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ABSTRACT. The study of the generalization of the Bernstein and Bernstein—
Durrmeyer polynomials attached to a continuous function f : [0,1] — R and
based on the Polya distribution were considered in some recent publications.
The aim of the present note is to study the approximation properties of the
complex version of these Durrmeyer-type operators, attached to analytic func-
tions in a disk Dr = {7z € C;|2| < R} with R > 1.

1. INTRODUCTION

Stancu in [14] introduced a sequence of positive linear operators e 0,1] —
([0, 1], depending on a nonnegative parameter « given by

PGS ) = 3 £ (S )olee)
k=0

:i(¢>z(z+a)x--.x(z+(z‘—1)a)N £0),

(I4+a)x--x(14@G—1a) "
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where Aél/n)f(()) is the finite difference of order i, with the step 1/n,

(a/mf(0) = i]-””(i)f(i B -).

v=0

and where péa,z(x) is the Polya distribution with density function given by

k—1

@, (n\ Lo +va) [T (1 - 2 + pa)
n,k‘(‘r) - (k’) )\:0(1 + )\a)

, x€]|0,1],

and where the fraction in the last sum in (1.1) is by convention equal to 1 for
1=0.

In the case where o = 0, these operators reduce to the classical Bernstein
polynomials. For o = 1/n, a special case of the operators (1.1) was considered by
Lupag and Lupas in [6], which can be represented in an alternate form as

P (f 2) = % kzi; <Z> f(%) (nx)r(n — nr)p_g, (1.2)

where the rising factorial is given as (z), = z(x + 1)(x +2)--- (r +n — 1) and
(x)o = 1. Recently, Gupta and Rassias in [5] proposed the Durrmeyer-type inte-
gral modification of the operators (1.2), which in the complex domain is defined
as

DY™M(f,2) = (n+1) Zp L) / Puk(t) F (1) dt, (1.3)
where
P () = 22(—2‘)), (Z) (nz)e(n —nz)nr
and

Poi(t) = (Z) t5(1 — t)n*

Recent quantitative estimates for the usual Durrmeyer-type operators and their
variants in complex domain have been discussed in, for example, [8], [12], [3,
Chapter 1], and [4, Chapter 6]. For detailed studies on other operators, we mention
the papers [1], [7], [9]-[16] and the recent books [2], [3], and [4].

Here, we study the complex Lupas—Durrmeyer polynomials, which are based on
Polya distribution. Upper-estimate, Voronovskaja-type asymptotic formula and
exact order are obtained for the approximation of analytic functions in a disk
Dr={z€C;|z| < R} with R > 1.

2. AUXILIARY RESULTS

We start this section with the following useful lemmas, which will be used later
in the paper.
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Lemma 2.1. If we denote the mth-order moment as

Trm (n+1 Zpl/n /pnk( " dt,

then we have
n(n—m)z+ (n+m)(2m + 1) + nm)|
(m+n)(m+n+2)
B m?(m + 2n — nz)
(n+m)(n+m+1)(m+n+2)

Tmm—f—l(z) = Tn,m(z)

Tn,mfl (Z) .

Remark 2.2. By simple computation, we have

1 n 1
/ pn,k(t)t”dt:( ) / thr (1 — )" F dt
0 k 0

= (Z)B(k:+r+1,n—k‘+1)

_ nl(k+r)!
Kl (n+r4+ 1)
Hence with e,(z) = 2%, k=10,1,2,..., we have
+1
D/ -1 D/ _nz
n (607z) ) n (61,2) n+ 2

and
n322 +5n%2 —n?22 +3nz+2n+ 2
(n+1)(n+2)(n+3)

Remark 2.3. By simple applications of Lemma 2.1, we have

D}ll/”)(eg, z) =

Dﬁll/")(t—z,z):nz—i_l—z:1_22
n+ 2 n+ 2

and
22)(3n? —5n —6) + 2(n + 1)
(n+1)(n+2)(n+3)
Throughout the present article, we denote Fy,,(u) = [[}Z,(u + j), m € N and
Fo(u) =
Lemma 2.4.

(i) For alln € N and m € NU {0}, we have D,(ll/n)(em, 1) <1.
(ii) For alln € N, m € NU{0} and z € C, we have

D,gl/”)((t —2)%2) = (2

n 1n
DY (en ) = T S Rl
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Proof. (i) For m = 0, we have Df(ll/”)(eo, 1) = 1. Let m > 1. By definition, we
have

DY, 2) = (n+1 Zpl/’“ / P (BT dt
1/n) + DIk 4+ m)!
Z k' (n+m+1)!
B oz v/ T (A = 2+ p/n) (n+ DIk + m)!
Z( ) )\:0(1+)\/n) nl(n+m+ 1)1

Thus, when denoting F,x(2) = [[=, "1 — 2z 4 p/n), we have F, (1) = 0 for
1<k<n—1land F,,(1) =1;it follows that the above sum reduces to the term
— (1/m) — _ntl
for k = n, which immediately implies that Dy"" (e, 1) = 5 < 1.
(ii) By using Remark 2.2, we get

! n!(k+m)! n!
Ht" dt = = F,.(k
/0 Poi(t) Kn+m+1)!  (n+m+1)! m(k),

where F,(u) = (u + 1),,. Therefore,

DUM (e ) = A
n'"(em; 2) (n + m + (n+m-+1)! kz
Note that obviously A¥F,,(0) > 0 for all k¥ and m. O

3. MAIN RESULTS

The first main result refers to upper estimates.

Theorem 3.1. Let r > 1.

(i) For allm € NU{0} and |z| <r, we have |D7(Ll/n)(em,z)| <rm.
(i) Let f(z) = > pegcxz® for all |z| < R and take 1 <r < R. For all |2| <r
and n € N, we have

| D™ (f,2) = f(2)] < :
where Cp(f) = 43702 |ey|p*r? < 0.

Proof. (i) By using the second equality in (1.1) and Lemma 2.4, it follows that

D™ (e, 2) = M
(n:inz,:}l)! ( 1/ ) ( (k 1)/ ) (3.1)
n\zlz+1/n) x--- 2+ n)
: Z <k> (1 + 1/n) X oo (1 + (k’ 1)/”) AlFm(O)

k=0
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and
D™ (e, 1) = AFF,(0) < 1.
w' (e 1) n—i—m—l—l'z
By taking into account that for |z| < r we evidently have
zZ(z4+1/n) x -+ X (2 + —1/n’ r(r+1/n) x x(r—l—(k:—l)/n) .
1+1/n)x--xA+k-=1)/n) 1~ A+1/n)x---x 1+ (k—1)/n) =

we immediately get

n

(1/n) (n+1) k m
|DSY™ (e, 2)| < n+m+1|§:(>AF )k < orm,
irst we prove that = —_o CrDn ek, 2). Indeed, denoting
Fi hat D/™ > e D™ Indeed, denoti
m(2) =" ¢;2?, |z| <r with m € N, by the linearity of Dj, we have
e h N by the linearity of Di/™ we h

D(l/n) ZCkD l/n ek,

and it is sufficient to show that, for any fixedn € Nand |z| < r withr > 1, we have

lim,,, o0 D DY/ (fm,2) = Dg/n)(f, z). But this is immediate from lim,, o || frn —
fll- =0, the norm being defined as || f||, = max{|f(z)| : |z| < r}, and from the
inequality

D6 = DR, < o D A [ a0l 100

S Cr,n”fm - f”ra

valid for all |z| < r. Therefore, we get

o0

DY (f.2) = £@)] < D lem] x [ (e, 2) = ()],

m=1

as D™ (e, 2) = eq(2) = 1.
We have these two cases: (a) 1 <m < n, and (b) m > n.

Case (a): Let us denote E, ,,,(2) = Z((lzjll//g;::';(gzj(%:ll))/g and

Gom(2) = L%( )AmF (0).

(n+m+1)!

By the formula (3.1) in the proof of Theorem 3.1(i), we have
szl/n)(ema z) = em(2) = Epm(z) ¥ [ m(2) — ] [ Ernm(2) — Zm}

(”"’1) = (n k k
(n+m+1)' e k) A1}?7)1(0)2 )
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and therefore we get
|D1(1/ )(6mv z) — em(z)l
< m|1 — Gl )‘ —{—rm|1 — Gnm(z)‘ + ’Enm(z) — zm’
= 2r™ [1 —Gnm z)} + ’Enm(z) — zm’
But by mathematical induction after m € N, we get
2 -1 2,.m
|Epm(2) — 27| < 2(m —1)%™
n
Now, by the obvious formula

m+1:z+m/n (En(z) — m}_i_zm[z—l—m/n_z’

Enm - :

for all |z] < r it follows that

m r+m/n o 2rm T im
[Enma(2) = 20 < o B =271 S
m—+1
<1 | Bo(z) — 2™ + u
n—+m

Since E,1(z) — z = 0 for all z and n, taking in the above recurrence inequality

step by step m = 1,2, ..., we easily arrive at
' 2(m —1)?
Bun(z) = 2] < 20m. §° I < 2m 1)
i 1n—|-j n

Also, we can write

1)! 1)! = | —
(n+1) n AT (0) = (n+1) n m!:HrH—]. m
(n+m+1)!'\m (n+m+ 1) \m j:1n+j+1
By using the formula

k
1—H3: §Zl—x]) 0<z;<1,j=1,2,...,k

n+j—m - .
T and k = m, we obtain

rn+j—m n+j— - 1
-T2 —"< (1 —) m+1)y ———
En+]+1_g_1 n+j+1 ( )jz_:n+j+1
Sm(m+1)'
n

with z; =

M

Therefore it follows that

m _ 2,.m 2,.m
2m(m + 1)r +2(m 1)%r <4mr‘

(1/n) —
DY e, 2) = em(2)] < 2 s
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Case (b): By (i) and for m > n > 1, we obtain

m 2 2,.m
D8/ €10, 2) = e(2)] < (DY e )] + ()] <2 < 2 < 2T
n n
By the cases (a) and (b), we conclude that, for all m,n € N, one has
4 2,.m
‘Dg/”)(em,z) — em(z)‘ < mr
n
Hence, we get
DL (F,2) Z [em|m?r™
which proves the theorem. 0

The following Voronovskaja-type result with a quantitative estimate holds.

Theorem 3.2. Let py = %5 be the golden ratio, p > 5 and R > (p+ 1)po.
Suppose that f : Dr — C is analytic in D = {z € C : |z| < R}, that z's we can
write f(z) = > poycx2” for all z € Dg. For any fized r € [1,min{p ,po - p})
and for alln € N, |z| <r, we have
7 _ /
Dgl/n)(f’ Z) . f( ) 152( )f ( ) (1 2Z>f (Z> < Mr(f)

n n?

?

where M,.(f) = \/lg S lewl - [T+ kA, - [(r + p)pol® and where

Ay =1r°(3k" + 10K + 8k + k + 2) + r*(8k* + 7k* + 10k + 8)
+r(3k* + 4k + 10K* + 19Kk + 4) + (6k" + 38K + 86k* + 82k + 28).

Proof. We denote Ten(2) = Dg/n)(ek, z). By the proof of Theorem 3.1(ii), we can
write DY (f Z) =Y reoCkTen(2). Also since

3z(1—2)f"(2) + (2 —42)f'(2)
2n

32(1 — 2) & 2 . 2—4z - k—1
= —7 k(k—1 k
o ;ck ( )25+ 7 ;ck z

= in i ook [(3k — 1) — 3k + 1)z] 2"

Thus

DY, 2) = f(2) - Lozl >f”<; (1-22)f'(2)

> 1) — 2] 2k 1
< 3 | reats) — ) - k(3% — 1) 2(sk+1)] ‘

k=1
for all z € D, n € N.
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By Lemma 2.1, foralln € N, 2 € C, and £k =0,1,2,..., we have

()_[n(n—k)z+(n+k:)(2k+1)+nk:] )
Tnk+112) = (k+n)(k+n+2) T k2
k*(nz — k — 2n)

TRk )+t 2

)Wn,k_l(z).

If we denote
k[(3k — 1) — (3k + 1)z]2*!
2n ’
then it is obvious that Hj,(2) is a polynomial of degree less than or equal to k

and by simple computation and the use of the above recurrence relation, we are
led to

Hyn(z) = Ten(2) — er(2) —

nn—k+1z+n+k—1)(2k—1)+n(k—1)
nm+k—-—1n+k+1)
N (k—1)*nz—k+1-2n)
m+k-1)(n+k)(n+k+1)
where after simple computation, we have
9k3 — 5k% + 2k + 2 3k* + k3 — 3k* — k
Xin(2) :zk[ + ]
2(n+k—-1)n+k+1) 2nn+k—-1)(n+k+1)
= [_k:(k +1)(3k—1) 3k(k —1)

Hk,n(2> =

kal,n(2>

Hk—2,n(z) + Xk,n(z>7

2n(n+k+1) 2(n+k+1)(n+k—1)
(2k — 1)(3k — 2) (k —1)?
2n(n +k+1) (n+k)(n+k+1)
(k—1)*(5k —7)
2(n+k)(n+k—-1(n+k+1)

Lk [(% —1)(k —1)(3k — 4) (k—1)%(3k — 4)
2(n+k+1)n 2n+k—=1)(n+k+1)
A(k —1) k(k—1)2(3k —7)
4k +k+1) (n+k-Dm+k)n+kE+1)

(k—l)Q(k—z)(3k—5)]

n(n+k)(n+k+1)

. ZH[Uf —12(k = 2)(3k = 7) (k= 1)%(k = 2)(3k = 7)
2(n+k)n+k+1)n  2n+k—-1)n+k)(n+k+1)

forall k > 1, n €N, and |z] > r.
Using the estimate in the proof of Theorem 3.1(ii), we have

2.k
mea(2) — ex()] < 22T

for all k,n € N, |z| <r, with 1 <.
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For all k,n € N, k > 1, and |z|] < r, it follows that
}H;m(z){ S (7” + 3){Hk_17n(2)‘ + (T’ + 2)|Hk—2,n(z>‘ + {Xk:,n(z)‘
< (r+ ,0)|Hk,1,n(z)‘ + (r + p)‘Hk,27n(z)| + ‘Xk,n(zﬂ,

where

k—3
[Xen(2)] < T [(3K* + 10K + 82 + & +2) + r2(8k + T + 10k +8)

+ 7r(3k* + 4k° + 10k* 4+ 19k + 4) + (6k" + 38k” + 86k> + 82k + 28)]

k k
<a,, <0
n n

Ak,T7

for all |z] <r, k>1,n €N, with

Apy =13 (3K* + 10k% + 8k + k + 2) + 72 (8K + T&* + 10k + 8)
+ r(3k* 4+ 4k* + 10k* + 19k + 4) + (6k* + 38k> + 86k* + 82k + 28).

Thus for all |z| <r, k> 1, n € N, we have

(r+p)*
n2

|Hin(2)| < (r + p)|Him1,0(2)| + (r + p)|Hy—o,n(2)| + Apr,

where Aj, is a polynomial of degree 4 in k.

Consider the Fibonacci numbers Fy = F; =1, F,, = F,,_1+ F,_5, foralln € N,
n > 2.

We have Hy,(z) = 0, for any z € C, and since 4r +2 < r + p for p > 5 and
r < (p—2)/3, it follows that

nz+1 1 -2z

z
n -+ 2 n

[Hin(2)] =

‘ 4z — 2 ‘ dr+2 r4+p
= < < .
nn+2)1 = n? n?

Now, by writing the last inequality for k = 2,3, ..., we easily obtain step by step
the following estimates:

e for k=2,
(r+p)?  (r+p)? (r+p)° ,
‘H2,n(z)‘ < n2 n2 AQW = n2 [1 + Agm],
o for k = 3,
+ 3 2 + 3
|Hs,(2)] < (r f) 1+ A, + (r +2p) G f) As,
n n n
(r+p)°
< = [2+1-(As, + As,)]
(r+p)°
R [F2 + Fi(As, + A3,rﬂ§
e for k =4,
(r+p)*
‘H4,n(2)’ < [Fg + Fy(As, + As, + A4,n)];

n2
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e for k=5,

(r+p)°

{H5n(z)| < [F4 + F3(Agy + Ay + Ay + A5,r)];

e and in general for k£ > 5 we obtain

(T+p)

forall k e N, k > 2.

But from the well-known Binet’s formula for the Fibonacci numbers (see, e.g.,
[17]), we have

’Hk,n<z)}§ [Fk 1+Fk 2(A2r+A3r+A4r+A5r '+Ak,r)]a

F,o=—(pf = (1—p)F) < —=pk, k=1,2,...,
k \/S(Po ( Po))_\/gpo

where pg = %g = 1.6180. .. is the golden ratio.
Therefore, we obtain

‘Hkn |§\35 [(T+PPO [14_214]71]__.[(7“—'—”#0]’6[14_]{;.14,{#]7

taking into account that A;, is evidently strictly increasing with respect to j.
We conclude that

1.52(1 = 2) f"(2) + (1 — 22) f'(2)

DY, 2) - £(2) -

n
< ) lekl [Hypl
k=1
1 k
Sﬁ 7 Z|Ck|1+k’Akr]' [(r+p)po] -

As fO(2) =300 s erk(k — 1) (k —2)(k — 3)(k —4)2F~> and the series is absolutely
convergent in |z| < (r+p)py < R, it easily follows that Y- . |cx|k(k—1)(k—2)(k—
3)(k — 4)[(r + p)po]*~® < oo, which implies that > 77 | ek |k Ay [(r + p)po]* < oco.
This completes the proof of theorem. O

In the following, we will obtain below the exact order in approximation by this
type of complex operator.

Theorem 3.3. Under the hypothesis in Theorem 5.2, if f is not a constant
function, then for any r € [1, min{2%, £ — p}), we have

" po

[p8m 70 -l 2 T e,

where C,.(f) depends only on f and r.
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Proof. For all f € D, and n € N, we have
DM (f,2) = f(2)
_ %[1.52(1 C () + (1= 22)F(2)
+ l{ng (DU(£,2) - () - L52(1 — 2)f"(z) + (1 = 22)]”(2))}]

n n

Also, we have
IF+Gll > |I1F] = 1G]l = [1F]l = 1G],
It follows that
D (f,) = 1,

> ~[[[15e1(1 = e+ (1 =200/

1.561(1 - el)f” + (1 - 261)f,
n

- {1 J

Taking into account that by hypothesis f is not a constant function in Dg, we
get ||3e1(1 —e1) f" + (2 — 4ey) f']|» > 0.

Indeed, supposing the contrary, it follows that 3z(1— z)f”( )+ (2—-42)f'(2) =0
for all |z| < 7. The last equality easily implies that f’(z) = C - (2(1 — 2))=%/3) for
all |z| < r, with C' a constant.

But since f is analytic in D, and 7 > 1, we necessarily have C' = 0 (contrariwise,
we would get that f’(z) is not differentiable at z = 0 and z = 1, which is
impossible because f/(z) too is analytic on D,, with r > 1), which implies that
f'(z) =0 and f(z) = c for all z € D,, a contradiction with the hypothesis.

Now by Theorem 3.2, we have

L.52(1 — 2)f"(2) + (1 = 22) f'(2)

n

< M, (f).

T

n|[DO(F2) - £z -

Therefore there exists an index ng depending only on f and r such that, for all
n > ng, we have

[15e1(1 =€)+ (1= 2e) ],
- %{”2 DM (f,2) = f(2) ~

1
> 5\\1.5@(1 —e))f" + (1 =2e1)f]],,

1.52(1 —2)f"(2) + (1 — 22) f'(2)

n

J

which immediately implies that

IDED(f ) = £l > = [[15es(1 = e) " + (1= 2e0) £, ¥n > mo.

"= 2n
For n € {1,2,...,n9 — 1} we obviously have || Dy, A/ (f,) = fll- = Mr+(f) with
M, (f) = nHDnl/n (f,") = fll» > 0. Indeed, if we should have |[DS/™(f,-) —
fll» = 0, then it would follow that D™ (f,z) = f(z) for all || < r, which is
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valid only for f a constant function, contracting the hypothesis on f. Therefore,
finally, we obtain ||D7(11/n)(f, J—=fllr > CTT(f) for all n, where

CT(f) = min{Mr,l(f)v Mr,2(f)a SR Mr,n0*1<f)a %H1'561(1_el)fll+(1_261)f/||r}7

which completes the proof. |
As a consequence of Theorem 3.1 and Theorem 3.3, we have the following.

Corollary 3.4. Under the hypothesis in Theorem 5.2, if f is not a constant
function, then for any r € [1, min{pT_Q, pﬁo — p}), we have

1
Iy~ ~ L noee
Toon
where the constants in the equivalence depend only on f and r.
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