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ABSTRACT. The set of all absolute normalized norms on R? (denoted by ANs)
has a convex structure with respect to the usual operation. In a previous article,
N. Komuro, K.-S. Saito, and K.-I. Mitani calculated the James constants of
(RZ,|| - ||) when || - || is an extreme point of ANs. In this article, we calculate
the James constant of its dual space.

1. INTRODUCTION AND PRELIMINARIES

For a Banach space X, let Sx be the unit sphere of X, that is, Sx = {x € X :
|z|| = 1}. A Banach space X is said to be uniformly nonsquare if there exists
d > 0 such that ||z —y|| > 2(1 —¢) and z,y € Sx imply ||z +y|| < 2(1 —0). The
James constant J(X) of X is defined by

J(X) = sup{min{[|lz +yl|, [l — yll} : 7,y € Sx}

(Gao and Lau [3]). It has been recently studied by several authors (cf. [2], [3],
and [12]). We collect some properties of the James constant:

(i) For any Banach space X, the James constant of X satisfies v/2 < J(X) <
2.
(ii) If X is a Hilbert space, then J(X) = /2. The converse is not true in
general.
(iii) A Banach space X is uniformly nonsquare if and only if J(X) < 2.
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(iv) If 1 < p < ooand 1/p+1/q = 1, then J(L,) = max{2'/?, 219} when
dim L, > 2.

(v) J(X) = sup{e € (0,2) : 0x(e) < 1 —¢/2}, where dx is the modulus of
convexity of X.

A norm || - || on R? is said to be absolute if ||(z1,z2)|| = ||(|71], |72])|| for all
(71, 22) € R?, and normalized if ||(1,0)| = ||(0,1)|| = 1. Let AN, be the family of
all absolute normalized norms on R?, and let ¥, be the set of all convex functions
¥ on the interval [0, 1] satisfying max{l —¢,t} <(t) < 1fort € [0,1]. Then it is
known that AN, and ¥, are in a one-to-one correspondence under the equation
P(t) = ||(1 —t,t)||y for t € [0,1]. The norm || - ||, associated with 1) is given by

e ap)], = { I+ DV (i) (o m2) # 0,0)),
T 0 ((1,22) = (0,0)).

The sets AN, and W, are convex, and the correspondence || - ||, <> ¢ preserves
the operation to take a convex combination. The extreme points ext(ANs) of
AN, were investigated by Grzaslewicz [7]. It was shown that if || - || € AN,
then || - || is an extreme point of AN, if and only if all extreme points of the
unit ball of (R? || - ||) are contained in the unit sphere of (R?, || - ||). In 2010,
Komuro, Saito, and Mitani [9] showed this in terms of convex functions; that is,
ext(Vs) = {Yhap: 0 < a < 5 <3 <1}, where

1—t (0<t<a),
Yap(t) = ¢ St + 2200 (0 <t <),
t (B<t<).

The James constants of (R?, || - ||y, ,) were calculated by Komuro, Saito, and
Mitani [10]. In this case, « < 1— /3 is essential. Indeed, for o, f with & > 1— 3, we
have 11_51_a(t) = tha,s(1 —t). Then it follows that (R?,|| - |y, ,) is isometrically
isomorphic to (R2, |||y, ,,_..). We define ¢, 5(¢) = ¥a,5(1—1). Then (R2, |||y, ,)
is isometrically isomorphic to (R?, || - || J..)- Since James constants are invariant

under isometric isomorphism, we have J((R?, || - Iy, ,)) = J(R%, [ [[5, ,))-
In 2011, Komuro, Saito, and Mitani [10] completely determined J((R?, ||-|4, ,))-
LetOSaS%SBSlandagl—ﬁ.
(i) If Ya,5(3) < 57—, then

2(1-a)’

1
J((R27 H ) ||wa,5)) = waﬁ@)
(ii) If ﬁ < Ya(2) < c(a, B), then
1
J((RQ’ | - ||1/’a,[3)> =1+ 28—1"

2¢a,5(%) + B—a
(Hl) It wa,b’(%) > C(@,ﬁ), then

TR Mlgas)) = 2%,5(%>>
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where

cla, B) = i(l — 2;__03 + \/(1 + 2;__&1>2 —|—4>.

On the other hand, it is known that the equality J(X*) = J(X) does not hold in
general. A counterexample can be found in Kato, Maligranda, and Takahashi [8].
Therefore it is natural to consider the behavior of J((R?,]| - ||y, ,)*). We note,
as was shown in [11], that the equality J((R?, || - [ly,_,,)*) = J(R: [ - [lgy_s,))
holds for each g € [1/2,1].

In this paper, we determine the value of J((R?, |||y, ,)*) for all ¢ 5 satisfying
0<a<i<B<1. Asin the case of (R?,[|- ||y, ,), the case < 1—f is essential.
Then we make use of the notion of dual functions. For ¢ € ¥,, we define

(1—s)(1—t)+st
b(s)
for ¢t with 0 < ¢ < 1. Then we have ¢* € Uy and (R?,]| - ||4)* = (R?, ]| - [|4+)- In

what follows, we denote || - [|y= by [|-[|% 5 for short. Using this identification, the
main theorem in this article is stated as follows.

w*(t):sup{ :Ogsgl}

Theorem 1.1. LetOSaS%SBSl and a < 1 — f.
(i) If s 5(3) = 5, then J(R%, ]| - [la,8)*) = 207 5(5).
(i) If 3 = ¥55(3) = 75, then J(R?, ]| - [lap)*) = max{2¢}, 5(3), A(e, B)}.
(i) If ¢5 5(3) < 75 then J(R, || [la,p)*) = Ala, B),
where
2(1 —a)((28 —1)%a+ (1 —2a)p)
B=a)(B—a+2(1-8)1-a))

Figure 1 represents the behavior of J((R?, || -||4s)*) for any a, 8 with 0 < a <
;<f<landa<1-0.

N

(@, B) =

B=1
A(a,0)
B = 1/V2 A,
3= 2/3FRREEEETET0 0N
297(1/2)
521/204:0 a=1/2

FIGURE 1. The behavior of J((R?|| - ||a.5)*)-
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2. THE JAMES CONSTANT OF (R?/ | - ||la.5)*

By the definition of 1, s, we can write the function ¢7, 5 as follows:

Yes® =1 1 , 5
ﬂ() ﬂ + 2ﬁﬂ—1t

where ko = % The norm corresponding to 7, 5 is

0<t< o),

(G St<1),

I e, = 1| + 25 0w2]  (|21] = Kolaa),
1,42 — _
W ]+ faa| (| < Kolaal).
Now, we shall calculate the James constants of (R?, || - ||,.5)*. Let
0,sin 6
2(0) = (c0s 6, sin0) (0 <6< 2m).
[[(cos 0,sin0)||, 5
Then we can rewrite the James constant of (R?,]| - [|o)* as follows:

TR ] llas)")

= sup{min{||z(0) + z(6")|" .. ||z(6) — 2(#)

;6}20§9§9/<2ﬂ'}.

a,B’?
Let 6y € [0,27) be the angle satisfying tanf, = % Since kg > 1, we have
0 <6y <7 (Figure 2).

Since the unit sphere of (R?, || - ||lo.5)* is symmetric with respect to the z-axis,
if 0 € [r, 3], then we consider (0 — w) = —x(0). Similarly, if 0 € [37,2x],
then we consider x(27 — 0) = —z(m — 0). Since || - ||}, 5 is absolute, the mapping

T(z1,22) = (—x1,29) is an isometry. Moreover, we have T(z(0)) = z(m — 0),
Ty € Sx and
[2(0) £yl , = 1T (20) £y) |, , = [[a(2r — ) £ Ty]| ,.
From these facts, we may assume that 0 < 6 < 7. Thus it is enough to consider
the following five cases:
(i) 0<0, 0 <Z (Figure 3).
(ii)) 0<0 <%, 2n < ¢ < (Figure 4).

»klw[\ﬂ

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

FIGURE 2. The unit sphere of (R?, || - ||o.5)*
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2(8) a(x 2(0y)
/ 0
V |
N ‘
\ /;
FIGURE 3. Case (i). FIGURE 5. Case (iii). FIGURE 7. Case (V).
R N B R
(1~ ©(00) (t - Lo
) ’o)
\ A
\ / A\ /
FIGURE 4. Case (ii). FIGURE 6. Case (iv).

(iii) £ <6, 6 < 3x (Figure 5).
i < 550 < %71’ (Figure 6).
, 5 <0< %7? (Figure 7).

The following lemma is due to Alonso and Martin |1, Lemma 2].
Lemma 2.1 (Alonso and Martin [1]). Let 0; < 0y < 03 < 0,(< 01 + 7). Then
H:c(HQ) — x(ﬁg)H < Hx(@l) — x(04)||
and
|z (62) + z(65)|| > Hx(@l) + z(6,)]-
Using this result, we can easily obtain the following propositions.
Proposition 2.2. Put

*

Q= sup{min{Hx(G) +z(6") "

[ 2(0) — x(¢")

* . y Z
0oy <2l
Then

o-2i(1)
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Proof. Let 0< 6 < ¢' < 7. By Lemma 2.1,

min{||z(6) + 2(¢")||" 0. |z(0) — =(¢) :B} < ||z(8) — (¢) ZB
< [l2(0) - a(x/2)|,
. /1
=2035(3):
Thus we have Q1 = 2¢7, 4(3). O
Proposition 2.3. Put
Qo = sup{min{llx( +a(@)|]] 5 [|2(0) —x(0)]|, ;}:0<0 < % zw <0< w}.
Then
01
o Uie(3)
Proof. Let 0 < 6 < 7 and §7r <0 <. By Lemma 2.1,
min{||z(6) + 2(¢")|| g |(0) — =(6") :ﬁ} < ||z(8) + (¢ :ﬂ

< ||z(w/4) + z(37/4) || p

= [[0,28)[[, 5
B 1
ns(3)
Thus we have @)y = TSR O
Proposition 2.4. Put
. INTE: INIE: ™ 3
Qs = Sup{mln{HJ:(H) + z(0 )Ha,ﬁ7 |(0) — (6 )Haﬂ} ' << < a7 }
Then
Qs = 1
T ie(3)
Proof. Let 7 <0 <0 < §7r By Lemma 2.1,
min{Hx(@) + x(@) 0.p H:L‘ —x(0") Zﬂ} < Ha:(@) —x(0") ;,B
< ||z(x/4) — z(3n/4) Zﬁ
= /(28,0)
B 1
a(3)
Thus we have Q3 = — 1. OJ

V5 5(3)
Therefore, we only calculate cases (iv) and (v). The following propositions are
the main tasks of this argument.
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Proposition 2.5. Put
Q4 = sup {min{ |(0) + (0)]|

(i) If
(ii) If

)

H:L‘ —x(0")

W)

/

a,f’

S
IAINA

NI
3
H—/

oy
VAN |/\

< %, then Q4 < 21[);5(%)
<1, then

8
B

WINN |+
IAIN

A, B) < Qu < max{zz/;;ﬁ(%),A(a,ﬁ)},

_ 2(1-0a)((26-1)%a+(1-20)8)
where A, B) = 5= t—arati-p)-a) -

Moreover, A(a, ) > —L+ for each : <3 <1.
¥% 5(3) 2

Proof. Let 6y <60 < T and § < g < %71’. Then we can write

0=(50 ) (p2es H)
B

x(e’):( t—Tt+ ) 0<t<p).

Note that

|(8) + =(8")|| 5 H(s—t,—lgﬁs—lgﬁ '

t+2)

aMB

and
*

|(6) — (8| 8 1‘@)

)’<+tlﬁ 5 — B

aB

To calculate the norms ||z (6 ) + 2(0")[[}, 5, we consider the following cases:

(da) s —t > k:o{——s - —t + 2},

(4b) s —t < ko{—L 15t+2}

(4c) s+t > k:o{l_ﬁ - ﬂzf}, and

(4d) s+t < k:o{—s — —ﬁt}.

Case (4a). This case does not occur. Indeed, one has

ko{—l_ﬂ 1_6t+2}—(s—t):

B H(s,t)
B "7 B

(1-a)(28-1)

where

H(s,t) = (a— B)s+ (—4afB + 3a+ 35 — 2)t — 4af + 20.

257

We remark that the function H is affine and decreasing with respect to the

variable s. Moreover, we obtain

H(B,0) > H(M

a ,o):5(1—2a)20

and
B(1 —2a)

H(p,8) > H(=5—

B) = B((26— 1)1~ 20) +f —a) > 0.
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Hence it follows that H > 0 on the domain [, %] x [0, B]. As a consequence,
we always have Case (4b).
Case (4d). Since < s < 5(1;&0‘)

’

Ja0) = @)}, = 57 s 40+ s = 2
_201-8)
B
_201-8) B(1—2a)
- B B—a
1 (28-1)(B(1—20)+a)
8 BB —a)
1

Thus min{[|z(0) + 2(0')[15 5. 2(0) — 2(0")[I7 5} < 205 5(3)-
Therefore it is enough to consider (4b)—(4c).
Cases (4b)—(4c). If (4b) holds, then

|z(0) + () *’ :ﬂ(s—t)— 1_58— 1_Bt—|—2

= _Wt_i_z

and if (4c) holds, then

. 1 -
@) = 2@, , = s+t +——( Bﬁs— ﬁﬁt>
a4+ p(1-2a) g —a«
T B-a) S TBO-a)"

ForanyOSocS%S,Bglwithoz—l—ﬁgl,wedeﬁne

and

o+ B(1-2a) B —«
R Ik

If £,(¢) > 23, then

fi(t) 2%@—@#&225

—t < 0.
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2

g
G ] —— i,

~

0

FIGURE 8. The graph of f; and g;.

On the other hand, we have

g1(s.1) < gl(%,t)
1 B(1—2a)(a+ B(1 - 2a))
_ﬂ(l—a){ e —i—(ﬂ—a)t}
and
91(s,8) > 9:1(B, 8) = 28.
Thus, there exists a unique real number ¢; such that fi(t;) = gl(g(;:ia),tl)
(Figure 8). Then
fi(t) = g1 (6% = Za) ) tl)
20-08), .., 1 (B(1—2a)(a+B(1 - 2q))
-7 t1+2_ﬁ(1—a){ e +(6—a)t1}
_ B(—40?B + 40?4+ 208 — 3o+ )
S T B a@a—3a—5+2)
which implies that
it = _2(1-p) B(—4a’B +4a® +2af8 — 3a + B) 49

B (8 =) (20 —3a - +2)
2(1 — a)((28 — 1)%a + (1 — 20)B)
B=a)(f—a+21-p)1-a))

Put

2(1 —a)((28 — 1)?a+ (1 — 2a)8)
(B-a)(B—a+2(1-p)1-a))

Then we have Q4 < max{2¢} ;5(3),A(a,3)}. We remark here that A(a, ) >
203 = m for each 8 € [3,1].

A<a7 ﬁ) =
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Now we shall show that 217 5(3) > A(a, B) for each 3 € [3, 3]. The difference
is
20:.4(3) — Al )
1 2(1—a)((26 —1)*a+ (1 —2a)p)
B (B-a)(B-a+20-H)1-a)
_8a?f —12028% — 8aF? 4 16a4% 4 302 — 4af — 357 — 20+ 23
- BlA—a)(B o+ 20— )1 — ) |

We put
F(a,B) = 8a*3* — 12a%8% — 8a B’ + 16a8% + 30 — 4aB — 38% — 2a + 2.

Since (f—a)(8—a+2(1—p)(1 —«)) > 0, it is enough to show that F(a, f) > 0
for each 8 €[4, 2].
First, we show that F'(«, ) is concave for each 5. We have

8%[7(0" B) = —24a(l - a)8” + 2(~120° + 160 — 3)5 — da + 2,
%F(a, B) = —48a(l — a)f + 2(—12a° + 16a — 3).

Since —48a(1 — a) < 0, we have that 8ﬁQF is nonincreasing for each 8 € [1,1].
Moreover, 852F( 3) = —4(1 — 2a) — 2 < 0, which implies that the function

F(a, B) is concave for each (. Since

D)= - 2) 20
2 2
F(a, ;) — %&(a +2) >0,
for each a € [0,1] we have F(a,8) > 0 when 8 € [3, 2]. Thus we obtain that
min{||z(0) + z(6")[13,5, [l(0) — $(9’)||a/3} < 24}, 5(3) when g € [3, 3].
Let us consider the case when 2 7 < b < 1. Put s; = % Then s; and t;

satisfy conditions (4b)-(4c) for each o and (. First, let us consider case (4b).
Then

I;BSl—ﬂtl—F?}

s1—t1 < ko{— 3
28(—8a?B? + 120283 + 4aB% — 3% — 8af + B% + 2a) ~o
(B—a)28-1)(B—a+2(1-p)(1-a) B
Thus it is enough to show that
hi(a, B) = —8a2B% + 12028 + 4af* — 30 — 8afB + % + 2«
= (=832 +128 —3)a® + (482 — 8B+ 2)a + B> > 0.
Since the discriminant D of the polynomial h; of second degree in « is given by

D/4A=128"—288° +233* =83+ 1= —(1—B)(38—1)(28 —1)* <0,
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the equation hq(a, ) = 0 has at most one solution for each 5 € [%, 1], which
together with hy(0,3) = 82 > 0, shows that hi(a, 3) > 0. Thus, s; and ¢, satisfy
case (4b).

Next, let us consider case (4c). Then

81+t1 Zko{lgﬂsl— 1;6151}
— 23(8a26% — 1603 — 8a3? + Ta? + 183 + 32 — 8a — 43 + 2)

(5_05>(2ﬂ—1)(ﬁ—a+2(1_ﬁ)<1_a)) <0.
Thus it is enough to show that

he(a, B) = 8a?3* — 16a*8 — 8af® + Ta? + 18af + % — 8a — 45 + 2

= (8% — 168 + T)a* +2(—4B* + 98 —4)a + -4 +2 < 0.
We have that

hala, ) = (88° — 166 + 7)( (8) — ) (aa(8) — a)

where,

() = AT 984+ VA8~ 1)1 )

832 — 165 + 7 !
CAB7—98+4— V2028 -1)(1 - B)
a2(f) = 832 — 165 + 7 ‘

Moreover, one obtains 83% — 165 + 7 < 0 for each 3 € [%, 1], which implies that
a1(f) < ax(f) and

1 28-1

since 84% — 163 + 7 = (2v28 — 2v2 — 1)(2v28 — 2v/2 + 1). Tt follows that
hy(a, B) < 0 for each « € [0, 2

, 3] and each 3 € [%, 1], which shows that s; and ¢,
satisfy case (4c). Thus we have

Ala, 8) < min{Hx(Q) + x(@’)HZﬁ, Has(@) —x(0")

Therefore we obtain

Ala, f) < Q4 < maX{Q@D;ﬁ(l),A(a,B)}

ws )

2
when % < 8 < 1. This completes the proof.

Proposition 2.6. Put

. . .. 0<0<0
Q5 = sup {mm{Hx(@) + (") 0f Haz(@) — x(@')Haﬂ} : s << %W} .
Then

Qs < max{Qz/J;ﬁ (5) , Ala, 5)}
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Proof. Let 0 <0 <0y and § < 0 < %71’. Then we can write

z(0) = (s,l_—a(l - s)) (M <s< 1>,

« b —
w(0) = (. —%t +1) (0<t<p)
Note that
INTCE 1 -« 1-p *
Hm(ﬁ)—l—x(@)”aﬁ = “(s—t,T(l—s)—Tt—Fl) y
and
N 1 -« 1—058 N\
Hx(@)—x(@)”aﬁ—H<3+t,1— - (1—3)—Tt> "

To calculate the norms [|2(6) £ ()|, 3, we consider the following cases:
(5a) s —t > ko{=2(1—s) — TTBt + 1},

(5b) s —t < ko{152(1 —s) — e+ 1},

(5¢) s+t >ko{l — =21 —s) — 1_761%}, and

(5d) s+t < ko{l — 52(1 — 5) — 5%t}

Case (5a). We shall show that this case does not occur. Let

11—« 1-p

(1—3)—Tt+1}—(s—t).

K(s,1) = ko{

Then K is an affine function, and it satisfies

K(O,O):ko(l_aJrl) >0,

K(0.6) =h(* % +5) + 520,
4 l—a-p
K(1,0) = ko 1= g sa™ 20
_ 9(@)
KL= e

where g(a) = (—=48%+36—1)a+38%—38+1. We remark that —43?+38—1 < 0
since it has complex roots. It follows from o + 8 < 1 that g(a) > g(1 — ) =
B(28 — 1)* > 0. Hence we have K > 0 on [0, 1] x [0, 8], which proves that (5b)
always holds.

Case (5d). Since 5%:?) <s<1,

(1—s)— —"t
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Sl_ﬂ—l—l_a—l—l—l_a
15} Q Q

1B o e (L

_T+1_ﬁ_2wa’ﬁ(2>.

Hence min{||z(0) +z(¢)|I% 5, |[2(0) — z(0")[I% 5} < 247 5(3). Thus, it is enough to
consider (5b)—(5c¢).
Cases (5b)—(5¢). If (5b) holds, then

1-8 1—a 1-8

|(0) + z(¢") ;5 = T(s — 1)+ -

and if (5c) holds, then

INIE . « 1l -« ]_—B
(6) = (@I, ;=5 +1+ 5 a{1— (1—3)—775}

— o
B b —« 1 -2«
ST D L
We define
s,y =2t - 20
and

We also have

and

ga(5.1) > gg(ﬂ% —22) )

—

_ B-a 261 —-2a) 1-—2«a
_5(1—04)t+ B—a  1-—a

Since fo(24=22), 8) = 23 and

B(1 - 2a) (1—a—B)(a+p(1-20))
92( B—a ’B>: (B—a)(l-a)

there exist ¢(s) such that fo(s,t(s)) = ga(s,t(s)) for each s (Figure 9).

+ 26 > 20,
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Jals,t)

92(S>t) i

FIGURE 9. The graph of f; and gs.

Hence we have

B—a _1—204__ﬁ—048_2(1—ﬁ) . 1
6(1—a)t(8) l—-a  af 15 t()+a
B -« 2(1-p) B — «a 1 1-2«a
B(l—oz)+ 6] )t(s):_< af +2>5+E+ 11—«
B—a+2(1-p)(1-a) __a(26—1)+ﬁ8 1 —2a?
= B(1 — ) ts) = af + a(l —a)
—(1—a)(@(28—1) + B)s + (1 — 2a%)
a(f—a+2(1-p5)(1-a) '

2s +

=

= t(s) =

Then we calculate that
ga2(s,t(s))
_ggy Ao —((1-0)(@B-1+p)s+B(1 -2 1-2a
Bl —a) a(f—a+2(1-p)(1-a)) l—o
_ (2 __(B-a)(e26-1) +5) )S
af(f—a+2(1-p)(1-a)
(B —a)(1 —2a?) 1 -2«
af—a+21-B)(1-a) 1-a
0B -)(1-5) (0 - B
af(B—a+2(1-p)(1-a)
4038 — 4a® — 6028 + Ta? + aff — 3a + 3
aT—a)(F—a+2(1-B)(—a)
We put d(a, #) = daf(1 — a)(1 - §) — (a — B
(I) The case when d(a, 5) > 0. Since % < s < 1, the function go takes the
maximum at s = 1. In this case,

+
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(II) The case when d(c,5) < 0. Since % < s < 1, the function g, takes

the maximum at s = % Hence

B(1 — 2« B(1 — 2«
92< (ﬁ—a )7t< (B—a )>>
_ 4aPf? —40?f — daf? — o + 60 — B2 B(1 - 20)
T T B a2l P-a)  F-a
4038 — 40 — 6028 + 7a® + aff — 3a + 3
o= a)(F—a+20=H)(1 - a)

_2(1—a)(28 - 1% + (1 20)9)

(5 —a)(5—a+2(l— A1 - )
= A(a, B).

Thus we have Q5 < max{2¢}, 5(3), A(a, 3)}. O

Combining Propositions 2.2-2.6, let us show Theorem 1.1.

Proof of Theorem 1.1. As in the proof of Proposition 2.5, we have
1 1
2is(5) = Al0,8) = —
i’ 2 aﬂ(%)

when 3 < < % Since @DZ’B(%) = 26’ we have that
3

1
<B< —<= - <Y’ (—)<1.
sPs3 1S Veslz) =
Thus we have case (i). Let 2 < 3 < 1. By Propositions 2.2-2.6 and A(a, ) >
%, we have

wa’g(i)

—_
[\]

max{2¢;7ﬁ<%>,A(a,B)} < J((RQa | - ||oc5)*)

= max{Q1, @2, Q3,Qs, Qs}
< max{Qi/J;ﬁ (%),A(Oz, 5)}

Therefore we have

TR o)) = max{207,4(3) Al )}

when % < 8 < 1. In particular, if \/Li < B <1, then
1 1 1
Wopl5) =7 <20= "1 < Al ),
(3) =73 — @ SA@8)
and so we have J((R%, | - ||a.5)*) = A(a, 3). Since
1

\/_<@<1<:>1<¢ <1> il

we have cases (ii) and (iii). This completes the proof. O
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