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INTERPOLATION SETS AND EXTENSIONS OF
THE GROTHENDIECK INEQUALITY

BY
RoN BLEI

The key step in the proof of the Grothendieck inequality is an “integral
representation” of the inner product in a Hilbert space (see Theorem 2.3 in [1],
for example):

THEOREM. There is a compact abelian group G, a constant K > 0, and a
function ®: I> > [*(G) so that

(i) for all x € I*, |®(x)] » < K| x|,
and
(ii) for all x, y € I?, (x, y) = (®(x) * ®(3))(0) (* denotes convolution).

A natural task is to extend the above theorem and design an analogous
representation for the dual action between I and /4, where p and q are conju-
gate exponents. This is what we do in this paper. The present work could be
viewed as a postscript to [1], and, indeed, methods here are modifications of
those used in [1].

We employ basic notation and facts of commutative harmonic analysis as
presented and followed in [5]. T, as usual, will be a discrete groupand G = I'*
will denote its compact dual group. In the first section, work will be performed
in the framework of ® Z, = Q, the (compact) direct product of Z,, and
@®Z, =, its (discrete) dual group, the direct sum of Z,. Throughout,
E = {r,)®, < Q will denote the system of Rademacher functions realized as
characters in Q. In Section 1, we extend the notions of A(2) and Sidon sets:
F < T is an L(p) set, 1 < p <2, if for every ¢ € IP(F) there is f € [*(G) so that
f=¢ on F, and f € IP. Analogously, F is an S(q) set, 2 < q < oo, if for every
¢ € I(F) there is u € M(G)so that i = ¢ on F and /1 € I These notions lead to
an integral representation of the dual action between [ and [ (Theorem 1.3),
and to an extension of the classical Grothendieck inequality (Corollary 1.4).
Deserving a study for its own sake, the L(p) property is briefly examined in the
second section, where a class of L(p) sets is obtained as a subclass of A(q) sets of
a certain type (Theorem 2.2). We conclude with some questions.
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THE GROTHENDIECK INEQUALITY 181

1. A representation of the dual action between [ and [
Let 1 <p <q < o0. We set 4,(G)={fe L°(G): fe I’} and norm A4,(G) by

114, = max {[[ s | -
Similarly, we let M (G) = {y € M(G): j € I} and norm M (G) by

Il ae, = max {lafaes 2]}

DEerFINITION 1.1. (a) Let 1 <p <2. F =TI is an L(p) set if whenever ¢ € I?
there is f€ A4,(G) so that f= ¢ on F. F is a uniformizable L(p) set if for all
0 < 4 < 1, thereis B,(F, 6) = B so that whenever ¢ € I?(F) there is a (uniformiz-
ing) f € A,(G) with the following properties:

(i) f=¢ onF;
(l]) ||f|A <)B“¢]p,
@) |f |~r I, <68|¢|l, (f]|~r denotes the restriction of fto ~ F, where ~ F
denotes the complement of F).

(b) Let 2<g<oo. FcT is an S(q) set if whenever ¢ e I4(F) there is
1 € M(G) so that ji = ¢ on F. F is a uniformizable S(q) set if for all 0 < 6 < 1,
there is A,(F, ) = A so that whenever ¢ e [%(F) there is a (uniformizing)
u € M (G) with the following properties:

(i) A=¢onF;
(i) lal v, < Al ]45
(iii) Al < 0]l

The L(2) property is, of course, the usual A(2) property. The S(co) property is
the usual Sidonicity property, and uniformizable S(q) sets are referred to in [6]
as uniformizable p-Sidon sets (p and g are conjugate exponents). The S(q)
property, however, seems considerably sharper than p-Sidonicity and we prefer
the present terminology (F < I is p-Sidon if

I(F) = M(G)"/{ix: 1 =0 on F}).
The proof of the following lemma is based on a standard use of Riesz
products.

LEMMA 1.2. Let 1 <p <2 < q < oo (not necessarily conjugate exponents).
Then E = {r,}>.; = Q is a uniformizable L(p) and uniformizable S(q) set.

Proof. (a) Let 1 <p <2 and ¢ € I” be real valued. Let 0 < 6 < 1 be arbi-
trary and define the Riesz product (see p. 211 of [7])

b~ (1],/i8) [T (1+ @)/ ],)rm) — |6],/i6.

n=1
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A routine estimate yields ||h||,, < (||¢] ,/6)(exp (6%/2) + 1). Next, the spectral
analysis of h yields

29 a0

~ Z (ié/“¢”p)k—1 Z o) ¢(jk)rj1 T T

= > ji=1
and, therefore, for all n > 1, A(r,) = ¢(n). We estimate

0 pk— 1) ©
lcti= 5 ()" etk e

k> > j1=1

as follows: For each k > 1,

e o] 1 [ o)
>§ _ oGP [Pl P < —k' Z _ [6G)[P-- |Gi)[?
ol
Therefore,

A<l < (I@],/8) kgz 8*7/k!

= ([¢l,/6)Texp (67) — 6” — 1]
<|[l¢l56"

This proves that E is a uniformizable L(p) set. To prove that E is a uniformiz-
able S(q) set, we follow a similar route. Let ¢ € I be real valued. For 0 < § < 1,
the M ,(Q) uniformizing measure is given by the Riesz product

u~ (191/0) 1 1+ Go@lr) ~ 615 1

In what follows below 0 < d < 1s fixed. B(E, d) = f,and A(E, 6) = A, are
L(p) and S(g) uniformizing constants for E, respectively.

THEOREM 1.3. For any 1 < p <2 < q < oo there are functions
D, P> A,(Q) and Y, 11> M/ (Q)
with the following properties:
©) (@] 4, < [B,/(1 = O)x[, and [¥o(y)]ag, < [A4/(1 = S)|¥]l for all
xelPand ye L
(i) Let 1 < p <2< q< o beconjugate exponents and x € I?, y € I be arbi-

trary. Then (x, y)= (®y(x)* ¥ (¥))0). Moreover, for any x, yel?
(s y) = (@,(x) * ®,(7))(0) ((-, -) denotes the dual action between I° and (IP)*).

Proof. LetE,,...,E,, ...bean inﬁniteAcollection of disjoint infinite subsets
of E = {r,} = Qsothat )%, E; = E. Let Q; be the group generated by E; = Q.
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From the “independence” of E in Q, it is clear that Q; n Q; = {0} for j # j.
Routine arguments (see Chapter 3 in [5], for example) yield that for each
j=0, ... there is o; € M(Q) with the property

jl on Q
10 on 0\Q;.

A

Next, we enumerate each E; = {r{’}:> , and agree on a one-one correspondence
between E;, ; and Q;\E;:

i1 . A
Ej+1 3 rt{ )HXS‘.’) S Q]\Ej‘

Fix 1<p<2<g<ooand let x € I’ and y € I be arbitrary. We proceed to
define @ (x) € 4,(Q) and ¥ (y) € M (Q). By Lemma 1.2, select g, € 4,(Q) and
v € M,(Q) so that:

D)o  9o(r'?) = x(n), 5o(r’?’) = y(n) for all n;
(o 1190 4, < By X115 o llw, < A4 1]l
(iii)o  [dol~gollp < SlIxl,ps 180 [~ ko 4 < Al¥llg-

Set fo = 04 * go, and py = 64 * vy. We proceed by induction. Let j > 0. Select
g; € A,(Q) and v; € M (Q) so that:

(i); 9,(r?) =fj— 1§~ 0) 0,(rP) = fi;— (g~ ) for all n;

(), 10,110, < B0 lx]ye oy, < 24815l

(iii);  [1g51~e, Ml < 8 Hxlps 18]~k e < & Myl
Set f; = g; * g; and u; = g; * v;. Finally, define

e o) e o)

O, (x)= Y (iYf; and ¥, ()= Y (iVu; (wherei=./—1).

j=0 j=0

Observe that @,(x) * W, (y)(0) = X220 (— 1)f; * p;(0). We leave to the reader
the remaining detalls of the verification that ®,and ¥, so defined satisfy the
requirements of the theorem. |

We are now ready to state the extension of the Grothendieck inequality. In
order to recognize the classical inequality as an instance of this extension, we
formalize the following simple fact.

LemMA 1.4. Let (a,,,) = C. The following are equivalent :

(a) IZm,n Amn fm * gn(o)l < Supm,n (“fm ||co ||gn ||oo for a” (fm)m 1 and
(@)1 = (@) |

®) | Ymn s < |t 5] for all (tn)e=y =t and (s,);=, = s in I

Proof. (a)=(b). Let f,,,(co) = s, and g,(w) =t, for all w € Q.
(b)=>(a). Integrate the inequality. ||
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COROLLARY 1.5. Let 1 <p < oo and q be its conjugate exponent. Let
(@mn)mn = C satisfy

(1.1)

S o fo an(O)] < sup (1ol 1t )
for all (f)2-1 = A, and ()%, < M,

(@) If1<p<2<gq< oo then there is K, > 0 so that

Z amn(xm’ yn)

m,n

Sor all (x,)w=1 <P and (y,)>, < I
(b) If1<q<2<p< o, then (1.1) implies that

<K, S"‘;lnp (”xm ”p”yn “q)

(12)

S for # gnw)’ < sup (1ol lgn )
for all (f)m-, and (g,)7=; < L*(Q).

Moreover, it follows that there is K > 0 so that

(1.3) Y. Qp(Xms V)

m,n

for all (x,,)2-, and (y,)=, < I

< K sup ([|xmll2lyall2)

Proof. (a) If 1 <p <2 the assertion is an immediate consequence of
Theorem 1.3. When p = 1, (1.1) is equivalent to

)

(Recall that

Z Qnn fm

< sup ([ fulla@) for all (f)m=1 = A(Q).

4,(Q) = 4Q) = {fe L*(Q): ] e 1(Q)}

Therefore, )., |, | < 1, and the claim follows trivially.

(b) Observe that for all 2 <p <o and 1<q<2, 4,(Q)=L"Q) and
M (Q) = IZ(Q). Therefore, (1.1) = (1.2) is trivial. That (1.2) implies (1.3) is again
an immediate consequence of Theorem 1.3. |

Remarks. (1) 1In part (b) of 1.5, when p= 0o and g = 1, the implication
(1.1) = (1.3) is the classical Grothendieck inequality. For, in this case (1.1) is
easily seen to be equivalent to (1.2). On the other end, when p, q = 2, the
implication (1.1)=>(1.3) can be established with the aid of only the classical
Khintchin inequality and without the A(2) uniformizability property of E
(exercise).
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(2) A consequence of Corollary 1 in Section 4 of [4] is that the inner
product of I* cannot be replaced in Grothendieck’s inequality by the dual
action between I” and l4, p + 2: If every array of scalars (a,,,),. , that satisfies (a)
(or (b)) of Lemma 1.4 also satisfies

(1.4) Y. Gmn(Xms V)

m,n

<C S"lllnp (| %m “plb’n "q)

for all (x,)m=1 < I, (y)izy < 14,

then p = 2. Part (a) of Corollary 1.5 gives the (stronger) condition that should
be imposed on (a,,,),., in order that (1.4) hold where p # 2.

2. L(p) sets
We recall the following.
DEFINITION 2.1. Let2 < g < oo. F =T is a A(q) set if there is a > 0 so that
for all f e L}G)
2.1) o fllz = | f o
The “smallest” constant in (2.1) is the A(g) constant of F and is denoted by
Alg, F).

THEOREM 22. Let 1 <r <2and F = {y};>, < T be (a A(q) set for all q) so
that A(q, F) < oy q'"" for some fixed ay >0 and all 2 < q < co. Then, F is a
uniformizable L(p) set for 2/r < p < 2.

We require two lemmas.

LemMa 2.3. Let K > 1be afixed integer and F = {y }7.; < I" be a A(2K) set.
Let 1<p<2,¢ell,|¢|,=1,and h=Y, ¢(n)y, Then,
1) > < [AQRK, F)PPX™.

Proof. Define y e I> by y(n) = |¢(n)|”’? and let f= (3, ¥(n)y,)*. By the
hypothesis,

(23.1) If13 <[A@2K, F)]*X.
Clearly, for any y € T,

f(?) = +ZJ:, _ Y(ng) - Y(ng)
and

(H) () = Z é(ny) -+ d(n).

Ymp Tt k=Y
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Therefore, we obtain

FOP=| T v v
(3 WP )

Yt yag =y

> [(F)~(@) P
Finally, from (2.3.1) we obtain ||(h*)"|, < || /37 <[4(2K, F)]**. 1

LeMMA 2.4. Suppose F < I has the property that for every 0 <6 < 1 and
¢ € IP(F) there is f € A,(G) so that

7 1~ll, < 0ldlp 1 1e— i, <08, and |f]., <Bldl,
where B depends only on & and F. Then, F is a uniformizable L(p) set.

Proof. Letdo=¢ elPandf, e A ,(G) be as in the hypothesis of the lemma.
Let ¢, = fo |r — ¢. We continue by induction. For j > 0, let f; € 4,(G) be so
that

1 File = @5llp < 81515 1fil~rll, <0l0sll, and [ fl4, < Bld;l,

Let ¢;.y =fi|r — ¢;. Finally, let f= Y%, (— 1)f;. We conclude that

Ple= 6171l = 25 10l and [fl, < B0 =0 0

Proof of Theorem 2.2. First, assume that F n (—F) = §; for, otherwise
identify F < I’ with F x {1}inI" x Z where (F x {1}) n (—F x {—1}) =@ and
proceed to work in the latter setting. Further, without loss of generality we
assume that A(g, F U (—F)) < ¢'". Let 0 < § < 1 be arbitrary and ¢ be an
arbitrary real valued finitely supported element of I, |¢], = 1. Let

i~ g5in (5T 90+ 1)) € 17(6) = £ 9o + 7+ P

where P ~ Y2, 623, ¢d(n)(y, + 7,)]**1/(2j + 1)! By Lemma 2.3 and the
hypothesis, we obtain

@

221)  |P|,= ¥

Jj=1

5%/(2j + 1)!

p

(£ o000+ 30) )

< Z 52(4j + 2)@i+2ir (2 4 1)1,

j=1

Since 2/r < p, we conclude that (2.2.1) is bounded by 508. Similarly, define

fa~ % sin (5 ; P(n)(vn — ')_)n)/i)'
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Finally, let f = (f; — if;)/2 and verify that f € A,(G)satisfies || f | — ¢| , < 504,
and |1, < 505

The proof of the theorem is completed by an application of Lemma 2.4. |}

Questions (a) Theorem 2.2 is the present limit of our knowledge. Let F, and
F, be infinite and mutually disjoint subsets of a lacunary set in Z. Is
F, + F, = Z an L(p) set for some or all 1 < p < 2 (Recall that A(q, F, + F,)is
0(q).)?

(b) By applying Drury’s line (see [3], for example), one proves that every
Sidon set is a uniformizable S(q) set for every 2 < g < co. This, too, is the limit
to present knowledge. Are there non-Sidon sets which are S(g) sets for some
2 < g < o0 ?1In particular, let F < I be so that A(q, F)is 0(¢*) for s > 1/2.Is F
an S(q) set, e.g., for 2 < q < 4s/(1 — 2s) (the latter guess is prompted by results
in [2])?
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