets or not.

By considering the subdivision of € into its atoms and its non-atomic part
Blackwell [4] has shown that I can be decomposed into a finite or countable
number of disjoint almost closed sets Cy , Cs, - -+ of which at most one is non-
atomic and the rest are atomic and also Y . Pr {L(C:)} = 1, or equivalently

(L7) 2k, C) =1 G=0.
2. Preliminary results

Before proving our main theorem for transient atomic chains we will first
need several lemmas.

Lemma 1. If A is a subset of

(2'1) E = {]:f(s,]) S ’Yf(r’j)}
then

fu(8, A) < vfu(r, A) for m>1
and also

h(s, A) < vh(r, A).
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Proof. Wefirst put I, = {1, 2, --- , i} and define
(2.2) A, =An(Rul) (¢>1).

Let Ry, Ry, -+, Ro be the recurrent classes which have elements,
Uy, Uz, -+, U (82Y), In common with 4. Since states in a recurrent class
R. are not accessible from states in any other recurrent class we see that
I'(A n R) is the disjoint union of I'(R,), -+, I'(R,). Also (A, — R) con-
sists of finitely many transient states and so is transient; therefore
(2.3) (i, A) = h(i, AaR) = 25 h(i, Be) = 251 f(5, ).

The latter equality follows from the fact that a sample path which passes
through u;, must be in Ry infinitely often, and conversely, with probability 1.
Using the expansion (1.5) and (2.3) we now obtain

(2'4) fm(i, Ab) = Z;:'lf(ia uk) + ZJ'GAL—Rf(i’ j)GJ'iem(j) At)’
From the definition of E it then follows that
(2.5) fm(8y A) < vfu(r, A)

for all positive finite ¢, m. Letting « — « we derive the desired result for
finite m. Finally letting m — « we obtain the corresponding result for
h(-, A).

In the case of a simply atomic chain we deduce the

CoroLLARY. In a simply atomic Markov chain the set E s transient (re-
current) if v < 1 (y > 1).

Proof. In such a chain every set is either transient or recurrent [4]. If
v < 1 then

h(s, B) < vh(r, E) < 1

and the latter possibility is excluded, so that E is transient. If v > 1 then
I — E is contained in the transient set

{7:70r,5) < v f(s, D}
Thus I — E is transient and so F is recurrent.

Remark. Analogous results to those in the lemma and its corollary can be
obtained in a similar manner with E replaced by

E, = {j:f('saj) < 'Yf(/"yj)}'

If in addition all states of the chain are transient then E, E; , are the same
sets as

Ey = {j: G < vGy}, Bz = {j: G <G},

and the lemma, and its corollary could be equally well stated in terms of them.
In the general case, when some states may be recurrent, both the lemma and
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its corollary would be false if stated in terms of E., the corollary also being
false for E; .

In the case ¥ = 1 it is a simple matter to construct examples of E, , E;,
which are transient and others which are recurrent. It is undecided whether
the same is true for E or E; .

In general the union of a finite number of transient sets is transient but the
union of a countable number of such sets may not be. In the latter case we
can prove the weaker

LemMma 2. If Ty, Ta, - -- are transient sets tn a Markov chain then we can
construct a transient set T such that T, — T s a finite set for each k > 1.

Proof. For each positive ¢, k, we have

(2.6) limye f(4, Tw — 1) = h(3, Tx) =0
and therefore there exist positive integers ¢y such that
(2.7) 5G, Ta) < 27 (4, 2 1)
where
Ta = Trw — L., (2, k > 1).

If we now put
Up = Ny T T = Upa Uy,

we see firstly that (7, Uz) < 27*for 1 < 4 < k, and hence that
(28) ks, T) = h(s, Ui= Us) < f(3, Ui Us) < 220-.5(3, Us) < 277

for 2 < ., since each Uy is transient, and so h(z, T') = 0 for all positive 2. The
proof is completed by noting that T, — T contains at most the states
1 < j < supicick tir -

Remark. In a similar, but simpler, manner one can show thatif T, T, - - -
are transient from a fixed state < then a set T can be constructed which is also
transient from ¢ and such that T, — T is finite for each positive k.

Before proceeding further we need to state some of the properties of the
almost closed sets which we shall need in later proofs. These will constitute

Lemma 3. Any Markov chain can be decomposed into disjoint almost closed
sets Cy , Cy, - -+ of which at most one C, is non-atomic, the rest being atomic, such
that

(i) for any set A we have

(2.9) h(i, A) = 22k h(i, An Cy) (t=21)

and if Cy, is atomic then h(<, A n Cy) 1s either h(z, Ci) or O identically;
(i1) for any v < 1 the sets

(2.10) Dy = {j:h(j, Cr) < v,7eCi}

are transtent and hence also is D = U Dy ;
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(iii) #f Cx contains recurrent states then

(2.11) f(3, Cx) = h(j, Ci) = h(j, v)
Jor any recurrent state v in Cx ;
@(iv) f(4, Cx) > 0 if and only if h(j, Cx) > 0.

Proof. (i) Since the sets Cj are almost closed the intersection of any pair
of events I'(A n Ci), I'(A n C,), has probability 0. Therefore

(i, A) = Pr(I'{U (4 n C)}| 2o(w) = 1)

= > Pr(I'(AnC)|2(w) =1) = 2 h(s, A nCy).
By the definition of atomicity the probability
Pr(I'(4A n Cy)| zo(w) = %)

must be either Pr (I'(C)| 2o(w) = %), or 0, identically.

(ii) This is just a restatement of a corollary on page 109 of [3] with the
invariant set A = I'(Cy). The transience of D follows from part (i).

(iii) As pointed out by Blackwell [4] the sets of the decomposition are
only unique modulo transient sets, also the recurrent classes R, of the Markov
chain can be chosen as some of the sets of the decomposition. We assume then
that we have a particular decomposition Cy, C;, - -+ containing all the R,
among its members. We then remove from each C; the transient set Dj de-
fined in (2.10) with v+ = %. The states of D we then add to the various
Ci = C — Dy as follows.

Firstly, to any recurrent class Cy, we add those states j for which h(j, Y =1,
to obtain the corresponding C,,. We then divide the remaining states j of D
among the other sets C; in any manner such that j is added to Cj if
h(j, Cx) > % and otherwise j is added to any Cj for which h(j, C) > 0. The
resulting sets are then the required C,. Since we have only added or sub-
tracted transient sets all the functions h(j, C), h(%, A n C3), are unaltered.

It then follows that (2.11) holds for any recurrent ¢ in Cy since a sample path
which enters C; enters every « in C; infinitely often with probability one.

(iv) For any j, k, for which f(7,Cx) > 0 it follows that there is a state ¢ in
Cj, such that f(j, «) > 0. Combining this with the fact that by our construc-
tion h(:, Ci) > 0 we immediately deduce that h(j, Cx) > 0. Since we always
have f(j, Ci) = h(j, Cx) we see that the proof of (iv) is complete.

We will now proceed to prove a group of lemmas concerning the behaviour

of the functions f(r, 7) for large 7 in the various types of Markov chains. The
basic result is

(2.12)

Lemma 4. Let 0 < v < 1; then a Markov chain is atomic if and only if the
state space I can be divided into a transient set T and almost closed sets
Ay, A, , - - - such that, for each positive k, r, s, for which h(r, Ax)h(s, Ax) > 0
the inequality
(2'13) f(si j)h(T’ Ak) > 'Yf(’r7 J)h(sy Ak)

holds for all recurrent j in Ay and oll sufficiently large j in Ay .
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Proof. We suppose first that the chain is atomic and take Cy, C,, -+ as
the sets of the decomposition of Lemma 3. For each k, r, s for which

(24) h(r, Ci)h(s, Ci) > 0
we define

Tz = {5 J(s, ))h(r, Ck) < f(r, j)h(s, Ci), j € Ch}
From Lemma 1 we deduce that

(2.15) (s, Te)h(r, Ck) < vh(r, TE)R(s, C).

From Lemma 3 and the atomicity of Cy it follows that either h(s, T%) =
h(, Cy), or 0, identically. Since the first possibility contradicts (2.15) we
deduce that T%, is transient when (2.14) holds.

By Lemma, 2 we can construct a transient set T in C such that (Ts, — Tj)
is finite for each positive triple %, r, s, satisfying (2.14). We then put
Ay =C; — Trand T = UT,. From Lemma 3 we see that T is transient and
each A; is an atomic almost closed set. From the definitions of T, T%, , and
the fact that (<, Ax) = h(%, Cx) for all positive 7, k, we can deduce (2.13) for
all sufficiently large j in A when h(r, Ax)h(s, 4x) > 0. If jis a recurrent
statein Ay then f(4,7) = h(4, Ax) for all positive 7 and so also in this case (2.13)
holds when h(r, Ax)h(s, Ax) > 0.

Conversely if (2.13) holds as required we suppose that some set 4, is not
atomic, that is to say that A, contains two disjoint almost closed sets B, C.
If h(r, Ax)h(s, Ax) > 0 we see from Lemma 1 that

h(s, B')h(r, Ax) 2 vh(r, B')h(s, Ax)

where B’ is the subset of B where (2.13) holds. Since in this case (B — B’)
is a finite set of transient states we can immediately deduce that

(2.16) h(s, B)h(r, Ax) 2 vh(r, B)h(s, Ax)

This is also trivially true when h(r, 4x)h(s, Ax) = 0.

By the corollary on page 109 of [3] which we used to prove Lemma 3(ii) we
can find states r, s, such that h(r, B), h(s, C') both exceed (1 — v/4) and hence
h(s, B) < v/4. Since these contradict (2.16) we see that A; does not contain
disjoint almost closed sets and so Ay is atomic. This completes the proof of
the lemma.

Remarks. From Lemma 3(iv) it follows that if A(r, Ax) = 0 then
f(r, Ax) = 0 and hence also f(r, j) = 0 for all j in A, and similarly with s
instead of r. This means that, in general, either (2.13) holds under the re-
quired conditions or both sides of (2.13) are 0.

" By suitably modifying the proof of the lemma in the case of a multiply
atomic chain we canshow that the lemma remains true for such chains with
“almost closed sets Ai, A2, ---” replaced by ‘“‘a finite sequence of sets
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Ay, Ay, -+, A, . The Ay’s in this case can only be shown to be subsets
of almost closed sets.

From Lemma 4 we can obtain a sequence of transient sets 7', corresponding to
7. =1— 27", By the method of Lemma 2 we can construct a set 7' such that
(T, — T) is finite for positive «. From (2.13) we then deduce the following
corollary which could also be obtained from Martin boundary theory.

CoroLLARY. A Markov chain is atomic if and only if the state space I can be
divided into a transient set T and almost closed sets Ay , A5, - - - such that for each
positive k, r, s, we have

(2.17) F(s, D/FCr, §) — h(s, A) /h(r, i)

asj — « in Ay (with the understanding that for recurrent states j in A, there is
equality in (2.17) and also that we have a 0 in numerator and/or denominator on
the right of (2.17) <f and only if it occurs in the same position on the left of (2.17)
for all ).

Proof. The sufficiency of (2.17) follows trivially from the lemma. To prove

the necessity we put A, = C, — T for each k. For any positive %, ¢, 7, s for
which h(r, Ax)h(s, Ax) > 0 we have

f(syj) Y Sl h(S,Zk)
o R R Trw o

for all recurrent j and all sufficiently large j in Ay , and similarly with r and s
interchanged. Therefore (2.17) holds as required when h(r, A;)h(s, Az) > 0.

As in the above remarks in the case when h(s, Ax)h(r, Ax) = 0 it follows
from Lemma 3(iv) that any zero on the right of (2.17) is matched by one in
the same position on the left for all 5.

We can also prove results similar to Lemma 4 and its corollary giving criteria
for individual sets C} to be atomic. In (2.13) and (2.17), k is then fixed and
7,8, are in Cj , the condition (2.14) now being superfluous. We can also prove
a somewhat simpler

LemMA 5. Let0 < v < 1;then the almost closed set Cy s atomaic if and only if
9t 1s the union of a transient set Ty and an almost closed set A. such that for each
r, 8, in Ay the inequality

(2.18) 1(8,5) > ~f(r, 5)
holds for all recurrent j in Ay, and for all sufficiently large j in Ay .
Proof. By Lemma 3 the set
Dy = {j:h(j, Cx) < v, eCi

is transient. For each 7, s, in (C; — Dy) we define

T, = {J:f(s,J) —<— 'Yf('r’j))jeck}'
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From Lemma 1 we then deduce that
(2.19) h(s, Ths) < vh(r, Tre).

From Lemma 3 and the atomicity of Cj it follows that either i(¢, Ty) =
h(4, Ci), or 0, identically. Since the first possibility contradicts (2.19) with s
in (Cy — Dy) we see that T, is transient.

We then proceed exactly as in Lemma, 4 to construct a transient set 7', such
that (T, — T) is finite for each r, s, in (Cx — D;), and put T, = T U Dy,
A = Cr — Th. We can easily check that (2.18) is satisfied as required.

The proof of the sufficiency of (2.18) follows similar lines to those of Lemma
4. Instead of (2.16) we get the inequality

h(s, B) = vh(r, B)

for subsets B of A, r, sin Ay, and a contradiction follows, as before, if Ay is
not atomie.

Remark. We can similarly prove a criterion for a Markov chain to be atomic
with (2 .18) holding in each of a sequence of almost closed sets A and the state
space being the union of a transient set 7 and the sets 4;, 42, -

We now prove a lemma concerning the behaviour of f(<, j) as ¢ — «, rather
than j, which is really a restatement of a result of Doob [5].

LemmA 6. If 0 < & < 1then the state space I in a M arkov chain can be divided
into a transient set V and a recurrent set W such that for each transient state j the
inequality

(2.20) f(4,5) <3
holds for all sufficiently large © in W.

Proof. From the corollary to Theorem (2.1) in [5] it follows that for any
transient state j we have f(x, ,7) — 0 as n — o for almost all sample paths in
Q, which is equivalent to saying that

Vi={0:f(4,5) =2 8}
is transient for each transientj. 'We then use Lemma 2 to construct a transient

set V such that (V; — V) is finite for each transient j. PuttingW =1 —V
we see immediately that (2.20) holds as required.

Combining Lemmas 5 and 6 we can obtain a division of each atomic almost
closed set C; into “shells” analogous to those used by Lamperti in [2].

LEmMMAa 7. Let0 < 6 < 1,% < v < 1, then the almost closed set C is atomic,
containing no recurrent states, if and only if C s the union of a transient set B and
an infinite sequence of disjoint finite non-empty sets (“‘shells”)
So = {s}, 81, S:, - - - such that

(C—So"'S1"""SL)



WIENER’S TESTS FOR ATOMIC MARKOV CHAINS 43

18 not transient and
(2.21) (i, 5) < f(s,5),  f(3, %) < §(s, 1)
forie8,,jeSu,m >+ 2.

Proof. We will first prove the necessity in the case when C is one of the
atomic closed sets Cj of the decomposition of Lemma 3. We then choose A
and T as the corresponding sets defined in Lemma 5 and take V, W as the sets
defined in Lemma 6. Lets {be an element of A so that, by Lemma 5, we have
f(s,3) > 0for all sufficiently large j in A. Therefore, putting

(2.22) E={i:ieAnW,{f(s, ) > 0}, B =C-E,
we see immediately that B is transient.

Assuming that Sy, Sy, - -+, S, have been defined as sets in E satisfying
the required conditions we then put

TL‘ = U;L——losn 5
U, = Uier, {7 : 2f(5,5) 2 f(s,§) and/or f(j,1) = 8f(s,4);] e E}.

This latter set U, is finite since T', is finite and Lemmas 5, 6, imply that for ¢
in E each of the inequalities

'Yf(%]) Zf(saj), f(J: 7’) 2> 5f(8, 7’)

is satisfied for only finitely many j in E. We can then take S, as any finite
non-empty set such that

v, -T.c8.cI1-T,, veT,uS, u(I — E).

(2.23)

From the method of construction of the sets S, we see immediately that
E = Ug 8., each 8, is transient and so (C — Sy — --- — 8,) is not transient,
and the inequalities (2.21) are satisfied as required.

In the general case of an atomic almost closed set ¢’ not among the Cy of
Lemma 3 we remark that by [4] the decomp osition is unique modulo transient
sets and so €’ A Cy is transient for some k. To obtain sets satisfying the con-
ditions of the lemma we need only choose s in A n ¢ in the above argument,
then put

B =(C"anB)u(C' - 0C)

and choose as our shells the sequence of non-empty sets of the form S,n ¢’ in
the natural order. This will still be an infinite sequence since each set (S, n C")
is transient and their union

Ui (8.nC’") = EnC’
is not transient.

The proof of the sufficiency of (2.21) follows similar lines to those of Lemma
4. We suppose that C is not atomic and so contains two almost closed sets
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F, G. Since
h(s, F) + h(s, G) < h(s, C)

we must have one of the terms, h(s,F) say, < %-
As in Lemma 4 we deduce from (2.21) that
yh(i,F) < h(s,F) < 3%

for all ¢in C — B. As in Lemma 4 we need only choose ¢ in (F — B) such
that h(7, F) > (2y)™" to get a contradiction. Therefore C is atomic.

If C contains a recurrent state, 7 e S, say, then it also contains the recurrent
class R;. If R;is finite then R; T for some k and so by atomicity (C — T%)
is transient, contradicting one of the assumptions of the Lemma. On the
other hand, if R; is infinite then R;n S,, is non-empty for some m > ¢« +2
and hence there is a state j in S, such that f(j, 7) = 1 contradicting the
second part of (2.21). This completes the proof of the lemma.

Remarks. In the simple case of a d-dimensional random walk with zero
mean and finite second moments, as treated by Spitzer in [6], the construction
of the shells given above simplifies for suitable 8, v, to give us I divided up
into concentric spherical shells with radii increasing geometrically, as in [6].

3. Wiener's test for atomic chains

At this point we can proceed to establish our form of Wiener’s test either by
using an analytical or a probabilistic argument as in [2] or [6]. We choose the
analytical approach and note that the same idea could also be used in proving
Lamperti’s form of Wiener’s test. Our results cannot in general be stated in
terms of capacities as are those in [1], [2] and [6].

We will first obtain a criterion for transience or recurrence for simply atomic
chains and then show how similar results can be obtained for more general
atomic chains. In the following section of the paper we will consider arbitrary
Markov chains and show that the tests we have obtained are not valid for
any more general types of chains, so that our tests are, in a sense, best pos-
sible.

TareoreM 1. In a Markov chain an atomic almost closed set C which does not

contain recurrent states can be divided into shells 2y = {s}, 21, 2z, + -+ such that
an arbitrary set A in C s transient if and only if the series
(3.1) 20 f(s, AnZ)

18 convergent.

Proof. Let us assume that the set 4 is transient and take B, Sy = {s}, 81, - - -
as the sets defined in Lemma 7. The sets

An = A n Ugeo Spyar

are also transient for all m > 0 and we can find an integer p such that f(s, 4.)
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< v/2 form > p. For such m we expand

(3.2) Fi An) = 2jean (G An)f(G, )G

asin (1.5). From (3.2) and (2.21) it then follows that

(3.3) 2 iedm—smnn €, Am)f(3, §)Gss < ¥f(s, Am) <}
for ¢ e Sy, £ > 0, m > p, and so also

(3.4) 2 2 ieaspy o €(d, Am)f(3, 5)Gij = (3, A 0 Spye)

for i€ A n Syyox. From the minimal property of the function f(Z, A n Spyo)
among those functions which are regular and non-negative outside A n Spyor
and > 1in A n S, we deduce that (3.4) holds for all 7inI. Puttingz = s
in (3.4) and summing from k = Q to « we obtain

2f(8, Am) =2 ZJ'GAm e(j) Am)f('s, j)G:iJ'
> 2%~ f(4, An Spyn)
for all m > p which immediately shows that the series

(3.6) D im0 f(s, An8,)

is convergent for any transient set A.

(3.5)

Since B is transient we can choose integersng = 1 < n3 < ne < - - - such that
(3.7) f(,Bnf{n.,,n, +1,---}) <27
for1 £ ¢ L« If we now put
(3.8) Zo = 8o, =8 u(Bn{n., - ---n —1})
we can deduce that
(3.9) f(s,AnZ,) < f(s,AnS.) + 2"

for s < « and therefore from the convergence of (3.6) it follows that the series
(3.1) is also convergent.

Conversely, if we are given a sequence of sets for which the series (3.1)
converges the Borel-Cantelli Lemma immediately implies that A is transient
from s and hence is transient, by Lemma 3, since s is chosen in Lemma 7 to
satisfy h(s, C) > 0.

Remark. In the course of the proof of Theorem 1 we have really proved
more than stated. From (3.4) we can also deduce that

2= f(3, An8)
is convergent for all 7 and from (3.7) and (3.8) it follows that
f(1,An2) < f(4,An8,) + 27"
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for « > 4. Therefore the series

(3.10) D =of(i, AnZ,)

is convergent for all 7 if and only if A is transient, the converse trivially follow-
ing from the theorem.

The function (7, A) can be expressed by Lemma 3 in the form
(3.11) h(i, A) = 2 h(i, AnCk)

where Cy, C:,--- is some decomposition of the state space I and for each
atomic Cj, either h(7, A n Cy) is 0, if A n C} is transient, or h(7, C}) otherwise.

For an arbitrary set A and any atomic almost closed set C' we define the
function

x(4, C) = 0 if the corresponding series: (3.1) converges,
(3.12) =0 ifCnR#@, AnCnR = §,
= 1 otherwise,

where R is the set of recurrent states in I. 'We can then state for any decom-
position I = CiuCyu - the

THEOREM 2. In an atomic Markov chain the function h(, A) can be expressed
in the form

(3.13) h(i, A) = 2 x(4, C)h(i, Cr)
or all sets A and all states © in I.

Proof. From (3.11) we see that it is only necessary to show that
(3.14) h(t, AnCy) = x(4, Ce)h(7, Ci)

forall A c I,7el, and all C;,. This follows from the above remarks and the
definition (3.12) since x(4, Cix) = 0 if and only if A n Cj is transient.

From Theorems 1 and 2 we can now deduce our general Wiener’s tests for
transience or recurrence of arbitrary sets in atomic Markov chains. Firstly
the test for a simply atomic chain is

TuEOREM 3. In a transient simply atomic Markov chain there is a subdivision
of the state space I into shells =g = {s}, Z1, 2z, - -+ such that an arbitrary set A
is transient or recurrent according to whether the series (3.1) is convergent or
divergent.

Proof. This is obtained directly from Theorem 1 by putting C = I and
noting that in a simply atomic chain a set A is either transient or recurrent.

In the case of a multiply or countably atomic Markov chain we take a
decomposition of the state space into the recurrent classes Ry, Ra, - -+ (with
UR; = R) and atomic almost closed sets @i, Q:, - -- which do not contain
recurrent states. We can then prove
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TueOREM 4. In an atomic Markov chain there is a subdwision of the state

space I into the set R of recurrent states and the shells {Z1} ey, {Z}) =0, « - - such
that an arbitrary set A is transient if and only if A n R is empty and each series
(3.15) 2= (s, AnZ)

18 convergent.

Proof. From Theorem 2 it follows that A is transient if and only if all the
functions x(4, Q) = 0 and x(A4, Ry) = 0. From Theorem 1 it follows that
x(4, @) = 0 if and only if the corresponding series (3.15) converges for a
suitable s;. From (3.12) it follows that each x(A, Rx) = 0 if and only if
each A n R is empty, which is equivalent to saying that A n R is empty. This
completes the proof of the theorem.

The corresponding test for recurrence is

TuEOREM 5. In an atomic Markov chain there is a subdivision of the state
space I into sets Ry, Ry, - -+ and shells {2V} =0, {2}, - -+ such that an ar-
bitrary set A s recurrent if and only if each series (3.15) is divergent and each
set A n Ry, is non-empty.

Proof. From Theorem 2 it follows that A is recurrent if and only if all the
functions x(4, @) = 1 and x(A4, Bx) = 1. From Theorem 1 it follows
that x(A4, Q) = 1if and only if the corresponding series (3.15) diverges for a
suitable s;. From (3.12) it follows that x(A, RBx) = 1 if and only if each
A n Ry is non-empty. This completes the proof of the theorem.

Remarks. As in the remark after Theorem 1 we can show in Theorem 3
that A is transient if and only if the series (3.11) is convergent for all< > 1.
In Theorem 4 we can similarly show that A is transient if and only if A n R is
empty and the series

(3.16) 2 f(4, AnZh)

is convergent for all k and all 7 > 1.

On the other hand we can also show that A4 is recurrent in Theorem 3 if and
only if the series (3.11) is divergent for some positive ¢. Similarly in Theorem
5 the set A is recurrent if and only if each set A n R; is non-empty and each
series (3.16) is divergent for some positive 7.

In Theorem 3 we can still show that a set 4 is transient if and only if the
series (3.11) is convergent for some positive 2. This follows from the fact that
the convergence of the series implies that A is transient from ¢, by the Borel-
Cantelli Lemma, and by atomicity we see then that A is transient.

Theorems 1, 3, 4, 5 could also be stated and proved as tests for transience or
recurrence from a fixed state s, by replacing s, 81, sz, - -+ in series (3.1) and
(3.15) by so. A set which is transient (recurrent) from s, is also transient
(recurrent) from each state accessible from s;. Thus, if all states in I,
except possibly in a transient set, are accessible from s, then Theorems 4
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and 5 can be stated with all the s in the series (3.15) replaced by the single
state sp.

4. Tests for general Markov chains

In a general Markov chain, which is not atomic, we will show that there are
not tests for transience or recurrence of the type obtained in Theorems 3, 4, 5.
Theorem 1 is of course true for any atomic almost closed set C in such a chain
and Theorem 2 can be modified to remain true in the general case, by the addi-
tion of a single term h(%, Cy) on the right of (3.13) where C} is the non-atomic
part of I.

One can obtain similar tests to Theorems 1, 3, 4, 5 but with shells Z,, 2, , - -
which are not fixed in advance. Thetest for transience, with By, Ry, «--, B
defined as before, is

TuroreEM 6. A set A is transient if and only if A n R is empty and (I — R)
can be divided into finite sets Zo, Z;, -+ - such that

(4..1) ZO;-O f(% An EL)
1s convergent for all positive <.

Proof. From the convergence of (4.1) we see immediately by the Borel-
Cantelli Lemma that (A — R) is transient from each state ¢ and hence is
transient. Since A n R is empty then A is also transient.

Conversely, if A is transient, then A n R is empty and we can choose integers
1 =mny<m <mng < --- such that

(4.2) fi, Anf{n,n, +1,.--}) <27
forl < ¢ <, for each ¢ > 1, as in the proof of Theorem 1. If wenow define

ZL—].: {nl—l,nl—1+1, ree,Nn, — 1} — R

for « > 1 we see that
f(z,2,nA) < 27"

for ¢ > ¢ and therefore the series (4.1) is convergent for all positive 7. Ob-
viously I — R = U= =, and so the proof of the theorem is complete.
The corresponding test for recurrence is

THEOREM 7. A set A is recurrent if and only if each set A n Ry s non-empty
and also the series (4.1) is divergent for all ¢ in I and all sequences of finite sets
20, 21, - - for which

(4.2) Pr (4, L{Ui=Z.}) > 0.

Proof. Let A be a recurrent set, then it follows, as in the proof of Theorem
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5, that each set A n Ry is non-empty. Also we can deduce from the recurrence
that

h(1, An{Ue24) 2 Pr (4, L{Ui2}) > 0

and so the series (4.1) must diverge by the Borel-Cantelli Lemma, for all
%, 2, 21, - - - for which (4.2) holds, as required.

If A is not recurrent then either some set 4 n Ry is empty or, failing that,
Pr (¢, L{I — A — R}) > 0.

In the latter case we choose 2y, Z;, - - - as any sequence of finite sets whose
union is (I — A — R) and let ¢ be any state for which h(s,I — A — R) > 0.
The series (4.1) is then trivially convergent and (4.2) is satisfied. The proof
of the theorem is now complete.

We will say that there is a simple (multiple, countable) Wiener test for
transience of a set if there is a sequence of disjoint finite sets St, and real-
valued functions ¢( ) defined for subsets of all the S}, such that an arbitrary
set A is transient if and only if the series

(4.3) D im0 dk(A nSY)

is [are] convergent fork = 1[1 <k < N,1 <k < »]. We similarly say that
there is a simple [multiple, countable] Wiener test for recurrence with the
series (4.3) required to be divergent. By convention the series (4.3) is said
to be divergent if any one term is infinite.

In the case of transience tests there is no loss of generality in assuming that
each ¢i(-) is non-negative. If A is non-transient then the divergence of
(4.3) for some k implies the divergence of

(4.4) ol e(AnS) .

Applying (4.3) to the empty set § we see that ¢,(#) = O for all k. For an
arbitrary transient set A we put

AT = Ud»k(Ans'f)go(A nSY), A" =4 — At

from the transience of A* and A~ it follows that the series of positive, and of
negative, terms of (4.3) are each convergent and hence (4.4) is convergent.
Thus the tests for transience are still valid with ¢x(-) replaced by [¢x(-) |-
We may also drop the subseript & on ¢x(-) since the only subset common
to any S% and 8% , with &k 5 k', is the empty set @ for which ¢,(f) = 0.

TuareoreM 8. There is a simple Wiener test for transience if and only if
(I — R) is the union of finitely many atomic almost closed sets.

Proof. If (I — R) satisfies the given condition we can choose sets =¥ by
Theorem 4 with 1 < k < N. We choose an infinite sequence of disjoint
finite sets {Sy}m=o containing each set which is either of the form

Ui =t
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or consists of a single recurrent state {r}. We then put

o({r}) = =,  ¢(@#) =0

and
d(An{Uia =) = D8 f(s, AnSH).

Since there are only finitely many terms in the latter sum, the series
> v0d(AnS;) converges if and only if each series (3.15) is convergent and
also A contains no recurrent states, that is to say, if and only if A is transient.

Conversely let us assume that (I — R) contains infinitely many disjoint
almost closed sets By, By, --- and that there is a simple Wiener test for
transience, with non-negative ¢(4 n S.), of the form

“A is transient < Qg d(An8,) < o,

Since none of the sets By, By, - - - is transient and each set B, n S, is transient
the series

D od(BinS,)

is a divergent series of finite terms for each £ > 1. 'Thus we can choose integers
1 =< y<i< - - such that

(4.5) Sl #(BinS) > 1 (k> 1)

If we now define
A= U:=1 U:'L—”];_l (Bk n S,,)

we see immediately from (4.5) that the series Y 1o #(A n 8,) is divergent and
hence A is not transient.
However from the transience of each B; n S, we deduce that

Pr (I'(4)) = Pr (I'{A — Us* 84)
< 2i-u Pr (I(By))

foreach M > 1. From Lemma 3 it follows that the latter series converges and
so Pr (I'(A)) = 0 and A is transient. We thus have a contradiction and it
follows that (I — R) is the union of finitely many atomic almost closed sets.

CorOLLARY 1. In a transient Markov chain there is a simple Wiener test for
transience if and only if the chain is simply or multiply atomic.

Proof. We need only note in this case that R is empty and hence I de-
composes into finitely many atoms.

Remarks. In the proof of the theorem and its corollary we have tacitly
assumed an initial probability distribution on I with Pr (zy(w) = 2) > 0
for all positive 7. If instead we assume Pr (zo(w) = s) = 1 for a particular s
we can obtain similar results for transience from s. In particular there is a
simple Wiener test for transience from s in a transient Markov chain if and only
if only a finite number of disjoint atomic almost closed sets are accessible from
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s. We can also prove results similar to those of the theorem giving necessary
and sufficient conditions for the existence of Wiener tests for transience of
subsets of a fixed set S.

We now prove the corresponding theorem on the existence of a countable
Wiener test for transience. We need not concern ourselves with multiple
Wiener tests for transience since these are seen to be equivalent to simple
transience tests by replacing several series (4.3) by their sum.

TreoREM 9. There is a countable Wiener test for transience if and only if
I is atomic.

Proof. 1If I is atomic we can choose sets =% by Theorem 4 whose union is
I — R. For the case already covered by Theorem 8 we can then define S}
as before and put S¢ = @ for all « > 0, k > 2, and obtain trivially a countable
Wiener test for transience. In the other case when (I — R) is the union of an
infinite sequence {Q;}%-1 of atomic almost closed sets we then put S¥ = =¥
for « > 0 when k is not a recurrent state and St = {k}, ’f+1 =3for. >0
when % is recurrent. We then put ¢({k}) = o if k is recurrent, (@) = 0
and otherwise

#(AnZh) = f(si, AnZD).

All the series (4.3) are then convergent if and only if A contains no recurrent
states and also each series (3.15) is convergent, that is to say, if and only if
A is transient.

Conversely let us assume that I contains a non-atomic almost closed set C
and that there is a countable Wiener test for transience with non-negative
(A nS¥). The series

(4.6) 2imei(CnSY)
must then diverge for some k = «, say. For subsets A of
¢ =Cn(UL8)

the convergence of (4.3), with k = «, is then a necessary and sufficient condi-
tion for transience of A since the series (4.3) is trivially convergent to O for
other values of k. (' is not transient, by the divergence of (4.6) with k = «.
Since C is non-atomic we can write it as the disjoint union of non-atomic al-
most closed sets Cy, - -+, Cy, such that

Pr (I'(Cy)) < Pr (I'(C")) (1 <4< m).

Writing C; = Cin €’ for 1 < ¢ < m we deduce that at least two sets C, C,
are non-transient. Repeating the same argument we can show that there is an
infinite sequence of disjoint non-atomic almost closed sets A;, 4, -+ for
which each By, = A, n ('’ is non-transient. Applying the same argument as
used in Theorem 8 we can construct a transient subset A of €’ for which the
series

> od(An S
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diverges, which gives us a contradiction. Therefore I contains no non-atomic
almost closed set C, that is to say, I is atomic. This completes the proof of
the Theorem.

We now turn to the question of the existence of Wiener tests for recurrence.
In this case we need to assume that our set functions ¢;(+) are subadditive,
that is to say, that

(4.7) o(AuB) < ¢x(A) + ¢u(B)

for any subsets A, B, of the same S¥. Then trivially ¢x(-) is non-negative
for each k.

In the case of recurrence tests we get a more precise correspondence between
the type of test and the type of atomic chain.

TueoreEM 10. There is a multiple (N-ple) Wiener test for recurrence if and
only if I vs multiply (N-ply) atomic.

Proof. 1If I is N-ply atomic we can divide I into N atomic almost closed
sets Cy, Cz, - -+, Cy by Lemma 3. Each Cy is then either a recurrent class
or can be written, by Theorem 1, as a disjoint union of sets {=%} . In the
former case we put 8¢ = Ci, 8¥ = ¢ (« > 1), and ¢4(A n 8¥) = 0 or = depend-
ing on whether A n S% is empty or not. In the latter case we put 8¥ = =¥ and

(A nSY = f(s, AnSY).

The divergence of (4.3) for each k in [1, N] is then, by Theorem 5, a necessary
and sufficient eondition for the recurrence of A.

Conversely if there is a N-ple Wiener test for recurrence we suppose first
that I contains (N 4 1) disjoint almost closed sets By, -+, Byyi. Since
the complementary sets Bi, Bz, -+, By are not recurrent there is for each
2in [1, N + 1] an integer k; in [1, N] such that

Db (BinSY) < oo.

Therefore k; = k; = «, say, for some pair of distinet integers 7, . From the
subadditivity of ¢.(-) we deduce that

S eod((BiUB)ASY) < »

and hence I = B:n B} is not recurrent. This contradiction implies that I
is M-ply atomic, with M < N.

Suppose now that M < N and that I is the disjoint union of the atomie
almost closed sets Dy, -+, Dy. By the recurrence test the sets T': = I
— U 8., with 1 < ¢ < N, are not recurrent and hence T'; n D;, is transient
for some h; in [1, M]. Therefore h; = h; = #, say, for some pair of distinet
integers 7, . We deduce that

(TsnD,)u(TinDy) = D,
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is transient, which is impossible. Hence M = N and the proof of the theorem
is complete.

The corresponding result for countably atomic chains is contained in

TrroREM 11. There is a countable Wiener test for recurrence if and only if 1
18 countably atomic.

Proof. 1If I is countably atomic we can show as in Theorem 10 that there
is a countable Wiener test for recurrence.

Conversely we can show that if there is a countable Wiener test then, by the
method of Theorem 10, I cannot be expressed as the union of M atomic al-
most closed sets for any finite M. Suppose that I contains a non-atomic al-
most closed set C, so that C° is not recurrent and hence the series (4.6) must
converge for some k = «x, say. Therefore by (4.3) the set

D = CcU(I b U?—oSf)

is also not recurrent, so that
Pr(I'(D)) < 1.

Since C is non-atomic it can be written as a finite union Ul C; of non-atomie
almost closed sets C; for which

Pr(I'(C:)) <1 — Pr(I'(D)) (1 L7 n).
Hence we have also
Pr(I'(DuC))) <1 1L 7Ln)
which means that each set D u C; is non-recurrent. By subadditivity
Drodk((DuC) n8) > D gdn(InSY) (k # «)
since I is recurrent, so that the convergent series (4.3) must be
2d((Duli)nS) < w (1<i<n).

From the subadditivity of ¢.(-) we then derive
2 i=d((DulC)n8i) = 2t d(InS) < o,

which is impossible, by the recurrence of I. Therefore I contains no non-atomic
almost closed set and, together with the fact that I is not multiply atomie,
this shows that I is countably atomic and the proof of the Theorem is com-
plete.

We turn finally to the question which initiated this research, the existence
of a Wiener test for a Random Walk on a group [7]. By such a random walk
we mean a Markov chain in which the state space I forms a group under an
operation o, with identity 1 and inverse -~ such that 104 = 01 = 4,
t07 ' =1 'o{ = 1foralliin I, and for which the transition probabilities p; ,
and hence also pi? and G;, are functions of ¢ ' o j.
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We say that a Markov chain is indecomposable [3] if it is not possible to
find two non-empty sets J, K in I such that G = 0 = Gy; for any pair j e J,
ke K. In the case of a random walk on a group [7] this is equivalent to the
definition of aperiodicity in [6], that I is the smallest group containing all
states ¢ for which py; > 0. This implies that for each ¢ in I there are integers
Ny T1,%, *** %, 1 = J1,72, -+, Jn such that
(4.8) Piviy Digiy Digia Pigis *** Dinin Piin > 0,

since the set of 7 for which this is true form a group which is contained in any
group containing all ¢ for which p;; > 0.
We can now prove our

TurorREM 12. An aperiodic random walk on a group, considered as a Markov
chain, is either simply atomic or simply non-atomic.

Proof. Suppose that I contains an atomic almost closed set C. We then
choose a state « for which

8§ =Pr{l(C)|zw) = > 0.
From the group property it then follows that
D= /"0C={t0i:ieC)
is an atomic almost closed set for which
Pr{I'(D)|zo(w) = 1} =8> 0.
Let 0 < £ < 36 and choose by Lemma 3 a state m for which
Pr{I'(m™ o D)|m(w) = 1} = Pr{I'(D)|zo(w) =m} > 1 —¢ >3

Since D and m " o D are both atomic almost closed sets it follows from Lemma 3
that (m™ o D) and D differ only by a transient set and so

8 = Pr{I'(D)|m(w) = 1} = Pr{I(m™oD)|xo(ew) =1} > 1 —¢
for each positive ¢ < 3 5. Therefore
(4.9) Pr{I'(D)|z(w) =1} = 1.
If either pjx > 0 or py; > 0 then
Pr{I'(D)|xy(w) =4} =1 = Pr{l'(D)|zy(w) =k} >0
and a similar argument shows immediately that
(4.10) Pr{I'D)|zo(w) =3} =1 = Pr{l(D)|z(w) =k} = 1.

Due to the aperiodicity of the random walk we can find, for each ¢ in I, in-
tegersn, 1, -« ,t,l =J1, *++ , ju satisfying (4.8). Therefore by a repeated
application of (4.10) we deduce that

Pr {I(D)| w(w) = 1} = 1= Pr{I(D)|zo(e) = %)
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(4.11) =1= .- =2 Pr{l(D)|z(w) = i}
=1=Pr{I'(D)|zyw) =1 =1

for each 7 in I, which implies that I is simply atomic. Therefore either (a) I
contains an atomic almost closed set and is itself simply atomic or (b) I con-
tains no atomic almost closed set and so is simply non-atomic. This completes
the proof of the theorem.

We can immediately deduce the

COROLLARY. An aperiodic random walk on a group has either no Wiener
test of any type or else has stmple Wiener tests for transience and for recurrence.

Proof. By Theorem 12 the random walk is either simply atomic and so by
Theorems 8, 10 has simple Wiener tests for transience and recurrence or is
simply non-atomic and so by Theorems 811 has no Wiener tests of any
type.

Remark. We can also prove more generally that a general random walk on
a group is either simply non-atomic or else it is atomic with one atomic almost
closed set consisting of the smallest group G containing all states ¢ for which
p1; > 0 and the other atomic almost closed sets being merely the cosets of G
in I. We can then deduce that there is either no Wiener test for transience or
recurrence from a state ¢ or else there are simple Wiener tests for recurrence
and for transience from each state 7, since from ¢ only states of the atomic
almost closed set ¢ o G are accessible.

Note. By an application of the zero-or-one law for symmetric events [8]
one can show that an aperiodic random walk on an Abelian group is neces-
sarily simply atomic. On the other hand an aperiodic random walk on a non-
Abelian group G may be either simply non-atomie, as for instance if G is the
free group on m > 2 generators [9], or simply atomic, as in the following
example.

Let G be the group generated by three elements a, b, ¢ of infinite order for
which

(4.12) ab = ba”’, ac = ca, bc = cb.
We define a random walk on this group by putting
(4.13) pon = 1/6 if g7h =a,a b b c or ¢,
=0 otherwise.
Let 4 be an arbitrary subset of G and put
(4.14) o(x, ¥, 2) = h(ad’, A).
From (4.12), (4.13) and (4.14) we can then deduce that
66(z,y,2) = d(z + L, y,2) + o(x — L,y,2) + o(x,y + 1,2)

+¢(x,y—1,z)+¢(x,y,z+1)+¢>(x,y,z—1),

(4.15)
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since a’b’c'a™ = a"=V'p¢*. From the simple atomicity of the simple 3-di-
mensional random walk it follows that any bounded solutions of (4.15) are
necessarily constant and hence by [4] the random walk on G is simply atomic.
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