A MINIMAL REPRESENTATION FOR THE LIE ALGEBRA G;

BY
RoserT B. BrROWN!

The smallest representation of a split Lie algebra of type E; over a field of
characteristic zero has dimension fifty-six and is closely related to the split
exceptional simple Jordan algebra. This representation has been studied by
Freudenthal [4] and Seligman [11]. We show that it is possible to define a
multiplication and a trace on the representation space so that the Lie algebra
@; is realized by the derivations and left multiplications by elements of trace
zero. The derivations alone form a Lie algebra of type Es. The Killing
forms of these Lie algebras are also presented. Later we slightly generalize
the fifty-six dimensional algebras so as to obtain as algebras of derivations a
class of Lie algebras of type Es including the “twisted” algebras. Although
these include all real forms of € , no new forms of &; occur. Finally a method
of twisting E/’s is given. This results in a class which contains all real forms
of @7 .

Throughout, the characteristic of the ground field is not two or three.

1. Cayley and Jordan algebras

In this section we collect some facts about Cayley algebras and exceptional
simple Jordan algebras. The following properties of Cayley algebras are
proved in [6]. A Cayley algebra € is an eight-dimensional central simple
alternative algebra. It possesses an involution 2 — z* such that the quadratic
norm form n(z) = xz™ permits composition: n(zy) = n(z)n(y). We linear-
ize n(x) to obtain a non-degenerate symmetric bilinear form on €:

(z,9) = 3ln(e + ) — n(@) — n@)] = 3@y + y*).

A Cayley algebra has an identity 1 and every element is of the form al 4
with (20, 1) = 0. Then (al 4+ 2)* = a1l — 2,. A basis can be chosen for
@ so that the norm form becomes

n(x) = & — pkl — ofs + rols — r(E — ps — ofs + pok7).

Here p, o, 7 are non-zero field elements. To exhibit them we will write
€ = G(p, 0, 7), even though they are not uniquely determined by €. A Cayley
algebra with zero divisors is called split.

Received January 9, 1967.

1 This is a revision of part of a dissertation written under Professor A. A. Albert at
The University of Chicago. Thanks are due to Professor Albert for his encouragement
and to the National Science Foundation for its support. Some of these results were
announced in [3].
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TreorEM. Two Cayley algebras over the same ground field (ch. #£2) are iso-
morphic if and only if their norm forms are equivalent. Any two split Cayley
algebras are isomorphic.

We turn now to exceptional simple Jordan algebras [1], [2], [5], [8], [12], [14],
[15]. An algebra & is an exceptional simple Jordan algebra if there is an ex-
tension & of the ground field such that 3 is isomorphie to an algebra $(&;,T')
of the following form. Let € be a Cayley algebra over &, and T a diagonal
matrix diag {v1, 72, v}, where the v; are non-zero elements of  The ele-
ments of $(E;, I') are 3 X 3 matrices of the form

o x il
(1) o=y v o y
—1 *
2 Y3 Y2 Y o3

where a; ¢ R; 2, ¥, 2¢ 8. The produet in H(C;, I') is ab = 3(a-b + b-a),
where a-b is ordinary matrix multiplication. Such a matrix algebra is called
reduced, and every finite-dimensional exceptional simple Jordan algebra is
either reduced or is a division algebra.

Although a reduced exceptional simple Jordan algebra may have different
representations as an algebra of matrices, the Cayley algebras occurring are
all isomorphie, and we refer to them as the coefficient algebra of $(C;, I').
For (1) we will usually write

a = aie + aze; + ases + Tio + Y3 + 2.

The following define the multiplication. Let (4jk) be a cyclic permutation of
(123). Then

ef = €;,€:6; = 0, e;Tiy; = €;Xi5 = %x,',-,
e =0,  Tiym = vevi@) i,  Tuyy = vivia, v) (e + €).
The element ¢ = e; + e, + e; is a unit element.
We define trace (a¢) = oy + a2 + a3. The trace is not dependent on the
particular matrix representation. The bilinear form (a, b) = trace (ab) is
symmetric and non-degenerate. It can be induced on a division algebra from

a reduced extension. We have (¢, ¢) = 3 and (ab, ¢) = (a, bc). Further-
more, every element ¢ satisfies a cubic equation

d — (a,€)a’ — H(a,a) — (g, ¢)'la — N(a)e = 0,

where N(a) = 1(d’, a) — 3(a, @)(a, €) + ¥(a, ¢)’.
For ain (1)

N(a) = ooz + 2(xy, 2*) — arv5' 72 n(y) — 2 v v3n(2) — as vz v1n(2).

Linearization of N(a) yields a symmetric trilinear form (a, b, ¢) such that
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(@, @, a) = N(a). The non-degeneracy of the trace form then defines on &
a commutative cross-product @ X b by (¢ X b, ¢) = 3(a, b, ¢). It turns out
that
@ a X b =ab— i(a,e)b — (b, e)a — 3[(a,b) — (a,e)(b, e)le,
bX (aXa)= 3 — alab) + i(a, b)a.

The semi-norm preserving group M (&) is the group of all linear bijections
S on & such that for some fixed ps 0 in the field and for all a in &,
N(aS) = pgN(a). The norm preserving group L(&) is the subgroup of those
S with pg = 1. The map

U,:z— 2a(ax) — o’

isin M(8); U, = Ux¥; N(zU,) = N(a)’N(z). (See [7].) Here * is the
transpose with respect to the trace form on &. For reduced &, any non-zero
o may play the role of ps. For,ifa = o "e; + e, + e5,let S = aU,. Then
ps = A.

Let R(a) denote the map x — xa in §. The set of maps R(a) + D where
trace & = 0 and D is a derivation of & is closed under commutation and forms a
Lie algebra (3) of type Es. () is known to consist of all linear transforma-
tions 4 on & such that for every a, b, ¢ in &,

(3) (a4, b, c) + (a, b4, ¢) + (a,b,c4) = 0.
2. Definition of the algebra

Let & be an exceptional simple Jordan algebra over a field §§ of characteristic
not two or three. We define the algebra N(J; 8, w) to be set of quadruples
z = (a,B,a,b) fora,BinFand a,binJF; s, w # 0in F. We will write

(4) z = afi + Bfe + a2 + ba.
A bilinear multiplication is defined as follows. Say ¢ 5 j, where {7, j} = {1, 2}.
fi="F, fifi=0,
fiaij = %ai,  fiay = 3ai,
(5) aiijfi =0,  ayf; = @i,
aijbji = 8(a, b)fs,
b = 20(a X b)a, an by = 26w (a X b)ie

Notice that f = fi + f; is an identity element for N(S; §, w). A trace and a
bilinear form can be defined on N(S; 8, w) as follows. For z in (4),
tr (x) = + B. Ify = Efl + nfz"l- C12 + d21,then

(.’B, y) = tr (xy) = af + By + 6(“: d) + B(b: C).

This bilinear form is symmetric and non-degenerate, and (z, e¢) = tr ().
However, (z, ¥) is not an associative form; that is, (zy, 2) # (=, y2) in general.
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For (ai2fi, bu) = 0, while (a12, fibu) = %8(a, b). This reflects the patho-
logical non-associativity of N(3J; 8, w).

LeMMA. N(G; 8, w) s not flexible or power-associative.

Proof. Let e be the identity element of . Then (e €12)e12 = 6wdfz , while
ex(er 612) = Bwdfy.

Lemma. N(S; 8, w) s central simple.

Proof. Let M be a non-zero ideal in N(J; 8, w). If I contains a; == 0
and b is an element of & such that (a, b) 0, then ai;b;; + bjia:; = 8(a, b)fis
inM, and M = N(S; 6, ). Next,if v = of; + Bf; + ai; + bjs e M with a,; =
O, then [fg(f,.’l})] j = %ai,«eim. Finally, ifx = afi -+ ﬂf] with B #0 is in
M, then a;jz = Ba; e M. Thus M = N(F; 3, w).

3. Derivations and left multiplications

In this section we show how Lie algebras of types Es and E; can be realized
as algebras of linear transformations on N(SJ; 9, w).

TueoreM. The derivations D of & = N(G; 8, w) are given by
(6) D:fi—0, f:—0, a — (aDy)re, bu — (—bD%)a,

where Dy € (). Hence, the derivation algebra D(N) is a Lie algebra of
type Es .

Proof. To see that conditions (6) are necessary, we substitute various
elements of M into the equation (xy)D = (2D)y + z(yD). First we let
r =Y = f1. Ifle = Ef1 + 11f2 + ¢ + dzl, we obtain

tfi + nfs + e + du = Efi + du + Efi + Fo2 + 3.

Hencet =g =0andc =d = 0,s0othat i D = 0. Similarly foD = 0. Next
for ¢ % j suppose that a;; D = £f; + uf; + ¢ + dji. We set 2 = f; and
Yy = a; toobtain £ = n = 0and d = 0. Hence a;; D = (aDy;);; for linear
transformations D;; on & Next we let £ = a; and y = by and obtain
0 = 8(aDys, b) + 5(a, bDy), so that Dyy = —D%,. Finally, with = azand
Yy = ¢z we obtain

—2w(a X ¢)D3y = 2waDys X ¢ + 2wa X cDys.
Hence for all b € &,

((a X ¢)Di2,b) + (aDs X ¢, b) + (a X D1, b) = 0.

This implies that

(a’ ) bDl?) + (aDl? » Gy b) + (a, D1 ’ b) = 0)

which amounts by (3) to saying that Dy e 2(3). Hence the conditions are
necessary. To show that they are sufficient entails an obvious verification,
which we omit.
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Under the action of D(N) the space M decomposes into the trivial repre-
sentation on fi + Tfe and two inequivalent 27-dimensional representations on
N = {(142 :aef}} and Ny = {b21 : bes‘}

We turn now to Lie algebras of type E;. Let (N) be the linear space of
transformations on N spanned by D(M) and the left multiplications
L(z) : y — zy where tr () = 0.

TaEOREM. Dimension (N) = 133, L(N) s closed under commutation, and
the following products hold, where a, b, ¢, d have trace zero and D ¢ D(N).

(7) [L(z), D] = L(zD),

(8) [L(fi — f2), L(aw)] = —3L(ax),

(9) [L(fs = f2), L(bn)] = 3L(ba),

(10) [L(ax), L(c)] = [L(bar), L(dm)] = O,

(11) [L(ar), L(bu)] = 8(—(a, D)L(fr — fo) + B),

where By, = 2R(%(a, b)e — ab) + 2[R(a), R(b)].

Proof. The truth of the dimension assertion is clear. To show that ()
is closed, it is sufficient to verify the products. For (7),

ylL(z), D] = (ay)D — x(yD) = (2D)y.
Let z = £y + nfs + g2 + ha. For (8),
2[L(fy — f2), L(aw)] = an(tfi — nfs — 3912 + $ha)
= (i = fo) (a2 + 20(a X g)u + 8(a, h)fi
= —%d(a, M)fi — %nar — gw(a X g)u
= —3ap2.

Equation (9) is established in the same way. To prove (10) we first calcu-
late 612((112 Z) .

ce(a22) = ce(nare + 20(a X g)a + 8(a, h)f1)
2wn(c X a)a + 6wd(c, a, g)f1.

This expression is symmetric in ¢ and ¢. Hence [L(ax2), L(c2)] = 0. Simi-
larly [L(ba), L(dx)] = 0. Finally, to verify (11) we show that
2[L(a12), L(bu)] + 6(a, b)(fr — fo)z = 2E.

bu(a122) — an(baz) + 8(a, b)(fi — fo)2
= bu(na2 + 2w(a X g)a + 3(a, h)f1)
—a(ghn + 8(b, g)fs + 2007 (b X h)1z)
+ 6(a, b) (i — nfe — 3912 + $han)
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= 48b X (& X 9 + 5(a, h)ba — (b, g)or:
— 4da X (b X h)a + 38(a, b)ha — 33(a, b)gr
= 8(gBu)n — 5(hEis)n,
where gE = 4b X (a X ¢g) — (b, g)a — 3(a, b)g. We must verify that

Ei2 = 2R(3(a, b)e — ab) + 2[R(a), B(D)].
We have

29R(%(a, b)e — ab) + 2g[R(a), B(b)] — gErn
(12) = 2(3(a, b)g — g(ab) + (ga)b — (gb)a)
+ 2(—2b X (a X g) + %(b, 9)a + ¥(a, b)g).
Linearizing (2) we obtain
2b X (a X g) = (ag)b — a(gb) — g(ab) + 3(a, b)g + (g, b)a.
Therefore the right side of (12) is zero.
TurOREM. (M) s ceniral simple.

Proof. Let U = 0beanidealin &(N). Suppose first that some L(ai;) = 0
isin A. Since {(F) acts irreducibly on J,
[L(aiy), D(N)] = Ny S A.
Then if e is the identity of &,

[L(ew), L(en)] = —38L(f1 — f2) e 2.
Therefore,

[L(fi — fo), Wil = N & A
Finally for any a of trace zero in &, [L(ew), L(ax)] is a non-zero element of

D(N), which is simple. Hence, D(N) S A, and L(N) = A. We now show
that any ideal ¥ contains some L(ai;) # 0. Let

T = aL(f1 - fz) + L(am) + L(bzl) + D GQI.
If @ = 0, then

[L(fi — f2), [L(fi — f2), T] — 3T] = (8/9)L(ax) e .
If b = 0, then

[L(fy = f2), IL(fL — f2), T] + 3T) = (8/9)L(bn) €.

Finally, if @ = b = 0, then for some ¢, [L(c12), T] will have a non-zero compo-
nent in Ny;.  Hence {(N) is simple.

In the next section we show that the Killing form of () is non-degenerate
for characteristic not two or three. This will show that 2(N) is a classical
Lie algebra of type E; for algebraically closed fields of characteristic p > 7.
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Actually, Seligman [11] has computed the root spaces for () and has shown
directly that they satisfy the axioms for classical Lie algebras [9], [10]. Hence
QM) is of classical type E; for algebraically closed fields of characteristic
#2, 3.

4, Killing form

The Killing form K( , ) of a Lie algebra is defined by K(A, B) =
trace (ad A)(ad B), where T(ad A) = [T, A]. In case & is reduced our
representation enables us to calculate directly the Killing form of (0). The
details are tedious and uninteresting. Therefore only the results are given.
The Killing form K for (M) can be built up by first computing the Killing
forms K, of D(F) and K; of (F). Let § = H(C;, T') where € has norm form
n(z). Let mo(xz) be that norm form restricted to elements z such that
(z,1) = 0. Then K, is equivalent to

=2 (vain(@m) + v3ven(ze) + v1'vsn(zs)
+ no(y1) + no(y2) + no(ys) + no(ya)).

For K; we have Ki(R(a), G) = 0 for G e D(F). Further, the restriction of
K; to {R(a) : tr (@) = 0} is equivalent to

681 + 28 + 6(vz vin(2) + v van(z) + yrvsn(zs)).
K, is equivalent to
(13) 6£ + 28 + 6(vz vin(2) + v5van(xs) + v vsn(zs)) + 3K, .

Now let Q(a) = (a, a) = trace (a°) be the quadratic form induced on & by
its trace. For K we have

K(L(fy — f2), L(fy — f2)) = 24,
K(L(fy — f2), %) = K(L(fr — fo), D(N)) = 0,
K(L(a:), L(by)) = 0,
K(L(ax), L(bn)) = 365(a, ),
K(D, E) = (3/2)Ki(Ds2, Eun),
where D, E are in D(N). Thus K is equivalent to
(14) 6t + 26Q(a) — 26Q(b) + 6K;.

For characteristic not two or three the discriminants of K., K;, K are non-
Zero.

5. Classification of the algebras %(S; 6, w)

A characterization of the isomorphisms between R = N(Fs; 6:, wi), 2= 1,2
is given by the lemma which follows. Let fi and f, be the idempotents of
M ; f1 and f; those of Ny .
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Lemma. The isomorphisms of M onto Ny are the linear bijections ¢ of the
following forms.

(1) fie = f{, fap = f2, Qo = (aS)m, bae = 51521(58* 1)21, where
S: &= and Nz(aS) = 51 w1(62 wz) N],(a)

(2) fie = fa, oo = f1, a12<P = 8,8, (aS* V), bue = (bS)1z, where
S 31‘*8‘2 and N2(GS) = 81 w1 (52(.02) 1N1(a)

Proof. 'To prove that the stated conditions are necessary, we observe first
that if ¢ is an isomorphism then D(N;) = ¢~ D(M)e. Hence f1 ¢ must be an
idempotent annihilated by D(Ms) ; that i§, fip = f1 orfo. First suppose that
fie =fi. Thenfop =f5. If

ape = Otf{ + ﬂf; + ¢ + du,
then

Q2@ = 3(f1<P) (ane) = 30!f{ + ci2 + 2d .

Therefore« = 8 = 0,d = 0, and a0 = (aS)1z. Similarly bue = (bT)u.
Expanding (alz b21)<p = (a12 (p) (bzl (p), we obtain

bi(a, b)fs = &x(a8, bT)f1,
so that T = 8 &'8*”". Finally from (a12bw)e = (a1 ¢)(bue) we obtain

2w 8187 (@ X b)S* ™ = 2w, aS X bS,
so that

w1 31(0)2 52)_1((0/ X b)S*_l, CS) = (CLS X bS, CS).

Settinga = b = ¢, we obtain w; 8, (ws 8:) "Ni(a) = Ni(aS). The calculation
in case fi¢ = f2 is similar. The verification that the conditions are sufficient
is straightforward and is omitted.

CoROLLARY.  N(S; 8, w) ds dsomorphic to N(S; 1, o’ow) and to
N 1, ’6 ™) for any a = 0.

Proof. Inthelemmalet & = §, w1 = w, 8, = 1. In anisomorphism (1) we
let wy = @’®8wand S = o 'I. In (2) welet ws = o*6 '  and 8 = da'I.

More detailed information about isomorphisms from 9y to N, is obtained
from the semi-norm preserving maps S. Reduced exceptional simple Jordan
algebras are characterized by the presence of non-zero elements a such that
N(a) = 0[12]. Hence if maps 8 : 31 — 3. exist, then S, is reduced if and
only if 3, is reduced. Between reduced algebras the maps exist if and only
if &1 and 3, have isomorphic coefficient algebras [5], [13]. Furthermore, we
observe in section one that for a reduced algebra & and any p = 0 a map

T : & — & exists such that N(aT) = pN(a). This establishes the following
corollary.

CoroLLARY. Over a field of characteristic not two or three let 34 be a reduced
exceptional simple Jordan algebra and J» another exceptional simple Jordan
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algebra. Then N(Sy ; 81, w1) and N(Je ; 82, we) are isomorphic if and only <f
B 1s reduced and 31 and J. have isomorphic coefficient algebras.

Hence, for & reduced, N(S; 8, w) isisomorphic to N = N(F;1,1). Wehave
the following characterization of the automorphisms Aut () of N.

CoROLLARY. For & reduced, Aut (M) consists of the maps

8o fi,fao fo, e — (08, bu — (B8* u
and
8" fi = fo, oo fi, e — (@S* M, bu — (b8)1e,

where S e L(S).

The subgroup L(J)’ = {8 :8SeL(3)} has index two in Aut (M) and is
isomorphic to L(J). Jacobson [8] has shown that the center Z of L(&) con-
sists of {al : o® = 1} and that for & reduced L(S)/Z is simple.

LemMma. For § reduced the center Z' of Aut () 4s {al : o® = 1}.

Proof. It suffices to show that no T” is in Z’. If T” is a central element,
then 7”7 = I”T’. For all 8 in L(S), 8'I” = I”(8*?)’. Since SI"T" =
I"T'S’, we then have 8* T = TS. Suppose that

al =te + be + Les + T + yas + 2m.

Let S = U, where N(a) = =1. Since U, = U it must be true that
T=U,TU,. Selecta = aye; + aze; + a3 e; where ayap 03 = 1. A direct
computation shows that

aUsTUs = ai(aitier + aifaes + asfses + a1oaie + azasyos + asanza).
For all admissible choices of the a;, &1 T = ¢ Us TU, only if & = & = 0,

t=y=2=0,anda; = 1. Hencee; T = 7,e; and the ground field is GF (5).
However if we let a = ae, + 23, then

e Us TUs = vivsn(2) mer,
é T = nmer.
Over a finite field, n(2) is a universal form. Hence ¢; T = 0, a contradiction.

CoroLLARY. For & reduced L()'/Z' is a simple normal subgroup of index
two in Aut (N)/Z'.
6. N-forms

We define an algebra N over a field § to be an N-form if there is an exten-
sion field & such that Me = N(S; 8, w) over . We call N(S; 8, w) a reduced
N-form. To construct an example of a non-reduced N-form welet & = F(+/N)
be a quadratic extension and let M = N(F; 1, 1) over F We let N be the
&-subspace of Ne.spanned by f = fi + fo, VA(fs — f2), iz + G , V/N(bsz — bay)
for a, be 3. Then My is a non-reduced N-form, and (I )e = Ne.
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The derivation algebra of 9N, is a twisted Lie algebra of type Es. This can
be shown as follows. Any derivation D of % extends to a derivation of Ng .
Hence Dy, = R(¢c + +/Nd) + E; + +/AE,, where trace (¢) = trace (d) = 0,
and Ei, B¢ O(F). We know (a2 + ax)D is in 9. That element is

(ca) — (Ga)zl + v/A((da)z — (da)x)
+ (aE1)12 + (aE1)a + vVA((aE2)e + (aEs)n).

Hence ¢ = 0 and E;, = 0 and Dy, = +/AR(d) + E;. These derivations
D(M\) form a Lie algebra of type Eg for which the 54-dimensional space
spanned by the elements a;2 + ax and +/A(biz — by) is irreducible but not
absolutely irreducible. The Killing form for D () can be read off from (13).
It is equivalent to

(15) 6N + 208 + BA(va min(x) + vsven(z) + vivsn(as)) + 3K..

By letting §§ be the real field and letting & and A vary, we obtain the five
real Lie algebras of type Es.

7. Lie algebras of type E;

Any isomorphism between 9 and N, induces an isomorphism between
LN and ¥M,). Hence for reduced exceptional simple Jordan algebras,
(M) and {(N.) are isomorphic if the coefficient algebras of the Jordan
algebras are isomorphic. As the following proposition shows, we do not
obtain any additional Lie algebras of type E; as ().

Prorosrion. (M) = L(N).
Proof. (M) is the F-subalgebra of {¥(N)s spanned by
VAL(fi — f2),  L(az + an),  ~AL(bi — bu), +AR(c), D.

A direct computation shows that the following map is an isomorphism of
M) onto Y(N). Let e be the identity of .

VAL(fi — f2) = $L(New + en),
L(ew + en) — 3L(fi — f2),
L(ayp + aun) — 2R(a) if (a,e) =0,
VAL(biz — ba) = —L(\by — ba)
VAR(a) — 3L(\axe + an) if (a,e) = 0,
D — D.

There is a way of putting an effective twist into @(RN). Let F(v/A) = &
be a quadratic extension of the ground field and defined {(N)\ to be the
F-subspace of L(N)e spanned by VAL(fi — f2), V/AL(G12 + @), L(bie — ban),
VAR(¢), D, where a, b, c ¢} (over §), trace (¢) = 0, and D e D(I). Then
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(N)x is an F-subalgebra with Killing form
6AE + 200Q(a) — 25Q(b) + 6Ky

where K; is the form (15). If § is the real field, we obtain all four real forms
of @, by letting & and X vary.
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