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EXTENSION THEOREMS FOR THE FOURIER TRANSFORM
ASSOCIATED WITH NONDEGENERATE QUADRATIC
SURFACES IN VECTOR SPACES OVER FINITE FIELDS

ALEX IOSEVICH AND DOOWON KOH

ABSTRACT. We study the restriction of the Fourier transform to
quadratic surfaces in vector spaces over finite fields. In two di-
mensions, we obtain the sharp result by considering the sums
of arbitrary two elements in the subset of quadratic surfaces on
two dimensional vector spaces over finite fields. For higher di-
mensions, we estimate the decay of the Fourier transform of the
characteristic functions on quadratic surfaces so that we obtain
the Tomas—Stein exponent. Using incidence theorems, we also
study the extension theorems in the restricted settings to sizes of
sets in quadratic surfaces. Estimates for Gauss and Kloosterman
sums and their variants play an important role.

1. Introduction

Let S be a subset of R? and do a positive measure supported on S. Then
one may ask that for which values of p and r does the estimate

(1.1) Hde'HLT(Rd) S Cp,T”fHLP(S, do) fOY all f S LP(S, dO’)

hold? This problem is known as the extension theorems. See, for example, [1],
[5], [7], [9], and the references contained therein on recent progress related to
this problem and its analogs. In the case of p =2 in (1.1), Strichartz [6] gave a
complete solution when S is a quadratic surface given by S = {z € R? : Q(x) =
j}, where Q(z) is a polynomial of degree of two with real coefficients and j is a
real constant. In this paper, we study the analogous extension operators given
by quadratic forms in the finite field setting, building upon earlier work of
Mockenhaupt and Tao [3] for the paraboloid in vector spaces over finite fields.
We begin with some notation and definitions to describe our main results. Let

Received February 26, 2007; received in final form August 20, 2007.
2000 Mathematics Subject Classification. 42B05, 11T24.

(©2009 University of Illinois

611


http://www.ams.org/msc/

612 A. IOSEVICH AND D. KOH

F, be a finite field of characteristic char(F,) > 2 with ¢ elements, and let F?
be a d-dimensional vector space over F,. Given a function f : ]F;i —C,d>1,
define the Fourier transform of f by the formula

Fm)=¢="3" x(—z-m)f(z),

z€Fd

where x is a nontrivial additive character on F,. When F, =Z/¢Z for some
prime ¢, we could take x(t) = e2™/4 and the calculations in the paper are
independent of the exact choice of the character. Recall that the Fourier
inversion theorem is given by

f@) =Y x(@-m)Fm).
meFd
Also, recall that the Plancherel theorem says in this context that

ST Fm)P=¢""Y" 1f(x)

mE]Fg :cE]F'i

Let S C Fg be an algebraic variety in IFZ. We denote by do normalized
surface measure on S defined by the relation

fdo SZX —z-m)f(z),

zeSs

where #.S denotes the number of elements in S. In other words,

g o(x)=(#5)"" - S(2).

Here, and throughout the paper, E(z) denotes the characteristic function,
XE, of the subset F of ]Fg. We therefore, denote by F do the measure y g do.
For 1 <p,r < 0o, define

”fHZ[),p(]]rg’d@ = q_d Z |f(x) P

zeFd

I gy = D 1 (m)I”

d
melFyg

and

HfHLp(s do) = S Z |f
zes
Similarly, denote by || f||z= the maximum value of |f].
Observe that the measure on the “space” variables, dx, is the normalized
measure obtained by dividing the counting measure by ¢¢, whereas the mea-
sure on the “phase” variables, dm, is just the usual counting measure. These
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normalizations are chosen in such a way that the Plancherel inequality takes
the familiar form R
||f||L2(1Fg,dm) = ||fHL2(Fg7da:)'

We now define the nondegenerate quadratic surfaces in Fg in the usual way.
Let © = (21, x2,...,24) € IFg. Denote by Q(x) a homogeneous polynomial in
Fylx1,...,zq] of degree 2. Since char(F,) > 2, throughout this paper, we can
express Q(z) in the form

d
Q(il'hxg,...,(ﬂd): Z A5 T 5 with Qj5 = Q-
i,j=1

If the d x d matrix {a;;} is invertible, we say that the polynomial Q(x)
is a nondegenerate quadratic form over F,. For each j € F; =T, \ {0}, the
multiplicative group of F,, consider a set S; in Fg given by

(1.2) sz{xEFg:Q(ml,...,xd):j},
where Q(z) is a nondegenerate quadratic form. We call such a set S; a
nondegenerate quadratic surface in Fg. For example, the sphere

Sd_lz{xe]Fg cal+as 4 +ag=1}
is a nondegenerate quadratic surface in IFg.

1.1. Extension theorems and main results of this paper. Let 1 <
p,7 < 00. We define R*(p — r) to be the best constant such that the extension
estimate

If dollLrga,am) < R*(p = 7)1 f | 2e(s;,d0)
holds for all functions f on S;. The main goal of this paper is to determine
the set of exponents p and r such that

R*'(p—r)<Cp,, <00,

where (), is independent of the size of ;. We note that
(1.3) R*(p1 —r)<R*(pp—r) forps > po,
and

R*(p—m)<R'(p—re) forrs>ra,
which will allow us to reduce the analysis below to certain endpoint estimates.

Let S be an algebraic variety in IFZ with #S ~ ¢* for some 0 < k < d. Here,

and throughout the paper, X <Y means that there exists C > 0, independent
of ¢ such that X <CY, and X ~Y means both X <Y and Y < X. Mock-

enhaupt and Tao [3] proved that R*(p — r) is uniformly bounded (O(1) with
constants independent of the size of F) only if

2d dp
1.4 > — > —.
(1.4) Tz and T_k(p—l)
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For the detailed proofs of these assertions, see [3], pages 41-42.
Mockenhaupt and Tao also showed that R*(2 — r) is uniformly bounded
whenever
2d +2

1. >
(15) "=

if
S={(z,z-z):x€ F(;i_l}7
an analog of the Euclidean paraboloid. Moreover, when d =3 and —1 is not a

square in F,, they improved the result in (1.5) by showing that for each ¢ >0
there exists Cc > 0, such that

(1.6) R* <§H4> <1 and R* (2%158> <C.q°.

If we replaced the paraboloid by a general nondegenerate quadratic sur-
face, the extension problem becomes more complicated, in part because the
Fourier transform of quadratic surfaces cannot be computed by simply con-
sidering the Gauss sums, as was pointed out by the authors in [3]. Using
generalized Kloosterman sums, we estimate the decay of the Fourier trans-
form of nondegenerate quadratic surfaces. As a result, we obtain Theorem 1
below which gives the same exponents as (1.5) (see Figure 1).

THEOREM 1. Let S; be a nondegenerate quadratic surface in Fg defined as
n (1.2). If d>2 and r > %j%f, then

R*(2—r)< 1.

1/r

12 1

(d-1)2d

Conjecture

(d-1)/(2d+2) Theorem 1.3

1/4 1 (3/4,1/4)

Theorem 1.1 (Tomas—Stein)

0 12 3/4 1 /p

FiGURE 1. Tomas—Stein exponent and extension estimates
in a restricted setting to big sets (q% SH#E S @,
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In the case d = 2, Mochenhaupt and Tao [3] showed that the necessary con-
ditions for the boundedness of R*(p — ) in (1.4) are also sufficient when S is
the parabola. Theorem 2 below implies that this also holds in the case when S
is a nondegenerate quadratic curve. To see this, observe from Corollary 10
that #S5 = ¢ for d = 2. Thus, the necessary conditions in (1.4) take the form

(1.7) r>4 and rz%.
Combining (1.3) with Theorem 2 below, we see that
(1.8) R*(p—4)<1 for2<p<oc.
By direct estimation, we have

(1.9) R*'(p—o0) <1 for1<p<oo.

Interpolating (1.8) and (1.9), we see that the necessary conditions given by
(1.7) are in fact sufficient as we claim once we establish the following result.

THEOREM 2. Let d > 2. Let S; be the nondegenerate quadratic surface in
F? defined as in (1.2). Then we have

R*(2—4)<1.

Observe that Theorem 2 is stronger in two dimensions. Theorem 1 and
Theorem 2 are the same in three dimensions, and Theorem 1 is stronger in
dimensions four and higher. Using incidence theory, we are able to improve
the exponents above in a restricted setting. See Theorem 3 and Figure 1 for
extension theorems restricted to big sets, and also see Theorem 4, Figures 2, 3,

1/r

12 T

(3d-3)/(6d-2)
The first part in Theorem 1.4 \
(d-1)/2d

Conjecture

(d=1)/(2d+2)

14 Theorem 1.1 (Tomas—Stein)

] | |
‘ T T T
0 (3d-5)(6d-2) 12 3/4 1

1/p

FIGURE 2. Extension estimates in a restricted setting (1 <
#ESqT),
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I/r

12

The second part in Theorem 1.4 (d>5 )

N

(3d=7)/(6d-10)
(d-1)/2d

Conjecture

(d-1)/(2d+2)

174+ Theorem 1.1 (Tomas—Stein)

1
(3d-9)/(6d-10) 12 34 P

FIGURE 3. Extension estimates in a restricted setting (1 <
#E S q ,d>5).

1/r

172 T

(d-1y2d

(3d-7)/(6d-10) Conjecture
The second part

in Theorem 1.4 (d<5)

(d-1)/(2d+2)

1747 Theorem 1.1 (Tomas—Stein)

(=]

1
(3d-9)/(6d-10) 12 34 1 P

FIGURE 4. Extension estimates in a restricted setting (1 <
#ESq'T,d<5).

and 4 for extension theorems restricted to small sets. These results are analo-
gous to those obtained by Mockenhaupt and Tao as described in (1.6) above.
While the aforementioned authors use combinatorial methods to prove their
incidence theorems, we use Fourier analytic methods which eventually reduce
proofs to the estimates for Kloosterman and related sums.
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THEOREM 3. Let S; be a nondegenerate quadratic surface in IFZ and E be
a subset of S;. Then we have the following estimate:

— da+1 _
(1~10) ||Ed0||L4(1Fg,dm)§|\E||L4/3(Sj,da) forq = S#qud L

THEOREM 4. Let S; be a nondegenerate quadratic surface in IF‘Z and E be
a subset of S;. Then for every po > 2, we have the following estimates:

(1.11) |E do|

d-1
rr@dam) SN ElLes;ao) for IS#HESq?
where the exponents p and r are given by

(6d —2)po —8d + 8 (6d —2)po — 8d + 8

d >
P=Bd—5)py—dd+12 " "= (3d—3)p—4dd+ 4’
and
— da4+1
(1.12) |Edo|zrwa,am) SN EllLe(s;doy for IS#ESq 2,

where the exponents p and r are given by

(6d —10)po — 8d + 24 (6d —10)po — 8d + 24
p> and T > .
(3d —9)po — 4d + 20 (3d —T)po — 4d + 12

1.2. Outline of this paper. In Section 2, we shall introduce few theorems
related to bounds on exponential sums. As an application, we get the decay
of the Fourier transform of the characteristic functions on the nondegenerate
quadratic surfaces in vector spaces over finite fields (see Lemma 9 below). In
Section 3, we shall prove Theorem 1 which can be obtained from the results
of Lemma 9. In Section 4, the proof of Theorem 2 will be given. In the final
section, we prove Theorem 3 and Theorem 4.

2. Classical bounds on exponential sums and consequences

In this section, we shall estimate the decay of Fourier transform of the
characteristic functions on nondegenerate quadratic surfaces in IFZ using the
classical bounds on exponential sums. To do this, we first introduce the well
known theorems for exponential sums. The following theorem is a well-known
estimate for Gauss sums.

THEOREM 5. Let x be a nontrivial additive character of Fy, and ¢ a mul-
tiplicative character of ¥, . It follows that

Galx.¥)= > x(at)p(t) = 0(¢%), a€cF;.

teF;
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Proof. If ¢ =1, the result is obvious, so we may assume that ¢ is a non-
trivial multiplicative character of Fy. We have

|Ga(x Z Z (at — as)(ts™h)

teF: sk}
=D %) Y xlast —as)
tGF; SEIFZ
= Zw(n( 1+ ) x st—s)
tE]F; SE]F
SEDILIUED 9) SRR
teF; teF: sek,
Thus,
1
|Ga(x:¥)[ = q2
and the proof is complete. O

The following theorem gives us the relation between more general expo-
nential sums and Gauss sums in Theorem 5. For a nice proof, see [2].

THEOREM 6. Let x be a nontrivial additive character of Fg,n € N, and
a multiplicative character of F; of order h = ged(n,q—1). Then

h—1
D ox(ts™) =Y G, )
k=1

selFy
for any t € Fy, where GWF, x) = ZseF; PF(s)x(s).

The following theorem is well known as the estimation of the Salié sum,
often referred to as the twisted Kloosterman sum (see [4]).

THEOREM 7. Let ¢ be a multiplicative character of order two of ¥y, q odd,
and a,b € Fy. Then for any additive character x of Fy,

> w(t)x(at +bt71)

=

<qt.

The following is a classical estimate for Kloosterman sums due to Wey [8]
(see also [2]).

THEOREM 8. If x is a nontrivial additive character of ¥y, and a,b € F, are
not both 0, then we have

<qz.

> xlat+bt7)

tely
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With the same notation as above, we have the following estimate on the
Fourier transform of the characteristic function of a nondegenerate quadratic
surface.

LEMMA 9. Let F,,q odd, be a finite field. Then

o _ _dt1
1S (m)[=|q~" > x(—x-m)| Sq
T€S;
if m#(0,...,0), and
5;(0,...,0)~q L.
From Lemma 9, we obtain the following corollary.
COROLLARY 10.
#S] ~ qd—l'

Proof. Using the second part of Lemma 9, we have

55(0,...,00=¢"% 3" S(x) m g7,

d
we]Fq

and the result follows. O

2.1. Proof of Lemma 9. We first observe that

Sim)=q=" 3" x(~z-m)

€S
=q > x(—z-m)g ) x(H(Q) - 4))
=g "0o(m)+ ¢ x(=it) Y x(1Q(x) —x-m),

tery zeFd

where dg(m) =1 if m =(0,...,0) and dyp(m) =0 otherwise. To complete the
proof of Lemma 9, it suffices to show that for j#£0, m € Fg,

(2.1) D(j,m) Sq°%

where

(2:2) D(j,m)=>_ x(—jt) > x(tQ(x) —z-m).
teFy z€Fd

Let

Wi(m) =" x(tQ(x) —x-m)

zeFd

for m € F¢, ¢t € F;. We shall need the following theorem (see [2]).
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THEOREM 11. Every quadratic form Q(x) = Z?,k:l a;xzTy over Fq,q odd,
can be transformed into a diagonal form aiz? + -+ + aqx? over F, by means
of a nonsingular linear substitution of indeterminates. Moreover, if Q(x) is a
nondegenerate quadratic form, then a; 0 for alli=1,2,...,d.

Using Theorem 11, we may write that for some m' = (m},...,m}) € Iﬁ‘g,
and a; € F; for all 1 =1,2,...,d,

Wi(m) =Y x(t|zlla +2-m),

z€Fd
where m’ € F4 is determined by m € F4 and |||, is given by
lzlla = @123 + - + agz?.

Since x is an additive character of F,, we have

d
= H Z x(tagai + mpxy)

k=1z,€F,
d
= Z x (tag (z + (Qtak)_lm;)Q - (4tak)_lm§€2)
k=1z,cF,
d
H —(dtag) " 'm}”) Z x(tagz}).
k=1 rr€Fy

Using Theorem 6, we see that

> x(tara}) =~ (tar)G(x, ¥),

T E]Fq

where 1) is a multiplicative character of F; of order two and G(x,¢) =
> scre X(8)¥(s). Thus, we obtain that

(2.3) Wy(m)=v"%t) a1+ aq de (4tay) " m}>)

= w_d(t)w_l(m —aq)(G(x, (t_l Z (4ap) " tm), ) )
Combining above fact in (2.3) with (2.2), we obtain that
(24)  DGm) = e aa) (GG Y x(=gt+7 M)p(1),

teky

where M is given by

i
M&

4ak
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Since 1 is a multiplicative character of order two, we see that ¢»~¢ =1 for d
even, and ¢~¢ = for d odd. Therefore, in order to get the inequality in (2.1),
we can apply Theorems 5 and 7 to (2.4) for d odd. On the other hand, if d is
even, we can apply Theorems 5 and 8 to (2.4) because j # 0. This completes
the proof of Lemma 9.

3. Proof of the Tomas—Stein exponent (Theorem 1)

Theorem 1 is a result from Lemma 9 in this paper and Lemma 6.1 in [3].
We first introduce Lemma 6.1 in [3]. Let S be an algebraic variety in IFZ with
a normalized surface measure do. We introduce the Bochner-Riesz kernel

K(m) := do(m) — 6o(m),

where dg(m) =1 if m = (0,...,0) and do(m) =0 otherwise. We need the
following theorem. For a nice proof, see Lemma 6.1 in [3].

THEOREM 12. Let p,r > 2, and Fg be a d-dimensional vector space over
F,. Suppose that

- _d
HKHL“(IFg,dm) = ||do — 50||L°°(Iﬁg,dm) Sq2

for some 0 < d<d. Then for any 0 <0 <1, we have

R*<p—> g) S1+R(p—r)’q

_d(1-0)
4 .

We are now ready to prove Theorem 1. Recall that we are working with a
nondegenerate quadratic surface S; in Fg. We now check that

_ (-1
(31) HKHLC’C(]Fg,dm) S q 2.
In fact, if m = (mqy,ma,...,mq) # (0,...,0) then we have
K(m) =do(m) = (#5;)"" > x(—a-m)
ZL’GSJ'
= (#5)7' > x(—x-m)S;(z)
z€Fd

= (#5,)'¢"S;(m).
From Corollary 10 and Lemma 9, we have
(#S)~q"™ and [S;(m)|Sq~F  form#(0,...,0).
We therefore, obtain that
| K (m)| ,Sq*% for m # (0,...,0).
On the other hand, we have
K(0,...,0)=do(0,...,0) —1=0.
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Thus, the inequality in (3.1) holds. We now claim that
(3.2) R*(2—2)~q?.

To justify above claim, we shall show that

(3.3) 1F doll 2(ss.am) = a2 | £l L2(s, o)
for all functions f on S;. We first note that

[fdo(m)]” = (#8;)7 > x(—z-m)f(x) > x(y-m)f)

z€S; yES;
=#S)7 > x((y—x)-m)f(2)f(y).
z,y€S;
We have
7@ sg.am = (3 1Fdom))

meFd

—#5) (XX W) m) @)

z,y€S; meFd

= (#8;)""q* (g; If(w)2>%

= (#5,) 7 ¢ (#5,) | fl| 25, o) ~ 0 | 1| 225, o) -

In the last equality, we used the fact that #S; ~ ¢¢~!. Thus, our claim in
(3.2) is proved. Using Theorem 12 with (3.1) and (3.2), we obtain that for
any 0 <0 <1,

_(@d=1)(1-90)
4

2
R* (2 — 5) <1+R*(2—2)%

6 _(d=1)(1-6)

S l+qzq 0

Taking 0 < 0 < 9= we have

aF1
2
R(2—>2)<1.
GHE

Thus, Theorem 1 is proved with r = %.

4. Proof of the L? — L* estimate (Theorem 2)

To prove Theorem 2, we make the following reduction.
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LEMMA 13. Let S; be a nondegenerate quadratic surface in Fg defined as
n (1.2). Suppose that for any x € (F3)* =F4\ (0,...,0), we have

> 1<5q%2
{(aaﬂ)ESj ij:(x-‘rﬂ:w}
Then for d> 2,
R*(2—4)<1.

Proof. We have to show that
1f dollpawa,am) S I1fllL2cs; o)
for all functions f on S;. Using Plancherel, we have

— —_ 1
| f dollLawa,am) = If dofdoll} sz gm
q (Fg,dm)

= If dorx £ do| g 0
and so it suffices to show that
|| f do = fdJHimFg,dx) S ||f\|i2(s_j,da)-
It follows that
I1f do f do||22gaa0)
=q | fdox fdo(0,...,0)" +||fdox de'H%Q((IFj)*,dw)'
Thus, it will suffice to show that

(4.1) q | fdo* fdo(0,...,0)* < £ 11225, ,00)
and
(4.2) | f do = de'HQL?((IE‘g)*,dw) S Hf||i2(sj,da)~

We first show that the inequality in (4.1) holds. We have
|fdo s fdo(0,...,0)[ < > [Fdo(m)[?

mE]Fg
= (#5,) 2" Y _ |f(@))?
JZESJ'
= #9) T N 1325, 00y = Al FlF 25, d0):

Thus, the inequality in (4.1) holds because d > 2. It remains to show that the
inequality in (4.2) holds. Without loss of generality, we may assume that f is
positive. Using the Cauchy—Schwarz inequality, we see that

(4.3) fdo«* fdo(z)
= (#5;) "¢ > f(a)f(B)

{(a,8)€S; xS;:a+B=x}
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1
2
< (#Sﬂzqd( > 1)
{(a,B)€S;x S;j:a+B=a}
1

(X rPere)

{(a,8)€S; xSj:a+P=x}
= (do * do)? (z)(f2do * f2do)? (x).
From our hypothesis, and the fact that #5; ~ ¢?~1, we obtain that for x #
(0,...,0),
(4.4) do * do(zx) ~q 912 Z 151
{(a,8)€S; xSj:a+pB=x}
From Fubini’s theorem, we also have
(4.5) Hf2 do * f2 dUHLl(]Fg,dz) = Hf”i?(sj,da)'
Using Holder inequality, and estimates (4.3), (4.4), and (4.5), we obtain that
|.f do = deHiz((Fg)*,da:) = [|(f do * f do)?|| L1 (e~ .aa)
< |[(do * do) - (f* do * f? do)|| L1 (wa)« )
< ||do s do|| oo ((ra)«,dx) | f? do * f? do|| 1 ((ray+ )
S UANZ2(s; a0y

Thus, the inequality in (4.2) holds and so the proof of Lemma 13 is complete.
O

We now prove Theorem 2. By Lemma 13, it is enough to show that for
any x € (F9)*,d>2,

(4.6) > 15¢72,

{(a,8)€S; xSj:a+pB=x}

where S; is the nondegenerate quadratic surface in IFg. Using Theorem 11,
we may assume that the nondegenerate quadratic surface in Fg is given by

S;={y €F: a1yf + -+ aays =j #0}

for all ap #0,k=1,2,...,d. Therefore, the left-hand side of the equation in
(4.6) can be estimated by the number of common solutions a = (a1,...,aq)
in Iﬁ‘g of the equations

(4.7 a102 + -+ aga’ = j,
d
21100 + -+ + 2a4Tg0q = Zakﬂii
k=1
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for x = (z1,...,24) # (0,...,0) and ap #0 for all k=1,2,...,d. Note that
2a,x) # 0 for some k=1,2,...,d because x # (0,...,0) and a # 0. Thus,
a routine algebraic computation shows that the number of common solutions
of equations in (4.7) is less than equal to 2¢?~2. This means that the inequality
in (4.6) holds and so we complete the proof of Theorem 2.

5. Incidence theorems and the proofs of Theorem 3 and
Theorem 4

The purpose of this section is to develop the incidence theory needed to
prove both Theorem 3 and Theorem 4.

THEOREM 14. Let S; be a nondegenerate quadratic surface in Fg defined
as before. If E is any subset of S;, then we have

) 1S (#E)2q + (#E)q' T
{(z,y)eEXE:x—y+2z€S;}

for all z € IE"Z where the bound is independent of z € IFg.

Proof. Fix E C S;. For each z € Fg, consider

2 1
{(z,y)EEXE:x—y+2z€S;}
= Y B@E@Sz-y+2)
(z,y)E€Fd xFd

o~

= Y E@E®W Y. x(m-(z—y+2))8;(m)

($>y)€]Fg ><]Fg mng
=¢* 3" |E(m)Px(m - 2)S;(m) =1 + 11,
meIFg
where R N
I=¢*YE(0,...,0)]%S;(0,...,0)
and

=g S |Bm)Px(m-2)S;(m).
m#(0,...,0)
Using Lemma 9 and Plancherel, we obtain that
I~ (#E)%q,
and

_ap ~
IS¢ ) |Em)f
m##(0,...,0)

_de1 d—1
<@g g ) |E@)P=q"7 (#E).

z€Fd



626 A. IOSEVICH AND D. KOH

This completes the proof. O

COROLLARY 15. Let S; be a nondegenerate quadratic surface in Iﬁ‘g and B
be any subset of S;. Then we have

> LS min{(#E)*, (#Eq"" + (#E)%q"* }.
{(z,y,2,5)€E*:xt+z=y+s}
Proof. Since E is a subset of S;, we have
)DENERED SN DR
{(z,y,2,5)EE*:x+2=y+s} 2€E {(z,y)€EE?:x—y+2€8,}
Thus, Corollary 15 is the immediate result from Theorem 14 and the obvious
fact that
1< (#E)3. O

{(z,y,2,5)EE*:x+2z=y+s}
5.1. Proof of Theorem 3. In order to prove Theorem 3, we first expand
the left-hand side of the inequality in (1.10). It follows that

— — %
(5.1) 1 F o psces ) = (Z |Eda<m>|4)

meFd

B

1

75 > x(—z-m)E(x)

T€S;

=(Z

4)
meFd

(S S aevrzam)

©,y,2,s€ ECS; meF?

_ a :
_#Sj( 2 1) .

{(@,y,2,5)€E4:at2=y+s}

Since q% < #E < ¢% ! from the hypothesis, we use Corollary 15 to obtain
that

(5:2) > 1S (#E)%q .
{(z,y,2z,5)EE*:x+2=y+s}
Combining (5.1) and (5.2), we have
¢ (#E)
#S;
On the other hand, by expanding the right-hand side of the inequality in
(1.10), we see that

#B\*
(5.4) 181, 5,00 = (5 )
7 J

(5.3) ||Ed0|\L4(JFg,dm) <
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Since #S; ~ ¢?~! by Corollary 10, comparing (5.3) with (5.4) yields the in-
equality in (1.10) and completes the proof.

5.2. Proof of Theorem 4. In order to prove Theorem 4, we need the
following lemma.

LEMMA 16. Let S; be a nondegenerate quadratic surface in Fg and E be a
subset of S;. For py > 2, we have the following estimates:

—3d

—_— 5 d—1 d—1
(5.5)  lEdo|rawa,am) Sa * T IEllzro(s; a0y for LSH#HESq 2,

— —3d+9 | d—3 d—1 d+1
(5.6)  NEdolpawaamy Sa 5 "0 |ElLros; a0y fora T S#HESq
and

—3d+9

— +o, d-3 a1
(5.7)  |EdolLawa,am)y Sa ® 25 I EllLro(s, a0y for LSH#HESq 2 .

Proof. We first prove the inequality in (5.5). Since 1 S#E < ‘T, using
Corollary 15 we have
> LS (#E)*.
{(z,y,2,8)EE*:x+2=y+s}
Combining this with the fact in (5.1), we obtain that

d 3

— qZ #E 4

(5.5) VEdo s e, m) < %

As before, we note that

1

$E \ 7

(5.9) IBlmcs,00~ (2 ).

0(S;,do) #Sj

From (5.8) and (5.9), it suffices to show that for every 1 < #E<q¢ 7,

d E 3_L

4 p —3d+5 d—1
% <R

(#5;)"
Since po > 2 and #5; ~ ¢?~1, the inequality in (5.10) follows by a direct cal-
culation. Thus, the inequality in (5.5) holds. In order to prove the inequality

(5.10)

in (5.6), just note from Corollary 15 that since q% S#E < q%, we have
> 1S (#E) T,
{(z,y,2,5)€E*:a+2=y+s}

and then follow the same argument as in the proof of the inequality (5.5).
The inequality in (5.7) follows from the inequalities in (5.5) and (5.6) because

—3d+45 | d—1 —3d+9 | d—3
g * "mogq e T, forp>2.

Thus, the proof of Lemma 16 is complete. O
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We now return to proof of Theorem 4. From (3.3), recall that we have

e 1
(5.11) | E dollr2(ra,am) =~ a2 | EllL2(s; ,do)
for all characteristic functions E(z) on S;. Therefore, Theorem 4 can be

obtained by interpolating (5.11) and the inequalities in Lemma 16.

[9]
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