ON A CLASS OF DOUBLY TRANSITIVE PERMUTATION GROUPS'

BY
Nosoru Irto

Let Q be the set of symbols 1, --- , m + 1. Let ® be a doubly transitive
permutation group on € in which no nontrivial permutation leaves three sym-
bols fixed. Such a group & will be called a Zassenhaus group.

On the structure of Zassenhaus groups Feit [4] proved recently the following
elegant theorem: Let & be a Zassenhaus group of degree m -+ 1, which
contains no normal subgroup of order m 4+ 1. Then m must be a power of a
prime number: m = p°. Let I be a Sylow p-subgroup of &, and let M’ be
the commutator subgroup of 9. Then the index of P’ in I must be smaller
than 4¢°, where ¢ is the order of the subgroup £, which consists of all the
permutations leaving each of the symbols 1 and 2 fixed. Moreover if IN is
abelian, then ¢ = (m — 1)/2.

Now the purpose of this paper is to prove the following.

TaeEoREM. If m is odd, then IN must be abelian.

1. In the following & denotes always a Zassenhaus group of even degree
m -+ 1, which contains nonormal subgroup oforderm + 1. LetT'; (¢ =0,1,2)
be the set of all the permutations in &, each of which fixes just ¢ symbols of Q.
Then according to our assumptions on ® we obtain the following decomposi-
tion of @ into its mutually disjoint subsets: & = Ty + Ty + T + {1}, where
1 is the identity element of ©.

Since ® is doubly transitive, ® possesses an irreducible character B, whose
values can be written as follows:

m for X =1,
1 for XeT,,
0 for XeIy,
—1 for XeT,.

(1) B(X) =

2. Let ®; be the subgroup of ®, which consists of all the permutations
leaving the symbol 1 fixed. Then we can choose an It in the theorem of Feit
in the following way: 9 is a normal subgroup of ®; and satisfies the condi-
tions that @; = MY and M nQ = 1. Now we assume that

(2.1) M s not abelian.

Therefore the purpose of our proof is to derive a contradiction from this
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assumption, which is achieved at the end of this paper. The following facts
about Q) are known [4, Lemma 3.3]:

(2.2) L iscyclic, g is odd > 1, m = 1 (mod q), the normalizer of Q in
is a dihedral group of order 2q, and the centralizer of every nonidentity element of
L coincides with Q.

In particular 9 is the commutator subgroup of ;. Let 5o, 1, -+, Mgt
be the linear characters of ®; , where 7, is the principal character of ®, , and
Nit-nz = fifort =1,--+,3(¢ — 1). Let X be an element of I's. Then
by the double transmwlty of ® there exists an element X* in Q, which is
conjugate to X.

Now let A; denote the character of & induced by n:; (¢ =1, --- ,%(¢ — 1)).
Then A, , - -+, A are distinet irreducible characters of ®, and the values
of A; can be written as follows [4, pp. 182-183]:

m—+1 for X =1,
"h'(X*) + ‘Fh'(X*) for XeT
(2) A(X) = v
for X eIy,
0 for X eTy.

(i=1,---,3(g — 1)).
Let X £ 1 be an element of Q. Then by (2) we have
2 A A(X) = 28" (0(X) + (X)) (n(X) F (X))
= Zznﬂ m(X)m(X) + 2T ai(X).

Since the order of Q is odd, 7}, - -+ , 75, are all distinct and are the same as
) b 3
M, , Ng—1 in some order. Therefore we have

D (X)5(X) = i n(X)i(X) —1=¢g—1

X)) = Xiin(X) — 1= —L
Thus we have obtained the following equation:
(3) DT A(X)A(X) = ¢ — 2.

and

3. Lemma A. Any drreducible character X of & different from E, B, and
A, (2 =1,---,%(q¢g — 1)) has degree divisible by q, where E is the principal
character of ©.

Proof. Let X # 1 be any element of Q. By (2.2) the centralizer of X in
® is Q. By the orthogonality relations for the group characters we have

¢ = E(X)E(X) + B(X)B(X) + &2 A«X)A(X)
+ X(X)X(X) + -+
=g+ X(X)X(X) + - (by (3)).
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Thus we have X(X) = 0. Again by the orthogonality relations for the
group characters we have

X(1) = 2xen X(X) =0 (mod gq).

4. Let X and Y be two distinct elements of Q. Assume that there exists
an element Z of ® such that Y = Z7'XZ. Then Y belongs to Q n Z7'QZ,
which implies by (2.2) thatQ = Z7QZ and ¥ = X~*. Thus the elements of
T, fall into 3(¢ — 1) classes of conjugate elementsin . Let &, -+, L@nre
be the classes of conjugate elements in @ from T, .

The following fact is known [4, Lemma 3.4]:

(4.1) © contains only one class of involutions, and there are mq tnvolutions
m ©. No element #= 1 of M is the product of two involutions.

Let &, -, ®, be the classes of conjugate elements in & from Iy, where
R, is the class of involutions. Then using (2.2), (4.1), and [2, Lemmas
(2.A) and (2.B)] we have

(4) R = Diaci®i+ ¢ 2 4G + mg-1,

where c; is explained as follows: Let G; be an element in ®;. Then for
¢ > 1, ¢; equals the number of involutions in &, which transform G; into
Gi', and ¢; + 1 equals the number of involutions in the centralizer of an
involution.

If either ¢ = 1 orz > 1 and ¢; > 0, then the class &; and the elements in
f; are called real. (Though the usual definitions of real class and real ele-
ment are more general [2, p. 565], they coincide in this particular case, by
Lemma B below, with ours.)

Put G, = J. Applying the orthogonality relations of group characters
and using (1) and (2), we obtain from (4) the following equation of Brauer-
Fowler [2, (23)]

o _mg Z(J)"Z(Gs ))

) e e ]

where Z ranges over all the irreducible characters of & distinct from E, B,
and A; (s =1, -, 3(¢ — 1)).

6. Lemma B. Every class R is real.

Proof. For some ¢ > 1 let us assume that ¢; = 0. Then we have from
(5) the equation

Z(J)'Z(G:) _

2 See W. BUrNsIDE, Theory of groups of finite order, 2nd ed., Cambridge, University
Press, 1911, p. 288.
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Since m = p°, it can be seen at once from this equation that there must be an
irreducible characterX of ® distinct from E, B,and A; (¢ =1, --- ,3(¢ — 1))
whose degree is divisible by m. By Lemma A the degree of X is divisible by ¢,
too. Since m and ¢ are relatively prime, we have X(1) = amgq. Since the
order of & equals the sum of the squares of the degrees of all the irreducible
characters of ®, we have the inequality (m + 1)mg > z*m’¢’, which implies
that m 4+ 1 > a’mg. This is a contradiction, because ¢ is greater than 1
by (2.2).
As an important consequence of Lemma B we have

LemMma C. © possesses only one 2-block of the highest defect, namely the
principal 2-block Bi(2).

Proof. By a theorem of Brauer-Nesbitt [3, Theorem 2] it is enough to
show that the centralizer of a Sylow 2-subgroup £ of ® is contained in <.
Assume that an element X 5 1 of odd order is commutative with every ele-
ment of $. By (4.1) and (2.2), X must belong to T'y. Hence X is real by
Lemma B. Then the centralizer €(X) of X has index 2 in the generalized
centralizer of X, which consists of all the elements ¥ such that Y7 XY = X*'.
Since €(X) contains the Sylow 2-subgroup T of ®, this is a contradiction.

6. Lemma D. m 4+ 1=0 (mod4).

Proof. 1If not, the order of @ is not divisible by 4, and & contains a normal
subgroup of index 2, which contains . Therefore by Sylow’s theorem the
normalizer of I contains an involution, which implies the commutativity of
M, contradicting our assumption (2.1).

Lemma E.  The number of irreducible characters in By(2) s less than ip.
Proof. By Lemma D wehavep = —1 (mod4) ande =1 (mod2). Hence
m+1_1-—(-p)°
p+1 1-—(-p)
Put p + 1 = 2°, where b is an odd number. Then the order of a Sylow

2-subgroup of ® equals 2°. By a theorem of Brauer-Feit [1, Theorem 1]
the number of irreducible characters in By(2) is at most 22 We see that

2" < H(p + 1)° < 3.

=14+ (=p)+ -+ (=p)'=1 (mod?2).

7. LetIM =Py DM D -+ D I, D 1 be a series of normal subgroups
of M. It is called a principal Q-series, if every IMN; is Q-invariant and there is
no Q-invariant normal subgroup of I between IN; and M4, , which is distinet
from P and Mgy (G =1, -+, 73 My = 1), Put PR = p°

LemmMa F. Let M = Py D P D - D M, D 1 be a principal Q-series
of M. Then we have My = M’ and Ms: M= p* G =1,--+,7). In par-
ticular we have e = rd with odd r, d > 1.
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Proof. Since it is well known that the degrees of all the irreducible repre-
sentations of a finite cyclic group over a prime field are equal, it is enough to
prove My = M. It is clear that M, 2 M. If M = P, then we have
P:M, = 1 (mod ¢) and N: P = 1 (mod ¢). Therefore we have

1
DD = 2¢ + 1, M =2¢+ 1, and MM = 4+ 49+ 1,

which contradicts the theorem of Feit. Therefore we must have I, = IN'.

Let 1 = p™* < p”* < p’® < -+ < p’* be the degrees of all the irreducible
characters of M. Let e; be the number of irreducible characters of 9% of
degree p”* (i = 2, --- ,s). Puter +1 = p° Then by Lemma F, ef + 1
is the number of linear characters of f¢. By the orthogonality relations for
the group characters we have

(6) =" +eap” + o+
The following fact is known [4, Lemma 2.2]:

(7.1) efisdivisiblebyq (i =1, --- ,s). ©, possessese; = e; /q irreducible
characters ¢uy , = -+ , bie; Of degree p’*q , which are induced by the characters of M.

Since p is odd, M has no real irreducible character except the principal
character. Therefore e} is even (¢ = 1, --- , s). Since ¢ is odd, e; is also
even (¢ = 1,-+-,8).

8. The centralizer of any element of 9% — {1} is contained in @1- By
(7.1) every character ¢” vanishes outside I, and ¢; iseven (z = 1, --- , s;
j=1,--,¢). Leto:; be the character of ® induced by ¢;;. Then by
theorems of Suzuki [5, Lemmas 4 and 5] we have ¢55(X) = ¢:;(X) for any
element of MM — {1}, and there exist e; different irreducible characters C,;
(j=1,---,¢e) of & for each? (¢ = 1, -+, s), and the decomposition of
é1; into its irreducible components can be written as follows (by using (1)
and (2)):

én = € Ca + a2 i1 Co + P 2857 A + 9B + Al
(73 :
¢:‘ke.‘ = & Cze, + auz.7=l Cw + pf’ Z(q—-l)/2 A, + pf‘B + A:‘
(7' =1--- ,8),

where &; = =1, a;; and a;; + &; are nonnegative integers, and A¥ is a linear
combination of irreducible characters of &, which are distinet from E, B, C;;
(j=1,---,e),and Ay (k = 1, ---, $(¢ — 1)), with nonnegative integral
coefficients.

Lemma G. Al the characters C;; (j = 1,--+ ,e;51 =1, ,8) are dif-
ferent.

3 See [5, Section II].
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Proof. TFirst assume that some C,; is real. Then since the order of ®, is
odd, the principal character is the only real character of @, . Let ¢:; be the
complex-conjugate character of ¢;;. Then j and j/ are different. From
(7:) we have the equation ¢7; — ¢i5 = €(Cij — Cip). Transferring to
complex-conjugate characters we have ¢75; — ¢1; = £:(Cs; — Cij). Adding
these two equations we have

0 = £(2Cy; — Ci» — Ciypr),

which implies that C;; = C;;. This contradicts a theorem of Suzuki [5,
Lemma 5]. Hence no C;; is real.

Now we assume that there exist two different numbers 7 and % such that
Cij=Cyforsomejandl (j =1,---,e;1l=1,---,¢). Let¢; and
1 be the complex-conjugate characters of ¢;; and ¢, . Then from (7;)
and (7;) we have the equation

¢t — ¢t = €i(Cij — Cij) = xea(Cu — Cu) = =(ot1 — divr).

In particular for any element X from % — {1} we have by a theorem of
Suzuki [5, Lemma 4]

$ii(X) — ¢:i5(X) = £(¢u(X) — ¢ (X)),

which contradicts the linear independence of ¢y, ** - , s, -
Now the systems of equations (71), -+, (7,) can be rewritten as follows:

¢of =& Cn+ an D it Cr + ap ) 2 Cos + -+
+ a1, 20t Coi + G A4+ B+ A,

¢te; = £1Croy + an >, Co + a1 ) %2 Coi + -
+ a1 280 Co + 245 7 A + B + A,
(7) :
oY = @D Cri + o + Goe1 ) 325" Coori + & Ca
+ 00 2 Coi + 7 2857 A+ 9B + A,

¢¥ = @2ttt Cui + -+ + Goet 207" Comti + & Ce,
+ asaZgLI Csi + pfs Zgi_ll)lz Ai + pf‘B + As ,

where the a.; are nonnegative integers and A; is a linear combina-
tion of irreducible characters of &, which are distinct from E, B, A;
(k=1,--, 3(qg — 1)),and Ci; (¢ =1,---,875=1,---, €:), with non-
negative integral coefficients. Let X be a linear combination of irreducible
characters of @ with integral coefficients: Y.z az Z, where Z ranges over all
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irreducible characters of ®. Then the number Dz a is called the norm of

X. Now the following two facts about the system of equations (7) are
known [5, Lemma 4]:

(8.1) Thenormof ¢ti equalsqg+ 1 (i =1, -+ ,e1).
(8.2) Thenormof p'i Tigh —oh (i <7) equals ™" "9+ 1 (4,5 =1, -+,

s;k=1,---,e;l=1,---,¢;).

9. Lemma H.

(8) 24+ete+ - +e < i

Proof. The number of distinct C;;’s equals e; + e, + -+ + ¢,. Hence
by Lemmas C and E it is enough to show that the degrees of the C,; are odd.
Now by the reciprocity theorem of Frobenius we obtain from (1), (2), and
(7) the equation valid for all elements of ®,

Cij =+ 4 Qg D153 bimrp + (€005 + @i Dt da)
+ Giprs 20 Gigap + oo

Since all the e.’s are even and the degrees of all the ¢x;’s are odd, we see that
Ci;(1) = 1 (mod 2).
Now we can prove the following:

Lemma l. (i) fan =1 (I1=0,1,---);
fa =32 —-1d-1) t=12--),
(i) ewss = (0" — 1)/q (1=0,1,---);
en = p(p® —1)/q (=12,
(iii) r ==

Proof. By Lemma F, our assertion is true for f; and ¢; . Thenfrom (6) we
obtain the equation

6) p’@* =D+l 1) = p"r - + e p™

Since d is odd, we have 2f;, < d. If 2f, < d — 1, we obtain from (6’) the
congruence ¢ = 0 (mod p*), which implies the congruence ¢; = 0 (mod p°).
This contradicts Lemma G. Hence we must have 2f, = d — 1.

Now let M = My DO My D P D - - - be a principal Q-series of M, and let
us consider the factor group /M of order p* of M. By Lemma F, De/M;
is the commutator subgroup of M/M;. Hence it is easily seen that IMy/IM;
is the center of /M, . Since d is odd, the degree of any irreducible character
of M/M; divides* p'* 2. Then from above we see that the degrees of all the

4 The square of the degree of an irreducible character of a p-group divides the index
of the center in the whole group.
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nonlinear irreducible characters of 9t/ must be equal to p'* %, Let e; be
the number of irreducible characters of degree p'* /% of MM/M;s. Then cor-
responding to (6) we have the following equation p** = p® + e; p*™, which
implies ez = p(p® — 1). Since clearly e; < e , and since ¢; < p’ by Lemma,
H, we have the following inequality:

(9 (»* = 1)/g < p.
Now let us assume & > 1 and that our assertion is true for e; and
fi¢z=1,---k — 1). Then it follows from our assumption that
Ximed p" = (0" = 1) +p(" — D" + (0° = D" + -
- p(k—-l)d - 1.

Now from (6) we obtain the following equation
(6//) p(k—l)d(pd _ 1) (p(r—k)d + e + pd + 1) — e;:t p2fk + cen

This implies the inequality (k — 1) d = 2f,. If (k — 1) d = 2f; + 2, then
from (6”) we have the congruence e = 0 (mod p”), and therefore the con-
gruence ¢, = 0 (mod p°), contradicting Lemma H. Hence we must have

(2 if k is odd,
(k—1)d= {ka + 1 if kiseven.

Putting these values in (6”) we have
P = 1DA+p*+ ) = + et p” ™  + ... when kis odd,
p(P = DA +p*+ ) =& + efap”™ ¥ 4 ... when k is even.
From these equations we have
p® —1=¢f (modp’) when k isodd,
p(p® — 1) = ¢f (mod p®) when & is even.
These imply the congruences
er = (p* — 1)/q¢  when k is odd,
er = p(p® — 1)/q when k is even.

Both sides of these congruences are positive and less than p* by (9) and
Lemma H. Hence these congruences turn out to be equations. Thus our
induection argument completes the proof of (i) and (ii).

Finally from (i) and (ii) we have 1 4+ > i er p* = p’. And on the
other hand the left-hand side of this equation equals p™®, the order of M.
Hence we have r = s.
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10. LemmaJ. ¢ = (p* — 1)/2.

Proof. It is a classical result that the number of real irreducible characters
of a group equals the number of real classes of the group. E, B, and
A;(i=1,---,3(qg — 1)) are real characters of @ (by (1) and (2)). {1},
the class of involutions and (¢ — 1) classes of conjugate elements of I'; are
real. On the other hand C;; (¢ =1,---,8;7 =1, -+, ¢;) are nonreal char-
acters of ®. There are the same number of nonreal classes of conjugate
elements of Ty . Hence if there is no real character of ® distinct from E, B,
and A;(z = 1, -+, 3(¢ — 1)), then by Lemma B, Ty contains only one,
namely, the class of involutions. In particular this implies the equation
m + 1 = 2", Since by the theorem of Feit m = p°, we have m = p, con-
tradicting our assumption (2.1). Therefore there exists a real irreducible
character R of ® distinct from E, B,and A; (¢ =1, --- ;3(¢ — 1)).

Nowin (7) let A, =b; R+ --- (=1, ---,s). Then by the reciprocity
theorem of Frobenius we have the equation valid for any element of ®,

R = 2 i (b 2051 ¢is)-

In particular this implies
R(1) = 2iabiep”q.

Since e; = 0 (mod (p* — 1)/¢) ({ = 1,--+, s) by Lemma I, we obtain
R(1) = 0 (mod p® — 1). As the degree of an irreducible character of ©,
R(1) divides the order (m + 1)mq of @. Therefore we have m 4+ 1 =0
(mod (p* — 1)/g). On the other hand, since p° — 1 is a divisor of
m—1=p%—1, wehave (p* — 1)/q = 2.

On account of Lemma J the second part of Lemma I can be rewritten as
follows:

LemMa I (ii"). ey = 2 (1=0,1,--),
€21 =2p (l=1,2,)
11. Lemma K. Let X be any irreducible character of ® distinct from E, B,

and A; (¢ =1, -+, %(qg — 1)). Let p divide X(1) with the exact exponent’
v(X(1)). Then we have

sd — »(X(1)) =2d+ 1.

Proof. (I) Let X = R bereal, and put R (1) = rq (by Lemma A). Asin
the proof of Lemma J let us assume A; = b, R+ -+ (¢ = 1, .-+ ;s). Then
using Lemma I (ii’) we have the following equation:

r = 2(by + pby "V + bsp® + --0).

Let us assume b; = ++- = byy = 0and b, #0(k =1,2,---). Then from

5 Let n be an integer. Then »(n) denotes the exact exponent with which # is divisible
by p.
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this equation we have
(10) . {2(bk p* P by p*4V 4 -ol) if ks odd,
2(pby p* PR L by p*? + o) if kiseven.
Now by (10) it is enough to show that
b < p™? if kis odd,
b < pP if k is even.
In fact if this can be shown, we see that
sd —v(r) Z3(2sd —kd —1) Z23(sd—1) =2d-+ 1.

If & = 1, then since the norm of ¢11 = --+ + b R + --- by (8.1) equals
g+1= %(p +1) < d“, we have b < p“*”,
If k¥ > 1 and odd, then since the norm of

d+1)/2 * (d+1)/2 (d+1)/2
P e — i = 4+ (D Q-1+ P €1 = G x-1) G
2 (d+1)/2
+ ijz 1,41 — O p-1) Cpo1,5 + - -+
— bR -

by (8.2) equals p*™ + 1, we have b < p(d+1)’2
If k is even, then since the norm of p*™ /%% ., — ¢ém by (8.2) equals
! + 1, we have as above b, < p"* ™"
(II) Let us assume X = C;; and put Ci;(1) = cg (by Lemma A). Using
the reciprocity theorem of Frobenius we obtain the following equations (by
(7) and Lemma I (ii’))

o (2(am + pan p T+ 0) + @& if ks odd,
c =
2(aw + pam PP+ o) + g p® VP2 if ks even.

Unless aix = - -+ = Gz, = 0, the situation is exactly the same as case (I).
Hence we can assume that @i, = -+ = a4y, = 0. Then the above equations
can be rewritten as follows:

F—1)d/2 kd—1)/2 (b—1)d/2
2(aw p* Y 4+ parr s P+ o) +ap Yl
if k£ is odd,
ka2 ((k—1)d—1)/2
+ a0 F ) Fap u

if k& is even.

(11) ¢ =
2(paw: p

((k—1)d—1)/2

By (11) the case where k is even is trivial, because 2paz, + & is prime to p.
Hence we can assume that k is odd. Again by (11) it is enough to show that
2a1, + & < p'**P”%, and hence it is enough to show that

200 + 2¢1 aw < %(p"”'1 - 1).
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If £ = 1, then since the norm of

P11 = (@1 + &)Cuu + a1 Cpo + - -+
by (8.1) equals ¢ + 1 = 4(p® + 1), we have

(an + &)® + ol < 3(p" + 1),
which implies that

203 + 26101 £ %(p"' 1) < %(pdﬂ —1).

If £ > 1, then the norm of

(4112 5% * (a+1)/2 (d+1)/2
P Or—11 — 1 = -+ 4+ (p Q141+ D €1 — Oki—1) Cro1,1

+ 252 (P a1 41 — @ p1) Crr,j
— (& + o) Crr — @ Crz -+ + -
by (8.2) equals p®** 4+ 1. Therefore it is enough to show that
(p(d+l)/2ak—1,k—1 + p(d+1)128k—1 — )’
+ (2p — 1) (0" a1 i — arp)’ 2 30"+ 1).
(d+1)/2

Putz = p Q1,61 — Or,x-1. Then it is easy to see that the minimal
value of the quadratic form in z

(x + p(d+1)/2€k_1)2 + (2p _ 1)x2
is not less than 2(p*™ + 1).

12. Lemma L. The number c; in (5) satisfies the congruences
¢i+¢=0 (modp*™),
which tmplies in particular that ¢c; = g + 3 (for every 7).
Proof. On account of (5) we have
_omg (;_1 E@Z@)
”“m+1<1 mt 2 =g )

where Z ranges over all the irreducible characters of ® distinet from E, B, and
A;(z=1,---,%4(¢ —1)). Then by Lemma K we obtain

ci=ci(m+1) = —¢ (modp*™).

Hence by Lemma J we obtain ¢; + %(p® — 1) = ap®™, where a is a natural
number. Therefore we have

¢z '™ — 3(p® — 1) = 3(p° + 5).

Now we can derive a required contradiction as follows. From (4) we have
the following equation

(12) fm —D(@+1) =cah+ - +ela,
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where [; mq is the number of elements in the class & (¢ =1, --- ,n). On the
other hand, we have from the decomposition & = Ty + Ty + I's + {1} the
following equation

(13) Fm+1) —(m=1)/2¢=b+ - +1l.

Since ¢; = ¢ + 3 for every ¢ by Lemma L, we obtain from (12) and (13) the
following inequality

3(m—1D(g+1) 2 (¢g+3)GF(m+1) — (m—1)/2g).
This implies that
0= (qg—3)m+2¢ + 59 + 3.

This is a contradiction.
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