A NEW SPECTRAL THEORY FOR NONLINEAR
OPERATORS AND ITS APPLICATIONS

W. FENG

ABSTRACT. In this paper, by applying (p, k)-epi mapping theory, we intro-
duce a new definition of spectrum for nonlinear operators which contains
all eigenvalues, as in the linear case. Properties of this spectrum are given
and comparison is made with the other definitions of spectra. We also give
applications of the new theory.

1. INTRODUCTION

Spectral theories for nonlinear operators have been extensively studied,
for example, see [1], [5]-[7] and [9]. Different attempts have been made
to define the spectrum for nonlinear operators. Clearly, a good definition
should preserve as many properties of the spectrum for classical bounded
linear operators as possible and reduce to the familiar spectrum in the case
of linear operators. In [15], a spectrum for Lipschitz continuous operators
was studied (we denote it by 0y;,(f)), which is compact but may be empty
(see the example in Section 5). The spectrum introduced by Furi, Martelli
and Vignoli (denoted oy, (f)) has found many interesting applications (see
[9]). However, it was indicated in [6] that this spectrum may be disjoint
from the eigenvalues, which is an important part of the spectrum in the
linear case. This paper is mainly based on the study of [9] and the main
aim is to introduce a new spectrum for nonlinear operators by applying the
(p, k)-epi mapping theory of [10], [14], [17]. This new version of the spectrum
is closed and contains all the eigenvalues as in the case of linear operators.

This paper is organized as follows. In Section 3, the definition of the new
spectrum will be given and some of its special properties will be proved.
For example, we will show that this spectrum is closed, bounded, upper
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semicontinuous and contains all the eigenvalues. In Section 4, we investigate
positively homogeneous operators where more precise results are possible.
Some of the results are direct generalizations of the spectral theory for linear
operators. The results in this section will be used in Section 6 to generalize
some existence theorems. In Section 5, we will compare our spectrum o (f)
with the two spectra mentioned before (o . (f) and oy, (f)). We will prove
that, in general,

Ulip(f) 2 U(f) 2 Ufmv(f)‘

Moreover, in this section, nonemptiness of spectra is discussed. A counterex-
ample shows that all these spectra may be empty, which answers one of the
open questions in [15].

In the last section, some applications of the new theory are obtained.
This theory enables us to generalize the Birkoff-Kellogg theorem and the
Hopf theorem on spheres, which were also consequences of the theory in
[9]. A non-trivial existence result for a global Cauchy problem, which was
studied in [14], is obtained by applying the new theory.

It would be interesting to see extensions of the present theory to the
cases considered by Ding and Kartsatos in [4], where the concept of a (p,0)-
epi mapping of [10] has been extended to cover perturbations of (possibly)
densely defined operators.

In Section 2, we give some notations and definitions which will be used in
the sequel.

2. PRELIMINARIES

Let F and F' be complex Banach spaces and €2 be an open bounded subset
of E. We suppose that f : E — FE is continuous and a(A) denotes the
measure of noncompactness of a bounded set A [3]. The following notations
will be used in the sequel.

f
f
f

d(f

) inf{k > 0: a(f(A)) < ka(A) for every bounded A C E},
) = sup{k>0:a(f(A)) > ka(A) for every bounded A C E},
)
)

(07

w
= sup{k >0:|f(z)| > k||z|| for all x € E},

— liminf @ | = limsup £ ()]

lzl—co [lz|| lz—oo NIl

m

(
(
(
(

Here |f] is called the quasinorm of f and f is said to be quasibounded if
|f] < co. Maps with a(f) < 1 are k-set contractive (also condensing) with
k = a(f). Note that a map f satisfies a(f) = 0 if and only if f is compact,
that is f(A) is compact for every bounded set A. For the properties of
a(f),w(f) and d(f) we refer to [9)].

A map f: E — F is said to be stably-solvable if given any compact map
h : E — F with zero quasinorm, there is at least one element x of FE such
that f(x) = h(x). Spectra o ¢, (f) and opp(f) are defined as follows.
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Definition 2.1. (see [9]) f is said to be fmuv-regular if it is stably-solvable
and d(f) and w(f) are both positive. Let

pPrmu(f) ={A € C: X — fis fmv — regular},
then o fmo(f) = C\ prmo(f)-

Definition 2.2. (see [15]) Let Lip(E) be the space of all Lipschitz map-
pings. For A € Lip(FE), the Lip-spectrum is defined by

o1ip(A) = {\: (M — A)~! does not exists or (A — A)~ ¢ Lip(E)}.

The p-epi mappings were introduced by Furi, Martelli and Vignoli [10]
and then were studied and applied in [12], [14], [17]. In [17], the notion was
generalized to the following (p, k)-epi mappings.

Definition 2.3. A continuous mapping f : {} — F is said to be p-admissible
(p € F)if f(x) # p for x € 99.

A 0-admissible mapping f :  — F is said to be (0, k)-epi if for each k-set
contraction h : Q — F with h(z) = 0 on 99 the equation f(x) = h(z) has
a solution in Q. Similarly, a p-admissible mapping f : Q — F is said to be
(p,k)-epi if the mapping f — p defined by (f — p)(z) = f(z) — p,z € Q, is
(0, k)-epi.

It was shown in [17] that the (p, k)-epi mappings have similar properties
with properties usually obtained via the topological degree, for example, the
homotopy property and boundary dependence property.

In the following, let B, = {x : = € E,||z|| < r} and 9B, denote the
boundary of B,. If for every x # 0, f(z) # 0, let

vr(f,0) = inf{k >0, there exists g : B, — E, with a(g) < k,
g =0o0n 0B, s.t. f(x) = g(x) has no solutions in B, },
and v(f) = inf{v,(f,0),r > 0}. We will call v(f) the measure of solvability
of f at 0. (This concept is related to the measure of unsolvability of f at

p, which was introduced in [17]). Notice that, v(f) > 0 if and only if there
exists € > 0, such that f(z) is (0,¢)-epi on every B, with r > 0.

3. A NEW DEFINITION OF THE SPECTRUM FOR CONTINUOUS OPERATORS
We begin with the following definition.

Definition 3.1. Suppose that f : F — FE is continuous, then f is said to
be reqular if

w(f)>0, m(f)>0, and v(f)>0.

For A € C, if A\l — f is regular, X is said to be in the resolvent set of f.
Let p(f) denote the resolvent set of f, then the spectrum of f is defined as
follows:

o(f)={A e C: A — fis not regular } = C\p(f).

Proposition 3.2. If f is a regular map, then f is surjective.
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Proof. Since f is regular, m(f) > 0. Thus for z € E, | f(z)]] — oo as
lz|| = oo. Also we have v(f) > 0, so there exists € > 0 such that f is
(0,)-epi on every B, with r > 0. By Corollary 3.2 of [17], f is surjective.

The following theorem characterizes the regular maps among continuous
linear operators.

Theorem 3.3. Suppose that E is a normed linear space, f : E — FE is a
continuous linear operator. Then f is regular if and only if f is a linear
homeomorphism.

Proof. Assume that f is regular. By Proposition 3.2, f is surjective. Also,
m(f) > 0 implies that f is one to one and ||f~!(x)|| < (1/m(f))|/z||. Thus
f~1is continuous, so f is a linear homeomorphism.

Conversely, suppose that f is a linear homeomorphism. Then f~! is a
bounded linear operator and for all x € E, ||f(x)| > (1/|lf7t)|lz|/. This
ensures that

m(f) > I, w(f) = 1/1F7

So for 0 < e < 1/||f7Y, f is (0,¢)-epi on every B, with » > 0 [17]. Thus
v(f) >e >0, and f is regular.

Remark 3.4. By Theorem 3.3, for a bounded linear operator f, the spec-
trum of f in Definition 3.1 is the same as the usual one.

It is well known in linear spectral theory that o(f) is closed and p(f) is open.
The following theorem shows that this property holds true for the spectrum
of nonlinear maps given by Definition 3.1.

Theorem 3.5. For a continuous map f, p(f) is an open set and o(f) is
closed.

Proof. Suppose that A € p(f), then
WA — f) >0, m(AI — f) >0,
and A\I — f is (0,¢)-epi on every B, with r > 0 for some € > 0. Now let
o1 =w(Al = [)/2, 62 =m(A] — [)/2, 03 =¢/2,

and § = min{d1, d2, d3}. Assume that p € C, |u — A| < J. We shall prove
that p € p(f). Since

w(ul = f) =W\ = )] € a(ul = D) = |u— Al < w\ = £)/2,
we have
w(pl — f) >wA - f)/2>0.
For every z € E,
e = f(@)] = Az = f(2)l] = |u = Alllzll = (m(M = f)/2)]z],

m(pl — f) = m(M = f)/2.
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Furthermore, let i : [0,1] x E — E be defined by h(t,x) = t(;n — X)I. Then
his a (u — A)-set contraction. Let
S={zxeE:  x— f(x)+t(p— Xz =0 for some t € (0, 1]}.
Then for every x € S,
[Az — f(@)|| = [[t(p — A)zl| = m(AL = f)]|z].
Hence
[ = Azl = m(AL = f)]|z]-
Thus x = 0 and S = {0}. By the (0, k)-epi Homotopy-property (see [17]),
ul — fis (0,e — |u — A|)-epi on every B, with r > 0. So
vipl — f) >e—|p— A >¢e/2>0.

Therefore, p € p(f).

We recall that for a bounded linear operator, its spectrum is always

bounded. The following theorem generalizes this result to the nonlinear
case.

Theorem 3.6. Let E be a Banach space and f : E — E be a continuous
map. Assume that af) < oo and there exists a constant M > 0 such that
If(@)]| < M||z|| for all x € E. Then o(f) is bounded.

Proof. Let A € C with |A| > max{M, a(f)}, we shall prove that A € p(f).
Firstly, by Proposition 3.1.3 of [9] we have

W= f) > [l = a(f) >0,
Also, for every x € E, the inequality

I = F@) > (1M = M)z

implies that m(AI — f) > 0. Now let € > 0 be such that a(f) 4+ < |A|, we
shall show that A\I — f is (0,¢)-epi on every B, with r > 0.
Suppose h is a a-lipschitz map with constant e, and h(z) = 0 for z € 0B,

- (@) for ||
h(x) for ||z]| <,
() = { 0 forl|z| >
hi is continuous on FE. For every bounded subset A C F,
a(hi(A)) = a(hi(ANB,))
a(h(AN B,)
< ea(ANB,) <cea(A).

Hence h; is also an a-Lipschitz map with constant €. Let
S={x: xz—tf(x)/)=hi(z)/)\ for somet € [0,1]}.
For all « with ||z|| > r we have h;(x) =0 and
Az = £f (@) /M) = [Mllll = [[f (@)] = (Al = M)][z]| > 0.

This implies that S C B,.. Since hy/\ is a /|\|-set contraction, ¢/|\| < 1,
and hy(z)/A = 0 on 0B,, the fact that I is (0, )-epi for all € < 1 implies that
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the equation z = hj(z)/A has a solution in B,. Thus S # () and SNIB, = (.
Next we have

S C[0,1]f(S)/A+ h1(S)/A.
Therefore,

a(S) < ((a(f) +&)/IA)a(S).
Hence S is compact because a(f) + ¢ < |\ and S is closed. Let ¢ be a
continuous function such that 0 < ¢ <1 and

1 forxel,
o) = { 0 for |zl >
and let
9(x) = ¢(x) f(x) /A + ha(2) /A
Then ¢ is an (a(f) 4 €)/|\|-set contraction, g(x) = 0 on the boundary of

B,. Hence x = g(z) has a solution zg € B,. Then zy € S so ¢(xp) =1 and
hi(xzo) = h(xp). Thus xg is a solution of the equation

z — f(z)/A = h(x)/X
This ensures that A\l — f is (0, &)-epi on B,, so we have v(f) >¢e >0, A\ — f
is regular, and A is in the resolvent set of f.

Remark 3.7. For nonlinear map f with f(0) = 0, we define the norm of f
by

[f]l = inf{&k >0 |[f(z)] < K[z}
Defining the radius of the spectrum of f by 7,(f) = sup{|A| : A € o(f)}, it
follows that

ro(f) < max{a(f),[|f[[}-
If £(0) # 0, for each A € C, either AT — f is not surjective, or there exists
x € E, x # 0, such that Az — f(z) = 0, and then X is a eigenvalue of f. By
the following theorem, in both these cases, A € o(f). Thus o(f) = C. Hence
in what follows, unless otherwise stated, we shall assume that f(0) = 0.

Theorem 3.8. All the eigenvalues of f are in the spectrum of f.
Proof. If f(x) = Az with x # 0, then m(A — f) =0, so A € o(f).

As mentioned in Section 1, the above simple theorem represents the big
difference between o f,,,,,(f) and Definition 3.1. According to their definition,
the spectrum may be disjoint with its eigenvalues [6], but it is well known
that for a linear operator, one of the important parts of its spectrum is the
point spectrum, the eigenvalues.

The following lemma enables us to prove the upper semicontinuity of the
spectrum.

Lemma 3.9. Let A C K (K= C orR) be compact with ANo(f) =0. Then
there exists € > 0 such that for p € A and g : E — FE, a continuous map
with || f — gl <e, a(f —g) < e, it follows that pu ¢ o(g), where

If = gll = inf{k >0 |[f(z) = g(x)|| < kllz], = € E}.
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Proof. For A € A, we have
WA —f)>0, m(AM —f)>0, and v(A —f)>0.

Thus A — f is (0,e0)-epi for some gy > 0 on every B,. By the proof of
Theorem 3.5, there exists d) > 0 such that for every N with [N — | < d,

W — f) > w\ — £)/2, mNI— f)>m\ — f)/2,
and NI — f is (0,£0/2)-epi on B,. Let
0 < ey <min{wA — f)/2, m(A — f)/2, €0/2},
and assume that ||g — f|| < ex, a(g — f) < ex. Then by Proposition 3.1.3 of
[9],
w\'T = g) > wNI = f) —a(f —g) >0,
and
INT = g)(@)Il = [Nz = f(@)l| = [[f(2) = g(@) | > (m(AL = £)/2 = ex) |-
Hence m(\N'I — g) > 0. Furthermore, for every t € (0,1], and = # 0,
[Nz — f(z) +t(f(z) — g(x))] > 0.
By the Continuation Principle for (0, k)-epi mappings [14], N'I — g is (0,7¢)-
epi for each r¢ > 0 with
ro <min{(w(AM = f)/2) — a(f = g), (€0/2) —af — 9)}-
This implies that v(N'T —g) > 0, so X € p(g). Let
O(/\, 5)\) = {)\I eK: ’)\/ — )\‘ < (5)\},
the above discussion implies that |Jyc4O(X,05) D A. Since A is com-
pact, there exist a finite collection such that (Ji;O(X\;,dy,) D A. Let
e = min{ey,,exy, -+, €N, }, and suppose that ||g — f|| < e, a(g— f) < e. For
peA ifpe O()\Z',(S)\i), i€ {l,---,n}, then
||g_f|| <E&x; a(g—f) <E)

imply that u ¢ o(g).

The following theorem whose proof follows that of Theorem 8.3.2 [9] con-

cerns the upper semicontinuity of the spectrum. We omit its proof here.

Theorem 3.10. Let
p(E) ={f: a(f) < +oo, there exists M > 0 such that || f(z)| < M|z for

x € B}

The multivalued map o : p(E) — K which assigns to each f its spectrum
o(f), is upper semicontinuous (with compact values).

Suppose that f(0) = 0, we recall that a point A is called a bifurcation
point of f if there are sequences A\, € K and z, € FE such that z, #
0, f(zn) = MZny, A = A, &, — 0 as n — oo. A is called an asymptotic
bifurcation point of f if there are sequences A\, € K and z,, € E such that
Tn # 0, f(zn) = MZny, An = A, ||zn]| = 00 as n — oo. The following
proposition gives the relation between the spectrum and bifurcation points.
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Proposition 3.11. Bifurcation points and asymptotic bifurcation points of
f are in the spectrum of f.

Proof. Suppose that A\, € K and x,, € F are such that A\, — A\, =z, #
0, ||zn]] = 0 and f(zn) = Apxn. Then m(A — f) = 0. Otherwise the
inequality |[Az, — f(xn)|| = m(A — f)||zy| would implies that |A — A,| >
m(A — f) > 0, a contradiction. Hence A € o(f).

Similarly, if A is an asymptotic bifurcation point of f, we obtain A €

a(f)-
The following properties of the spectrum are easily checked.

Proposition 3.12. Let E be a normed space and f : E — E be a continuous
operator. Then for every A € K,

(1) oA ) = Aa(f), 0(0)=0, o(I)=1, a(A)=A.

(2) oM+ f) = X+ o(f).

We close this section with the following proposition devoted to the the
study of the nonlinear resolvent.

Proposition 3.13. Assume that A : E — E is continuous and A\, u € p(A).
Let
Ra(\) = (A=X)7" Ra(p) = (A—pl)™

be the multivalued maps. Then

RaA)z C Ra(p)(I + (A = p)Ra(N)z, =€ E.
If ul — A is injective, then

Ras( Nz =Ra(p) I+ (N—p)Ra(N)z, z€E.

Proof. Let y € Rg(\)x, so that (A—AI)y = x. Then we can write Ay —uy =
x + (A — p)y, so that

y € (A—pl) Mz + (A =py) C(A=pl) "z + (A - p)Ra(Nz).
This implies that
Ra(Nz € Ra(u)(I + (A — p)Ra(\))a.
When ul — A is injective, it is easy to show that equality holds.

4. POSITIVELY HOMOGENEOUS OPERATORS

According to our new definition, some special properties of eigenvalues in
the spectrum of a positively homogeneous operator can be obtained, which
will be useful in Section 6. Firstly, we shall prove the following lemmas on
the positively homogeneous (0, k)-epi mappings from Banach space E to F,
which will be used later.

Lemma 4.1. Suppose that f : E — F is a positively homogeneous mapping
and f is (0,e)-epi on some B, for some e > 0. Then f is (0,£)-epi on every
Bpg with R > 0.
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Proof. f is (0,e)-epi on B, and f is positively homogeneous ensure that
f(z) # 0 for all x # 0. Thus f is 0-admissible on Bgr. Assume that h: E —
F is an e-set contraction with h(z) = 0 for « € 0BR. Let

hi(z) = %h (}jx) .

Then for every bounded set A C E ,

alhi(4)) = %a (h(fA))

< %aa (fA)
= ca(4A).

So hj is an e-set contraction too. Furthermore, hj(z) = 0 for x € 9B,. Thus

the equation
r R
=_np(=
f@) = 3 (5e)

has at least one solution zy € E and ||zg]| < r. Then (R/r)xo € Bpg is a
solution of the equation f(x) = h(z).

Remark 4.2. Lemma 4.1 and the Localization property of (0, k)-epi maps
[17] show that a positively homogeneous mapping f is (0,¢)-epi on Q ,
where Q1 D f71(0) and € is an open bounded set of E, if and only if f is
(0, €)-epi on the closure of all the bounded open sets 2 O f~1(0). This is not
true if f is not positively homogeneous as the following example shows. Let

f : R — R be the function f(z) = 22—1, and let Q; = (-2, —-1/2)U(1/2,2).
Then f is (0, k)-epi for every k > 0 on Oy, but f is not 0-epi on (—n,n) for
n > 2.

Lemma 4.3. Suppose f : E — F is positively homogeneous , w(f) > 0 and
f is (0,¢)-epi on B, with r > 0. Then for each p € F, there exists R > 0
such that f is (p,e1)-epi on Br for some 1 > 0.

Proof. Let p € F and g(z) = f(z) — p, then a(g — f) = 0. Let
S={x: f(z)+t(g(z) — f(z)) = f(x) — tp = 0 for some t € (0, 1]}.
We shall show that S is bounded. Otherwise, there would exist a sequence

{zn}22, C S with ||z,|| — o0 as n — oo. Let ¢, € (0,1] be such that
f(tn) = tpp. Then

flrzy/||znll) = rtnp/||2n|| — 0 as n — oo.
Letting u,, = x,,/||zy||, we would have
w(f)a(UpZyrun) < a(UpZy f(run)) = 0.

Since w(f) > 0, we have a(U32;ruy,) = 0. This implies that there exists a
subsequence 7y, — up and ||ug|| = r. Thus

lim f(rup,) = f(uo) =0.
k—o0
This contradicts the fact that f is 0-admissible on B,..



172 W. FENG

Now, let R > 0 be such that S C Bg. Then 0Br NS = (. By Lemma
4.1, f is (0,¢e)-epi on Bg. So, the Continuation principle of (0, k)-epi maps
[14] ensures that g is at least (0,e71)-epi for 0 < &1 < w(f) and €1 < e. Thus
f is (p,e1)-epi on Bp.

Our next theorem characterizes regular maps among positively homoge-
neous maps.

Theorem 4.4. Let f be positively homogeneous. Then f is reqular if and
only if

1. w(f) >0;

2. There exists € > 0 such that f is (0,¢)-epi on Bj.

Proof. Clearly, we only need to prove that if f satisfies 1 and 2, then f is
regular.

Suppose that f satisfies 1 and 2, then by Lemma 4.1, f is (0,¢)-epi on
every B, with r > 0. So v(f) > 0. Assume that m(f) = 0. Then there would
exist a sequence {x,}5°; € E, x, # 0 such that || f(z,)|| < (1/n)||z,|. Let
Up, = xp/||zn]l, then f(un) — 0 as n — oo. Moreover,

w(f)a(UpZiun) < a(UpZy f(un)).
Hence (U2 ;uy,) = 0. This implies that {u,}°>; has a convergent subse-
quence up, — ug, ||ugl| =1, and f(up) = 0. This contradicts f is (0, )-epi
on By. Som(f) > 0 and f is regular.

It is known that for a linear operator f, if A € o(f) and |A| > «a(f),
then A is an eigenvalue of f [15]. We shall give an example later to show
that for nonlinear operators, this property is not true. But if f is positively
homogeneous, we have the following result on eigenvalues in the spectrum.
This theorem can be used to obtain existence results for some nonlinear
operator equations as in the example which will be given later.

Theorem 4.5. Let f : E — E be a positively homogeneous operator and
X € o(f) with [N > a(f). Then there exists to € (0,1] such that \/ty is an
eigenvalue of f.

Proof. |A\| > a(f) ensures that w(A — f) > |A\| — a(f) > 0 (see [9]). Let
S={zeFE: |z| =1, x—tf(x) =0 for some t € (0,1]}.
If S = (), then by the Homotopy property [17], I — f/Xis (0,7 —a(f)/|\|)-epi
on By for each 1 > r > «a/|)|, since f/X is a a(f)/|\|-set contraction. It
follows that A\I — f is (0,7|A\| — «(f))-epi on B;. By Theorem 4.4, we know
that AI — f is regular, so A € p(f). This contradiction ensures that S # (.
Thus there exists tp € (0,1] and zg € E with ||xo|| = 1, such that
Az —tof(z0) =0,

so A\/to is an eigenvalue of f.

The following result, which generalizes a result of [15] (p. 85), shows that

for odd and positively homogeneous mappings, the result on eigenvalues of
linear operators remains valid.
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Theorem 4.6. Suppose f : E — E is odd and positively homogeneous,
X € a(f) with [N > a(f). Then X is an eigenvalue of f.

Proof. Assume that m(AI — f) > 0. Then there exists m > 0 such that
IA — f)z|| > m||z|| for all z € E.

Let O; = {z : ||z|| < 1}, since f is odd, deg({ — f/A, O1, 0) # 0, [3]. So for
k1 satisfying 0 < a(f)/|A| < ki < 1, I — f/Xis (0,k1 — a(f)/|A])-epi ([17]
Theorem 2.8). Hence, A — f is (0, |A|k1 — a(f))-epi on By. Also we know
that w(A — f) > |\ — a(f) > 0. Thus, A € p(f). This contradiction shows
that m(A — f) = 0. Therefore there exists a sequence {z,}>>; € E such
that

[Azn = f(an)|| < (1/n)[zn]-
Letting u,, = x,,/||zy||, we have

I Aup, — f(un)|| <1/n— 0, asn — oo.
Moreover, we have
w(A = fa(UpZiun) < a(UpZi (A = fug) = 0.

This implies a(US2 uy,) = 0. So {u,} has a convergent subsequence. Sup-
pose that u,, — ug. Then f(up) = Aup and |Jug|| = 1, so A is an eigenvalue

of f.

The following result follows directly from Theorem 4.6, which generalizes
the result in the spectral theory for linear compact operators.

Corollary 4.7. Suppose that [ is a compact, odd and homogeneous opera-
tor. Then for X € o(f), if A# 0, A is an eigenvalue of f.

It is known that for a continuous linear operator f, the radius of the

spectrum 7, (f) = limy, 0 || f”H% The following theorem gives an estimate
for the radius of the spectrum of positively homogeneous maps.

Theorem 4.8. Let E be a Banach space over R and f : E — E be a
1
positively homogeneous operator with a(f) < oo, liminf,, . ||f™]|» < co. If

A > max {a(f), liminf ||/},
then A € p(f). If also a1 = |[2a]| implies || f(21)]| = || £(w2)l, then
(4.1) ro(f) < max {a(f), liminf | £"[|=}.

Proof. Suppose that A > max {a(f),lim inf), o0 ||f”H%} Let
V ={z: Xz —tf(z) =0 for some t € (0, 1]}.

We claim that V' = {0}. Indeed, otherwise assume zo € V and z¢ # 0. Let
to € (0, 1] be such that Axg — tof(z9) = 0. Then

Il = sup [f @) = 1 f(zo/llzol)ll = A

llz]|=



174 W. FENG

Also
(4.2) 172 o/ llmol) Il = 11£ ((Azo)/ (tollzol)) ]| = A% /to”.

So we have ||f?|| > A\%2. By induction, we obtain that Hf”H% > \. This
contradicts A > liminf, o Hf”H% Now, \[ — f = A({ — f/A) and f/\ is
an «(f)/|\|-set contraction. So, by the homotopy property [17], I — f/\ is
(0,7 — a(f)/|\|)-epi on Bj for every r satisfying a(f)/|A\| < r < 1. Thus
M — fis (0,7|A| — a(f))-epi on B;y. Furthermore, w(AI — f) > 0. Theorem
4.4 implies that A\ € p(f).

In the case that ||z1] = ||z2|| implies ||f(x1)]| = ||.f(z2)||, (4.2) is also true
for A < 0. So by the same proof as above, we obtain that if

o niL
A > max {a(f), liminf ||/ },
then A € p(f). Therefore we have (4.1).

The following example shows that the estimate in Theorem 4.8 is best
possible.
Example 4.9. Let f(xz) = allz|le, then f is positively homogeneous and

even. a is an eigenvalue of f and ||f"|| = a™. Hence lim inf ||f”\|% = a and

Ta(f) = a.
5. COMPARISON AND NONEMPTINESS OF SPECTRA

We begin this section with an example concerning eigenvalues and the
spectrum o gy, (f)-
Example 5.1. Let f : R — R be the function f(z) = 2®. Then o 1, (f) = 0
(see [9]). We will show that o(f) = {0} U {eigenvalues of f}. In fact,

for every A € (0,00), we have f()\%) — MA\Z. Thus \ is an eigenvalue of
f, so (0,00) C o(f). Next, 0 € o(f) since m(f) = 0. Furthermore, let
A € (=00,0) , then |\x — f(z)] = Az — 23| > —)|z| for x € R. Hence
mA — f) > =X > 0. Also, (Ml — f) > 0 and (M — f)z = \x — 23
is (0,¢)-epi for all € > 0. This implies that v(AI — f) > 0. Therefore,
(—00,0) = p(f), [0,00) = o(f) and o(f) = {0} U {eigenvalues of f}.

The following is an interesting result of the theory.

Theorem 5.2. Suppose f : E — E is continuous and f(0) = 0. Then we
have

Jlip(f) 2 U(f) 2 Ufmv(f)'

Proof. We will prove that puip(f) € p(f) € prmolf)-
(a) Assume that A € p(f). Then w(AI— f) > 0 and m(AI — f) > 0. Hence
there exists m > 0 such that

IAI — f)(x)|| = m||x|| for all z € E.

This ensures that

AN — f) = lim inf LA = D@ >m > 0.

2] —o0 [l
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Moreover, v(AI — f) > 0 implies that there exists ¢ > 0 such that \[ — f is
(0,¢)-epion B, with 7 > 0. So A — f is stably-solvable [9]. Thus A € pfmw(f)
and therefore p(f) C pfmo(f).

(b) Suppose that A € pyp(f), then AI— f is one to one, onto, and (A\I—f)~*
is a Lipschitz map [15]. Let L > 0 be the Lipschitz constant. Then

(5.1)  ||[(M = flar — (M — flae|| > (1/L)||z1 — x2|| for all x1, 29 € E.

Letting xo = 0, we have [[(A — f)z1]| > (1/L)||z1| for all z; € E. Hence
m(M — f) > 0. Also, by (5.1), w(AI — f) > 1/L > 0.

Let r > 0and O, = {z : ||z <r}. A\[—f: O, — E is continuous,
injective and (1/L)-proper [17]. Furthermore (A — f)O, is open because
(M — f)~! is continuous. By our assumption (A — f)(0) = 0. By Theorem
2.3 of [17], A\I — f is (0, k)-epi on B, for each nonnegative k satisfying the
condition k < L. Hence v(AI — f) >0, A € p(f) and piip(f) C p(f).

The following example shows that oy, (f) 2 o(f).

Example 5.3. Let ¢ : R — R be defined by

T for =<1,
1 for 1<x<2,
z—1 for x> 2.

Let f =1 — 1. Then for z € R we have (1/2)|z| < ||¢(z)| < 2|z| and so
IIf(x)] <3llz||. Also, w(I—f) > 0 for fis a compact map. I — f is (0, €)-epi
for all € > 0 on every [—n,n|. Hence A =1 € p(f).

Obviously, AI — f = 1 is not one to one, so 1 € oyp(f). Thus o(f) &
oiip(f)-

Example 5.1 shows that o(f) 2 o pmo(f)-

P(x) =

The following two results discuss the spectrum for positively homogeneous
maps and maps that are derivable at 0 respectively.

Theorem 5.4. Suppose f is a positively homogeneous map and A € o(f)\
0 tmu(f). Then one of the following cases occur:

1. X — f is not injective ;

2. (M — f)~! is not continuous.

Proof. Suppose that A € o(f) \ 0fmo(f) and AI — f is injective. We shall
show that (A — f)~! is not continuous. Firstly A ¢ o fm,(f) ensures that
WAl — f) > 0 and M — f is surjective. Also AI — f is injective implies
that Az — f(x) # 0 for each x # 0 . Hence A\I — f is w(AI — f)-proper [17].
Assume (A — f)~! is continuous, then AI — f maps every open ball O,. to an
open set. It follows that AT — f is (0, k)-epi for each nonnegative k satisfying
kE < 1/w(A — f). By Theorem 4.4, we have A € o(f). This contradiction
shows that (Al — f)~! is not continuous.

Theorem 5.5. Let f : E — E be derivable at 0 with derivative T and
A€ a(f)\ ofmu(f). Then one of the following cases occur:

1. X\ is an eigenvalue of f;
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2. M — f is not injective;
3. (M — f)~1 is not continuous;
4. Xeo(T).

Proof. Let A € o(f)\ 0fmo(f) , then AI — f is onto and w(AI — f) > 0. Now
suppose that m(AI — f) = 0. It follows that for each n € N, there exists
xn € E satisfying

Az — fza)ll < (1/n)]l2n]].
Assume there exists a subsequence {xy, }2°, of {x,}22, with |z, | — oo
as k — oco. Then

d(M — f) = liminf 1Az = f2)]

lall—oo [l
This contradicts A € p(f). So, {||zn]/}52; is bounded and
WAL = fla(UpZizn) < a(UpZy (M = fazg) = 0.

=0.

This implies {z,}°°; has a convergent subsequence. Suppose x,, — x(o as
n — o0o0. If zg # 0, A is an eigenvalue of f. In the case o = 0, we have

A\t — Tz, — Rayl|/||zn|| < 1/n — 0.

Thus A € o(T) since ||Rzy||/||zn| — 0.
In the case m(AI — f) > 0, assume that AI — f is injective, by the same
argument as that in the proof of Theorem 5.4, (AI — f)~! is not continuous.

A well known result in the spectral theory for linear operators is that
the spectrum of a continuous linear operator, which is defined on a complex
Banach space, is not empty. In the nonlinear case, for the spectrum o ., (f),
this property does not hold (see the counterexample in [9]). An open question
in [15] is the following:

Question 5.1. Suppose that E is a Banach space over the complex field C
and that A € Lip(E). Is the spectrum of A, 0y;,(f), nonempty?

In the following, an operator f is given which satisfies o(f) = 0y, (f) =

mev(f) = 0.
Example 5.6. Let f: C? — C? be defined by
fla,y) = @.i7), (,y) € C*.

Then f is a continuous map and f € Lip(C?). For A € C and A # 0 , we will
show that A\I — f : C2 — C? is one to one, onto and (A — f)~! € Lip(C?).
Firstly, suppose that (Al — f)(z1,y1) = (M — f)(2z2,y2), then

(52)  AP(r1—22) = A71 — 72) and i(z2 — 21) = A(71 — 7).
Hence w1 = w2,y = y2. Secondly, for (z,y) € C?, let
Az +7y iy —T

TR UL
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Then (M — f)(u,v) = (z,y). Hence Al — f is onto. Next, let g = (A — f)~!
and for (x1,v1), (v2,92) € C?, let x = x1 — 2, ¥y = y1 — y2. Then

1 1 o~
l9(1,31) = 9(z2,42) P = | P+ 91 + [ iz + Al
Letting r = ||/\‘2 .| > 0, we have

lg(z1,y1) — g(x2,y2)|* < (Al + 1)2(|z* + [y]*).

So, g is a Lipschitz map with constant 7(|A| + 1).
In the case A = 0, |f(z)| = |=|. Also, f is one to one, onto with |f~1(x)| =
|z|. Hence, plip(f) = C and Ulzp(f) = (b By Theorem 5.2, o(f) = Ulzp( ) =

mev(f) =0

Remark 5.7. In [16], the authors showed that oy, (f) is always nonempty
in the one-dimensional case and asked whether this is also true in higher
dimensions. In [1] (which was seen after this part of the work had been
completed), the authors gave a negative answer to this question by using
Example 5.6. We found Example 5.6 in [13] where it was used to show
another fact.

We close this section with the following result regarding operators which
are asymptotically linear or derivable at 0.

Proposition 5.8. Let f: E — E be continuous and f =T + R, where T is
a linear operator and R satisfies one of the following conditions:

1 & 0 as 2| — 0.

2. ”}ﬁgﬁ‘)u — 0 as ||z|| = oo.

Then X\ € o(f) provided X is an eigenvalue of T.

Proof. Let 9 € E and z¢ # 0 be such that T'(xz¢g) = Azg. For r € R with
r > 0 we have

[Arzo — f(rao)|| = [[R(rzo)|-
So, in case (1), letting 7 — 0 and in case (2) letting » — oo, we have
[Arzo — f(rao)||
7{|zoll
This implies that m(A — f) = 0. Hence A € o(f).

— 0.

6. APPLICATIONS

In this section, firstly by applying the theory, we shall study the solvability
of a global Cauchy problem following the work of [14], we shall obtain the
existence result by different method. Then two well known theorems will be
generalized by using the theory.

We shall use the classical space C[0, 1] with the norm

lzll = max 2 (2)].
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We recall that a cone K in a Banach space E is a closed subset of E such
that
(1) z,y € K, a,b >0 imply ax + by € K;
(2) x € K and —z € K imply = = 0.
A cone K is said to be normal if there exists a constant v > 0 such that

[z +yll = 7l
for every z,y € K.

Example 6.1. We look for a non-trivial solution of the following global
Cauchy problem depending on a parameter

(6.1) 2(t) = \a2(t) + 22(1 1), «(0)=0, t € [0,1].

Changing the problem into an integral equation we study the existence of
an eigenvalue and eigenvector of the operator

(6.2) Fa(t) = /Ot \J72(s) +22(1 — s) ds.

It is easily verified that F' : C[0,1] — C][0,1] is positively homogeneous,
order preserving, and ||Fz| < v/2z||.

Now we shall prove that pl — F is not surjective for every 0 < p < 1/4/2
and so [0,1/v/2] C o(T). Assume it is surjective, then there exists zo €
C[0,1] such that pxy — Tz = p. For every t € [0, 1],

u(xo(t) — 1) = Fao(t) > 0 = zo(t) > 1.

So for each natural number n, Fzg > F"1. On the other hand,
Fxy < pxo, so F''zg < pzo.

Hence
p'xg > F'xg > F™(1).
This implies that
(V3o > (VB)'F(1) > 0.

Also we know that K = {z(¢) € C[0,1] : x(t) > 0} is a normal cone in
C[0,1] and (v/2)"u™ — 0 as n — oc. Thus we obtain that (v/2)"F"(1) —
0 (n — 00). This contradicts F™(1) > (1/v/2)"t. So, ul — F is not onto.

Assume that for some —1/v/2 < pu < 0, uI — F is onto. Then for each y €
C10, 1], there exists x € C]0, 1], such that ux — Fx = y. Hence (—p)(—x) —
F(—z) = y. So, —pu— F is onto. This is a contradiction since 1/v/2 > —pu > 0.

By the above argument, [—1/v/2,1/v/2] C o(F) since the spectrum of
F is closed. Also, we know that F' is a compact map [14], so a(F) = 0.
By Theorem 4.5, there exist pu; > 1/\/5 and po < —1/\/5 such that g
and po are eigenvalues of F. Moreover, by Theorem 4.8, we obtain that
1/v2 < |pi| < liminf, o [|F™||*/™. Therefore, problem (6.1) has at least
two non-trivial solutions.
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Remark 6.2. It was known that for the above operator F, (1/v/2)In(1 +
v/2) is the only positive eigenvalue of F' (see [14]). So, for each A € [~1/v/2,
1/4/2], A is not an eigenvalue of F. This shows that Theorem 4.6 is not true
for positively homogeneous maps. It is well known that it is true for linear
operators.

The following theorem is a generalization of the well known Birkoff-Kellogg
theorem.

Theorem 6.3. Let E be an infinite dimensional Banach space and S be the
unit sphere of . Let f : S — E be continuous and bounded. Assume that
infyes ||f(x)|| > a(f). Then for every complex number \ with X\ # O there
exists r > 0 such that v\ is an eigenvalue of f. In particular, f has a positive
and a negative eigenvalue.

Proof. Let f : E — FE be the positively homogeneous operator which is
defined as follows:

i Jllellf(@/llzl]) ifa#0,
f(x)_{o if = 0.
Then we have
A g @I _ A W@l

and a(f) = a(f) (see [14]). Let B(f) be the set of all asymptotic bifurcation
points of f. By Theorem 11.1.1 of [9], there exists u > 0 such that u € B(f).
Let {un}pzy and {z,};2; € E be sequences such that pin, — g, [|zs]| — o0

as n — oo and f(z,) = pnxn,. Then we obtain

(1L — f)aall
2

This implies that d(u] — f) = 0. So, by Theorem 5.2, p € 0 o (f) C o(f)
Assume that p < a(f), by our assumption a(f) = a(f) < d(f), so u < d(f)
Hence

— 0, asn — oo.

d(pl — f) z d(f) — >0, (see [9]).
This contradicts d(ul — f) = 0. Thus we have p > a(f). By Theorem 4.5,
there exists ty € (0,1] such that u/tg is an eigenvalue of f. Let 2o € E with
|zo|| = 1 be such that f(z) = (u/to)xo. Then f(xo) = rzg, where r = u/to.
For every complex number A with |[A\| = 1, writing X = ¢, we have

inf [[Af(2)]| = inf |[f(@)] > a(f) = a(Af).

By the above argument, there exists r > a(f) and z¢ € E with z¢ # 0 such
that Af(xg) = rzg. Thus f(z¢) = (rA)xo. In the case |A| # 1, let Ay = \/|A|.
By the same argument, there exists » > 0 such that r) is an eigenvalue of

1.
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Remark 6.4. The Birkoff-Kellogg theorem which was proved in [9] (Theo-
rem 10.1.5) is the special case of Theorem 6.3 when f is compact, and they
showed only that f has a positive eigenvalue.

The following example shows that there exists a map f to which Theorem
10.1.5 of [9] does not apply but Theorem 6.3 can be used.

Example 6.5. Let By = {x € E: ||z| <1} and g : E — B be the radial
retraction of E onto the unit ball, that is

_ /sl it (el > 1,
9(@) = {m if0 < ||z < 1.

Since g(A) C co(AU0), g is a 1-set contraction [3]. Let y € E with |ly|| > 2
and f: S — F be defined by

fl)=y+g(z), z € E.
Then,

inf || f(2)[| = inf |ly + g(z)|| = lyll —sup [lg(z)[ = |y —1 > 1.
zeS z€eS €S

Next,
a(f) =a(y+g)=alg) =1
So, infzeg || f(x)|| > a(f). Furthermore, we have
s 17 = s+ oo < o]+ 1

Hence, f satisfies the conditions of Theorem 6.3. So, for every z € C , there
exists A > 1 such that Az is an eigenvalue of f.

Theorem 6.3 enables us to give the following generalization of Theorem
10.1.2 of [9], who considered compact maps.

Theorem 6.6. Let S be the unit sphere in an infinite dimensional Banach
space E and let f : § — S be a continuous strict set contraction. Then every
A € K|\ =1, is an eigenvalue of f. In particular, f has a fized point and
an antipodal point.

Proof. Since a(f) < 1, we have
inf [|f(z)]| =1>a(f),  sup|f(9)] < +oo.
z€eS zesS

By Theorem 6.3, for every complex number |[A| = 1, there exists a > 0,
such that a)\ is an eigenvalue of f. Thus there exists z) € S such that
f(zx) = aXxy. Since || f(zy)]| =1, |aA] = a =1, so A is an eigenvalue of f.

In particular, for A = 1, there exists z € S, such that f(z) = z. For
A = —1, there exists « € S, such that f(z) = —x.

Our theory also enables us to give a generalization of the Hopf theorem
on spheres, Theorem 10.1.6 of [9]. Firstly, we need the following lemma. We
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shall let £* denote the dual space of E and J : E — E* the duality mapping,
that is, for x € F,
J(x) = {z* € B*: a*(x) = ||2|]* = [[«*]*}.

We recall that for a linear operator A in a Hilbert space F, the numerical
range of A is the set of values of (Az, z) for all  with ||z|| = 1. It is known
that the numerical range of A is a convex set. Let V(A) be the numerical

range of A, then o(A) C V(A4).
For a nonlinear operator f, we have the following.

Lemma 6.7. Suppose f: E — E is a continuous operator. Let

V(f) = {W} U{0}, zEE, 2" € Ja).

Then \ € coV (f) provided that A € o(f) and |\| > a(f), where €6 denotes
the closed convex hull.

Proof. We shall prove that |A| > «a(f) and dist(\,coV (f)) > 0 implies that
A€ :

pr|()\J\C)> a(f) and dist(\,coV (f)) > 0, then

0<d = dist(\,convV(f))

(f(x),x*)|

2
‘/\(iﬁaw*) — (f(=), l‘*)|

]2

[(Az — f(x), z")]

]2

A -

So, |[Ax — f(x)|| > d||z||. This implies that m(AI — f) > 0. Also, w(\ —
f(x)) > 0 since [A| > a(f). Let

M={zeFE: \x—tf(x)=0, tel0,1]}.
For € M, suppose A\x = tf(z) with ¢t # 0. Then
(f@),a)/llz]* = (\t)z,2%)/ll2l* = A/t.
Hence,
A =t(f(x),2")/||=[* € OV (f).
This contradicts our assumption d = dist(A,coV (f)) > 0. Thus, M = {0}.

By the homotopy property [17], AI — f is (0,¢)-epi for some ¢ > 0, thus
v(M — f) >0, and so Al — f is regular. This shows that

A A>a(f)yna(f) ceoV(f).

Let S = {z € R""! . ||z|| = 1}. The following theorem is a generalization
of Theorem 10.1.6 of [9].
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Theorem 6.8. 1. Let f: 5™ — R" be continuous. Assume (f(z),z) =
0 for all z € S™, where (-,-) is the Buclidean inner product on R"*1.
Then, f wvanishes at some point x € S™ provided either n is an even
number or f(S™) is contained in a proper subspace of R

2. Let E be an infinite dimensional Banach space and f : S — E be

a continuous compact mapping. Assume that (f(z),z*) = 0 for all
z* € J(x), x € S. Then inf,cg || f(z)] = 0.

Proof. (1) Let

iy S/l if 2 0,
ﬂm_{o if 2 = 0.

Then for every z € R"*! with x # 0,

(f(@),z) = |l2|[(f(@/[z]]), z/||z]]) = 0.
So, V(f) = {0}. Also, a(f) = 0 since R"*! is finite dimensional. By Lemma
6.7, we have o(f) c {0}.

(a) Assume that n is even. Let B(f) denote the set of all asymptotic
bifurcation points of f, then by Theorem 11.1.3 of [9], B(f) # 0. By Propo-
sition 3.11, B(f) C o(f). Hence, 0 € B(f). Suppose that {z,}2, € R*!
and )\, € K satisfy ||z,|| — 0o, A\, = 0 as n — oo and \,z, = f(x,). Then

F@n/llxnll) = At/ || — 0.

Moreover, {z, /||| }52; has a convergent subsequence x,,, /||zn, || = zo (k —
00). Thus ||zo|| =1 and f(zo) = f(x0) = 0.

(b) In the case that f(S") is contained in a proper subspace of R
f: R*™1 — R™! can not be surjective. So 0 € o(f). Also, we know that
w(f) = oo since R"! is finite dimensional. Firstly, if d(f) = 0, it follows
that there exists {x,}°°; € R"™! with ||z,|| = 1 such that

So, f(wo) = 0 for some z € R and ||z|| = 1. Secondly, if d(f) > 0, then
0 € K\ox(f) and 1 ¢ o(f). By Theorem 11.1.2 of [9], we have B(f HUow(f)
separates 1 from 0. So, B(f) o (f) # 0. This implies that B(f) # () since
0.(f) = 0. By the same argument with that in (a), there exists zg € S
such that f(zg) = 0.

(2) Suppose E is an infinite Banach space. Let f be as in (1), then
V(f) = {0}. By Theorem 8.2.1 of [9], (f) # 0 (according to [9], X(f) =
{AeK:d(\ — f) = 0}). Again applying Lemma 6.7, we have

2(f) co(f) V().

So, 0 € X(f). Thus there exist 2, € F with ||z,|| = 1 such that f(z,) =
f(zn) — 0. Hence infegs || f(z)] = 0.

Remark 6.9. Theorem 10.1.6 of [9] only proved the case 1 of Theorem 6.8
and n is even.
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