RANDOM WALKS WITH ABSORBING BARRIERS AND
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BY
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1. Introduction

In a recent paper Spitzer and Stone [11] considered some asymptotic prop-
erties of the Toeplitz matrices

I TNkl = | €=l (k,j=0,1,---,N)
where the ¢ satisfied
(L.1) ¢ = Cc = 0, k=20,1,---,
(1.2) 2w =1,
(1.3) ged. [k|k>0,¢>0] =1,
(1.4) 0 < D2 Ko < .
By (1.1) and (1.2)"
(1.5) o = P{X = K}

defines a probability distribution of a random variable X, and consequently
most of the results in [11] have an easy probability interpretation. Putting

Sn = X0+ ZLIXIO,

where X, X,, -+ is a sequence of independent random variables, each dis-
tributed as X in (1.5), and X, an unspecified integer, it was shown in [11]
that
(1.6) H(N)w; = 1[I — T(N)); = Expected number of visits to j of the S,

process with S, = X, = k before leaving the interval [0, N].
One also has ([11])

H(N)i; = 2t omexte.n Pris Pros »

where the p,: are the coefficients of the orthogonal polynomials correspond-
ing to the weight function

1 —¢(t) =1— 2. crexp (ikt).
Received July 11, 1960.
1 P{4} = the probability of the event A,
P{A|B} = the conditional probability of A, given B,
EX = expectation of the random variable X,
E{X |B } = the conditional expectation of X, given B.

? [a] = the largest integer < a,
[b, c] is the closed interval b < ¢ < c.
This double use of square brackets is not likely to lead to confusion. (b, ¢) is the open
interval b < £ < ¢.
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268 HARRY KESTEN

The author, in [7], proved some probabilistic results which by means of
(1.5) can be interpreted as results for Toeplitz matrices. The sequences {cx}
in [7] satisfied (1.1)—(1.3), but instead of (1.4) it was assumed that for some
12ax?2

0 < limeo | 751 — ¢(8))

1.7
(1) = lime,o | ¢]7%:2 Swic(l —coskt) = Q < .
It seems that for @ < 2 the probabilistic methods more easily lead to results
on Toeplitz matrices than the direct methods used in [11] for & = 2. The
present paper completes the results of [7] and [11].

We obtain the limit (as N — ) of the probability that the S, process
with Sy = [¢N] leaves the interval’ [0, N] for the first time at the left and
the probability that at the first departure of [0, N}, it jumps to a point in
[—yN, 0] (Theorem 1). This is of course related to the classical problem of
gambler’s ruin. In addition, for 1 < o < 2

(1.8) limy s N 7H(N) fex1, 1ym1
and
(1.9) imase Ny, 1o

are obtained (Theorems 3 and 6). The result (1.8) is applied to find the
inverse of a certain infinitesimal generator (Theorem 5). This infinitesimal
generator was found by Elliott [4] and Getoor [5] as corresponding to the
stable process of index a with absorbing barriers. Another form of the in-
verse of this operator was found by Widom [13].

Under assumption (1.7) one can expect several asymptotic formulae to be
the same as their analogues for stable processes with independent increments
of index a. Our paper rests indeed heavily on the recent results of Blumen-
thal, Getoor, Ray, Widom ([2], [5], and [13]) concerning these processes. It
would even be possible to prove Theorem 1 concerning the distribution of
the first sum S, outside a given interval.from the above results by using a
general invariance theorem of Skorohod [10]. For the quantities p.(y),
ga(y; ¢) (cf. (2.8) and (2.29)), and limy.e N *H(N) on1,1yw1 one first has
to prove continuity (Lemmas 3 and 4) before an approach via the invariance
principle becomes feasible. In the proofs appearing below we follow the
method of [7] which does not use the invariance principle, especially since we
need Lemma 1 anyway for Corollary 2 of Theorem 1.

The author wishes to thank Professor Getoor and Professor Widom who
kindly informed him about their recent results. In addition the author is
indebted to C. J. Stone for several remarks concerning the invariance prin-
ciple.



RANDOM WALKS AND TOEPLITZ FORMS 269

2. Absorption probabilities and probabilities of visits
before absorption

Unfortunately, we worked in [7] always with the interval [—¢N, N] and
took Sy = 0, while in [11] the interval [0, N] and Sy, = [zN] was considered.
Since this section is a sequel to [7], we shall here still work with [—cN, N]
and Sy = 0, but when applying the results in the next section to Toeplitz
matrices we shall always follow the notation of [11].

Let X;, X2, --- be a sequence of integer-valued independent random
variables each with the distribution
(2.1) PIX; =k =, k=0,£1,£2, -,

where the ¢; satisfy (1.1) and (1.2). (1.3) is not required for most results
in this section. If it is required, we shall mention it explicitly. In addition,
putting’

(2.2) (1) = Be'™ = 2 e,
we assume

(2.3) 0 <limeo [¢]7%(1 —0(t)) = Q < =
for some 0 < & < 2. As before, we define

(2.4) S, = Xo+ D iei Xu,s

where X, is an unspecified integer. Following [11], we also introduce

P(k 5 j; la, b])
(25) =P{S,=j;a<8:=b for i=0,1,---,n|8 =k,
and similarly

P(k — j; [a, ])

= Pf{there existsann = O with S, =janda = S; < b
(2.6) fori =0,1, - ,n|S = k}

= probability of visiting j before leaving [a, b] when S, = k

(Note that P(k — k; [a, b]) = 1 when k ¢ [a, ] since we required only n = 0
in the definition of P.) In [7] we introduced the following quantities:

@) Fu(@) =« sin 5 f (1 + 1)~ dt
0

and (forl < @« <2,0<y<1)
pa(y) = lim P(k_')07 [—00, N])

N0

(2.8) Ty :
= (a — l)ya_lf w (1 — w)** " dw
v
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(cf. Lemma 9 in [7]) as well as

Go(z; N, c) = Pf{the first S, outside of [—cN, N]

(2.9) lies in [— (2 + ¢)N, —cN)| S = 0}
and
(2.10) H,(z; N, ¢) = P{the first S, outside of [—cN, N] lies in

(N, (1L 4+ z)N]| 8o = 0}.
For 1 < a < 2 it was proved in [7] that

limy., Gu(z; N, ¢) = Go(z;c)
and
limuyo,w Ho(z; N, ¢) = H.(z;c)

exist and are the unique nondecreasing and bounded solution of

Ga(z; ¢) = Folzc™) — /w dF o (2,)Fo(2(1 + ¢ + 1))
(2.11) °

-+ fo dGo(2y; ¢) fo dFo (23 (1 4 ¢ + 1) D Fo(2(1 4+ ¢ + 2,)7)
and

Hoz; o) = Fu(@) — [ dF(mie)Fu(a(l + ¢ + 2)™)
(2.12) °

+ fo dH (15 ¢) fo dFo(2(1 + ¢ + 2) DFo(2(1 + ¢ + 2)7)
under the conditions

(2.13) lim, e Golz; ¢) + Mg Ho(z;c) = 1

and

11— = fw dGa(z1; c) fl Pa(®2) dF o(w3(c + 21)7)
o 0
(2.14)

_ Ca—lf dH (15 ¢) f Pal@2¢7") dF o(22(1 + ) 7).
o o

For 0 < a £ 1, G, and H, are uniquely determined by (2.11) and (2.12)
alone (cf. Lemma 10 in {7]). It is easily seen that (2.11) and (2.12) are
implied by

(215)  Galz;c) = Fulac™) — fo"’ dH. (215 &) Fale(1 + ¢ + 2)™)

together with
(216)  How¢) = Fol@) = [ dGular; Fule(l + ¢ + 207,
0

Actually (2.15) is the limiting relation of the first equality of (4.34) in [7].



RANDOM WALKS AND TOEPLITZ FORMS 271

In addition it is an immediate consequence of the definitions (2.9) and (2.10)
and the symmetry condition (1.1) that

(2.17) Hq(z;5¢) = Golzc ;™).

Replacing ¢ by ¢ in (2.15) and using (2.17) one gets (2.16). We therefore
conclude that there is at most one pair of bounded, nondecreasing solutions
G and H of (2.13), (2.14), (2.15), and (2.17). The solutions which we shall
exhibit are therefore the G, and H, looked for. As already indicated in the
introduction, the solutions are the expressions found by Blumenthal, Getoor,
Ray, Widom ([2], [13]) for the stable processes with independent increments.

Tueorem 1. If (1.1), (1.2), and (2.3) are satisfied for some 0 < a < 2,
then

(218)  Ga(z;¢) = 7 'sin %‘f ¢’ f T4+ 1)z + o) de,
0

and

(219) Hu(zyc) = 7 sin%‘ & f 7+ c+ 1)z + 1) d
0

Proof. (2.17) is obviously satisfied. (2.15), rewritten for densities says

7 ' sin —7;—a Pz + e+ 1)z +¢) = 7 sin %a Pz 4+ ¢)7?

2 ©
— 1r_2<sin 1;) c"'/zx_“mf Z e+ D) et z+ec+ 1) dz
0

which immediately follows by rewriting the last integral as

f S+ 1) Mo+ 2t e+ 1) dz

0

= (z + c)_l{f” (2 4+ 1) de — fw T l@+ete+ 1) dz}
0 0

-1
w(sin —7'-2—a—> (. +¢)™1 — (x+c4+ 1))
This completes the proof when 0 < « < 1. For 1 < a < 2 one still has to
verify (2.13) and (2.14), which will be done after the next two lemmas.

LemMa l. For0 < a <2

7 ' sin %ﬁ ¢ f P4+ 1) e+ ¢) 7 dz
0

(220) I‘(a) (411

= e—_— al2—1 _ a/2—1
T T(a/2)T(a/2) v — ) .
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Proof. After substituting (2 + ¢) = cu ™" in the left-hand side of (2.20)
it is easily verified that the two sides of (2.20) are equal to 1 for ¢ = 0 and
in addition have equal derivatives with respect to c.

Lemma 2. Forl < a <2

7 sin 129‘- " f 7Pt e+ 1) 4+0)"de
0

(2.21)

-folpa(y) dF(y(z +¢)7) =1 — (c_f_ 1>H.

Proof. Substituting P, and F, from (2.7) and (2.8) we see that we have
to compute

2 o
x (sin ’—’i‘-‘-) (@ — 1) [ et e+ 1)z + o)
2 0

(2.22) 1 1
f Y e te+y)tdy f w™ (1 — )" dw.
0 Y

Interchanging the order of integration of ¥ and w and then introducing the
new variable z = (2 + c)w((z + ¢)w + y) ™ gives

2 ©
T (sinzr—?f) (o — 1)c“’2f 74 c+ 1)z +c)*?
2 0
1
.f w——a/2(1 + w)aﬂ—l d'w
o

.j;l a1 — 2)" (@ + w(l — ) de

z+e) (z4c+1) ~1

2 1
=7 (sinﬂ> (a0 — 1)c°'”f (1 — 2)** de

2 e(e+1)—1

z(l—z) ~1—¢
f (24 o4+ 1)z + ¢)* 2 dz
0

1

fo w™ (1 — w)** (2 4+ w(l — z)) ™ dw.

However, the introduction of u = w(x + w(1 — )) " shows that

1 -1
f w1 — ) e +w(l —2)) T dw = w(sin W—;) a "
0
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Hence, after introducing v = (2 + ¢)(2z + ¢ + 1)7'(¢ + 1)¢ 2" we obtain
that the expression (2.22) equals

! sin"_z" (a —1)e* e+ 1)

1 (e41) ™1
[ 271 — x)"‘ﬂ_l/ v aw — 1) dv

(e+1)~1 z~1

= \7r_1 sin—1[2g (@ — 1" e + 1)

(e+1)c—1 1
f v f 21— 2)" (v — 1) da.
1 v

Finally, introducing ¢t = (1 — )z (v — 1)7, the last expression is seen to

equal
a—1
c
=== .
(c + 1)
This proves the lemma.

The proof of Theorem 1 for the case 1 < a < 2 is now easily completed.
Sinee (2.17) is satisfied, it follows from Lemma 1 (replacing ¢ by ¢ ') that

P sinﬂc“ﬂf e+ e+ 1)+ 1)
0

2
_ T(a) cletn™ @/2—1 aj2—1
el

T(a) !

= az=1/y _  ya/2—1
- T'(e/2)T(/2) J1—ctern—1 y (1 Y) dy,

which, together with Lemma 1, implies (2.13). Similarly, by changing ¢ into
¢ in Lemma 2

7' sin o 0“/2f T4+ 1) e+ 1) de
2 ' ¢ a—1
. fo palye™) dF(y(1 +2)7") =1 — < 1 ) )

c+ 1

This together with Lemma 2 proves (2.14). Hence G, and H, in (2.18) and
(2.19) are indeed bounded, nondecreasing solutions of (2.13)-(2.17), which
proves the theorem.

CoroLLary 1. If (1.1), (1.2), and (2.3) are satisfied for some 0 < a < 2,
then

lim P {the first S, outside [—cN, N] is less than —¢N | Sy = 0}
N>
(2.23) I'(a) (e+1)=1

= T . — _ Ma) al2—=1/q o ye/2—1
= Efﬂ Gu(z; ¢) = @D @2) b v = )T dy.
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This is of course nothing but Lemma 1 when 0 < « < 2. For a = 2 it
was already proved in [7] or [11].

CororLrLArY 2. If (1.1), (1.2), and (2.3) are satisfied for some 1 < a £ 2,
then

limyow p(N, —¢N) = limy., P{the S, process leaves [—cN, +N] at
the left and returns to O before it ever crosses
+N |8 = 0}

= limy.., P{there exist n, m such that n < m,
S, < —c¢N, Sw = 0, and S; = N for

i=1,2,"',mISo=0}

c a—1
=1- (*ﬁ) ’

Consequently, if I is a set of u integers and

(2.24)

N:(A, —B) = number of terms Sy in the infinite sequence Sy, Sz, *
with Sy el and —B = S; < A fori =1,2,---, k when So = 0,

and if (1.3) s satisfied, then

(2.25)

a—1

(2.26) nglo Al—aENt(Ay —cd) = (c—j——l) C(a, Q)I-‘,
and

1 a—1 c a1 _ }
(2.27) EﬂP{NI(A’ —cd) £ 4 (c T 1) Cla, Quz| Sy = 0

= 1 —_— e_’:’
where
= 21_'0"[‘ -1 1 2\ —a/2

(2.28) Cla, Q) = (xQ27T (o)) fo (14" dy

= (Q(a — 1)T(a/2)T(a/2))7".
(Q s defined in (2.3).)
Proof. It was proved in equation (4.45) of [7] that for 1 < a < 2

@ 1
lim P(N, —cN) = fo dGo(21; ) fo Pal(®s) dFa(@2(c + 1)),
which implies (2.24) in virtue of Lemma 2. (2.26) and (2.27) were also
proved under the additional condition (1.3) in Theorem 4 of [7] except for the
explicit expression of 1 — p. For a = 2, (2.24), (2.26), (2.27) are contained
in Theorem 2 of [7] ((2.24) not explicitly, but it follows easily from the proof
there). The first expression for C(a, Q) was obtained in [7], while the last
equality follows from p. 240 in [12].

In order to find the asymptotic behaviour of [I — T(N)li,; we shall need
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the analogue of p.(y) for the case of two absorbing barriers, i.e.,

(2.29) g.(y; ¢) = }’im B(k — 0; [—cN, N]) 0<y<l).

kN"'I—)y

In [7] we left out the proof of the existence of the limit in (2.8). Since a simi-
lar argument is needed here a few times, we shall give a complete proof of the
existence of the limit in (2.29) and compute the limit. The missing detail
for (2.8) (or Lemma 9 in [7]) can then be proved in the same way.

Lemma 3. Let (1.1), (1.2), and (2.3) be satisfied for some 1 < o < 2.
Then for each ¢ > 0 there exists a §(¢) > 0 such that

P(k—0;[— =, N)) 21 —¢
whenever | k| < 8(e)N.
Proof.

WA P(k—" 05 [~ 0, +0])
< Pfthere exists ann < M with S, = 0] S, = k}

S ML PO L 0;[— o, +0]).

However,

M M +
(230) S PO—" 05—, +]) = o= 3 [ M o)

n=1

and one can show, using (2.3), that for fixed k&

M +7 .
(231) lim MM él— D f M (H(1)" = ¢y > 0.
T n=1 J—r

M->x0

One can even find for each ¢ > 0a 8:(¢) > 0 such that, for sufficiently large M,

M M -1
3 Plk—" 0; [— oo, +0]) {Z%P“’—n""; [ e, +w1>} 21— ef3

n=1

whenever | k| < 8,(¢)M"®. Consequently

(2.32) Pfthereexistsann < M with S, =0(So =k} =21 — &/3
when

(2.33) | k| < &(e)M'* and M is sufficiently large.
Thus under condition (2.33)

(2.34) Si=Nfort=0,1,---,n|S =k}

P{there exists an n < M for which S, = 0 while

= 1 — ¢/3 — Pfthere exists an n < M with S, > N | S, = &}.
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But
1 — Pf{there existsann < M with S8, > N | Sy = k}
=P{S. =N —Fkforalln < M|S, = 0}

= P{the 8, process returns to 0 at least m times before leaving
(=, N — k]| S = 0}

— P{there do exist m integers 0 < n; < ny < -+ < Ny < M with
S, =08 =0}

= (PO —>0;[—o, N — k)™ — Com™"M"*

for some C» > 0. In the last step we used Chebychev’s inequality and the
conclusion

(2.35) E{number of indicesn £ M with S, = 0|8, = 0} = O(M" V%)

of (2.30) and (2.31).
We know from Theorem 1 in [7], that

1—P0—0;[—o,N—k]) = ON — k)" (N — k) — »).
Hence, there exists a 6;(¢) > 0 such that
(P(0—0;[—o, N — k)" =1~ ¢/3
when m £ 8(e)N* ' and k < 8,(e)N. Taking

m = [6:(e)N®"] and then M = [em/3Cs]* ",
we see that

1 — P{there existsann = M with S, > N|So =k} =2 1 — 2¢/3
when & = 8,(e)N. For
| k| < 8:(e)M® = 84(¢)N.
(2.33) is also fulfilled; hence if one takes
3(¢) = min (%(¢), ds(¢)),
one has in virtue of (2.34)

P(k — 0;[— «, N]) = Pfthere exists an n < M with S, = 0 and
(2.36) SiéNfOI’i=0,~",n|So=k}

=1—c¢

whenever | k| < 8,(¢)N for all sufficiently large N, say N = No(e). (2.36)
will be valid for all N, if

| k] < 8(e)N = 1 min (8(e), No'(e))N.
This completes the proof.
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Put nowfor k = 0
qan(kN7', ¢) = P(k — 0; [—cN, N1)

and define, for kN"' < y < (k + 1)N7, ga.n(¥, ¢) by linear interpolation
between go,v(kN", ¢) and gun((k + 1)N7, ¢). One has then, for fixed
¢ >0,

Lemma 4. If (1.1), (1.2), and (2.3) are satisfied for some 1 < a £ 2, and

¢ > 0, then the functions qa,n(y, ¢), N = 1,2, -+ | are equicontinuous (in y)
on [0, 1), and consequently from each sequence of integers {N i} one can select a
subsequence {N;} such that

lim,eo Ga,v;, (¥, €) = qa(y, €)
exists and s a continuous function on [0, 1).
Proof.
gan(ki N ¢) = P(ky— 0; [—cN, NJ)
= P(ky — ko ; [—cN, N])P(k, — 0; [—cN, N])
= P(ky— ks, [—cN, N])qax(k: N7, ).

It follows immediately from Lemma 3, that for each ¢ > 0 there exists a
d(e) > 0 such that
P(ky —ky;[—cN,N)) 21— ¢
whenever
0=Vli,ko N1 —¢) and |k — k| = &(¢e)N.
Hence, there exists a d¢(e) > 0 such that

(2.37) Qan(th,¢) = (1 — &)qan(y2, )

whenever
02 y,2=1—¢ and |y — 2| = &(e).

Since 0 £ ¢q.~(y, ¢) £ 1, the equicontinuity follows immediately from (2.37).
The remainder of the lemma is a well-known consequence of the equiconti-
nuity.

TuroreMm 2. If (1.1), (1.2), and (2.3) are satisfied for some 1 < a < 2,
and ¢ > 0, then

(2.38) limyee ¢an(Y, €) = qa(y, €)
exists for 0 = y < 1, and

2(y,¢) = (@ — )™ (c + 1) (y + )%

(239) .fl (y + cv)—a(l _ v)al2-—1 dv.
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Remark. By the equicontinuity of g..»(y, ¢) one has also for 0 = y < 1
im gan(yn, ¢) = ga(y, ).

N->o0
YN->Y

Proof. Let Ny < N» < --- be any sequence of integers such that
(2.40) lim;e Ga,v; (Y, €) = Ga(y, €)

exists and is continuous on [0, 1). Such a sequence may be selected from any
infinite set of positive integers by Lemma 4. One has, for 0 < z < 1 (cf.
(2.25) for definition of No (4, —B); cf. also proof of Lemma 9 in [7])

EN (N, — ¢N) = EN(2N, —cN)
+ 2 .w<ssn Plthe first S, outside [—¢N, zN] equals k | Sy = 0}
*@an(kN"', ¢)ENoy(N, —cN).

Dividing by EN (N, —¢N) and letting N — o through the sequence N ;
one gets

1 = lim EN(2N, —¢N) {EN;(N, —cN)}™
N>

241 1
(241) + [ @B = 97 e, o).

By (2.26)
limuo EN (2N, —cN){EN@j(N, —cN)}™' = 2 (¢ + 1)* (2 + ¢)'™™
Substituting this and the expression for H, into (2.41) one obtains
1=2"(+ 1) z+ )"
1
+ 7 sin% % f (y — 2)™(y + )™ "Gy, ¢) dy,

or

-1
- (sin 1F2_C¥> c-—a/2[z—a/2 _ zalz—l(c + l)u—l(z + c)l—a]

N f {Galy, ) (y + )™y} (y — )™ dy.

This is again Abel’s integral equation for G.(y, ¢)(y + ¢)”**™". Solving it
according to the standard formula [1], we find that the unique continuous
solution is

4oy, )

1
=—(@+ C)“/zllc_am% [ (27 =2 e+ 1) e+ )7 e — y)* Tz
Y
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(putting u = 2y™") .
-

- (y + c)alzyc—amd_(fy_ {u—-al2 . uotl2—-1(c + l)a—l(u + cy—l)l—a}

1

c(u— 1) gy
y-‘l

(a _ 1)(0 + 1)a—lcl—a/2(y + c)m/2y—1‘[1 ual2——l(u + cy—l)-a
’(u _ 1)a/2—1 du

By putting v = u~", the last expression goes over into (2.39), showing that
Ga(y, ¢) is given by (2.39) independently of the sequence {N}. This shows
that the ordinary limit of g.,»(y, ¢) as N — o exists and is given by (2.39).

3. Applications to Toeplitz matrices

We consider again a sequence {c,} satisfying (1.1), (1.2). The random
variables X, and S, are defined as in (2.1) and (2.4). (2.2) and (2.3) are
assumed valid. The case where a in (2.3) equals 2 has been extensively
treated in [11], so we shall restrict ourselves to 0 < a < 2.

The corresponding sequence of (N + 1) X (N + 1) Toeplitz matrices
(N =0,1, ---) is defined by

(31) ” T(N)kd ” = ” Ci—k ”’ k;] =01, , N.
The inverse of I — T(N) is denoted by
(3.2) H(N) = [I - T(N)I™,

where I stands for the (N + 1) X (N 4+ 1) identity matrix. It was proved
in [11] that this inverse exists, and that

H(N)w; = 220 Pk j; [0, N])

= E{number of indices n for which S, = j
while 0 = S; S Nfor¢ =10,1,---,n|8 = k.

(3.3)

The proof was based on the fact that
T*(N)i.; = the k, j entry of the nt power of T(N) = ) (PN 73 [0, N]).

Using these facts, it becomes quite easy to translate the results of the last
section into results on Toeplitz matrices.
Following [11] we put for j ¢ [0, N]

H(N)k,j = Irvso H(N)k,r Cj—r
= Pf{the first S, outside [0, N] equals j | S, = k}.

Taeorem 3. If (1.1), (1.2), and (2.3) are satisfied for some 0 < a < 2,
then for 0 < z < 1
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lim >, H(N),;

N> —yN<j<0

It

Ga(y(1 — )™ 2(1 — 2)™)

kN—1lsgz
y(1—2)~1
(34) = lgin T a2y _ —a/2
T sin5- 2 (1 x)‘[ 2
(2(1 = 2) + 1) (2(1 — 2) + z) 7" de,
(35) lim —Zl H(N)i; = __ M g1 = ) dy
T Nee "7 T(a/2)T(/2) o '

kN=1lsz

If (1.1), (1.2), (1.3), and (2.3) are satisfied for some 1 < a < 2, then for
0<z,y<l1
lim N'7H(N)i .k,
zlxz?-»x
(36) Vv min (#(1—2) =1y (1—y) ~1)

= QU(T(e/2)) 2|z — y [ 'émax(w(l—z)“l»u(lﬁ)'l) w1 — w)™* dw.

For x = y the expression in the right-hand side of (3.6) has to be read as
Q7' (a — 1)7(T(a/2)) 2" (1 — 2)* .

Proof. (3.4) and (3.5) follow from Corollaries 1 and 2 to Theorem 1 by
a change of scale. Only (3.6) requires further proof. But

H(N)i .k, = E{number of indices n for which S, = k, while
0§ S:,é N forz = 0, 1, "',’nlSo= kl}

(3.7) = P(ky — ky ; [0, N]) - E{number of indices n for which
S, =1Ikywhile0 = S; S Nfort=0,1,---,n| S = ky

= P(ky — ks ; [0, N)EN (N — ky, —k).

By (2.26)
(3.8) lim N'ENg(N — ky, —k:) = C(a, @)y* (1 — y)*™*
kg%:?-»y
whereas, for 0 < ¥y < 2 < 1, by Theorem 2
. . _ T—y y
(39) 1&2: P(’Cl"")kh[oyN]) Qa(l_yyl_y>'
kiN~lsg
ng—l-ﬂ[

By combining (3.7)-(3.9) and using the expressions for ¢, and C(«a, @), (3.6)
now follows for0 < y < < 1. For 0 < z < y < 1 it follows from the
fact that H(N) is symmetric, being the inverse of a symmetric matrix,

For y = z it is even easier, since P(k; — k2 ; [0, N]) tends to 1 as N — oo,
and kb, N'—> a2,k N ' — 2,0 < 2 < 1, by Lemma 3.
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Remark. For 0 < a < 1 we know

1 [t iR
3.10 i =L [ e
( ) ;-I:H(N)k,j o . 1= d)(t) dt
since then the S, process is not recurrent and the integral in (3.10) converges
(cf. [3]). In this case

limy,o H(N);,; = E{number of indices n for which S, = j| Sy = k},

which is exactly the integral in (3.10).
For a = 1, the problem is more delicate. In [7] we proved that for « = 1,
0<z <],

lim (log N)7H(N)is = = Q"
N>

kN—lsz
One can also show that for z = y

(3.11) lim (log N)™ H(N),; = 0,

N>
kN~ lsz
koN —lsy
but it is not clear what will happen in (3.11) when 2 = y or if log N is re-
placed by another appropriate factor. There are good reasons to believe that
fora=1,z#y
hm H(N)kl,kz

N->o0
BiN~lsz
koN~=1lay
exists and is given by the right-hand side of (3.33) with o = 1.
Let us now assume @ = 1, ie.,

(3.12) limgo | 8|71 — ¢(2)) = 1.
It is clear that in this case
(3.13) limy_,., B exp (itN""*Sy) = exp (— | t]%),

or, in other words, N~/*Sy behaves like X (1), where X (s) is a stable process
with independent increments with

Eexp (it X(s)) = exp (—s|t]%).
It seems reasonable therefore, to expect that
(3.14) —N°*I — T(N)]

will approximate the infinitesimal generator corresponding to a stable process
with absorbing barriers. For 0 < « < 1 this infinitesimal generator was
found by Elliott in [4]. Elliott’s results were extended for all a < 2 by
Getoor [5]. We shall show in the next theorem that (3.14) indeed approaches
the same operator.
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TueorEM 4. If (1.1), (1.2), and (3.12) are satisfied for some 0 < a < 2,
and if f(x) is twice continuously differentiable on [0, 1], then for 0 < z < 1

N
lim N* Z I — T(N)LifGNT)
(3.15) mine
-1 . TX t —a
= —T'(a)w Sln—fthP'V'fo F) |y — 2| sgn (y — ) dy.

(P.V. /0‘ 1 stands for ?f? { £ o + j; ;} >

Proof.
o (I = TN i fGNT) = f(RNTY = 20cin fGNTY
= f(RNT) (2o52a ¢ + 25w ©5)
+ Zioci (FRNT) — fGNT).
Putting

Ym = D iam Ci
one obtains by partial summation (taking into account (1.1))
2o I = T(N)) i fGN T
= f(0)ve41 + fF(1)ywis1
+ 25 vi(f((k 45 = )N = f((k + HNT)
(3.16) + 225avi(f((k = § + )N )= f((k — HN))
= f(O)ves + f(Dyworrs — N7 25 i (6 + HNT
+ N7 2y f'((k = HNT) + 0N 2iys).
By (3.12), (3.13), and Theorem 5, p. 181 in [6]

(3.17) limy,e k%% = ¢ > 0.
One easily derives from (3.12) that one must have
(3.18) ¢ = T(a)r ' sin (ra/2).
Since

1
PN [ 5/0) |y = o[ sen (y — @) dy
exists, it is easily seen from (3.16)—(3.18) that

N
lim N* 2201 = TNk fGNT)
00 J=

EN~1lsz

= T(a)7 " sin%‘f{f(O)x_“ + ()1 —2)™
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=P [ 7wy = o = =) i

Ta d

= —T(a)r™" sin o P.V. f )|y — [ sgn (y — 2) dy.

In Theorem 3 the asymptotic behavior of H(N) was found. We shall show
how this can be used to find the inverse of the infinitesimal generator just
found.

Lemma 5. Let (1.1), (1.2), (1.3), and (3.12) be satisfied for some 1 < a < 2.
If* g(x) € C[0, 1), then

lim N‘“ZH(N)ng(JN_l)

N>
kKN—1lsz

z2(1—z)
= (T'(a/2))" j; (x —2)*"g(2) de fox(l_z) w7 (1 — w)™* dw

z(1—2)

(319)  + (T(a/2)) f (2 — 2)*9(2) dz f 208 a1 ) gy

2(1—x) (1—z+wz) ~1
= (r(a/z))‘2f w7 dw {f wlglw — u(l — w)) du
0 0

z(1—2) ((1—2)w-+z) ~1
+ f gz + w(l — w)) du}.
0

Proof. From (3.7) and (3.8) one concludes that N'"*H(N)s,; is bounded,
uniformly in k, j. The first equality in (3.19) is now an immediate conse-
quence of (3.6) as

N 00 H(N)L;gGN™) = 25N T H(N),; gGNHN

The second equality in (3.19) follows after a simple transformation.
Define now for 0 < a < 2

Tg(z) = (T(a/2)) fo W du

2(1—z) (1—z+wz) ~1
f wglz — u(l — w)) du

(3.20) . {

0
2(1—x) ((1—z)wtz)~1
+ f welz + u(l = w)) du}
0
whenever the integrals exist. Since for 0 < a < 2

1 1
f w**™ dw f uldu < oo,
o o

3 C[0, 1] is the class of functions continuous on [0, 1].
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it is easy to check the following properties:
(1) If g(z) € C[0, 1], then also Tg(x) € CIO, 1].
(ii) If g(x) € C[0, 1], and if g(x) is twice continuously differentiable in
[0, 1], then Tg(z) is twice continuously differentiable in (0, 1).
(iii) Under the conditions of (ii) there exists a function K(z),
bounded in each interval [¢, 1 — &] for ¢ > 0, such that forz = 0, 1, 2,
0<a <1

| [(d/dz) Tg()]omss |
< K(wo){suposs <1 9(2) | + supogasi| 9'(2) | + supogss1|9”(2) [}
Theorems 3 and 4 suggest that a solution of

(321) —-T(a)x smﬁfl—PV f fy) |y — x| sgn (y — z) dy = g(x)
is given by

f(z) =Ty(x).
For certain ¢g’s we shall indeed prove this in

TueoreEM 5. If 0 < a < 2, and if g(x) is twice continuously differentiable
in [0, 1], then
f(@) = Ty(x)
satisfies (3.21) for 0 < x < 1.
Proof. Take first
(3:22) g(z) = (1 = t)™"7,

where ¢ is a complex number with | ¢| < 1. Substituting this g(z) and intro-
~ in (3.20) one obtains easily

ducing v = u
f(z) = Tg(z) = (F(e/2))2**(1 — 2)*a7(1 — )7 (1 — )"

2(1—2) "1 (1—¢)
(3.23) . {j(; a/2—1(1 + y)—a dy _I_f a/2—1(1 + y)—a dy}

z(1—2) "1 (1—~t)
= (Mla+ 1)) 721 — 2)** (1 — )7 (1 — )™

In order to check (3.21) we have to compute

1
(3.24) —-P-V-fo Y1 = )1 — )y — 2 sgn (y — 2) dy
0<z<1,|[t]<1).

This can be done by contour integration, exactly as in [8], pp. 23, 24.
The result for the expression in (3.24) is

(3:25) m(sin (ra/2)) (1 = 071 — @)™ = 1),

from which (3.21) immediately follows for the particular function g(z) of
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(3.22). Since both (3.22) and (3.23) can be expanded as a power series in ¢,
we deduce that f(x) = Tg(z) indeed satisfies (3.21) whenever g(z) is a
polynomial in . If now g(z) is twice continuously differentiable on [0 , 1],
then for each € > 0 we can find a polynomial g.(x) such that

Suposz<1]9(2) — g:(2) | + supogazi | 9'(2) — ge(2) |

+ supo<z <1 | 9" (2) — ge(x) | S e
Putting

f(x) = Tg(x) and fu(z) = Tg.(x),
we see from Lemma 5 that, for ¢ = 0, 1, 2,

(3.26) [(&) 6 - 2en ] 0 asel 0

for any o € (0, 1). Writingnowfor2s S 2 =1 — 23

BV [ 1) |y = 2 [ sgn (v — o) dy
(3.27) = fox_ (e —y) " dy — fmf(y)(y — ) dy

+ [ (=) = @ + )y,
0

we can easily differentiate the three terms on the right, obtaining

—a fox— f)@ =y~ dy + f(z — 8)5™
(328) —a [ W) ="y + S + 05

+ [ o= ) = P+ ) dy
0

The same formula holds with f.(z) replacing f(x). This together with (3.26)
shows that
Ta d

~r@r sin L ey [ (1) 1.6 1y ~ 2l swn (v — 2) dy

tends to zero as ¢ | 0. Since (3.21) is valid with f.(x) and g.(x) instead of
f(z) and g(z), the theorem follows.

Remark. The condition that g(z) be twice continuously differentiable on
[0, 1] is most likely stronger than necessary. E.g., we know from (4] and the
corollary below that for 0 < a < 1, g(z) € C[0, 1] already suffices. In [4] it
is also proved that the solution in C[0, 1] is unique. Similar uniqueness
properties can be proved here.
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CoroLLARY. Let X(s) be a stationary stable process with independent incre-
ments such that for some 0 < o < 1

itX(s) __  —s|t]|®
Ee =€ ,

and let
A\ 2,y) = f ¢ ™@a(s, 2, y) ds
0

where Qo(s, x, y) 1s the density (aty, 0 < y < 1) of

0 if infoge<e (2 + X(§)) =0,
Xas(s) =41 if supogess (2 + X(£)) 2 1,
r + X(s) otherwise;

then, for0 < a < land0 <z, y<l,z =y

A(0; 2, y) = f Gu(s, z, y) ds
(3.33) 0 min (2(1—2) ~Ly(1~y) ~1)
= ((a/2)) & — y|*" fmx(”(l””) MA=DTD el ) du,
3

Proof. It was shown in [4], that for 0 < « < 1 and g(z) € C[0, 1], the
unique solution in C[0, 1] of (3.21) is given by

f(z) = [0 A.(0; 2, y)g(y) dy.

Together with (3.19) and Theorem 5 this implies (3.33). Using the expres-
sions in [9] one can show that (3.33) remains valid, even for 1 £ a = 2.
Another form of (3.33) was round by Widom [13].

One may also consider the analogue of (3.33) for a process with one ab-
sorbing barrier only; i.e., let ®(s, x, y) be the density of

)1 if supo<i<s (@ + X(§)) 2 1,
Kau(s) = {x + X(s) otherwise,

and
B(\ z, ) =f e ®(s, 2, ) ds.
0

Seeing that for 1 < a < 2,y < 2z < 1,

lim N'"E {number of indices n for which S, = k, while S; £ N

klx-—wlo.,z fOI"l:=O, 1,"',n|S()= kl}
koN~1lsy
= p((z — )1 — ™A = »*7'Clay 1)
1
= (P(e/2) @ — " [ w1 — 0)* du,
(z—y) (1—y) 1
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one is lead to expect

Ba(o; z, y) = j; (Ba(s: x, y) ds

= (T(e/2)) "z — y |~ fl e WL = ) du

1—min(z,y)

1—max(z.y)

— (I‘(a/?))_2[ T —y |a——1 ‘/o‘l—min(x,y) wa/2—1(1 _ w)—a dw

O<a<lyz,y<l;z=y).

This result was indeed proved in [9].
Finally we shall derive an analogue of Theorem 2.2 in [11]. This concerns
the coeflicients p,  of the orthogonal polynomials p,(z), defined by
(i) Forn = 0,
. Pa(2) = Doro Dui 2 with pp.n > 0,

(ii) %r (@) (e (1 — ¢()) dt = by,  mym = 0,1, .

It was shown in [11], Theorem 1.1 that
(334) H(N)i; =l — T(N)lej = 2 omaxten» PraPr; (0 =4,k S N),
and in Theorem 1.5
(3.35) pvi = H(N)wi(H(N)wx) "
We interpret this probabilistically in
Lemma 6. If (1.1) and (1.2) are satisfied, then
(3.36) pxnu = P(k— N;[0, NDH(N)w.x

= E{number of indices n for which S, = k while0 = 8; = N
fori=0,1,---,nand for some iy < n, S;y = N | So = k}.
Proof. From (1.6) and (2.6) it is clear that
(3.37) H(N)i,; = P(k—j;[0, NDH(N), ;.
Furthermore
(3.38) H(N)yy = HN)in.

(3.35), (3.37), and (3.38) show
P12V.k = H(N)in H(N)N'k(H(N)N.N)~1
= P(k— N; [0, NDH(N)~u -

This proves the first equality in (3.36); the second is again clear from (1.6)
and (2.6).
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COROLLARY 1.
i = E{number of indices n for which S, = 0

(3.39) while maxXo<i<n S;i = N — k| Sy = 0}
2
= UN—k
where
Ze—-skui
(340) *° - +0
1 1 s
=51 dy exp (-—51; f_w (S 32/4log (1 — ¢(t))) dt.

Proof. The inequality is clear from the interpretation (3.36) of py. The
generating function (3.40) of u; was proved in Lemma 2 of [7].

Lemma 6 and this corollary explain why limu.. py,v—% = u as proved in
Theorem 1.6 of [11].

CoroLLARY 2. Let (1.1), (1.2), and (2.3) be satisfied for some 1 < a < 2.
Then one can find for each € > 0 a 8:(¢) > 0 such that

(3.41) (Pr i)/ (Do) Z 1 — &
whenever

eSKkN;'S1—¢ and N2 = Ny £ No(1 + :(e)).

Similarly, there exists a 8s(e) > 0 such that

(342) (un,)/(ux,) 21— ¢

whenever N; < N1 £ No(1 + 8s(¢)).

Proof. (3.36) and (3.37) show that for Ny = N.

Plzv,.k - P(k — Ny; [0, Nl])P(Nl — k; [0, Ni)H(Ny)ix

p;{’z,k P(k — Nj; [0, No]) P(Ny — k; [0, Nol)H(Na2)s i
> P(k — Ny; [0, Ni)P(N, — k; [0, N4J)
= P(k— Na; [0, No))P(N, — k; [0, Na]) *

In addition,
P(k— Ny ; [0, Ni])
= P(k—*k'{'Nl—Nz;[O,Nll)P(k+N1"'NZ“"N13[O,N1])

= P(k—k + Ny — N:; [0, N\))P(k — N, ; [0, N2J).
Since
1—P(k—k+ N, —N:;[0,N:]) £1—P(k—k+ Ni— Naoj(—»,Ny)
+1—Pk—k+ Ni— N[0, ©)),
it follows from Lemma 3 that for
(N1 — N2)/N: £ &(e), say

P(k—k+ Ni— Nz;[0,N)) = (1 — &),
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and consequently

P(k — Ny; [0, Ni]) ST
Pho NN = T

In a similar way one treats the factor

P(N1 — k; [0, N4])
P(N: — k; [0, Nal)

This proves (3.41). (3.42) is proved in the same way taking into account
that by the probabilistic interpretation of ux (cf. (3.39))

uy = P(0— N; (—», N))P(N — 0; (— =, N)EN(N, — =)
(ef. (2.25) for definition of N(4, —B)).

TueoreMm 6. If (1.1), (1.2), and (2.3) are satisfied for some 1 < a < 2,
then

(3.43) pyvy—0 as N —k— o,

and for 0 < z < 1,

(3.44) Al,l_g: Nl—ampN,k - Q—1/2(F(a/2))—1$a/2(1 _ w)al2—1’
EN~"1lsz

(345) limyae N™uy = Q7"*(T'(a/2)) ™"

Proof. By (3.39), pxx < un—i, 50 that (3.43) is a consequence of (3.45).

We shall now prove (3.44). By Theorem 3
H(N)ip = N7Q7 (e — 1) (T (a/2)) *(kNT)* (L — kN7 + o(N*7)
= Q7 (a = 1)7(T(a/2))k (L — kKN T)* + o(N*T)

as N — o, kN~ — 2. Recalling (3.34) and (3.41) one has, for ¢ < 2
s1(e)N pya(l — &) = 25TV prs

= H(N(L + 8(&))rs — H(N)is

= Q7' (a — 1)7(T(a/2)) k"

A = ENT(L A+ &) = (1 = kN
+ o(N*T)

or

N™%nx S (1 — &)7Q (T(e/2)) (kN7 (1 = ENT)*™ + o(1).
As py v pyvy = H(N)vy > 0 and pyy > 0, also pyi > 0. Consequently
lim sup N' Py, = Q" (I(a/2))7'2"*(1 — 2)** ™.

N->x
knN~lsz
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Similarly, considering the sum

N 2
Er=~(1+67(e>)-l DPr ok
one proves

lim inf N *py . 2 Q7" (T(0/2)) 2™ (1 — )",

N->oo
kN~ lsz

completing the proof of (3.44). (3.45) is proved in the same way, taking
into account (3.42), Theorem 1 of [7], saying

limae N7 200 up = C(a, Q),
and the fact that w;, = limy,e py,y—x = 0 (Theorem 1.6 in [11]).
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