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The present survey contains the recent results on the local and nonlocal well-posed problems for second order differential and
difference equations. Results on the stability of differential problems for second order equations and of difference schemes for
approximate solution of the second order problems are presented.

1. Introduction

The importance of coercive (maximal regularity, well-
posedness) inequalities is well-known [1-6]. There are an
extensive number of literatures which concern investigation
of maximal regularity property for second order differential
equations in time [7-11]. Recently [12], the well-posedness of
difference schemes for abstract elliptic equations in
LP([0,T];E) spaces was considered. The present survey
is devoted to qualitative theory and the numerical analysis of
abstract second order differential equations in functional
spaces.

Let B(E) denote the Banach algebra of all linear bounded
operators on complex Banach space E. The set of all linear
closed densely defined operators in E will be denoted by
@ (E). We denote by o(B) the spectrum of the operator B and
by p(B) the resolvent set of B.

Consider the following inhomogeneous Cauchy problem:

u ()= Au(t)+ (), te[0,T];
1)

u(0) = u°,

in a Banach space E, where the operator A € @(E) is the
generator of a C-semigroup and f(-) is some function from

[0, T] into E. Formally, as in the finite-dimensional analysis,
problem (1) has a solution of the form

u (t) = exp (tA) G£L o+ Jt exp ((t—s)A) f (s)ds,
0
te[0,T].

This is the so-called constant variation formula. The prop-
erties of the expression Iot exp((t — s)A)f(s)ds and the
corresponding interpretations of solutions related to repre-
sentation (2) are of interest. Problem (1) can be considered
in various functional spaces. The most popular situations
are the following settings: the well-posedness in C([0, T']; E),
C*°([0, T); E), and L?([0, T]; E) spaces (see [1, 13]).

We say that problem (1) is well-posed, say in C([0, T']; E),
if, for any f(-) € C([0, T]; E) and any u, € D(A),

(i) the problem (1) is uniquely solvable; that is, u(:)
satisfies the main equation and initial condition in
(1), u(:) is continuously differentiable on [0, T'], u(t) €
D(A) for any t € [0,T], and Au(-) is continuous on
[0,T];

(ii) the operator (f(-), ") > u() as an operator from
C([0,T]; E) x D(A) to C([0, T1]; E) is continuous.
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In the case u° = 0, the coercive well-posedness, for
instance, in C([0, T']; E) means that

"Au (')"C([O,T];E) =c ”f (')"C([O,T];E) . (3)
In general, the coercive well-posedness in the space

Y([0,T]; E) for problem (1) means that it is well-posed in the
space Y([0, T]; E) and

[ Oy + 148 Ollvore

<C(If Olvqorm + [4°]7)-

(4)

where E is some subspace of E. For results of the coercive
well-posedness, see [1, 14].

We have to note that if (1) is coercively well-posed in the
space C([0, T]; E), then the operator A should be bounded
or the space E contains a subspace isomorphic to ¢, [15]. It
means that in general problem (1) is not coercively well-posed
in C([0, T']; E) space. However, problem (1) is classically well-
posed in C([0, T1; E®) (see [16-18]), where E* = (E, D(A)), is
a suitable interpolation space. It is proved in [2] that coercive
well-posedness in C*“%([0, T]; E) space is equivalent to the
condition that A generates an analytic C,-semigroup.

In the meantime, the situation in LP([0, T]; E) space is not
complete. One got only an extrapolation theorem and one
could get a coercive inequality just for an interpolation space
instead of E (see [12]).

The necessary and sufficient conditions for coercive well-
posedness of problem (1) in L?([0, T]; E) with E to be a UMD
space were obtained in [19-21].

Theorem 1 (see [21]). Let A generate a bounded analytic
semigroup exp(-A) on UMD space E. Then problem (1) is
coercively well-posed in the space LP(R; E) if and only if one
of the sets, (i), (ii), or (iii), is R-bounded:

(i) (AT - A)7" ) € iR, A # 0}
(ii) {exp(tA), tAexp(tA) : t > 0}
(iii) {exp(zA) : |argz| < 8}

When E = C%(Q), there is another “maximal regularity”
result known. Let us consider the following mixed Cauchy-
Dirichlet parabolic problem:

%(t,x) =du(t,x)+ f(t,x), te[0,T], xeQ,

u(t, x') = g(t, x'), te[0,T], x' €0Q, ®)

u(0,x) =uy (x), xeQ.

Definition 2. One says that problem (5) has a strict solution
if there is a continuous function u(t, x) such that it has the
first derivative in ¢ and the derivatives of order less than or
equal to 2 in the space variables that are continuous up to
the boundary of [0, T] x Q; that is, u(-) € C'([0,T];C(Q)) N
C([0, T];C*(Q)), and the equations in (5) are satisfied.
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By B([o, T];Cze(ﬁ)) we denote the space of bounded

functions u(+) : [0,T] — Cze(ﬁ) endowed with the usual
sup-norm.

Theorem 3 (see [14]). Suppose the following assumptions are
satisfied for some 0 € (0,2) \ {1}:

(I) Q is an open bounded subset of R" lying to one side of
its topological boundary 0Q), which is a submanifold of

R" of dimension n— 1 and class C**%.
(IT) The operator o = A(x,0,) = Y |4<2Go(X)05 is a

second order strongly elliptic ~operator (i.e.,
Re(Y 4=z a,(x)E%) = &) for some v > 0 and for

any (x,&) € Q x R") with coefficients of class Cze(ﬁ).
Then problem (5) has a unique strict solution u(-) belonging

to B([0, T); C**?(Q0)) such that du/ot € B([0,T];C*(Q)) if
and only if the following conditions are satisfied:

(a) u, € C*(Q);

(b) f € C([0,T};C(Q)) N B([0, T]; C*());

(c) g € B([0,T]; C****(2Q)) n C([0, T]; C*(32)) n C'([0,
T];C(3Q)), dg/ot € B([0,T]; C* (<)), dg/ot — yf €
C%([0, T]; C(OQ));

(d) yuy = g(0,-);

(e) (9g/01)(0,) = yf(0,-) = yAu,.

Note that in [4, 5] the maximal regularity was proved for
the problem

% <b0u () + Jt Bt —s)u(s) ds) + agu (t)
- (©)
=cOAu(t)—J. p(t—s)Au(s)ds+ f (1)

in Holder, Lebesgue, and Besov spaces.

2. Hyperbolic Problems

The situation in case of second order equation is very different
from the first order equation. Let us consider the Cauchy
problem

u' ()= Au(t)+ f(t), te[0,T];
0 ' 1 @
u(0)=u, u (0)=u,
in a Banach space E, where the operator A is the generator
of a C,-cosine operator function C(-, A). We will write A €

E(M, w) if |C(t, A)| < Me“! t € R.

Definition 4. Function u(-) is called a classical solution of
problem (7) if u(:) is twice continuously differentiable, u(t) €
D(A) forall t € [0, T], and u(-) satisfies relations (7).
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Assume that f(-) € C([0,T];E) and u(-) is a classical
solution of (7). Considering the expression

%(C(t—s,A)u(s)+S(t—s,A)u' () =S(t-s4)f(s)
(8)

and integrating it in 0 < s < t, we get

u)=C@t, A)u’ +S(t, A)u'

t 9)
+J S(t-sA)f(s)ds, tel0,T],
0

which is analogous to (2). As in the case of C,-semigroups
of operators, the function u(-) given by (9) is not a classical
solution in general, since it can be not twice continuously
differentiable.

Proposition 5 (see [22]). Let A € G(M, w), and let either

(i) f(-), Af() € C([0, T); E) and f(t) € D(A) fort €
[0,T]

or
(i) f(-) € C'([0, T]; E).

Then the function u(-) from (9) with 1’ € D(A) and u' €
E! is a classical solution of problem (7) on [0, T]. Here E!is the
Kisynskii space; that is, E' is the space with the norm ||x| g :=
]l + supge,<; IC' (¢, A)x.

Definition 6. The function u(-) € C([0,T);E) given by
expression (9) is called a mild solution of problem (7).

Let us consider the following homogenous uniformly
well-posed Cauchy problem:

u" ()= Au(t),
(10)
u)=u, u' (0) =u'.
Define the matrix operator & := (1) : E' xE — E'xE
acting on an element (x, y) € E' x E by the formula &/(x, y) =
(y, Ax) that is given on the domain of D(&/) = D(A) x El.In
what follows, an element (x, y) € E ! E will be written as the
vector ().
The operator o/ generates the following C,-groups of
operators on the Banach space E' x E [23]:

exp (t40) (x) - ( C(t,A) S(t,A)) (x)
y AS(t,A) C(t,A)) \y
Ct,A)x+StA)y
B (AS(t,A)x+C(t,A)y>’

€ R.

We have to note that the study of problem (10) by
reducing it to (equivalent) first order system some time is
inconvenient, since the space E' is defined either through
the C,-cosine operator-valued function C(-, A) or through
infinitely many powers of the resolvent. Therefore, certain

additional conditions that allows us to reduce problem (10) to
a first order system without use of the space E' are of interest
[24].
Let uniformly well-posed problem (10) have the form
W) =B u@) teR;
(12)
u(0) =1, u' (0) = u',
where B € G(E).

Definition 7. One says that solution u(-) of problem (12)
satisfies condition (K) if u'(-) € C([0, T]; D(B)).

Proposition 8 (see [25]). Problem (12) has a unique solution
satisfying condition (K) if and only if the following Cauchy
problem is uniformly well-posed on the space E X E:

!

(Y- (3 2)( o ren
(o)

The following condition (F), similar to previous condi-
tion (K), will allows us to simplify the study of problem (10)
by using C,-semigroups.

Definition 9. C,-cosine operator-valued function C(:, A) sat-
isfies condition (F) if the following conditions hold:

(i) There exists B € @(E) such that B> = A, and B
commutes with any operator from B(E) commuting
with A.

(ii) An operator S(¢, A) maps E into D(®B) for any ¢ € R.

(iii) The function BS(t, A)x is continuousint € R for any
fixed x € E.

Proposition 10 (see [22]). Under condition (F), for eacht €
R, one has BS(t, A) € B(E) and D(B) < E*.

Proposition 11 (see [22]). There exists Banach space E and
C,-cosine operator-valued function C(-, A) (even uniformly
bounded) such that condition (F) does not hold.

Proposition 12 (see [26]). Let the space E be Hilbert, and
let the operator A be self-adjoint and negative-definite. Then
A € (M, w), condition (F) is satisfied, and the corresponding
space E* coincides with 9((—A)1/2).

Proposition 13 (see [27]). Let A € G(M,0), and let E be a
UMD space. Then condition (F) holds.

Theorem 14 (see [28]). Let A and B be operators satisfying
condition (i) of Definition 9, and let 0 € p(B). The following
conditions are equivalent:

(i) The C,-cosine operator-valued function C(-, A) satisfies
condition (F).



(ii) The operator B generates a C,-group exp(-B) on E.

(iii) The operator (g 3 ) with the domain D(A) x D(%B)
generates a Cy-group on E X E.

(iv) The operator of := ( Q |) with the domain D(A)xD(B)
generates Cy-group exp(-&f) on D(B)xE, where D(B)
is the Banach space of elements D(2B) endowed with the
graph norm.

(v) The embedding D(%B) < E' holds.

(vi) Consider D(B) = E.

Proposition 15 (see [28]). Under the
Theorem 14, fort € R, one has

conditions  of

(i) exp (tB) = C(t, A) + BS (£, A),

Clt.A) = (exp (tB) +2exp (—t%));

. w—%_lo tO?B B 0
(ii) exp (t) = o 1 exp( (% 0))(0 I)'

(14)

Theorem 16 (see [29]). Let the operator B = AY% in problem
(7) have a bounded inverse B™' € B(E) and be a generator of
a Cy-group, and let the function f(-) have one of the following
properties:

(i) f(-) € C'([0,T); E);
(ii) Bf(-) € C([0,T); E).

Then, for any 1’ € D(A) and u' € D(B), there exists a
unique classical solution of problem (7) given by formula (9) in
the form

u(t) = % (exp (tB) + exp (~tB)) u°

o1 (exp (tB) — exp (~tB)) B~ '’
2 (15)

t
+ % J (exp ((t — 5) B) — exp (- (t — 5) B))
0

B f(s)ds, tel0,T].

Denote (S( A) * f)(t) = [, S(t — s, A) f(s)ds. t € [0,T].

Definition 17. One says that C,-cosine operator function
C(-, A) has the maximal regularity (MR-property) if S(-, A) *
f € C?([0,T]; E) or, which is equivalent, C(-,A) * f €
C([0, T]; 2(A)) for all f(-) € C([0,T]; E).

Definition 18. Let E be a Banach space being a subspace of
the initial space E, and let Y([0, T']; E) be the Banach space of
functions with values in E. Problem (7) is said to be coercively
solvable in the pair of spaces (E, Y([0, T]; E)) (in other words,
the solution u(-) has the maximal regularity property) if, for
any right-hand side f(:) € Y([0,T]; E), there exists classical
solution u(-) of Cauchy problem (7), for each ¢, the value of
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the solution u(t) belongs to E, and the following coercive
inequality holds:

| (')"Y([O,T];E) + 4 Obomye)

<M (1 Ol + [l + [4']z)-

Theorem 19 (see [30]). Let problem (7) be coercively solvable
in the pair (D(A), C([0,T]; E)). Then A € B(E).

This result can also be reformulated as follows.

Theorem 20 (see [30]). The following statements are equiva-
lent:

(i) For all x, y € D(A) and f(-) € C([0,T]; E), problem
(7) has a classical solution.

(ii) The operator A generates a C,-cosine operator function
that satisfies the MR-property.

(iii) The operator A generates a C,-cosine operator function
that is of bounded semivariation on [0, T].

(iv) A is a bounded linear operator on E.
In the case of L ([0, T]; E) space, the situation is the same.

Definition 21. The problem (7) is said to be coercively solvable
in LP([0,T;E), 1 < p < oo, if, for any f(-) € LP([0,T]; E),
there exists a unique solution u(-) satisfying the equation
almost everywhere such that u(0) = W ') = ub, d' ),
Au(-) € LP([0,T]; E), and the following coercive inequality
holds:

" (')”mm,ﬂ;}s) A4 Ollrgorye

<M (p) ("f(')”LP([o,T];E) + ""‘O”D(A) + ””1"51) :

Theorem 22 (see [31]). Let problem (7) be coercively solvable
in L?([0, T; E) with a certain 1 < p < co. Then A is bounded.

Well-posedness and maximal regularity for the problems

WO +BOU )+ ADul)= f) t-ae
(18)

u(0) = u°, o (0) = ul,

d' O+ AQul) = f() t-ae.
(19)

u(0) = W, 0) = u',

were proved in case of Hilbert space H, where the operators
A(t) and B(¢) are associated with time-dependent sesquilin-
ear forms with domain V which is continuously imbedded
into H (see [32]). In Banach space E, problem (18) has been
studied in [33] in L?([0, T]; E).

In [34, 35], they show existence, uniqueness, and maximal
regularity of solution for the following differential equation
with delay:

WO +B@OU @)+ AW u)
(20)

=Gu, () +Fu, (t) + f (t), teR,
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where f(-) € C*(R;E), 0 < a < 1. Here F,G : C([-r,0];
E) — Eare supposed to be bounded linear operators; u,(-) =
u(t + -) on [-r,0]. Problem (20) with periodic conditions
u(0) = u(2m), u' (0) = u'(27) was considered in [36].

Finally, in [37] they find that if the problem

W' () +Bu' () + Au(t) = f(t) te[0,T];
(21)

u(0) =0, u (0)=0

has Lf-maximal regularity, where 1 < p < 0o, then the
corresponding propagator of the sine type is an analytic
function. The proof of this fact is based on the estimates of
IAA’I + AB+ A)~'[ and [|B(A’T + AB + A)™'|| with ReA > w.

3. The Weak Maximal Regularity
(WMR-Property) Property

As we saw in Section 2, maximal regularity for hyper-
bolic problem (7) in C([0, T]; E), L?([0, T]; E) spaces implies
boundedness of the operator A. So in this occasion for
unbounded operator A it is very natural to give the following
definition in case one would like to consider some kind of
maximal regularity.

Definition 23 (see [38]). One says that C,-cosine oper-
ator function C(, A) has the weak maximal regularity
(WMR-property) or the maximal regularity with loss (MRL-
property) it S(-, A) = f € C*([0, T]; E) or, which is equivalent,
C(,A) * f € C([0,TI; D(A)) for all f(-) € F([0,T;E) ¢
C([0,T]; E), where E c E.

Definition 24. Let E and E be Banach spaces being subspaces
of the original space E, and let C([0,T]; E) be the Banach
space of continuous functions with values in E. Problem (7)
is said to be weakly coercively solvable in the pair of spaces
((E, E),C([0, T); E)) (in other words, the solution u(-) has
the weak maximal regularity property) if, for any right-hand
side f(-) € F([0,T]; E), there exists classical solution u(-)
of Cauchy problem (7), for each t, the value of the solution
(u(t), u' (t)) belongs to ExE, and the following weak coercive
inequality holds:

" (')"C([O,T];E) + s Olegoie

<M (1 Ollpqoym *+ 145 + ')

(22)

Remark 25. Note that in the cases F([0,T]; E) = C([0,T]; E)
and E = D(A), E = D(B) the weak maximal regularity
(WMR-property) is equivalent to the maximal regularity in
C([0, T]; E).

Theorem 26. Assume that condition (F) is satisfied and f(-) €
CY([0, T]; E) n C([0, T); D(B)). Then problem (7) is weakly

coercively solvable in the pair (D(A), D(B)), C([0, T]; E)) and
the following estimate holds:

“u" (')"c([O,T];E) + s Olegorie

= M(min (”f(')“cl([o,T];E) > ”f(')”C([O,T];D(%))) (23)

]+ [Be])-
Proof. Following (15) from Theorem 16 one can write

Au(t) = % (exp (tB) + exp (~tB)) Au’

+ = (exp (t9B) - exp (-18)) Bu'

N =

(24)

+ L (exp ((t —s) B) —exp (- (t — 5) B))

N | =

-Bf(s)ds, tel0,T],
Au(t) = % (exp (tB) + exp (-tB)) Au’
. % (exp (£B) — exp (~£38)) Bu' — f (1)

+ % (exp (tB) + exp (-tB)) f (0) (25)

+ J-o (exp ((t —s) B) + exp (- (t — 5) B))

| =

< f'(s)ds, te[0,T].

Using formulas (24) and (25), we get

Au ()] < % (lexp B + lexp (-B)]) [ Au°]

+ 1 ()] + lep B 0],

[ Qe c-9 9
+|lexp (= (£ = 5) B)|) |Bf ()] ; ds

< M (I Olleorioe + 46|, + [B4'],)-
(26)



and also

lAu (£)ll, < % (lexp B + lexp (B)]) 4’|,

+ % (||exp (t%)” + ||exp (_tfg)") "23141"}5

2]} e @- 9B + foxp - - 9B
0
17 6],

<M Olegomy * 46 + 134'],)
(27)

for any t € [0,T]. Then
| Au (')”c([o,T];E)
<M (min ("f (')"CI([O,T];E) L f (')“c([o,T];D(%))) (28)
0 1
+a] + [ Be'],)-
By the triangle inequality, this last estimate and (7) yield
n
“” (')“C([O,T];E)
=M (min ("f (')"cl([o,T];E) > ”f (')HC([O,T];D(%))) (29)
0 1
+ 4]+ [Bu'],)- 0
In a similar manner, one can show the following theorem.
Theorem 27. Assume that condition (F) is satisfied and f(-) €
WYP([0,T]; EYNLP ([0, T]; D(B)). Then problem (7) is weakly

coercively solvable in the pair (D(A), D(B)), LP([0,T]; E))
and the following estimate holds:

[ Ol o ey * 148 Ollr oy
< M(min("f(')||W"P([0,T];E) J "f(')"LP([O,T];D(%))) (30)
+ A’ + [Be']).
Proof. Using identity (24), we get

Au(t) = % (exp (¢B) + exp (~tB)) Au’
+ % (exp (tB) — exp (~tB)) Bu'

T
+ % J (exp (sB) —exp (—sB)) Bf " (t — s)ds.
0
(31)
Here

ft-s), 0<s<t,
Fr-9)= (32)
0, t<s<T, t-s¢[0,T].
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From Minkowski’s integral inequality, it follows that

Il Av ()l L o.13:E)
T PP
<(J, G Qe aml+ Jesp emp '], ) )
T P \UP
([ (5 Ueso @+ fexp Ccom ], ) )

] s (LT (3 e (B + fexp (-s)])

0
f - 5)"E>p dt)l/P

<M | 4], + |8

T1
+ J 3 (Jlexp (sB)| + |lexp (-sB)||) ds
0
T 1/p
. (L IBF* (£ - 9)|, dt) ] .

Using the definition of the function f(t - s), we get

(33)

(LTII%J‘ (= 9)] dt)up < <LT||SB o dt)w, (34)

Then

1A ()l e ro,11:8)

], « '], ([ 15 o) dt)l/P]
E E 0 EP

= M (£ Ol oo + 46| + |B'],)-

<M

(35)

Applying identity (25) and proceeding by analogy with
estimate (35), we obtain

Il Ave ()Ml o,11:8)

0 1 (36)
< M (If Olhwrooryey * 40|, + |84 )
From the last two estimates, it follows that
| A ()l e ro,11:8)

<M (min("f(’)"whp([o,T];E) ] "f(’)"LP([o,T];D(%))) (37)

]+ e,
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By the triangle inequality, this last estimate and (7) yield

“”” (.)"LP([O,T];E)

<M (min(”f(')"Wl'P([O,T];E) , ”f(')"LP([O,T];D(%))) (38)

]+ JBe],). .

3.1. Maximal Regularity in C([0, T); E%) and C*([0,T); E)
Spaces. As one can see from Section 2, there are open
questions on maximal regularity in the area of maximal
regularity for second order equation in the spaces like
C([0,T]; E%),C([0,T];E),0 < a < 1,LF([0,T]; E%) spaces.
The first order in time Cauchy problem (1) is not coercively
well-posed in C([0,T]; E) space, but it is coercively well-
posed in the spaces C([0,T]; E®), C*°([0, T); E), where E°
is interpolation space. In case of second order in time
Cauchy problem (7), the strong maximal regularity property
is independent of spaces and never holds.

The following relations for C,-cosine operator function
will be useful for us.

Proposition 28 (see [28, 39]). For all t,s € R, one has the
relations

(i) C(t, A) = C(~t, A), S(—t, A) = =S(t, A), S(0, A) = 0;
(ii) S(t + s, A) + S(t — s, A) = 2S(t, A)C(s, A);
(i) S(t + s, A) = S(t, A)C(s, A) + S(s, A)C(t, A);
(iv) C(t +s,A) — C(t — s, A) = 2AS(t, A)S(s, A);

(v) C(2t, A) = 2C(t, A)* — I, C(t, A)* — AS(t, A)* = L.

Theorem 29. Let an operator A be a generator of C,-cosine
operator function C(t, A). Assume that Cauchy problem (7) is
coercively well-posed in C*([0, T1; E) space. Then the operator
A is bounded.

Proof. Let us define the sequence of operators

ij,txz Eia(g(ﬁfj)—g(t))x, fj — 0, as j — oo,
j

(39)

where g(t)x = A I(: S(t — s, A)S(s, A)x for any x € E. The
function g(-) represents the function Au(-) which we have in
(9) in case when f(t) = S(t, A)x. It is clear that such f(-) €
C'([0,T);E) ¢ C*([0,T];E). If problem (7) is coercively
well-posed in C*([0, T]; E) space, then g(-) € C*([0,T];E)
and, therefore, the sequence {ij)tx};?gl is bounded for any
x € E. By the uniform boundedness principle, the norms
IL E]_)tll are uniformly bounded as j — ©o. In the meantime,
gt) = S(t, A) — tC(t, A) and therefore ij,t = (I/E?)(S(t +
§;, A)=S(t, A)) - (1/&) (¢ +&;)C(t +;, A)-tC(t, A)). Hence,
we get that [|C(t+&;, A)-C(t, A)|| < CE;‘ foranyt € (0,T)and
§; — 0. This implies that the operator A must be bounded
(see [6]). O

Theorem 30. Let an operator A be a generator of C,-cosine
operator function C(t, A). Assume that Cauchy problem (7) is

coercively well-posed in C([0, T; E®) space. Then the operator
A is bounded.

Proof. We consider the function g(t)x = A _[Ot St — s,
A)C(s, A)(—A) “xds. Forany x € E, the function f(s) = C(s,
A)(-A)*x belongs to C([0,T];E®) space and therefore
well-posedness in C([0,T]; E*) implies that g(-) € C([0,
T]; E*). Then integrating A Iot S(t—s, A)C(s, A)(-A) “x dsby
simple calculations which use (ii) from Proposition 28, one
can find that [|AS(#, A)|| < constant. So for any ¢ > 0 one gets
by (iv) from Proposition 28 that

IC(t+h,A) - C(t—h,A)| (
40)
< [12AS (£, AIS (h, Al — 0,

ash — 0, and therefore A is bounded. O
Theorem 31. Assume that condition (F) is satisfied and f(-) €
C'([0,T]; E®) n C([0,T]; D(B"?)). Then problem (7) is

weakly coercively solvable in the pair ((D(A'*?), D(B'%)),
C([0,T); E%)) and the following estimate holds:

" (')"C([O,T];Ee) + s Olegorysn

< M(min("f(‘)”cl([o,T];E@) Nf Ollcgorppeny) (4D
A + [0 0)
Proof. From (15) of Theorem 16, one can write

Au(t) = % (exp (¢B) + exp (~1B)) Au’

+ ! (exp (tB) — exp (~tB)) Bu'
2 (42)

t
+ % J (exp ((t = s) B) —exp (- (t — 5) B))
0

-Bf(s)ds, te[0,T].

Integrating by parts and applying the operator A? also to (42),
one gets

lAv ()l ro,m:20)

< C (4] + [B] (43)

+min(“%f(')uc([O,T];E")’”f(')”Cl([O,T];Ee)))' O

Now, we consider the weak coercive solvability of prob-
lem (7) in the Banach space C*([0,TE) (0 < « < 1),
obtained by completion of the set of smooth E-valued
functions ¢(¢) on [0, T] in the norm

"(P”C"‘([O,T];E) = max le |5

loe+n-p@l,  “

+ sup oy

o<t<t+t<T




Theorem 32. Assume that condition (F) is satisfied and f(-) €
C"([0, T]; D(B*))nC*([0, T]; D(B'**)). Then problem (7) is
weakly  coercively solvable in the pair ((D(A*/?),
D(B'%)), C*([0, T); E)) and the following estimate holds:

" (-)"c«([o,ﬂ;m +4u Oleqomie

<M (min (”f (')| CHo([0,T];D(B%)) ° ”f (')“C"‘([O,T];D(%”"‘)))

1 2 1 1
+at Pl + B ).

(45)
Proof. By Theorem 14,

lAv ()l cro,m:E)

<M (min("f(‘)"cl([o,T];E) ) “f(')NC([o,T];D(%))> (46)

+ 4], + '],

Then, from the definition of the space C*([0, T]; E) and the
estimate | B™¥| < M, it follows that
lAu (llcor;e)

<M, (min<”f(')|cl*“([0,T];E ’"f(‘)“ca([o,ﬂ;D(%))) (47)

1 2 1 1
#at R+ [Bh).

Now, let us estimate the difference Au(t + 1) — Au(t) for 0 <
t <t+ 7 < T. From identity (24), it follows that

Au(t+1) — Au(t)
_ % (exp ((t +7) B) — exp (tB)
texp (- (t + 1) B) — exp (—t8)) Au’
. % (exp (£ +7) B) - exp (tB)

—exp (— (t +7) B) +exp (-tB)) Bu'  (48)

NI'—‘

J (exp ((t+71-35)B)
—exp(—(t+7—5)B))Bf (s)ds

+ r (exp (sB) — exp (—sB))
0

N | =

“B(f(t+1-35)— f(t-s))ds.
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Using the last identity, we get
|Au(t+ 1) — Au(t)|g
< % (H(exp ((t+71)B) —exp (tB)) AuO”E
+ "(exp (= (t +7) B) — exp (—tB)) Au°||E)
+ 2 (J(exp (0 + 0 B) - exp (1) Bl
+ “(exp (- (t+71)B) —exp (-tB)) %MIHE)
+ % J: (Jlexp (£ + 7 - 5) B)|
+|lexp (= (t + 7= 5)B)|) |BSf (5)|z ds
1
o2 [ oDl + lew -3
NB(f(t+7-9) = f(t=9)|pds

< Mt® (||f Olleoroesy

+ ||A1+a/2u0'|E + “%lﬂx 1"

(49)
Estimates (47) and (49) give
Az ()l e jo,13:)
<M ("f (')"c‘x ([0,T1:D(B)) (50)

+ ||A1+(x/2 0“ + “581+a 1”

Applying identity (25) and proceeding in a similar way as in
estimate (49), we obtain

A ()l = jo,1:E)
< M (1f Oll oy (51
a8,
From the last two estimates, it follows that
A (Ml e jo,17:)
< M (min (| f Ol oo 1f Ol o) 52

+ ||A1+zx/2 0" + ||%1+(x 1"

By the triangle inequality, this last estimate and (7) yield

“”” (')“ox([o,T];E)

<M (min ("f )] C*([0,T};E) * I.f (')”ca([o,T];D(zs)))

+||A1+tx/2 0” + "%lﬂx 1" -

(53)
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Remark 33. As was mentioned in Theorem 22, the coercive
well-posedness of (7) in LP([0, T]; E) spaces holds in general
ifand only if A is bounded. Even in case of periodic functions
spaces Lgn(lR; E),C5 (R; E), the situation is not changed: in
[10], it was shown that maximal regularity holds if and only
if {(-k* : k € Z} c p(A), sup,,Ik(-K*T — A7 <
00, which does not hold for general bounded C,-cosine
operator function in Hilbert space E. In the particular case
of UMD spaces, E maximal regularity of Cauchy problem
(7) for second order in time differential equations is defined
by location of the spectrum of operator A, but not by
smoothness of the space E; that is, the function A*(A*I — A"
must be Fourier multiplier which is not true in general. Thus
there is no coercive well-posedness of (7) in L¥ ([O,T];Ee)
space in general.

Applying A? to formulas (24) and (25) and proceeding
similarly to Theorem 16, we obtain the following theorem.

Theorem 34. Assume that condition (F) is satisfied and f(-) €
WPUP([0, T E%) n LP([0, T); D(B™)). Then problem (7) is
weakly coercively ~solvable in the pair ((D(A™%),
D(B'%)), L?([0, T); E%)) and the following estimate holds:

" Ol araey * 148 Olirorraey

<M (min (”f (')“ww([o,T];E@) f (')"LP([O,T];D(%”Z")))

i + [ 0)
(54)

4. Elliptic Equations

In [2] the coercive well-posedness in LP([0,T]; E) of the
problem

u" ()= Au(t)+ f(t), tel0,T],

(55)

u(0) = u°, u(T) = ul

has been considered under condition of positivity of the
operator A. In such case, the operator —Al2 generates an
analytic C,-semigroup.

In Banach space E, we consider boundary value problem
(55) with positive operator A and f(-) is some function from
some function space. Problem (55) can be considered in
different functional spaces. Function u(-) is called a solution
in classical sense of problem (55) if the following conditions
are satisfied:

(i) u(-) is twice continuously differentiable on the inter-
val [0,T]. The derivative at the endpoints of the
segment are understood as the appropriate unilateral
derivatives.

(ii) The element u(t) belongs to D(A) for all t € [0,T7,
and the function Au(-) is continuous on the interval
[0, T].

(iii) u(-) satisfies the equation and boundary conditions
(55).

Let C([0, T]; E) be the space of all continuous functions
¢(-) defined on [0,T] with values in E equipped with the
norm [9()llcoryey = MaXperl@(t)lg. The coercive well-
posedness in C([0,T]; E) of boundary value problem (55)
means that for the solution u(-) € C([0,T]; E) the coercive
inequality

| (')“c([o,T];E) + 1A Olegore
<M (1f Olleqo * 4] + [ 47])

holds with some constant M, which is independent of
uo,uT,f(-) € C([0,T]; E). It turns out that this positivity
property of the operator A in E is a necessary condi-
tion of well-posedness of boundary value problem (55) in
C([0,TT;E) [2]. One can ask: does the positivity of the
operator A in E imply the well-posedness of boundary value
problem (55)? In the general case, the answer is no (see [2]),
so the coercive inequality does not take place in C([0, T]; E)
for boundary value problem (55).

We recall that if Cauchy problem (1) is coercively well-
posed in the space C([0,T]; E), then operator A has to be
bounded or the space E contains a subspace isomorphic to
¢ (see [15]). One gets a similar situation for problem (55).

Theorem 35 (see [12]). Let A be a positive operator on E.
Assume that problem (55) is coercively well-posed in the space
C([0,T); E). Then either A is bounded or E contains a closed
subspace which is isomorphic to .

Consider CPY([0,T);E), 0 < y < B0 < B <1,the

Banach space obtained by completion of the set of smooth
E-valued functions ¢(-) on [0, T] in the norm

“‘P (')"cﬁw[o,T];E)

= max ¢ ()| )
. t+ )" (T =) [t +1)— @)
0<t<t+7<T B '

Theorem 36 (see [2, 12]). Let A be a positive operator in
Banach space E and f(-) € Cﬁ’y([O, TLE), 0 <y < B,
0 < B < 1. Then the solution of boundary value problem
(55) belongs to u(-) € CPY([0, T}, E) and the following coercive
inequalities hold:

"u” (')"(:([O,T];Eﬁ_y)

<M (||Au° +f O, e r @, 6

+1-p)" ”f"cﬂ’y([O,T];E) )
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for A’ + f(0) € Eg,, Au" + f(T) € Bz,
"”” (')“cﬁ”([o,T];E) * 14 Ollosro.rie)
<M <|Au0 +f (0)|f’y + IAuT +f (T)'f’y (59)
+B7 (1~ /3)_1 If (’)"Cﬁ'V([O,T];E) )
for Au® + f(0) € Eg’y, Aul + f(T) € Eg’y, where M is

independent of 3, y, u°, u®, and f(). Here, leg,y denotes the

norm of Banach space EPY, which consists of those w € E for
which the norm

[wP? = max ‘e_ZAl/zw“
0 o<e<t E
+ sup 1P+ (T-2) (60)

0<z<z+1<T

—(z+‘r)A1/2 —zA'?
. e —e w E

is finite and the Banach space E, = E (A% E), 0 < « <
1, consists of those v € E for which the norm ”V"Ea =

supz>ozlf‘x||A1/2exp(—zA1/2)v||E + [Vl g is finite.

Consider Cﬁ’y([O,T],Ea_ﬁ), 0<yp<Pf<a,0<ac<l.
To these, there correspond the spaces of traces Ef ’Yﬁ, which

consist of elements w € E for which the norm

—zAl/ 2
e w

|w|§f'ﬁ = max

0<z<1 Eyp

+  sup P+ (1 -2) (61)

0<z<z+7<1

—(z+7) A2 A2
"l(e (DA _ oz w

E, g
is finite.

Theorem 37 (see [12]). Let A be a positive operator in Banach

space E, Aul + f(0) € Eﬁfﬁ,AuT + f(T) € Ef_yﬁ and f(-) €
Cﬁ’y([O,T];Ea_ﬁ), 0<y<B<a0<ac< l Then for the

solution u(-) in Cﬁ’y([O,T];E“,ﬁ) of boundary value problem
(55) the coercive inequality
"
"” (.)"Cﬁ’l’([O,T];Ea,ﬁ) + [ Au (')||C’3*V([0,T];Ea_ﬁ)
"
+ "” (.)"C([O,T];Eﬁf'ﬁ)

. . Ay (62)
< M(|Au0+f(0)|(x’—ﬁ+ 'Au +f(T)'a)_ﬁ

o (1-a)! "f(‘)"cﬁ’V([o,T];Ea,p) )

holds, where M is independent of a, 3, y, u®, u”, and f(-).
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Theorem 38 (see [12]). Let A be a positive operator in Banach
space E, Aul + f(0) € E“_V,AuT + f(T) € E, 4 and f() €
Cﬁ’y([O,T];Ea,y), 0<y<pP<a0<ac<l Then for the

solution u(-) in CPY([0,T); E“_ﬁ) of boundary value problem
(55) the coercive inequality

n
¢ Ol p * MOl

+ ””” (.)"C([O,T];E‘x_y)

<Ma ' (1-a)! (63)
.<.|Au0 + f(O)“Ea_y

Had"+ rof, +1f (')||cﬁxV([o,T1;Ea7ﬁ))

holds, where M is independent of a, 3, y, u’, u”, and f(-).

Let us consider problem (55) in the spaces L¥([0, T]; E),
1 < p < o0, of all strongly measurable E-valued functions
v(-) on [0, T] with the norm [Vl (o 735 = ( jOT (o)1) P
Function v(-) is said to be absolutely continuous if it has
a derivative v'(t) for almost every t such that V() e
LY([0, T]; E) and if the Newton-Leibniz formula v(¢) — v(z) =
_[: v'(s)ds holds for all t,7 € [0,T]. Here the integral is
understood in the sense of Bochner. Function u(-) is said
to be a solution of problem (55) in LP([0,T];E) if it is
absolutely continuous, the functions 4" (-) and Au(-) belong
to LP([0, T]; E), (55) is satisfied for almost every ¢, and u(0) =
4%, u(T) = u’. From this definition, it follows that a necessary
condition for the solvability of problem (55) in L?([0, T]; E)
is that f(-) € LP([0, T]; E). One can show that in certain cases
this condition is also sufficient for the solvability of problem
(55). Concerning the boundary elements, in contrast to the
situation considered earlier, from the solvability of problem
(55) in LP([0,T); E), it follows only that u’,u’ € E. From
the unique solvability of (55), it follows that the operator
u(t; (1), 4%, u") is bounded in L?([0, T]; E) and one has the
coercive inequality

"u”"LP([O,T];E) + - Au Olle go,ry;5)

< Mo (If Oliqorip *+ [46°] + |44

(64)

where 1 < M < +oo is independent of u°, u”, and f().
From that, one can obtain the positivity of A under the
stronger assumption that the operator Al is compact in E
(see [40]).

Theorem 39 (see [40]). Let A be a positive operator in a
Banach space E. Suppose problem (55) is coercively well-posed
in LP([0, T]; E) for some 1 < p, < oo. Then it is coercively
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well-posed in LF([0,T];E) for any 1 < p < oo and the
coercivity inequality holds:

"u” (’)"LP([O,T],E) + 1 Au Olle o,y

+ "u (')||C([O’T];Elfl/}),p(AI/Z)D(AI/Z)))

M (p,) p°
< —P— 1 “f(')”LP([o,T];E) (65)
0
+M ("u "EI_I/P’P(A”Z,D(A”Z))

o[l )
Elfl/p,p(Al/z’D(Al/z)) >

where M(p,) and M are independent of p, u°, u”, and f(-).

Theorem 40 (see [41]). Let 1 < p < coand 0 < a < 1.
Suppose that A is a positive operator in Banach space E. Then
problem (55) is coercively well-posed in LF ([0, T1; Emp) and the
coercivity inequality holds:

”” I (')"LP([O,T];Ea,p) +llAu (.)"UJ([O’T];EW)

(66)

p)

T
sz,P ’

where M is independent of o, p, u’, u’, and f(-)

o

M
< m "f(')“LP([o,T];E

+M<|

+ ”Au

From these theorems we have the following.

Theorem 41. Let 1 < p, g < 0o and 0 < o < 1. Suppose that
A is a positive operator in Banach space E. Then problem (55)
is coercively well-posed in LP([0, T];Ea,q) and the coercivity
inequality holds:

"”” (')"LP([O,T],Ea,q) 1A Olvgore,,)

M (q)
: (1-a) 1 Olleeorre (67)

o D{,q)

T
sz,q ’

where M(q) and M are independent of «, p, u°, u’, and f(-).
Here the Banach space E, , = E q(Al/2 E)yO0<a<l1ll1c<
q < 00, consists of those v € Efor which the norm

oo 1/
Ivlg, = (J A "Al/2 exp (—/\Al/z) v"qE d—;) ! (68)
q 0

is finite.

+

+ ”Au

In [42, 43], abstract elliptic differential equation (55) with
Dirichlet-Neumann boundary conditions

u(0)=d, u' (1) =n (69)

was considered. Maximal regularity in C*([0, 1]; E) space is
obtained if d, € D(A), n, € D(A'?).

1

5. General Approximation Scheme

The general approximation scheme, due to [44-47], can be
described in the following way (see also [12]). Let E,, and E be
Banach spaces and let {p,} be a sequence of linear bounded
operators p, : E — E_, p, € B(E,E,),n € N ={1,2,...},
with the property

asn — oo forany x € E.  (70)

|pwclls, — Ntz

Definition 42. The sequence of elements {x,}, x,, € E,, n €
N, is said to be P-convergent to x € E if and only if |x,, —

. , P
puxlp — Oasn — oo and one writes this x,, — x.
n

Definition 43. 'The sequence of bounded linear operators B,, €
B(E,), n € N, is said to be P»P-convergent to the bounded
linear operator B € B(E) if, for every x € E and for every

P
sequence {x,}, x,, € E,,n € N, such that x, — x, one has

P PP
B, x,, — Bx. One writes then B, — B.

For general examples of notions of 9-convergence, see
[46].

Remark 44. IfweputE, = Eand p, = I foreachn € N, where
I is the identity operator on E, then Definition 42 leads to the
traditional pointwise convergent bounded linear operators
which we denote by B, — B.

In the case of unbounded operators, and we know that in
general infinitesimal generators are unbounded, one has to
consider the notion of compatibility.

Definition 45. The sequence of closed linear operators {A,},
A, € 6(E,),n € N, is said to be compatible with a closed
linear operator A € €(E) if and only if, for each x € D(A),
there is a sequence {x,}, x, € D(A,) € E,,n € N, such

P P
that x, — x and A,x, — Ax. One writes (A,,A) are
compatible.

Usually in practice, Banach spaces E,, are finite dimen-
sional, although, in general, say for the case of a closed
operator A, we have dimE, — ooand [[A,[lpg) — ©coas
n — oo.

Theorem 46 (see [48]). Let the operators A and A, generate
analytic C-semigroups. The following conditions (A) and (B,)
are equivalent to condition (C,).

(A) Consistency: there exists A € p(A)NN,p(A,) such that

the resolvents converge (AL, — An)_1 7 (M- AL

(B,) Stability: there are some constants M, > 1 and w,
independent of n such that, for any Red > w,,

Vn e N. (71)
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(C,) Convergence: for any finite y > 0 and some 0 < 0 <
1t/2, one has

"exp nA,) t, - puexp (nA) u°|| —0 (72)

ﬂeE(G )

asn — oo whenever u° 2, u°. Here 3(6, p =1z € 2(0) :

Izl <y} and £(0) = {z € C : |argz] < O}.

For C,-cosine operator functions, the following ABC
Theorem holds.

Theorem 47 (see [6]). Let the operators A and A, generate
C,-cosine operator functions. The following conditions (A) and
(B are equivalent to condition (C').

(A) Compatability: there exists A € p(A) N ﬂnp(A ) such

that the resolvents converge (AL, — A )_ — (M -
AL
(B') Stability: there are some constants M > 1 and w > 0
y
such that

[C(tA,)| <M, t=0 neN. (73)

(C") Convergence: for any finite T > 0, one has

“C (t A u -p,Ct,A)u H — 0 (74)

te[o T

02 o

asn — oo, whenever u, —u.

6. Discrete WMR Inequalities

One can also consider the problem of obtaining maximal
regularity for difference schemes for second order equations

in case of C, ([0, T]; Ef), C% ([0, T]; E,,), and L? ([0, T}; EJ )

spaces, where E° E,, are interpolation spaces.

qn’

6.1. Discrete Maximal Regularity for the First Order Equations.
The following Cauchy problems in Banach spaces E,, are the
semidiscrete approximation of (1):

u, () + f, (1),

u, (0) = u?l,

u (t) = € [0,T];

(75)

where the operators A, generate C,-semigroups, A, and

A are compatible, and u) 2w and £, 2, f() in
appropriate sense. We assume that conditions (A) and (B;)
from Theorem ABC for C,-semigroups are satisfied.
Here we are going to describe the discretization of (75) in
time. The simplest difference scheme (Rothe scheme) is
e Ll
T (76)

Tn

=A U +(pn, ke{l,

Abstract and Applied Analysis

where, for example, in the case of f,(-) € C([0,T];E,), one
can set gf = £ (kz,), k € {1,...,K}, K = [T/z,], and, in the
case f, € L0, TT; E,), one can set

Ty

%
(pnz—J f(s)ds, to=kr, ke{l,..,K}. (77)
75

Theorem 48 (see [1]). Let condition (B,) be satisfied. Problem
(76) is stable in the space CTn([O, T1; E,); that is,

| L oriE < C ("¢n

Theorem 49 (see [1]). Let condition (B, ) be satisfied. Problem
(76) is almost coercively stable in the space CTn([O, T]; E,); that
is,

pelal)- o9

5M<||A ol +mm<ln<l> 1+[InfA, |||> (79)

e, C,, ([0,TLE,) ) :

Theorem 50 (see [49]). Let condition (B,) be satisfied. Prob-
lem (76) is coercively stable in the space CTH([O, T]; EZ); that is,

' § ;,,))'

(80)

ey < M (4] + o,

Denote by Ci“o([O, T, E,), 0 < a < 1, the space of the
elements ¢, with the norm

0<k<K ||(Pn E,

19,.]l =

n

k+1

+ max "(p _‘Pn” (1,k)" (

1<k<k+I<K
(81)

Theorem 51 (see [50]). Let condition (By) hold. Then scheme
(76) is coercively well-posed in Cf;o([O,T];En) with0 < a < 1;
that is,

(82)

M 0 _
< o Al 12l
Roughly speaking, assumption (B;) is necessary and
sufficient for the coercive well-posedness in C‘T"”’O([O, TL;E,)
space.
Denote by L%([O,T];En), 1 < p < 00, the space of
elements ¢, with the norm

K 1/p
k||P
2(OTLE,) = <Z Pnllg, n) . (83)
j=0

.
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Theorem 52 (see [50]). Let condition (By) hold. Let difference
scheme (76) be coercively well-posed in Lﬁ:([O, T]; E,) for some
1 < py < 00. Then it is coercively well-posed in L%([O,T];En)
forany 1 < p < 0o and

AU, + ] ”
[4n0nlis, o3y * 025 O,
84
Mp v I (84)
p Pullz (0,118, T |Yn 1yp)

It should be noted that, in contrast to the case of C*°-
space, the analyticity of the semigroup exp(-A) is not enough
for the coercive well-posedness in LP([0, T]; E) space [51];
therefore, to state coercive well-posedness in L?([0, T]; E), we
need some additional assumptions.

Theorem 53 (see [50]). Let 1 < p,g < 00,0 < a < 1,
and let condition (By) hold. Then the difference scheme (76) is
coercively well-posed in LIZ ([0, T E, o q); that is,

| n Lin([o,T];E,,,a,q) 0<k<K "U Epiiyp
< rieaa P )
= - Da —a) WPl @iz T Fnlioyy)
(85)
where E,, , . is the interpolation space (E,,, D(A,)),,, with the
norm

/
o= ([ hea AAVQ%Y? (56)

For the general Banach space E,, we have the following
results. Assume that A, are generators of the analytic semi-
groups exp(tA,), t € R, of linear bounded operators such
that stability condition (B;) holds with w, < 0.

(I

Theorem 54 (see [52]). Let condition (B;) hold. Then the
solution of difference scheme (76) is almost coercively stable;
that is,

<M (v

nlILE ([0.T):E,)

. 1
|y, TN {logr—nJ + |log ||An||B(En)|} (87)

rn([O,T];En)>

4z

holds for any p > 1, where M does not depend on T, u’, or ¢,,.

Theorem 55 (see [52]). Let condition (By) hold and let E,, be
UMD Banach spaces uniformly in n in the sense of boundedness
of the norms of Hilbert transforms. Assume also that the set
{AQAL, - An)_1 : A € iR,A # 0} is R-bounded with the R-
boundedness constant independent of n. Then the solution of
difference scheme (76) is coercively stable; that is,

4.0, <M,

2 (Z.3E,) P (Z,E,) (88)

holds for any p > 1, where M does not depend on ,,, u., or g, .
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The interpretation of discrete coercive inequality and
discrete semigroup defines the convolution operator in the
form Anzl;:OTffj Q,¢, T, with some bounded operator Q,, €
B(E,,), which usually has smoothness property. Boundedness
of the convolution operator in Lﬁn(Z +E,) space implies
discrete coercive well-posedness in Lfr’n(Z S En-

Definition 56. The discrete semigroup T, (-) with generators
A, is said to generate coercive well-posedness on Lﬁn (Z,;E,)
spaces if the corresponding convolution operators ¢, +—
{Anzl;:oT:’an(p{;Tn} are continuous on LI;”(Z + E,) spaces
and such convolution operators are bounded with a constant
which does not depend on n.

Concerning the previous definition, let us stress our main
assumption on Hilbert transform on general approximation
scheme. Up to the end of this section we will assume that the
Hilbert transforms Hf () = (1/m)PV - _[_0;(1/(1‘ =) fn(s)ds
extend to bounded operators on Lf(R; E,,) for some (all) p €
(1, 00), such that all of them are bounded by a constant which
does not depend on #n. This assumption holds if all E,, can be
embedded into a fixed space L (Q) with 1 < p < co.

Theorem 57 (see [52]). Let E, be UMD Banach spaces.
Assume also that the set (A(AL, — A,)™" : A € iR,A # 0} is
R-bounded with the R-boundedness constant which does not
depend on n. Then the solution of Crank-Nicolson difference
scheme is coercively stable; that is,

<M|e,
L% ([0,TE,)

» (o3E)  (89)

i Uk +UH!
"2

holds for any p > 1, where M does not depend on t,,, u’, or .

6.2. Discrete Weak Maximal Regularity for Second Order
Equations. The following Cauchy problems in Banach spaces
E,, are the semidiscrete approximation of (7):

w) (t) = Au, () + f, (1),

u, (0) = ug,

te[0,T];
(90)
u; 0) = u:l,

where the operators A, generate C,-cosine operator func-
P
0

. . z 1 1
tions, A, and A are compatible, and u? — u°, u} = u',

and f,() Z, f(-) in appropriate sense. We assume that
natural conditions (A) and (B') from Theorem 47 for C,-
cosine operator functions are satisfied.

Since we do not have in general strong maximal regularity
for second order equations, we can not expect to get strong
maximal regularity in the discrete case too.
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Now we are going to describe the discretization of (7) in
time variable. The simplest difference scheme is

UMt — Ut UM

=AU+ k,
Trzl nTn q)n
T 91
ke{l,...,[—”, ©D
Tn
UB = ug’ Urll = un (Tn) >

where, for example, in the case of f,(-) € C([0,T];E,), one
can set F = f,(kz,), k € {1,...,K}, K = [T/z,], and, in the
case f,(-) € LY([0,T]; E,), one can set

t
<p,’;=ljkfn(s)ds, o=k, ke{l...,K}. (92)
Ty Jty

n

Definition 58 (see [53]). The operators A, of C,-cosine
operator-valued function C(-, A,) satisty discrete Krein-
Fattorini Condition if the following conditions hold:

(i) There exist B, € €(E,) such that 5Bfl = A, and B,
commutes with any operator from B(E,,) commuting
with A,,.

(ii) The operators B, generate C,-groups such that
lexp(££8B,)[ < Mpe®!', t € R.

(iii) The operators —A,, are strongly positive; that is,

Jan, - 4,) " < =2

< . Rel>0,
T T ©3)

and II%;III <CasneN.
Let us denote by Z the set of all integer numbers.

Definition 59. The function #(m) : Z — B(E) is called
discrete cosine operator function if

H (k+m)+ F (k-m) =2% (k) H (m),
kmeZ, — (94)
H(0) = 1.

The generator A, of a discrete cosine operator function is
associated with it by the formula A, = Q/T)NH Q) - 1). The
operator # (1) is called leading operator of the discrete cosine
operator function.

Proposition 60 (see [54]). Assume that # (1) € B(E) is any
bounded linear operator. Then the discrete operator function
given by relation

Hm+1)=2F(m)FK1)-FK(m-1),
meJZ, (95)
F(0)=1

is a discrete cosine operator function.

Abstract and Applied Analysis

We consider the discrete cosine operator function in the
spaces E, and we write €,(t, A, ,) for the discrete cosine
family with associated generator A, where t = kt,,, k € Z,
and 7,, > 0is the step discretization in time. So in this way the
discrete cosine operator function is a function of argument
t = kr, with leading operator €,(7,, A, ,) € B(E,). The
choice of the leading operator could be different in the sense
that €, (7, A; ,) = L, + (2 /2)A. ,, with different choice of
A, .- Onecantake A, , = A, say from (90). Sometimes
they use a different choice of A, , (see the paragraph before
the formula (103)).

Remark 61. As was mentioned in Proposition 11, the C-
cosine operator function in general can not be represented in
the form of C-semigroups generated by B. In the meantime,
discrete cosine operator function can anytime be represented
in such form as a power of bounded operators [55, 56].

Definition 62. The function 8(k) : Z — B(E) is called
discrete sine operator function associated with discrete cosine
operator function % (m) if

Sk+m)+S8(k-m)=28 (k) F (m),
k,me Z, (96)
& (0) =0.

The operator §(1) € B(E) is called leading operator of the
discrete sine operator function.

Proposition 63 (see [54]). Assume that §(1) € B(E) is any
bounded linear operator. Then the discrete operator function
given by the relation

Sm+1)=28m) F(1)-S(m-1),
meJZ, (97)
S0)=0

is a discrete sine operator function.

One considers the discrete sine operator function in the
spaces E, and writes &,(t, A,,) for the discrete sine family
associated with €,(t, A,), where t = k1, k € Z,and 7, > 0
is the discretisation step in time.

Proposition 64. Assume that

t/T,

Sy (t’ATn,n) - %Iﬂ i Tnz{(_g" (jT”’ATw”) i
i
t=mrt,, melZ, o

S, (0,4, ,)=0.

Then {S ,(mt,, A, )}, is a discrete sine operator function.
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Proof. It is enough to check (97). So one has

m—1 m+1
TnIn +7, Z %n (an’ Arn,n) + Z (gn (an’Arn,n)
j=1 j=1

=71,l,+1,%, (Tn Awl) + 1,6, (Zrn, ATM)

A‘rn,n) an (t> A'rn,n)

m 99
+ ZTHZ%H (an, %
=

m
=2 <% + Tnzgn (an Arn,n)> %n (t’ ATn’n) ' O
j=1

Sometimes one considers the corrected sine operator
function

S, (mr,A,) =8, (mr,A,) - gcgn (mt,A,), meLZ.

(100)
In such case, the solution of (91) is given by the formula

U,()=%,(tA, ) Uy + S, (A, )u™  (101)

where 1™ satisfy the relations

2 1 0
T, U -U T,
(I” zr ”) 'l"Tn nT ’ ) An B‘

- ; (102)

One can have a look at the following choice of discrete
cosine if the leading operator of the discrete cosine operator
function is taken as €,(t,, A, (I, — (Tﬁ/Z)An)_l) =
(Tﬁ/Z)An(In - (Tﬁ/Z)An)_l. In [11], it was shown that schemes
(91) are stable in case of €,(1,, A,(I, — (Tﬁ/Z)An)_l), that
is, when, instead of A, in (91), one puts the operator

A, (I, - (r2/2)A,)"". Moreover, they have shown that for a
nonhomogeneous equation the following estimates hold:

U, (kz,)]| < Mp (z,)"

< Ul +U} Ul -U}
2 lpas) Tn  lpas) (103)
k-1
+ Tnz . (an)||D(A;) J
=0

withk € N, p(1,) = (1 + 67, V2 +¢ 1'2/4)1/2, and any small
€>0.

Theorem 65 (see [9]). Let the operators A and A, generate
C,-cosine operator functions and discrete cosine operator
function, respectively. The following conditions (A) and (B")
are equivalent to condition ™.

(A) Compatability: there exists A € p(A) N N,p(A,) such
that the resolvents converge (/\In—A,,)_1 — (M-A)L

(B") Stability: there are some constants M; > 1 and w; > 0
such that

%, (tA)| <Me™, t=0 neN. (104)
n n
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(C") Convergence: for any finite T > 0 one has

max ”%n (t,A,)u

relorT) - pCHLAU| —0

(105)

02 0
asn — oo, whenever u,, — u-.

Theorem 66. Assume that condition (B") holds. Then the
scheme

U _ Uk 4 UM

2
Ty

-1
=An<1 - "A ) Uk + of,

e[ 2]}
U, = u,(7,)

that is, scheme (91) with operator A, replaced by A, (I, — (]
2)An)_1, is almost weakly coercively stable in C,([0,T]; Ez) in
the following sense:

2 o
An (In - ?nAn> Un (an)

< Mp(z,)" <

(106)

0_ .0
Un_un’

E]

2 -1 .0 1
T U +U
A, (In - ?”An) £z

D(A9)
1

2 - 0 1
T Uu -U
a(n-0a) 0

n

D(Aeﬁ) ) >
j=0

+

D( AZH)

+TZ (pn (jT,

(107)

withk € N, p(t,) = (1 + 7,/ V2 + cgrfl/4)1/2, €>0.

Proof. We follow the proof for (28) in [11], but we get an
estimate for A, U, instead of U,,. Integration by parts gives us
the discrete derivative of ¢,(-) which we denote by ¢/ (jz,).
The product k7, is bounded by T, so one can get an estimate

in discrete spaces C, ([0, T'; EZ) for

Uk = J Q, (2) (21, - A,) " dzU°

271

L j Q. (2) (zl, - A,)" dzU}
T

+
271

27111 J ZRk ](Z) (=1, -

(108)

-1 1.
n) ¢n(]Tn)dz' O
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7. Difference Schemes for
Hyperbolic Equations

A large cycle of works on difference schemes for hyperbolic
partial differential equations (see, e.g., (48, 57-61] and the
references given therein), in which stability was established
under the assumption that the magnitude of the grid steps
7 and h with respect to the time and space variables are
connected. In abstract terms, this means, in particular, that
the condition 7[|A,ll — 0when 7 — 0 is satisfied.

Of great interest is the study of absolutely stable difference
schemes of a high order of accuracy for hyperbolic partial dif-
ferential equations, in which stability was established without
any assumptions with respect to the grid steps T and h. Such
type of stability inequalities for the solutions of the first order
of accuracy difference scheme for the differential equations
of hyperbolic type were established for the first time in [62].
The first and second order of accuracy difference schemes
approximately solving the abstract initial value problem for
hyperbolic equations in Hilbert spaces were presented in [63].
Applying the operator approach, the stability estimates for the
solution of these difference schemes were obtained.

In this survey section, we present results on stability
and convergence of absolutely stable difference schemes for
hyperbolic partial differential equations. Sections 71 and 7.2
are devoted to a Cauchy problem for hyperbolic equations.
Section 7.1 is based on results of [2, 7]. Section 7.2 is based on
results of [64-69]. In mathematical modeling, partial differ-
ential equations are used together with boundary conditions
specifying the solution on the boundary of the domain. In
some cases, classical boundary conditions cannot describe a
process or phenomenon precisely. Therefore, mathematical
models of various physical, chemical, biological, or envi-
ronmental processes often involve nonclassical conditions.
Such conditions are usually identified as nonlocal boundary
conditions and reflect situations when the data on the domain
boundary cannot be measured directly, or when the data
on the boundary depend on the data inside the domain.
Sections 7.3 and 74 are devoted to nonlocal boundary
value problems for hyperbolic and mixed types of partial
differential equations. Section 7.3 is based on results of [70-
76]. Section 7.4 is based on results of [77-91]. Section 7.5
is devoted to stochastic hyperbolic equations. It is based
on results of [92, 93]. Section 7.6 is devoted to fractional
hyperbolic differential and difference equations. It is based on
results of [94-97]. Finally, Section 7.7 is devoted to singular
perturbation hyperbolic problems. It is based on results of
[98-101].

This survey section does not touch the results of [102-
106] on integral inequalities with two dependent limits, on the
theory of integral-differential equations of hyperbolic type,
and on difference schemes for the approximate solution of
these problems or of [107, 108] on the equations of the second
order with a small parameter at the highest derivatives and on
the investigation of singular hyperbolic equations. Moreover,
we do not discuss results on the stability of the Goursat
problem for hyperbolic equations and an initial-boundary
value problem for a system of differential equations of first
order with nonlocal condition and difference schemes for the
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approximate solution of these problems, for which the reader
is referred to [109-114].

71. A Cauchy Problem. We consider the abstract Cauchy
problem for hyperbolic equations

V) + Av(t) = f(t)

v =9, V(0)=vy

in Hilbert space H with the self-adjoint positive definite
operator A. Function v(t) is called a solution of problem (109)
if the following conditions are satisfied:

(0<t<T),
(109)

(i) v(t) is twice continuously differentiable on the seg-
ment [0,T]. The derivatives at the endpoints of the
segment are understood as the appropriate unilateral
derivatives.

(ii) The element v(f) belongs to D(A) for all ¢t € [0,T]
and the function Av(t) is continuous on the segment
[0,T].

(iii) v(t) satisfies the equations and initial conditions (109).

If the function f(t) is not only continuous, but also
continuously differentiable on [0,T], ¢ € D(A), and y €

D(AY?), it is easy to show that the formula

v(t)=C(t, A)gp+S(tA) Y+ J-tS(t—/\,A)f()L)d)L
0

(110)
gives a solution of problem (109). Here [115]
eitA”2 —itA'?
C(t,A) = —
(111)
eitA”2 _-itAl?
S(t,A) = A7'? :
2i

Theorem 67. Suppose that ¢ € D(A), v € D(AY?), and f®)
are continuously differentiable on [0, T| function. Then there is
a unique solution of problem (109) and the stability inequalities

max ||v (t
max v (0]l

< M lgly,+ |4y, + max |4 £ @], ]

0<t<T

max 42y ()],

<M (|40l b pasbrol].

d*v(t)
ar |y

max + max ||Av (t
0<t<T 0<t<T " ( )”H

< 1 [Jql,, + |47,

T
A O+ [ |7 0], ]
hold, where M does not depend on f(t),t € [0,T], or ¢, y.
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Now, we consider the application of abstract Theorem 67.
First, we consider the mixed problem for the hyperbolic
equation

uy (6,x) = (a (X)), +u(t,x) = f(t,x),

0<t<T, 0<x<IL,

u(0,x) =¢(x), u, (0,x) =y (x),
(113)

0<x<L,

u(t,0)=u(tL), u, (t,0)=u, (L),

0<t<T.

Problem (113) has a unique smooth solution u(t, x) for
the smooth a(x) > 0, a(0) = a(L) (x € [0,L]), o(x),
y(x) (x € [0,L]), and f(t,x) (t € [0,T],x € [0,L])
functions. This allows us to reduce mixed problem (113) to
initial value problem (109) in the Hilbert space H = L, [0, L]
with self-adjoint positive definite operator A defined by (113).
Let us give a number of corollaries of Theorem 67.

Theorem 68. For solutions of mixed problem (113), the stabil-
ity inequalities

max llee (& )llw; [0,

< M [ max |1 ) 00 * Iohugion * Wli0m]

0<t<T

&ltg "1/[ (t) )||V\/22[O,L] + (Elta;,]{ “utt (t) ')”LZ[O,L]

< M [ max |, (6] 00, * 1 @ o

0<t<T

#lebweron + Wlhiz o |
(114)

hold, where M does not depend on f(t, x) or ¢(x), y(x).

The proof of Theorem 68 is based on Theorem 67 and
the symmetry properties of the space operator generated by
problem (113).

Second, let O ¢ R" be the bounded open domain with
smooth boundary S, Q = QUS. In [0, T] x Q, we consider the
mixed boundary value problem for hyperbolic equations

n

u,, (t,x) — Z (a, (x) uxy)xy = f(t,x),

r=1

x=(xp..,%,)€Q, 0<t<T, 115)
ou (0, x —
u(0,x) =@ (x), %:w(x), x € Q,
u(t,x)=0, x€8, 0<t<T,

where a,(x), (x € ), o(x), y(x) (x € Q), and flt,x) (t €
[0,T], x € Q) are given smooth functions and a,(x) > 0. We
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introduce the Hilbert space L,(Q), the space of all integrable
functions defined on Q, equipped with the norm

1/2
Ul ={[ [ Jr P anf . o

Problem (115) has a unique smooth solution u(t, x) for the
smooth a,(x) > 0 and f(t,x) functions. This allows us to
reduce mixed problem (115) to initial value problem (109)
in the Hilbert space H = L,(Q) with a self-adjoint positive
definite operator A defined by (115).

Theorem 69. For solutions of mixed problem (115), the stabil-
ity inequalities

max [ (1)l

<M [maxl €l * o * Wl |
o b (6 @ + ot 9], @ (117)
< M [max 1, €9l + 1 0l

el + W@ |
hold, where M does not depend on f(t, x) or ¢(x), y(x).

The proof of Theorem 69 is based on Theorem 67 and
the symmetry properties of the space operator generated by
problem (115) and the following theorem on the coercivity
inequality for the solution of the elliptic differential problem
in L,(Q).

Theorem 70 (see [116]). For the solution of the elliptic differ-
ential problem

= N Q,
r;( () uy ) =w(x), x¢€ (118)
u(x)=0, x¢e€S,

the coercivity inequality

n
2 fe,
r=1

L,(Q) =M ”w"Lz@ (119
is valid.

Now, we consider the high order of accuracy two-step
difference schemes generated by an exact difference scheme
and by Taylor’s decomposition on three points for the approx-
imate solutions of initial value problem (109). On the segment
[0, T'], we consider a uniform grid

[0,T], = {ty =kt,k=0,1,...,N,N7 =T} (120)

with step 7. First, we consider the high order of accuracy
two-step difference schemes generated by an exact difference
scheme for the approximate solutions of initial value problem
(109).



18

Theorem 71 (see [2]). For the solution of initial value problem
(109), one has the following exact two-step difference scheme:

1 2
1'_2 (Mk+1 - 2uk + uk_l) = T_Z (C(T>A) - I) U + fk’
Je= T {fike +S(@A) f16 = C(T A) fir}

ti
fie=T1" J S(t -2 A) f (2) dz,

te1

e (121)
fok=7 J C(tx -2z A) f(2)dz,

)

1<k<N-1,
uy, =v(0),

u; =C(1,A)v(0) +S(r,A)v (0) + f, ;.

LetB = A2, Suppose the operators (I-e*"®) and (I+¢™®)
have the bounded inverses (I — ¢*"8)™! and (I + e™8)™". Then
this difference scheme is uniquely solvable and the following
formula holds:

Uy =v(0),
u; =C (1, A)v(0) +S(r, A)v (0) + 7f,
Uy = [efkriB (- ezn‘B)‘l (78 - ekn‘B)] "
4+ "B ( I eZTiB)‘l (e—kriB B ekriB) "

k-1

+ 72 Z B ( I— eZTiB)_l (e—(k—m)‘riB _ e(k—m)'riB) fon
m=1
2<k<N.
(122)

Now, we will consider the applications of exact difference
scheme (121). From (121), it is clear that for the approximate
solutions of problem (109) it is necessary to approximate the
expressions

S(r,4), C(r,A), rk S(te -2, A) f (2) dz,

(123)
Jk Clte -2 A) f (2) dz.

Abstract and Applied Analysis

Let us remark that in constructing difference schemes it
is important to know how to construct f,fl and ffi such that

tis1
° J ' Sty -2 A) f(2)dz-C(1,A)
ti

: th Sty -z A) f(2)dz
t,

k-1

+S(r,A) T jtk Clt-2A) f2)dz 1Y

tr1

= o(),

! JTS(T—Z,A)f(Z) dz — flji = 0(Tj+l),
0

and the formulas of f,fl and flji are sufficiently simple. The

choice of f,jl and flj i is not unique. Using Taylor’s formula
and integration by parts, we obtain the representation

72 th S(ty—z) f(z)dz
t,

k-1

j+l-1

= 2 S ™ (0)

(125)
_2 tk
+7 J S(t -z, A)
k-1
s _ j+l—1 .
. j (S.Z—)f(ﬁl) (z) dz ds,
i1 (] +1- 1)‘
in which
m-2
T -1 .
Bn=—-A — tA Bz 2<m<j+l-1,
m!
Bo=7 A" (CmA) - D), 120
By =1A (S(1,A) - 1I).
In a similar manner, one can obtain that
tk
2 j C(ty-2zA) f(2)dz
[
JHi-1
= Z ymf(m) (tk—l)
m=0 127)

by
A j Clty -2 A)
b1

s _ \JH-l .
| $=2 _ () () de ds,

(78] (] +1- 1)'
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in which

Vi =Py L<m<j+1-1;
(128)

Yo = %8 (1, A).

Using the definitions of S(z, A) and C(r, A) and Padé
fractions R;,(2) for the function e™*, we can write

R, (itB) + R, ., (~itB) 4
C(1,A) = ik lad +o0 (T]+l+2) ,
2
R, iTB) — R; —iTB :
S(r,A) = B! i1 UTB) 5 jan { ) + o(rﬁm).
i

(129)

Now, using formulas (124), (125), (127), and (129), f]fl and flj i
can be defined by the following formulas:

jH-1

il
U= Y B (1)
m=0

Ry (7B) — R
2i

j,l+1 (—ITB)

j+l-1

x Y B f™ (ts)

Rj,l+1 (iTB) + Rj,l+1 (_iTB) Bt
2

Bmf(m) (tk—l) >

m=0
(130)
-2
gl _ g (m) Gl il (131)
h= ) B, S =T
m=0
where
Tm—2
Bmz—A4_7—+A*Bm4, 2<m<j+l-1,
m.
B. = T*2A71 Rj,l+1 (ITB) + Rj,l+1 (_ITB) 7
0 > )
R, (iTB) = R}, (-iTB)
By =1A" <B“ i il )
2i
B,=B,.,, l<m<j+l-1;
3 _ 723—1Rj,l+1 (itB) — Ry, (—itB)
’ 2i '
(132)
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Now, using formulas (121), (130), and (131), we obtain the
difference schemes (j + [)th order of accuracy

T_z (uk+1 — Zuk + uk_l) + Kuk = f]z’l’ 1< k < N - 1,

Uy = Vo

— R, (itB) + R, (-iTB)
- 21_2 (I _ Jil+1 . i+ ) i

R.,(itB) + R., (~itB)
i i - I) Vo

7 (uy —uy) =77 ( 5

R.;(itB) - R;; (—iTB)
-1pl il il '

2i ©

+T

+ fj’l,
(133)

for the approximate solution of initial value problem (109).

Note that difference schemes (133) for j = [, j = [ -
1, and j = [ + 1 include difference schemes of arbitrary
high order of approximation. Moreover, the corresponding
functions |R;,,(2)| tend to Oas z — ocofor j =1 -1,/ and
|Rj’l +1(2)] = 1for j = I + 1. Such difference schemes are the
simplest, in the sense that the degrees of the denominators
of the corresponding Padé approximants of the function
exp{—z} are minimal for a fixed order of approximation of
the difference schemes.

Suppose the operators (I — Ril(iTB)) and (I + Rj,l(iTB))

have the bounded inverses (I - Ril(i'rB))_1 and (I +

R j)l(iTB))_l. It is clear that this problem is uniquely solvable
and the following formula holds:

w, = [RE (~izB) - (1- R, (i)
- (R, (~itB) - R, (iTB))] Uy
+ Ry, (iB) (I - R (itB))
(RS, (—itB) - RY, (itB)) u,
-

+72 Y Ry (ieB) (I - B2, (itB))
mel (134)

- [R™ (—itB) - RY;™ (iwB)] £,
2<k<N,

. R;, (itB) + R;; (~itB)
2

R.;(itB) - R;; (—iTB) )
-1 il 7l
B % v+Tfys

Uy = @.
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Theorem 72. Suppose the operators (I — Ril(iTB)) and (I +
Rj,l(i‘rB)) have the bounded inverses (I — Ril(i‘rB))_1 and (I +
Rj,,(i‘rB))_l. Suppose that u,, € D(B?), u, —uy € D(B). Then
for the solution of two-step difference schemes (133) for j =1
and j = 1 — 1 the following stability inequalities hold:

1 gl
max el < M [ max 5757

B (- )], + ||u0||H] ,

-1 —tiB
+ max "T (I—e o )uk,luH

”T (e — 1y 1)" 1<k<N

l<k<N

< max | b -l ol

+ max |Aw,,

"T (U = 2045 + Uy 1)“ | Mmax

1<k<N 1

j»l
o[,

- j»l jil
< M| max ||T 1( IZ - Ig—l)"
2<k<N-1 H

[ - ), + 8], |
(135)

where M does not depend on T, f,f’l, 1<k <N-1,oruy u.

Theorem 73. Suppose the operators (I — Ril(iTB)) and (I +
Rj’l(iTB)) have the bounded inverses (I — Ril(i‘rB))*1 and (I +
R]}l(i‘rB))fl. Suppose that u, € D(B’), u, — u, € D(B*) and

If’l € D(B), 1 £ k £ N — 1. Then for the solution of two-

step difference schemes (133) for j = [ + 1 the following stability
inequalities hold:

max [l

< M[ max ”f,fl”H + “T71 U — ”0)" |B”0“H]

1<k<N-1
-1 —tiB
max "T (g = uk—l)” —e” )uk—luH

+ max ”‘r_l (I
1<k<N

1<k<N

1<k<N-1

<[ max o], I -l [l

b max |
1<k<N-1 kll e

o[,

8 - )], ¢ Bl

-2
max ”T Uy, — 22Uy + Uy _ "
o ( k+1 k k 1) o

— ')l
< M| max ||T 1B( If - "
2<k<N-1

(136)

where M does not depend on T, f,{’l, 1<k <N-1,oruyu.

Abstract and Applied Analysis

Now, abstract Theorems 72 and 73 are applied in the
investigation of difference schemes of higher order of accu-
racy with respect to one variable for approximate solutions
of mixed boundary value problem (115). The discretization of
problem (115) is carried out in two steps. In the first step let
us define the grid sets

Q, = {x=x, =(hm,....hm,), m=(m,...,m,),
0<m,<N,, h,N,=L, r=1,...,n},
Q,=0,nQ,  S,=Q,nS.

(137)

We introduce the Banach space L,(€,) of the grid functions
(ph(x) = {p(hym,,...,h,m,)} defined on Q,, equipped with
the norm

. , 1/2
S |¢" o by, (38

xeQy,

To the differential operator A* generated by problem (115), we
assign the difference operator A}, by the formula

Ay = -3, (a, (x) ul) (139)

X Jr

acting in the space of grid functions 1" (x), satisfying the
conditions u"(x) = 0 for all x € S;,. It is known that A7 is

a self-adjoint positive definite operator in L,(€Q,). With the
help of A}, we arrive at the initial value problem:

2. h
%+A’;vh(t,x):fh(t,x), 0<t<T, x€Q,
dv' (0, x —
Vh(oax):(ph(x)a #:wh(x), Xth
(140)

for an infinite system of ordinary differential equations.
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In the second step we replace problem (140) with differ-

Theorem 74. Let T and |h| be sufficiently small numbers. Then
ence schemes (133):

the solutions of difference schemes (141) for j =land j =1-1
- — satisfy the following stability estimates:
72 (MZJr1 (x) - ZuZ (x) + “2—1 (x)) + A’;,uz (x) = f: (x), fy the f g 4

ty=kr, 1<k<N-1, xeQ,

h
max ||u
ulg (x) = (p’1 (x), 0<ks<N

“1( h h
T (“1 (x) — uy (x)) h
. X . X 0<k<N 1“ fk LZ(ﬁh)
[ Ry (itBy) + R, (-itBy) L
=T 5 -I)¢"(x) B o
) +“( h) 14 L,(Q) + "(P L, |
-1 —
(By) .
R;; (itBy,) - Rj; (-itB;) max ul
e 2ij V' (%) + ofy (), 0<k<N;= ( k)xr’f Ly(@,)
Q _
X €3 + max ”T uk 1 “Lz(Qh)
— R, (itB}) + R, (—itB}
A,]; =2T72 (I— J,l+1( h) : J,l+1( h)>’ ey " "
<M g Vil
X\2 _ 4x
(B,) =4 ) W (143)
A ) L@) " r_zl 5., L,@,)
j+-1 -
= B, f™ (t;x) ax C ()
" osken/5 1N/ 5 il @,
R (iTBZ) -Rjin (—iTBZ()
gl ) ho ok
' 2i I R CATREC S Y
jH-1
x Y B, " (t,_,x)
mZ:O " ! <M, 1grl?sz}\)r(1“‘r fk fk 1)“ 2(Q)
R, (itB)) + R, (=itBy) 15!
Jil+1 h ],l+1 (m) n
- B f_1> X h -1,k
z 2 0ef 0 L I il U e
r=
=2
1 (x)—T B S0, %), S " h
(141) N
where
i -1 Here M, does not depend on 7, h, ¢"(x), v"(x), or f,?(x), 0<
B, =-(4}) WJf(AZ) B k<N-1

2sm<j+l-1, Theorem 75. Let T and |h| be sufficiently small numbers. Then
5 et [ Riper (i7By) + R;yyy (=iTBy) the solutions of difference schemes (141) for j = 1 + 1 satisfy the
By =17 (A},) > -1, following stability estimates:

B, = T’ (A’Z)_l

_ <(BZ)1 Ry, (itBy) - .Rj,l+1 (-itBy,) - TI) ’ Orsr}(z;)lc\r L@
2i
Pt 1'5”’1S]+l—1,. x < M| max “fk Ly(,)
B =12 (Bx)—l Rj)l+1 (ITBh) - Rj,l+1 (_ITBh)
(VN h .

2i

(142) L@yt Z "‘%

Ly(Q)
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max Z ||
0<k<NZ xrf; L,(Qy)

“1(. h _h
+ max “T e — Uy,

1<k<N )”Lz(ah)

<M ||
[mNZ V/OR

n
r Lz(ﬁh) * r; “((P;r)x,,m

2 ( h h h
max ”T (uk+1 —2u + uk_l)

r Lzmh)] ’

1<k<N-1 L, (Qy)
n
+ max (uh)
k)% . —
OSkSerl XX T L (Qy)
-1
<M;| max T Z “ ) o
[1<k<N 1 fk Xy, fk 1 XM L, (Qy,)
h c h
=2 |(5) DY (731
=1 XM llL, (Qy) x ML, ()

(144)

Here M, does not depend on 7, h, (ph(x), y/h (x), or f,f’(x),
0<k<N-1

The proofs of Theorems 74 and 75 are based on Theorems
72 and 73 and the symmetry property of the operator A7
defined by formula (139) and the following theorem on the
coercivity inequality for the solution of the elliptic difference
problem in L,,.

Theorem 76 (see [116]). For the solutions of the elliptic
difference problem

A’Zuh (x) =" (x), xe€Q,
(145)
u" (x)=0, x€8§,,
the following coercivity inequality holds:
[k h
Shel, <Ml oo
=

where M does not depend on h or ",

Note that in a similar manner one can construct the
difference schemes of a high order of accuracy with respect
to one variable for approximate solutions of boundary value
problem (113). Abstract Theorems 71 and 72 permit us to
obtain the stability estimates for solutions of these difference
schemes.

Second, we consider the high order of accuracy two-step
difference schemes generated by Taylor’s decomposition on
three points for the approximate solutions of initial value
problem (109).

Abstract and Applied Analysis

Theorem 77 (see [2]). Let the functionv(t) (0 <t < T)havea
(21+2j+2)th continuous derivative and t;_,,t;, t;,, € [0,T],.
Then, one has the following Taylor decomposition on the three
points:

V(te) = 2v () + v (ter) Z v (

+ 1/(25) (tk+1)} TZS =0 (T21+2j+2) ,

(147)
wheren,,, m = 1,..., j, is the solution of system
s-1
s (25)‘ (2 - 2m)'
foranys, 1+1<s<j,
i (2(52?'2’7’;:)' =1, foranys, j+1<s<l+j, (148)
o =1-2n,
%= ((25)' - Z”’“ CTem] ) ?
foranys, 2<s<lI
Suppose further that the function v(t) (0 < t < T) has a

(2142 j+1)th continuous derivative. Then, one has the following
Taylor decomposition on two points:

2j
v(t) —v(0) + Z(Ssv(s) (1t
) - (149)
B ZPSV(S) )7 = o (T2l+2j+1) ’
s=1
where
(2 +2j-s) D)
Ps= G+ 2j)sl 21— s)!
(@28 (2)) (-1
ST (2 +2))s1 (2 - s)!

forany s, 1 <s<2I,

for any s, 1 <s<2j.
(150)

Now, we will consider the applications of Taylor’s decom-
position (147) of the function v(¢) on the three points and
Taylor’s decomposition (149) of the function v(t) on the two
points to approximate solutions of initial value problem (109).
From (147) and (149), it is clear that for the approximate
solution of problem (109) it is necessary to find v'/)(z) for any
s, 1 < s < 2L V() forany s, 1 < s < I, and v*(t;_,),
v (t,,,) forany s, 1 < s < j. Using the equation

Vi) = —Av(t) + f (1), (151)
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we obtain

V() = (~A)" v (1)

i (152)
Y AT 0, n=2,
A=1
v (1) = (A ()
(153)

+ i APV @y, n=1,.
A=1

Suppose further that the function v(t) (0 <t < T) hasa
(21 + 2j — 2m + 2)th continuous derivative. Then, we have the
following Taylor decomposition on two points:

21-2[m/2]
v -vO)+ Y a7
s=1
(154)
2j-2m+2[m/2]+1

s=1

bsv(s) 0)7° =0 (T21+2j—2m+2) i

where

(@ +2j-2m+1-5) 2l -2[m/2])! (-1)°

o (2l1+2j+1-2m)ls! (2p -2 [m/2] —s)!

for any s, 1§5§21—2[%],

(A +2j+1-2m—s)!(2j - 2m+2[m/2] + 1)!
Sl +2j+1-2m)s! (2 —2m +2[m/2] + 1 —s)!

. m
for any s, 13532]—2m+2[5]+1,
(155)

where [a] denotes the integer part of the number a. Further
using formulas (152), (153), and (154), we can write

I-[m/2]
V(@) =V 0+ ) ay, (A" (1)
n=1
1-[m/2] n
+ Z %nz (_A)n—)t f(2)x—1) (T) T2n
n=1 A=1
1-[m/2]
+ Y g, (CA) (D) T
n=1
1-[m/2] n

+ Zl aanl/\Z (_A)nf)t f(2/\72) (T) T2n—1
n= =1

23

Jj—m+[m/2]
- Y b, (A" (0
n=1
j=—m+[m/2] n
_ Z bznz (_A)n—/\ f(Z/\—l) (0) T2n
n=1 A=1

j-m+[m/2]+1

-

n=1

by, (A" v (0) "

j-m+[m/2]+1

_ Z bzn_l i (_A)n—/\ f(ZA—Z) (0) T2n—1

n=1 A=1
= o(TZZ+21_2m+2), O<m<j—1.

(156)

From the last formula it follows that

I-[m/2]
(I + Z a, (A)" 12"> Vv (1)

n=1

j-m+[m/2]
- (1 + Y b, (A TZ”) v (0)
n=1

1-[m/2]
2n—1
- Y Gy (A (D)
n=1

j—m+[m/2]+1

)

by, (A" v (0) ™"

n=1
1-[m/2] n
B Z aznz (_A)H f(z)H) () ey
n=1 A=1
) - A 2A-2) -1
= Y @y (AT ()
n=1 A=1
j—m+(m/2] n
+ Z bznz (_A)n—/l f(Z/\—l) (0) TZH
n=1 A=1

j-m+[m/2]+1

)

n=1

bzn_l Z (_A)n—/\ f(ZA—Z) (O) T2n—1
A=1

2042j-2m+2 .
+O(Tl+] m+), 0<m<j-1

(157)
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Suppose further that the operator (I + Zl [m/2] a,,(~A)" ")
has a bounded inverse. Then

I-[m/2] -1
Vv (1) = (I + Z ay, (-A)" 1'2”>

n=1

j—m+[m/2]
-Ku D bZn(—A)"TZ">v'(0)
n=1

I-[m/2]

Z ay, (A v (r) "
n=1

j—m+[m/2]+1

)

by, (A" v(0) "

n=1
I-[m/2] n
z aZnZ (_A)n—/\ f(ZA—l) (T) TZn
n=1 A=1
I-[m/2] n
_ Z aZn—lz (_A)nf/\ f(2l—2) (T) T2n71
n=1 A=1
j—m+[m/2] n
+ Z bznz (_A)n—)L f(ZA_l) (0) TZH
n=1 A=1

Jj—m+[m/2]+1

+ Z b, | Ai (—A)H FAD) () sz}
=1

n=1

20+2j-2m+2
(Tl+] m+ ))

+o0 0<m<j-1

(158)

Now, using formulas (147), (149), (152), (153), (154), and (158),
we obtain the difference schemes of a (2] + 2j)th order of
accuracy:

Uppy — 2U + Uy s 252
el Tk el Za(m Uy

T s=1

j
— il
- Zﬂs (-Ay LA (W + ) = f;f >

s=1
7l / . s—A
V=) (A

s=1 A=1
(F (b

)+ SO (1) P

1 s
+ Z“sz (_A)s—)t f(ZA—Z) (tk) T2s—2’

s=1 =1

1<k<N-1,

Uy = Vo,

u, —

T
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!

u n_on-

L ZpZn (~A)" "y (0)
n=1

)
_ szn_l (_A)n—l T2n—2vl (0)

n=1

J J
+ 282;1 (-A)" Tzn_lul + z O CY Vi T

n=1

1—
X <I + Z
n=1

m=1

[m/2] -
My (_A)n Tzn

j=m+[m/2]
.{<1+ Z by, (~A)" 2“)1/'(0)

1-[m/2]

Z aznl( A)n 2n1

n=1

j-m+[m/2]+1

> by (A 12"‘1v(0)}

n=1

n 2n lz( A)n )Lf2/\ 2)(0)

A=1

nl 2n2

: Z (=4)"™ F0 ()
A=1

Zszn( A)n 2n—1

n=1

. i (_A)n—)L f(ZA—Z) (T)
A=1

-

Z

o 1( A)nTZn 2

n-1
Z( A)n -A (2)L 1) (T)

_Zézml( A)m 2m-2

I=[m/2]
| I+

.<1

-1
Z %n (_A)n T2n)
n=1

Jj—m+[m/2]
+ ) bZn(—A)nT2n>
n=1

1-[m/2] n

Z aznz (_A)n—/\ f(2/\—1) (T) T2n

n=1 A=1

I=[m/2]

Z ay, 12( A)n Af(ZA 2) (T) T2n 1
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Jrmlni2) - A (2A-1) 21
+ Y by (AT P
n=1 A=1

Jj-m+[m/2]+1
+ Z b2n—1
n=1

. Zn: (_A)n—}L f(Z)u—Z) (0) T2n—1} ,

A=1
(159)

for the approximate solution of initial value problem (109).
Suppose that the operator

J j
(1 + Y 85 (A T = Y 8y, (A T
n=1 m=1

I=[m/2] , L iimy2) -
I+ ) ay, A Yy, (AT

n=1 n=1
(160)

has a bounded inverse. Suppose further that the operator (I -
7 1(=A)°T*) has a bounded inverse and

2 . -2
l N S J N S
1-4-}( I+Za (-A) 2) (1—;;75(—,4) 72>

> 0.
(161)

This problem is uniquely solvable and the following formula
holds:

= . = N ls
U = (Rj,l (—itA) — Rj; (lTA)) Rj; (itA)
R;; (-izA) (RS} (itA) - R, (-itA)) ug
~ . ~ . -1
+(R;; (-itA) - R;; (itA))

(RS (-itA) - RS, (itA) ) u,

+

N

N 4 . _1 k=~ . 4 .
(R, (-itA) - R, (nA))ﬂ R;; (iTA) R, (-itA)

j=1

x (R (~itA) - RS (itA))

-1

(RS,
(1 i’? (-A)° T23> i, 2<k<N,
s=1

~ — il
U = T‘P+5r1l/+7f(§ :
(162)

Here

Rj; (xitA)

j
<21+Z¢x (-A) 25) <I—Zns(—A)STZS>
s=1
2
<1—1<21+Za (-A)* 25)
-2
s_[]s) >

J
(I + Zazn( A)n 2n Zazm_l (_A)m T2m—1

J
’ (I - Zr]s (-4A)

s=1

I-[m/2]
X (I + Z a,, (A T

n=1

I-[m/2]

n=1

1
™ {szn (_A)n T2n—1
n=1

J
+ Zazm_l (_A)m T2m—2
m=1

n=1

m=1

)

-1
Z a2n1( A)n 2n— 1)

1/2

-1

>

I-[m/2] -1
X <I + Z ay, (—A)”TZ”)

Jj—m+[m/2]+1

n=1

J
- (1 + Y 8y, (A" "
n=1

j
- Z oy (=A™ Lt

I-[m/2] -1
X (I + Z a, (A)" T2n>

m=1

n=1

1-[m/2]

Z aznl(A)n 2n—1

n=1

szn_l (_A)n—l T2n—2

n=1

;

b2n—1 (_A)n TZn—l} ,

25

-1
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J

+ Z‘Sszl (_A)m TZm—Z

m=1

I-[m/2] -l
X <1 a,, (A)" 12">

j—m+[m/2]
<1+ Z sz(A)"TZ”>},
I

féi,l _ szn (_A)n T2n—1i (_A)n—/\ f(2/\—2) (0)

n=1 A=1

! n
+ ZPZn—l (-A)"" TZ"_ZZ (~A)y"™ £CAD ()
n=1 =

_ Zazn( A)n T2n IZ ( A)n—/\ f(Z)L—Z) (T)

A=1
J

n—-1
N 262n—1 (_A)n T2n—22 (_A)"‘A f(Z)»—l) (1)
A=1

n=1

j 1-[m/2] -
- Zazm_l (—A)" 22 (I N Z a,, (~A)" T2n>

m=1 n=1

j=m+[m/2]
<1+ Z b, (~A)" 2“)

{ i i A)n /\ 2A— 1)( ) 2n

1-[m/2]
Z a,, 12( A)n )Lf(Z/\ 2)( ) 2n—1
n=1

s 2l < A (221 2

Y by (AT A (0)
n=1 A=1

j—m+[m/2] n
+ Z bzn_lz (_A)n—/\ f(2/\—2) (0) Tan} )

n=1 A=1
(163)

From formula (162), it follows that the investigation of the
stability of difference schemes (159) relies in an essential
manner on a number of properties of the powers of the
operator R ;,1(+iTA). We were not able to obtain the estimates
for powers of the operator R j,(£iTA) in the general cases of
numbers jand I.

Abstract and Applied Analysis

Theorem 78 (see [2]). Suppose that u, € D(A), u; — u, €
D(AY?). Then for the solution of two-step difference schemes
(159) for I = 0 the following stability inequalities hold:

max ]
<[ max |47,
A7 g - )], + ||u0||H] ,
1<k<N “T Uk = uk*I)HH
=M [1<5?<N . | \l (164)
e w4l .
1;;12\)](_1 “T_Z (s — 204 + “k—1)||H
<[ e [ (- 2], 12,

[ = )+ s |

where M does not depend on T, f]f’l, 1<k <N-1,oruy u.

Note that the assumptions of Theorem 78 actually hold
in the general cases of numbers j and / under the following
assumption:

T|Alg_g — 0 when 7 — 0. (165)

Now, abstract Theorem 78 is applied in the investigation
of difference schemes of higher order of accuracy with respect
to one variable for approximate solutions of mixed boundary
value problem (115). The first step of discretization of problem
(115) is given above. Suppose that the operator

J J
<1 + Y 85 (A T = Y 8, (A T

n=1 m=1

I-[m/2] -1
. (I + Z a, (A)" 1'2"> (166)

n=1

I-[m/2] -
C Y gy (AT

n=1

has a bounded inverse. Suppose further that the operator (I -
£=1 n(-A})'T 2%) has a bounded inverse and

I- 1(21+Zo¢( AY) 25)

s=1

. (167)

< Z”s )’ 25) > 0.
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Then in the second step we replace problem (140) with
difference schemes (159):

72 (uZ+1 (x) - ZuZ (x) + uZ_l (x)) + X’Zug (x)
+ AR (g, (0l () = fi (%),

tksz, ISkSN—l,xEQh,

j s
fl)=Yny (-A
s=1 A=1
(Pt %) + FD (tyx)) T

1 s
S A

s=1 A=1

1<k<N-1,

Ul (x) =To" () + 59" () +Tf) (x), x€Q,

(uzam( A= Y 6y (AL

m=1

I-[m/2] -1
X <I + Z ay, (A7) 12”>

n=1
Fl x\n _2n-1 B
: Z Ayn-1 (_Ah) T
n=1

j
{ZPZn( ARt oy Z6Zm (=43 L

m=1
I-[m/2] -1
X <I + ) ay (=AY 12”>
n=1
j-m+[m/2]+1

Z byt (—A’Z)" Tzn_l]’ >

n=1

<I+ 28271( Ah)n o 282711 1 msz '
I-[m/2] -
x (I + Z ay, (A7) TZ">

n=1

-1

I-[m/2] ot
Z Ay (= Ah) " )
l x\n—1 _2n-2
x ZPZn—l (_Ah) T
n=1

j
+ Z Syt (—A3)" L

m=1

(1 Eoer)

j—m+[m/2]
. (I + Z by, (A%)" TZ")} ,
n=1

fo (x)
l 2n—1
= ZPZH (—AJZ) "
n=1
Z( h)n AfmL Y 0,x) + ZPZn 1 )n S
A=1 n=1

n J
Y AT Y 00 - Y 6 (a3

A=1 n=1

z( )nlf<2)t2)(1x)_zaznl )"T2n2
A=1

n—-1

A=1
I-[m/2] Y -1
<I+ Z a2n(_Ah) T )
n=1

j—m+[m/2]
x (I + Z by, (-A7)" ‘rz”>
n=1

1-[m/2] n A N
n— _
S O
n=1 A=1

I=[m/2]

) IZ A O () 7

jm=m+[m/2]  n

+ Y by (AT T 0

n=1 A=1

j—m+[m/2]+1 n

LD I ) (45" FP 0,007

n=1 A=1

We have the following.

J
Y AT I @) = Y B (A7)
m=1
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2

1}.

(168)
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Theorem 79 (see [2]). Let T and |h| be sufficiently small
numbers. Then the solutions of difference schemes (168) for
I = 0 satisfy the following stability estimates:

h
max o],
o<ken I KIL, (@)

<o, [ s 0507 2,

B (CARRS Qh)]
— h h
0<k<NZ ll k) x,r; L@, + llgca;f\] "T 1 (uk - “k—l)“Lz(ﬁh)
<, | s 12,
h C h
L,(Qy) + Zi ”(P?wmr L,(Qy)
5 h
Oréria;li]r:l (uk)}rxrrj Lz(ﬁh)
+ max o (g 2+ 0 )],
<ot | mas 7 (00 )y * I,
c h
@ r:zl H("’?)xm Lzmh)]'
(169)

Here M, does not depend on t, h, (ph(x), wh(x), or f,f(x), 0<
k<N-1

The proof of Theorem 79 is based on Theorem 78 and the
symmetry property of the operator A} defined by formula
(139) and Theorem 76 on the coercivity inequality for the
solution of the elliptic difference problem in L,,.

In a similar manner one can construct the difference
schemes of a high order of accuracy with respect to one vari-
able for approximate solutions of boundary value problem
(113). Abstract Theorem 78 permits us to obtain the stability
estimates for the solutions of these difference schemes.

Note that most high orders of accuracy absolutely stable
difference schemes for approximate solutions of problem
(109) were generated by square roots of A. This action is
very difficult to accomplish. Therefore, in spite of theoretical
results, the role of their application to a numerical solution
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for an initial value problem is not great. Finally, in [117, 118],
the third order of accuracy difference scheme

T (g = 20 + 14y y)

1
-7 A U1

+ 3Auk + 6A(uk“ +up) + 5

= feo

fio= S50+ ¢ (F () + £ (5)

__T 2(“Af () + f" (tes1)) »

170
I<k<N-1, (170)
Uy =P,
7 14 -
(I+EA+EA2 T l(ul—uo)
T 7
= _EA(P + (I - EA> Y+ .7,
1 T
fu=fO+(-f O+ ©) -2 0 ¢
and the fourth order of accuracy difference scheme
5 5
T (i — 2up + 1y y) + 5 At
1 7
+ EA (thear + 1) = iAzuk
T2 2
T (thr + 1) = fio
5 1
%) () £ (51)
r " 1
( Af () + " () - mT
: (‘A (f (tiar) + f (ter)) + f” (tear) + f” (fk—l)) >
1<k<N-1,
ty =k, Nt=1,
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Uy =9,

2 4 42
T°A T A -1
I+ —+—— -
( 12 144>T (1, = 1)
2

T T°A
= —zA(p‘I' (I— H)l]/‘l’fz,z‘[,

f2,2 = {(I_ %)f(o)

5T2A ' 1
+(—<I— B )f(0)+rf (0))5
T
6

+ (=Azf (0) = 2f" (0) + f" (0))

" T2
+(Af (0)-3f"(0)) ﬂ}
(171)

for the approximate solution of initial value problem (109)
generated by the integer powers of the operator A were
presented.

Theorem 80. Let ¢ € D(A), v € D(A'?), and fil €

D(AY?). Then, for the solution of difference scheme (170), the
following stability estimates hold:

max ],

N-1
iy { Y Ay,
s=1

H Tt ||(‘DHH "A_l/zw"H

vel sl

Y = Wt

1/2 ”
max ”A Uy, + max

1<k<N 1<k<N T H

e T P B TS T

Uy — Up_
A1/2 k k-1

max ”Auk“H + max
T

1<k<N 1<k<N

H

Upepr = 20y + Uy
2

+ max

1<k<N-1 T H

<M { Y- ol U5

* gl + |47, < IIA“Zfl,liiH} >
(172)

where M does not depend on 7,9, vy, f1 1, 0r f, 1 <s < N-1.
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Theorem 81. Let¢p € D(A), v € D(Al/z), and f,, € D(Al/z).
Then, for the solution of difference scheme (171), the following
stability estimates hold:

Uy + Uy
2

max
1<k<N

H

N-1
<3 T Il ol b,
s=1

el

A2 Up + U
2

max
1<k<N

H 1<k<N-1 2T H

N-1
S Doy P I A T

U, + Uy 1/2 U1 — Upe
max A kL 4 max [AY2 TR TkeL
1<k<N 2 H 1<ksN 2T H

U, 1 — 2U + Uy _
+ max k+1 2k k—1
1<k<N-1 T H

<M { Y~ Sl il

Pl [ 14l

(173)

where M does not dependont, ¢, v, f, ,or f,1<s< N-1L

Note that in a similar manner one can construct the
difference schemes of third and fourth order of accuracy with
respect to one variable for approximate solutions of boundary
value problems (113) and (115). Abstract Theorems 80 and 81
permit us to obtain the stability estimates for the solutions
of these difference schemes. A finite difference method and
some results of numerical experiments are presented in order
to support theoretical statements.

Note that we have not been able to obtain a sharp
estimate for the constants figuring in the stability inequality.
In [66, 67], numerical experiments of the initial-boundary
value problem for the wave equation with nonhomogeneous
cylindrical shells and for the one-dimensional hyperbolic
partial differential with variable coefficients were proposed to
obtain the constants figuring in the stability inequality.

Finally, in [119], the boundary value problems for 2kth
order partial differential equations were investigated. Well-
posedness of two boundary value problems for partial dif-
ferential equations in the cases of even and odd k was
established. Note that solvability results were dependent on
the evenness and oddness of the number k.
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72. A Cauchy Problem with t-Dependent A(t) Operators
Coefficients. We consider the abstract Cauchy problem for
the hyperbolic equations

VIO +AB V() = £ (1)

v =9, V() =y

0<t<T);
(174)

in Hilbert space H with the self-adjoint positive definite
operators A(f) in H with ¢-independent domain D =
D(A(1)).

Function v(t) is called a solution of problem (174) if the
following conditions are satisfied:

(i) v(t) is twice continuously differentiable on the seg-
ment [0, T].

(ii) The element v(t) belongs to D for all ¢t € [0, T] and the
function A(t)v(t) is continuous on the segment [0, T].

(iii) v(¢) satisfies the equation and initial conditions (174).
Of great interest is the study of absolutely stable difference
schemes of a high order of accuracy for hyperbolic partial

differential equations. Such type of stability inequalities for
the solutions of the first order of accuracy difference scheme

T2 (i = 205+ U y) + Agthir = fio
A =A(t), fie=f(t),
to=kr, 1<k<N-1, (175)
T (g —up) +iAY Uy = iAY Uy + y,
Uy =¢

for approximately solving problem (174) has been established
for the first time in [62]. The following theorems summarize
Sobolevskii and Chebotaryeva’s results.

Theorem 82 (see [62]). Assume that the operator-function
Al/z(t)Afl/z(O) has a finite variation on the segment [0, T] and
|aY2 ) A2 @) < My, (176)

foranyt € [0,T], ¢ € D(A(0)), and y € D(AY*(0)). Then,
the following estimate

Uy — Up_y 1/2 ”
max | U] ma |47 0w, + max ol
1/2 N
o, |4 O g, + o+ 3 1ol
s=1

177)

holds, where M, does not depend on ¢, v, f (0 <s < N-1),
orT.

Theorem 83 (see [62]). Assume that the operator-function
A(t)A7Y(0) has a finite variation on the segment [0, T] and

|a©a™ @) <M, (178)
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foranyt € [0,T], ¢ € D(A(0)), and v € D(AY%(0)). Then,
the following estimate

max
1<k<N

U —u
A2 () e T W
(0) "

L+ max 40w,

+ max

-2
T (U — 2up + Uy _ ||
L<keN-1 || ( k+1 k k 1) H

179)

<M, ||A©) ]+ "Al/2 (O)W"H

N-1
+ | Al + Z If = fearll
s=2

holds, where M, does not depend on ¢, v, f, (1<s< N-1),
orT.

The second order of accuracy absolutely stable difference
schemes was constructed and investigated later than first
order difference scheme (175) in [64, 65]. One second order
of accuracy two-step difference scheme generated by Crank-
Nicholson difference scheme

T2 (g — 20 + 14y y) + Ak+1/2471 (Upsr + 1)

1/2 172 -1
+ A AR (g + tpy)

+ (A}c/—zl/z - A}</+21/2) A;/12/2T_1 (e — thyy)

27 (AL - A AL (e — )

1/2 ~1/2 A-1_-1
AL A2 T

' (A}c/z - A}c/—zl) ‘L‘;cl—/lz/z‘f1 (e = tye_y)

=27 (fk—1/2 + fk+1/2)

1 41)2 1/2 -1/2 (180)
+2 (Ak+1/2 - Ak-1/2) A Sk

Jrsrp = f(tk t Z)’

T
Aks1/2 :A<tki ‘)’ >

2

te=kr, 1<k<N-1,

Uy =,

_ T _
T (uy —uy) + EAI/ZZ ' (uy +uy)

T I -
*3 <A11//22) AI%ZT Muy —up)

T 1/2 4-1/2
- Efl/Z +A1/2A1/2 v,
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for approximately solving problem (174), was presented in
[64]. The following stability estimates of the solution of the
difference method and its first and second order difference
derivatives were established. Let us have the above estimates.

Theorem 84 (see [64]). Assume that all assumptions of
Theorem 82 are satisfied. Then, for the solution of difference
scheme (180), the following stability estimate

U — U
max | =———| + max [,
o Nt (181)
<M, [ @], + vl + Y ufm,anr]
s=1

holds, where M, does not depend on ¢, vy, f(,1, (0 <s< N -
1), or 7.

Theorem 85 (see [64]). Assume that all assumptions of
Theorem 83 are satisfied. Then, for the solution of difference
scheme (180), the following stability estimate

Uy — Uy
max [AY? (0) Tk Tkl
1<k<N T
max ||Ak+1/24_1 (thiesr + 1)
1<k<N-1

1/2 172 -1
+ AL A A (e + g y)

+r ! (Al/2

1/2 -1/2 _-1
k-1/2 Ak+1/2) Ak—l/zT (g — 1)

w27 (A - A AL (e — )

+ A2

“1/2 A-1_~-1/( 41/2 1/2
k+1/2A 2T (A -A

k-1/2 k kfl)

’ ;<£/12/2771 (e = uk—l)“H’

+ max

-2
T “(Up — 2up + Uy ||
o “ ( k+1 k k 1) H

<M, | A ¢, + “Am (0) ‘V“H + fir2llyy

N-1
+ Z ||fs+1/2 - fs—l/Z“H
s=1
(182)

holds, where M, does not depend on ¢, y, fo.1, (0 < s <
N-1),ort.
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Another second order of accuracy two-step difference
scheme generated by the second order of accuracy implicit
difference scheme

-2
T (Upeyy = 20 + 1)

a2 T2

- [Ak+1 + E (Ak+l) ]

1/2
) {_Ak/ﬂukﬂ
TA 1A—1/2 Al2 !

+ E kH_E k+1 ( k+1)

' A;igz/z [T_l (uk+1 - uk)

T T
- _Ak+1uk+1 + Efkﬂ]

2
-1/2
+AL fk+1}
12 T2\ | =120 412\ 4-1/2
- {[Akﬂ + E (Ak+1) ] Ak+1 (Ak+1) Ak+1/2

- (- A+ S () - ()]}
Al [ ) - FAu A

+ 27 (At — Axe) = 27 (fior = fi)»

T
Ap=A(t), A1z =A<tki§>’ fie=f(te)s
tr=kr, 1<k<N-1,
Uy =@,

T _
T (U —up) + §A1/22 ' (uy +uy)

T 1
+ 2 (All//zz) Al;ézr ! (uy —ug)

T 1/2 ,-1/2
= Efl +A ALY
(183)

for approximately solving problem (174) was constructed in
[65]. Similar stability estimates of the solution of difference
scheme (180) and its first and second order difference deriva-
tives were established under the same conditions.

However, difference schemes (180) and (183) were gener-
ated by the square root of A(t). Thus, for a practical realization
of these difference methods, it is necessary to first construct
operator A'*(t), which obviously is not easy. Hence, in
spite of theoretical results, the application of these methods
for numerically solving an initial-value problem is not very
practical. It is important to study the difference schemes
generated by integer powers of A(t).
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In [68, 69], a second order of accuracy of two types of
difference schemes

Uy = 20 + Uy

1
> + EAkUk

T
1
+ ZAk (a1 + 1) = fio

fi=f (),

Ap=A(ty),

(184)
ty=kr, 1<k<N-1, Nt=T,
2 -1 T
(I+TA0)T (”1_”0):5(f0 — Agty) +
fo=1(0), Uy =,
U —2U,+u 2
% + AU+ T_Ai“ku = fo
T 4
Ap=Alty), fie=f (),
te=kr, 1<k<N-1, Nt=T, (185)

(I + TZAO)'f1 (uy —up) = g (fo —Agthy) + v,

fo=f(0),

generated by integer powers of A(t) for approximately solving
problem (174) was presented. The stability estimates for the
solution of these difference schemes and for the first and
second order difference derivatives were established. The
theoretical statements for this difference method were sup-
ported by the numerical experiments for one-dimensional
hyperbolic partial differential equation with the Dirichlet
boundary condition.

Uy =@

7.3. Nonlocal Problems. In [120], the nonlocal boundary value
problem for hyperbolic equations

d*v(t) -
7 +Av()=f@) (0<t<T), 156)

v(0) = av(T) + ¢, v (0) = BV (T) +y

was considered.
Function v(t) is called a solution of problem (186) if the
following conditions are satisfied:

(i) v(¢) is twice continuously differentiable on the inter-
val [0,T] and continuously differentiable on the
segment [0, T'].

(ii) The element v(t) belongs to D(A) for all t € [0,T7,
and the function Av(t) is continuous on the segment
[0,T].

(iii) v(t) satisfies the equation and nonlocal boundary
conditions (186).

Theorem 86 (see [120]). Suppose that ¢ € D(A), v €
D(AY?), and f(t) are continuously differentiable on [0,T]
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function and |1+ aff| > |a+ f|. Then there is a unique solution
of problem (186) and the stability inequalities

max [|v(£)ln
< M lglly + |4y, + max a2 r )], ]
max [4" )],

< M (|40l + ol + max U O]

0<t<T

d*v(t)
dt?

max + max ||Av (t
0<t<T 0<t<T ” ( )"H

T
<M ["A(p”H # 4yl 4 1f O+ [ 7 @, dt]

(187)
hold, where M does not depend on f(t),t € [0,T], or ¢, y.

Two applications of Theorem 86 were presented. First, the
mixed boundary value problem for hyperbolic equations

uy —(a(x)u,) +u=f(tx),
0<t<T, 0<x<l1,

u(0,x) = ou (T, x) + ¢ (x),

u; (0,x) = Pu, (T, x) +y (x),

0<x<1,

(188)

u(t,0)=u(t1),
u, (t,0)=u,(t,1),
0<t<T,

was considered. Problem (188) has unique smooth solution
u(t,x) for |1 + aff| > |a| + |B| and the smooth a(x) >
a > 0(x € (0,1),a(l) = a(0), (x), y(x) (x € [0,1]),
and f(t,x) (t € [0,T], x € [0,1]) functions. This allows us
to reduce mixed problem (188) to nonlocal boundary value
problem (186) in Hilbert space H with self-adjoint positive
definite operator A defined by (188).

Theorem 87 (see [120]). For solutions of mixed problem (188),
the stability inequalities

max ||u
0<t<T ” "WZI [0.1]

< M| max |l o) * Iolhwg o * 1o |

ana Webio) *+ 0 Bl "
<M s o+ 1S Ol

#lebzion + Wiz o |

hold, where M does not depend on f(t, x) or ¢(x), y(x).
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Second, let Q) be the unit open cube in the n-dimensional
Euclidean space R” (0 < x; < 1, 1 < k < n) with boundary
S, Q = QUS. In [0, T]x Q, the mixed boundary value problem
for the multidimensional hyperbolic equation

2 n
% - Z (ar (x) u"r)x, = f(t,x),

r=1

x=(xp...,x,) €Q, 0<t<T,

u(0,x) = au (T, x) + ¢ (x), (190)

ou(0,x) ,0u(T, x)
ot =F ot

u(,x)=0, x€S,

was considered, where a,.(x), (x € Q),p(x), y(x) (x € Q)
and f(t,x) (t € (0,T), x € Q) are given smooth functions
and a,(x) > 0.

Problem (190) has unique smooth solution u(t,x) for
1 + aff| > || + |Bl| and the smooth a.(x) > 0 and f(t, x)
functions. This allows us to reduce mixed problem (190) to
nonlocal boundary value problem (186) in Hilbert space H
with self-adjoint positive definite operator A defined by (190).

Theorem 88 (see [120]). For solutions of mixed problem (190),
the stability inequalities

max el @)

<M [(gntaf; 1@ * lelw@ + ||‘V||Lz<5>] ’

mmax fullyz ) + max i, @) (191)

<M [maX 1fil, @ + 1f O, @

0<t<T

ez *+ W |
hold, where M does not depend on f(t, x) or ¢(x), y(x).
Futhermore, the first order of accuracy difference scheme
T (tgy = 2 + g y) + Aty = fo
Ji=f (tinr)
gy =(k+1)7, 1<k<N-1, (192)
Uy = auy + @,
T (g —ug) = B (g —unoy) + Y

for approximately solving boundary value problem (186) was
considered.

The stability of solutions of difference scheme (192) was
investigated under the assumption

|1+ ap| > |a+ Bl (193)
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Theorem 89 (see [120]). Let ¢ € D(A), v € D(AY?), and
1 > ||| Bl + || +|Bl. Then, for the solution of difference scheme
(192), the stability inequalities

N-1
il < «{ S |4y,
s=1

HT
AP luly ol k02N
il = 4 [l + )+ 174 £, ],

N-1
b <1 3 15+ o

" “Al/zq,"H} , k=0,2,...,N,

[l < {40, + |1+ ira™) v, ],

N-1
Al < M { S 1 ol + Uil
s=2

Ay + ||A¢|»H} ,

Ay < M[|Agly + (1 +iva?) Ay ]
(194)

hold, where M does not depend on f, 1 <s <N -1, or ¢, y.

Note that these stability estimates in the case k = 1
are weaker than the respective estimates in the cases k =
0,2,..., N.However, obtaining this type of estimate is impor-
tant for applications. Consider a” = (a;) denotes the mesh
function of the approximation. And |(I + itA™Y 2)a1|| o~
lally = o(r) assume that 7||Ag,|ly tends to 0 as 7 —
0 not slower than |la,||. It takes place in applications by
supplementary restriction of the smoothness property of the
data in the space variables. It is clear that the uniformity in 7
estimate

1/2

Il < el + A7), (195)

is absent. However, estimates for the solution of first order
of accuracy modified difference scheme for approximately
solving boundary value problem (186)

-2
T (Upyy = 20y + 1) + Aty = fio

fi=f ()

ty=kr, 1<k<N-1, (196)

Uy = XUy + @,

(I + T2A) T (uy —uy) = ﬁT_l (un —tinoy) + W

are better than the estimates for the solution of difference
scheme (192).
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Theorem 90 (see [120]). Let ¢ € D(A), v € D(AY?), and
1 > |«l| Bl + || + | Bl. Then for the solution of difference scheme
(196) the stability inequalities

0<k<N

N-1
max il < M { S A g e Ay, + ||¢||H} |
s=1

N-1
max [t ], < ‘|[ 2 i+ 4, + "‘V“H} |
SKS §=

max

omax 7 (e 20 + ), + max JAugl,

0<k<N

N-1
ew {S 0 el Uil 4, il
(197)

hold, where M does not depend on f, 1 <s <N -1, or ¢, y.

Moreover, two types of the second order of accuracy
difference schemes

2
-2 T 2
T (Uppy = 20 + tgey) + Argy + ZA U1 = fio

fie=f(t),

tk:kT, ISkSN—l,

2 (198)
(I + %) L (”1 - up) — % (fo — Auy)
=p [T_l (un —tinoy) + g(fN_A”N) v,

f0=f(0)> szf(l)a

Uy = auty + P,
. 1 1
T (Ugyy = 20y + g y) + EA“k + ZA (U1 + ther) = fio

fi=f ()

tk:kT, ISkSN—l,

(I+ TZTA) [(I+ TZTA)TI (uy — 1) = g (fo ‘A”o)]

=B [771 (un —un-1) + g (fn —A”N)] T,

f0=f(0)> szf(l),

MO = OCMN + (p
(199)
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for approximately solving boundary value problem (186) were
considered.

Theorem 91 (see [120]). Let ¢ € D(A),y € D(AY?), and

1 > ||| Bl + || + | Bl. Then for the solution of difference scheme
(198) the stability inequalities

N
max [, < M {Z |47 £l 7+ a7 + IlsollH} :

N
sl < {5 Wik e, ok

)
1;1?;11\])(—1 “T (s — 204y + ”k—l)"H + OISI}(Z’I(\] “A”k"H

N
e Dol A T P I
) (200)

hold,where M does not depend on f, 0 <s < N, or ¢, y.

Theorem 92 (see [120]). Let ¢ € D(A), v € D(A"?), and
1 > |«|| Bl + || + |Bl. Then for the solution of difference scheme
(199) the stability inequalities

N
s i < M {z 4y,
s=0

0<k<N

refany], + usonH} |

N
P CLC VR o M P B 7

max

omax |77 (s = 20+ ), max A

0<k<N

N
M {17 Uil [, ol
(201)

hold, where M does not depend on f,,0 < s <N, or ¢, y.

Note that one can construct the difference schemes of the
second order of approximation over time and of an arbitrary
order of approximation over space variables for approxi-
mate solutions of boundary value problems (188) and (190).
Abstract Theorems 91 and 92 permit us to obtain stability
estimates for the solutions of these difference schemes.
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In [73, 75], a third order of accuracy difference scheme

T (g, = 20p + ) + %Auk
1 1 5, 5
+ EA(ukH + Uy + " Aty = fro
2 1
fie=2f () + = (f (teer) + f (tc1))
3 6

1
- ETZ (_Af (tk+1) + f/, (tk+1)) >
ty=kr, 1<k<N-1,

Uy = XUy + @,

T2 T4 2 1 T
(I + EA + mA )T (ul - 1/!0) + EAMO - Tfl,l

2
T°A\ (Tuny —8un_; +Un_, T )
ﬂ( 12)( 61 + 5 U= Auy)
2
T°A
I__ >

1 '
f1,1 = Ef(o) +f (0)2
(202)

and a fourth order of accuracy difference scheme

. 5
T (Upeyy = 20 + 14y y) + 5 Atk

2

1 T 2
+ —A(U +u - —A"u
12 (tger + ) 77 e

2

T
+ mAz (a1 + 1) = fio

fio= 2 (00 + = (F () + £ (62))
T (Af )+ 1 (00)

- mTZ (A (S (tenr) + f (t1))

+f" (tger) + (tk—l))’

te=kr, 1<k<N-1,

35
Uy = XUy + @,

2 4
T T 2 -1 T
I+ —A+—A" |1t (u —uy)+-Auy -1
< 12 144 ) (1 0) 5 At fan

g (I - 1’2_A) <85uN — 108up_, + 27Un_, — 4Un_;
66T

+% (fw— A”N))

fz,z = {(1_ %)f(o)

57%A ) 1
+<—(I— B )f(0)+rf (0))5
T
6

+(=Azf (0) - 2" (0) + 7f" (0))

" TZ
+(Af (0)=3f"(0)) ﬁ}

(203)

for approximately solving nonlocal boundary value problem
(186) were constructed.

Theorem 93 (see [73, 75]). Suppose that the assumption

lal +2|B| +2 el |B] < 1 (204)

is satisfied and ¢ € D(A*?), y € D(AY?). Then, for
the solution of difference scheme (202), the following stability
estimates hold:

max [,

N-1
iy { S ay,
s=1

ol ol sl

T (T4l

1/2
max "A / uk"
0<ks<N H

Y {Nz il + |4 (1 + 12a") ]
s=1

vl T ufuuH} ,



36

max || Au],,

M| SV ol b B i)l

] el
(205)

where M does not depend ont, @, y, fi,0r f,1<s < N-1.

Theorem 94 (see [73, 75]). Suppose that assumption (204)

holds and ¢ € D(A'?), y € D(A'?). Then, for the solution of
difference scheme (203), the following stability estimates hold:

N-1
sl s {315 e bl

el ol

1/2
max HA / uk“
0<k<N H

N-1
<3 T Uil Aol ol oLl

max [ Au,,

em{ S e+ Ul ol

SR N
(206)
where M does not depend ont, @, y, fy,,0r f,1<s < N-1.
In [72], the multipoint nonlocal boundary value problem

a*v(t)
dr?

+Av() = f(t) (0<t<T),

v(0) = Zocjv (AJ-) + ¢,
= (207)

AOEDYIACHERZ
=1

0<Ay <A, <o <A, <T

for a differential equation in Hilbert space H with the self-
adjoint positive definite operator A was considered.

Function v(t) is called a solution of problem (207) if the
following conditions are satisfied:

(i) v(¢) is twice continuously differentiable on the inter-
val [0,T] and continuously differentiable on the
segment [0, T'].
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(ii) The element v(t) belongs to D(A) for all t € [0,T1],
and the function Av(t) is continuous on the segment
[0,T1].

(iii) v(t) satisfies the equation and nonlocal boundary
conditions (207).

Theorem 95 (see [72]). Suppose that ¢ € D(A), y € D(AY?),
f(¢t) is continuously differentiable on [0, T] function and the
assumption

(208)

n n n
Ol Bl + Xl Y 1Bl <
k=1 k=1 =1

n
1+ Zockﬁk
k=1

holds. Then there is a unique solution of problem (207) and the
stability inequalities

max |[v (t
OgsTll Ol

<M [Hgo“H + ”A*I/zvlnH + max ”A’I/Zf (t)“H] ,

0<t<T

max [4"% @],

< M ([0, + Iyl + max £ @l

0<t<T

a*v(t)
dr?

+ max ||Av (t
0<t<T 0<t<T ” ( )”H

T
< 3 [Jagly + |4, + 15 @l + [ [ 0]
(209)
hold, where M does not depend on ¢, y, or f(t),t € [0,1].

In practice, the mixed multipoint nonlocal boundary
value problem

uy —(a(x)u,), +0u=f(tx),

0<t<T, 0<x<l1,

u(0,x) = Zocju ()tj, x) +o(x),
=1

up (0,%) = D Bty (Mo X) + ¥ (x)

k=1

(210)

0<x<1,
u(t,0) =u(t1)),
u, (£,0) =u,(t,1),

0<t<T,
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for one-dimensional hyperbolic equations with nonlocal
boundary conditions and the nonlocal boundary value prob-
lem

%u (t, x) IR

L85 Y (0 uy,), = f 60,

r=1

x=(xp...,x,) €Q, 0<t<T,

u(0,x) = i(xju (/\j,x) +o(x), x¢ Q,
j=1 (211)

u, (0,x) = Zﬁkut Apx)+w(x), x€Q,
k=1

u(t,x)=0, x¢€8S;

0<Ay<A,<-- <A, <T,

for the multidimensional hyperbolic equation with Dirichlet
condition were considered. The stability estimates for solu-
tion of these problems were established.

We associate multipoint boundary value problem (207)
with the corresponding first order of accuracy difference
scheme

-2
T (Ugyy = 2up + tgy) + Ay = fro

fie=rf ),
ty=kr, 1<k<N-1,
n (212)
Uy = Z“r”[/\,/r] T

r=1

n
. 1
T (= ) = D By (s e = U, gm) S+ V-

r=1

Theorem 96 (see [72]). Supposethat ¢ € D(A), y € D(Al/z),
and the assumption

DEENCIEDNCDNCIES

k=1

(213)

is satisfied. Then, for the solution of difference scheme (212), the
following stability estimates

N-1
lil,, < M { ] I R P ||¢||H} ,
k=0,2,...,N,

sl < M

N-1
2 4™,
s=1

el

+||(1+iza?) A“/2w||H] ,
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N-1
ol <361 3 1+ Dol 127l |

k=0,2,...,N,

4],

N-1
< S Ul ol = (a2l |
s=1
(R

N-1
oy { > 1 fb Ui
+ A"y, + ||A¢||H} , k=02,...,N,

A,y = M [ 31 el Ll oo

|1+ 7oA Al/zy/"H]

(214)

hold, where M does not depend ont, ¢, y,or f,1 <s < N-1.

In [74], two types of second order of accuracy difference
schemes

2
-2 T 2
T (Upy = 20y + g y) + Avgy + ZA U1 = fio

fie = f(t),
ty=kr, 1<k<N-1,

?A\ _ T
(I+ T)T g~ ug) - E(fo_Auo)
= _ T A
= i {T (g = taga) (5 N <Ak - [—k] T))
k=1 T
(fingm - A”[Ak/ﬂ)} Y,
Uy = ) oty {“[Am/rl + 77! (g, ey — a1
m=1
A
Ar | 2m ,
(%))t o

fO = f (O) >
(215)
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. 1
T (uk_H — 2uk + uk_l) + EAuk

+ }LA (a1 + ) = fio
fi=f),

tk:kT, ISkSN—l,

(- 22) (22
g { (Ak/rl ”[Ak/ﬂ—l)

(50 )

(fingsm - Au[)lk/r])} +Y,

n
-1
Uy = Z"‘m {”[Am/ﬂ tT (”[Am/r] - ”[Am/ﬂ—l)
m=1

(o]

fo=1(0)
(216)

for approximately solving nonlocal boundary value problem
(207) were constructed.

Theorem 97 (see [74]). Suppose that ¢ € D(A), v € D(A'?),
and the assumption

iak|<1+

(217)
+kzl|ak|z|ﬁk (1+ -1%]4)

[aHgwh 2]

is satisfied. Then, for the solution of difference scheme (215), the
stability inequalities

<1

n
+ Z ot | [A
k=1

max fugy

N-1
<M { Z “A—l/sz“HT + "A_l/zll’"H + ||<p||H]» ,
k=0

1/2
max “A f uk"
0<ksN H

<M { kz i+ |47, + ||1,,||H} ,
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max “T_Z (uk_H — Zuk + uk_l)"H

1<k<N-1
2 42
+ max Auk+TA Upey1
0<k<N-1 H
<M NZ_I I A A
< fi= felig + U folles + A", + 140l
k=1

(218)
hold, where M does not depend ont, ¢, y, or f;,0 < k < N-1.

Theorem 98 (see [74]). Suppose that ¢ € D(A), y € D(A'/?),
and assumption (217) holds. Then, for the solution of difference
scheme (216), the stability inequalities

max Jlu]

N-1
<M <I Z ||A—1/sz||HT + ”A_I/ZWHH + ||(p||H]> ,
k=0

1/2
ax 4" u,
0<k<N

N-1
m {kz el e+ |47, + ||w||H} ,
-0

(219)
a7 s =2+ )

+ max
1<k<N-1

1 1
EA”k + ZA (Ugsr + thy)

<M {kz Ui Ferlhs + ol

Ay + ||A¢||H}

hold, where M does not depend ont, ¢, y, or f,0 < k < N-1.

In practice, difference schemes of the first and second
order of accuracy difference schemes for the approximate
solution of problems (210) and (211) were presented in [72,
74]. The stability estimates for the solution of these problems
were established. Numerical experiments provide convincing
support for the theoretical statements.

In [76], the third order of accuracy difference scheme

2
-2
T (Upyy — 2up + gy + gAuk

1
+ A(ukﬂ )+ 27 2A? U1 = fio

= -f(tk) += (f (teer) + f (1))

- 1—1212 (—Af (tger) + 1" (tk+1)) )

tp,=kr, 1<k<N-1, Nt=1,
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(1-itA*)u,

n
-1
= Z“k {“mk/rl +7 (”mk/rl - ”[Ak/rl—l)

(-[2])

A

+ (fir/e — Atiprn) <Ak N [7](] T>

1 -
o (form =7 AUy m = iz, -1))

(f]

L 2
+ 53 (Fikmr = A + At )

([}
+y+ T,

1 /
f1,1 = Ef(o)"'f (0)2
(220)

and the fourth order of accuracy difference scheme

. 5
T (Upyy — 20y +Upy) + gAuk

2

1 T 2
+ —A(u, +u - —A"u
2 (k+1 k—l) 7 k
2

T
+ mAz (Ugsr + 1gy)

= gf(tk) + % (f (teer) + f (tica))

T (Af )+ £ (1)
- P [FA(S () £ (6)
+f" (ten) + £ (tk—l)] ,

te=kr, 1<k<N-1,

39

itA? 243 o
uy=\1- +
2 12

n

).

k=1

o (-2 (- [2)
X(“mk/ﬂ —”ukm—l)

(- ()

3, A ATV
+oT (7— [7 Joum
7 s( M MY o
i (7‘[7 Tt
Uog( M [AN
t o (7‘ [7 ows
1 oA TATY
24 <r “1 7)) Twap e
(uy — 1)
I+11'A1/2 2 A° !
12

2
(%))
24 T T
’ (”[Ak/ﬂ - ”[Ak/rl—l)
o(ae(- )
T T
AR (A TATY
Y (7‘[7"]) Ui/l

o 2-[2)

T2 12 Ak A’k
2 f[Ak/T] ? T
T |
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oo {(1-22) 0
+(_<1

+ (=Atf (0) = 2" (0) + 7f" (0))

572A

)f(0)+ff (o>>§
r
6

2
T
+(Af () =3f"(0) ﬂ}
(221)
for approximately solving multipoint nonlocal BVP (207)

were constructed. The stability estimates for the solution of
difference scheme (220) were obtained under the assumption

u A 3|4 AP
M{H [2]-35-[%)
el Ll L2
6|71 T 24 T
L /\k_[)tk] 1Ak_[Ak]2
+;|Bk|{1+ T +2 T T
1&{&]3 1A [h]
6|71 T 24 | T T
+ §:|“k|§:|ﬁk
k=1
.{H&_[ﬂ]z
T T
21T T 91 1 T
8
Lﬁ_[h] }<1.
576 | T T

(222)

Theorem 99 (see [76]). Suppose that assumption (222) holds
and ¢ € D(AY?), y € D(AY?). Then, for the solution of
difference scheme (220), the following stability estimates hold:

max [l

N-1
Y { S ary,
s=1

el

el ol sl
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max "Al/zuk"
0<k<N H

N-1
<a{ S Uil 140, Wl ol

mas A,

em{ S 1 s+ Uil ol

R N}
(223)
where M does not depend ont, @, y, f11,0r f, 1 <s<N-1

The stability estimates for the solution of difference
scheme (221) were obtained under the assumption

;ilakl{l+*—:—[%]+;%—[ﬂ:]z
Sl N |

S[R3l [ |
ERE REEN R

*‘2E|“k|§:|ﬁk

.{H&_[&]Z lh_[ﬁ]
T T 2| T T
91 1 T
8
R [ﬁ] }<1_
576 T
(224)

Theorem 100 (see [76]). Suppose that assumption (224) holds
and ¢ € D(AY?), y € D(AY?). Then, for the solution of
difference scheme (221), the following stability estimates hold:

' Uy + U1
2

max
2<k<N

iy {"z a7y,
s=1

H

u ol

el ol
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k-1
||u1nHSM{2i|Awfs
s=1

el

ol e sl |

A2 Up + Uy
2

+ max
H 2<ks<N

2<k<N-1 2T H

k-1
S D P I AT

4"l

k-1
<3 {3 Uil 1470 W+ ol

u — Up_
A1/2 k+1 k-1
2T

max
2<k<N-1

+ max
H 2<ksN

2 H

N-1
M { > 1 ok Uik
W o, el
N-1
A < M { 5 1ol U5

S L R

(225)

where M does not depend on t, ¢, v, f,,, 0r f, 1 <s< N-1.

In [70, 71], the nonlocal boundary value problem for the
multidimensional hyperbolic equation

m

o%u (t, x)
—_— - a, (x) u, +ou(t,x) = f(tx),
at2 1; ( Y)X, f (226)

x=(xp..,%x,)€Q, 0<t<T,

with integral conditions

T
u(0.%) = | a(p)ulp.x)dp

n

+ Za(/\,-)u(/\,-,x) +o(x), x€Q,
- (227)

u 0.3 = [ B(p)u(px)dp

+ ib()ti)ut Apx)+y(x), xe€Q,

i=1

41
and nonclassical conditions
u(t,x)ls1 =0,
(228)
Wb o g<reT
aﬂ S,
or classical Dirichlet condition
ulg=0 (229)
or classical Neumann condition
ult.l _, (230)
al’l N
was investigated under the assumption
T n n
1+ J a(s)B(s)ds+ Za (Ar) Zb (M)
0 k=1 k=1
n T n T
+Za (M) J B(s)ds + Zb (M) J a(s)ds
- 0 - 0
k=1 k=1 (231)

T
> [ G+ ) ds
0

n
+ 2 la () +b ()]
k=1
Here, Q) is the unit open cube in the m-dimensional Euclidean

space R™(x = (x,...,%,) : 0 < x; < L1 < j <

m) with boundary § = S; U S,, Q=QuUS a(x (x €
Q), p(x), y(x) (x € Q), and ft,x) (t € (0,T), x € Q)
which are given smooth functions, and a,(x) > a > 0.7
is the normal vector to Q,0 > 0, and «(s), 5(s), a(s), and
b(s) are scalar real-valued continuous functions. Theorems
on stability of solutions of these problems were established.
The first and second order of accuracy in ¢ stable difference
schemes for the approximate solution of these problems were
presented. Stability of these difference schemes was obtained
under the assumption

IO DA AB IO L

j=

(232)
for the first order difference scheme and under the assump-
tion

N T Y T
I>Z oc(tj—5> T+Z ﬁ<tj_5) T
j=1 j=1
(233)
3 T\ & T
PACEE) DIUCEH &

for the second order difference scheme.

The theoretical statements for the solution of these differ-
ence schemes for one-dimensional hyperbolic equations are
supported by two numerical examples in computer. We show
that the second order of accuracy difference scheme is more
accurate compared with the first order of accuracy difference
scheme.
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7.4. Hyperbolic and Mixed Type PDEs. The solutions of
large-scale scientific-technological problems in the field of
construction of the base of project and system of rational
elaboration, improvement of elaboration and exploitation
of technology, modern methods of construction of deep
well-holes in complicated conditions, hydrodynamics of low
permeable spaces, and protection of environment become
possible only owing to the application of mathematical mod-
els and new numerical methods implemented on computers.
Mathematical models of many problems of such type are
reduced to nonclassical or classical problems of mixed type
PDE:s (see, e.g., [121-125]). Ashyralyev jointly with his group
of scientists investigated the modeling processes of exploita-
tion of gas places. The investigation of the underground
natural gas beneath the earth 6km from the underlying
is based on mathematical models. In this section we give
results of his group on the stability of nonlocal problems for
partial differential equations of mixed hyperbolic-parabolic
and elliptic-hyperbolic types. First, we consider the nonlocal
boundary value problem

du (1)
o tAU=fB) 0st=T),
W) | auwy=g@) (T<t<o0), (234)

dt

u(-T)=au(p)+¢p, 0<a<l, 0<u<T,

for hyperbolic-parabolic differential equations of mixed type

in Hilbert space H, where A = A* > 81 (8 > 0) is a positive

definite and self-adjoint operator with dense domain D(A).
Function u(t) is called a solution of problem (234) if the

following conditions are satisfied:

(i) u(t) is twice continuously differentiable on the inter-
val (0,T] and continuously differentiable on the
segment [T, T].

(ii) The element u(t) belongs to D(A) for all t € [-T,T7,
and the function Au(t) is continuous on the segment
[-T,T].

(iii) u(t) satisfies the equations and nonlocal boundary
condition (234).

Theorem 101. Suppose that ¢ € D(A) and f(t) are con-
tinuously differentiable on [0,T] and g(t) is continuously
differentiable on [-T,0] function. Then there is a unique
solution of problem (234) and the stability inequalities

max |u(t
max llue ()l

-1/2
< M [lgll, + max, g @), + max a2 o], .

-T<t<0

max [Au )],

0
<M [”A”zprH ¥ L lg ®|,, dt + max ||f(t)||H] ,
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d*u (t)
dt?

du (t)
dt ”H " 0<t<T

+ max ||Au(t
max A ()|

~T<t<0 H

< M [Jagl, + |4 0],

T
1f Ol + s |o' @l + [ 17 @], a]
(235)

hold, where M does not depend on f(t), t € [0,T], g(t) €
[-T,0], or ¢.

In [87], the difference analogues of these stability inequal-
ities were presented for solutions of the first order of accuracy
difference scheme

)
T (Upyy = 2 + they) + Aty = fio

Jie=f(t),
tr=kr, 1<k<N-1,
7 (uy —up) +iA Py, = (—A + iAl/z) Uy + go»
Nt =T, (236)
T (U — ) + Aty = g

gk =9 (),

ty=kr, —-(N-1)<k<0,

M_N = Olu[ﬂ/.r] + (P

and second order of accuracy of the two types of difference
schemes

2
_ T
T (g — 2ug + 1yy) + Ay + ZAZukH = f(t)>

1<k<N-1,

TAL2
3 u, =27,

tk = kT,

7 (uy — uy) +iA? (I +i
Nt =T,
Z, = 2 (£ (0) = Aug) + (1A — 74 ) uy
+ (I - irAl/z) (g(0) - Auy),

- T T T
T l(uk—uk_1)+A(I+ EA)uk:(I+§A>g<tk_E)’
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te=kr, -(N-1)<k<0,
[
un=« (”[u/r] + (Ui = ) (; - [;])) e
o 1
T (U = 20 + 1y y) + EAuk

1
+ ZA (e + ) = f(tg),

1<k<N-1,

TA?
2 u, =2,

tk = kT,

7 (uy — uy) +iA'? (I +i
Nt =1,
Z, = % (f (0) - Aug) + (iA" —7A) u,
+(I-itA"?) (9 (0) - Auy),

- T T T
T 1(uk_”k—1)+A<I+£A>”k=<I+EA>g<tk—z>,

te=kr, —-(N-1)<k<0,

H_[u
Un=«a <u[;4/T] + (”‘[H/TJJrl - u[“/ﬂ) <; - [;])) e
(237)

for approximately solving boundary value problem (234).
However, for the practical realization of these difference

schemes, it is necessary to first construct operator A/, This
action is very difficult for a computer. Therefore, in spite of
the theoretical results, the role of their application to the
numerical solution of the boundary value problem is not

great.
Let us associate with boundary value problem (234) the
corresponding first order of accuracy difference scheme

T (Upy = 20y + they) + Aty = fro
fi=f (),
tksz’ ISkSN—l,
T (”1 - “0) = —Auy + go»
Nt =T, (238)
L2 (ug = wpr) + Ay = g
gk =9 (),
to=kr, ~(N-1)<k<0,

u_N = OCH[M/T] + (P

43

Theorem 102. Let ¢ € D(A), g, € D(A'?). Then for the
solution of difference scheme (238) the stability inequalities

_I\I,Ié%)éN “”k“H
S T e e
e
_mmax JA"u]
| e Lo 1471, i,
0
+ Z ||9k - gk*lnH ,
k=—(N-1)
| ekeN-1 "{2 (1 = 25+ uk_l)“H
+  max “-r_l (= uk_l)"H + max | Auw|,

—(N-1)<k<0 —N<k<N

N-1
o [ 3 = fslu+ Uil
=2
147 g, + lel.,

“(Qk = Gk-1) T_1||H

+ max
—(N-1)<k<0

(239)

hold, where M does not depend on f, g, or .

Note that Theorem 102 permits us to obtain the conver-
gence estimates for the solution of difference scheme (238).

In [88, 89], the same stability results for the solution of the
following difference schemes of second order of accuracy

2
_ T
T (g — 2up + 1yy) + Ay + ZAzukH = f(t)>

ty=kr, 1<k<N-1,
7! (I+T2A) (uy —uy) = Z4,
Nt =T,

Zy = = (£ (0) = Aug) + (g (0) — Au)

T
2
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_ T T T
T l(uk_”k—1)+A(I+£A>”k:<I+EA>g<tk_z>’

tk = kT,

g e
U=« (”[u/ﬂ LA CERESTE) (; - [;] )) t

-(N-1)<k<0O,

1
-2
T (Upyy — 2up +upey) + EAuk

1
314 (s +y) = f (8)
tp=kr, 1<ks<N-1,
7! (I + TZA) (uy —uy) = Zy,

Nt =T,

Z, = 2 (£ (0) = Aug) + (9.0) - Awg),
7! (uk—uk_1)+A<I+ gA)uk = <I+ §A>g<tk— %),

=k, —-(N-1)<k<0O,

H o[u
Un=o (”[#/r] + (M[M/T]+1 B uWT]) <; - [;D) TP
(240)

for approximately solving problem (234), were obtained.
Moreover, the nonlocal boundary value problem

du t)
Sas tAUW = f(bu@®) O<t<T),
WO | putty=gtuwy (T<t<o), W

dt
u(-T)=au(p)+¢, 0<a<l, O0<u<T,

for semilinear differential equations of mixed type in Hilbert
space H with an operator A = A™ > 8I was considered. The
first order of accuracy

T2 (g = 20 + 1y ) + Aty = f (toug),

ty=kr, 1<k<N-1,

! (uy —uy) =-Auy + g (0’ “0) >
Nt =T, (242)

T (g — ) + A = g (to 1) »
ty=kr, -(N-1)<k<0O,

u_N = (Xu[ﬂ/.r] + (P
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and second order of accuracy

2
T2 (g = 2up + gy + Avgy + %Azukﬂ = f (tow)
ty=kr, 1<k<N-1,
THI+7A) (uy - up) = Z,,
Nt =T,
2y = 2 (f (0,9) = Aug) + (g (0, 9) = Aug)

T_l (uk — uk_l) + A (I + §A> uk

T T 1
= (1+34)9(t- 35 (ar ),

te=kt, —-(N-1)<k<0,
B_#
uy=«o (u[u/rl A CERESTIE) <; - [;])) T

_ 1
2
T (Upeyy = 20 + 1y ) + > At

1
+ ZA (tsr + 1) = f (o) »
ty=kr, 1<k<N-1,
7! (I +12A) (uy —uy) = Zy,

Nt =T,

T
Zy=2,= 5 (f (0,u9) = Aug) + (g (0, 149) — Arty) ,
1 T
T (uk—uk_1)+A<I+ EA) uk

= (I + gA) g(tk - I, l (uk + uk—l))’

2°2
tp=kr, -(N-1)<k<0,
1Z H
UnN=« <u[u/r] + (”[M/T]+1 B u[“/ﬂ) (; - [;])) te

difference schemes approximately solving problem (241) were
investigated. The convergence estimates for the solution of
these difference schemes were obtained. Abstract theorems
of [87-89] permit us to obtain the stability estimates for
the solutions of these difference schemes. A finite difference
method and some results of numerical experiments are
presented in order to support theoretical statements.
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Such type stability results for special cases of hyperbolic-
parabolic equations were obtained before in [78-81].
In [82, 83], the nonlocal boundary value problem

d*u (t)
dt?

+Au(t)=f(t) (0<t<T),

u(=T) = au () + pu’ (A) + ¢,

244
dl;it)+Au(t):g(t) (-T<t<0), (244)
o<1, 0<|B| <1,
O<p, A<T,

for hyperbolic-parabolic differential equations of mixed type
in Hilbert space H, with a positive definite and self-adjoint
operator A = A* >8I (8 > 0) with dense domain D(A), was
considered.

Function u(t) is called a solution of problem (244) if the
following conditions are satisfied:

(1) u(t) is twice continuously differentiable on the inter-
val (0,T] and continuously differentiable on the
segment [T, T].

(ii) The element u(t) belongs to D(A) for all t € [-T,T7,
and the function Au(t) is continuous on the segment
[-T,T].

(iii) u(t) satisfies the equations and nonlocal boundary
condition (244).

Theorem 103 (see [83]). Suppose that ¢ € D(A), g(0) €
D(A'?), g'(0) € H, f(0) € D(AY?), and f'(0) € H. Let
f(t) be twice continuously differentiable on [0, T] and let g(t)
be twice continuously differentiable on [T, 0] functions. Then
there is a unique solution of problem (244) and the following
stability inequalities hold:

max |u (¢
‘max fju ()l

<[l + o | 0, ] 0

-T<t<0

t[a™P 7 O]+ max |42 )]

0<t<T

45
e |5, ¢ e 14wl
< M[|4"g],, + g Ol + max ¢ @,
+1f Ol + max £ 0],
s [ e ‘;T’; s MAu Ol
< M [lagl + |45 ), + g’ O,
+ max [o" 0], + |47 O,
t1s O, + max |7 )]
(245)

where M does not depend on f(t), t € [0,T], g(t) € [-T,0],
or ¢.

In [82], the first order of accuracy

-2
T (Upy = 20 + they) + Aty = fio

fio = f (te) s

i =(k+1)t, 1<k<N,
T (g — ) + A = gy
9 =9 ()
ty=kr, -N<k<0,

T (uy — ug) = —Aug + go,
u_y =auy + f(—Auy+gy) +¢, p<2t, A<21,

Uy = g+ B(-Aug + go) + 9, 2T <y, A <21,

Uy ~ Yiyn)-1

U y=oauy+ pf———"——+¢, p<27, 2T1<A,
T
Uy /e — Upasel—
U_N = Ol + ,BM +@, 2T<u, 2T<A,
T
(246)
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and two types of second order of accuracy

2
-2 T 42 _
T (Upy = 20y + thgey) + Avgy + ZA U1 = fio

fie = f(t),
ty=kt, 1<k<N,

7! (I + TZA) (uy —uy) = Zy,

Zy =3 (£ (0) = Aug) + (g (0) - Awp),
7 (- )+ A <I + §A> U, = <I + §A> >

=o(%-3)
9k = 9\ K 2)°
th=kr, —-(N-1)<k<0O,
u_y = a(u + p(~Aug + go))
+ B (~Auy + gy + A (—Auq + £;))

+¢, u<2r, A<21,

¢ Ulpjz) — Yig/o-1
N R

+ B (=Augy + gy + A (—Auy + £;))
+¢, 2T<u, A<21,
u_n = a(uy + pu(-Aug + go))

Unrjz) ~ Yiye-1
T

+ ()L— [%] T— g) (f[/\/'r] _A”Wr])>

+5(

+¢, Wu<2t, 2T<A,

12 Ulp/e] = Ylp/r-1
N A D

Uyl ~ Yiye-1
T

+ ()L— [%] T— g) (f[/\/'r] _A”WT])>

+5(

+@, 2T<y, 2T <A,

(247)
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5 1
T (Upeyy = 20 + 1) + > A

1
+ ZA(”kﬂ +u ) = fio

fi=f(t),
tk:kT, ].Sk<N,

! (I + TZA) (uy —uy) = Z4,
2= 2 (f 0= Aug) +(9.0) - Awp),

T (g~ ) + A (1 + gA> Uy = <1 + §A> g

-s(u)
9 = 9\ Tk 2)°
th=kr, -(N-1)<k<0,
u_n = a(uy + p(-Aug + go))
+ B (~Auy + go + A (—Aug + £;))

+¢, u<2r, A<21,

(248)
Ul/r) ~ Ylp/r-1
e )
+ B (=Auy + go + A(=Aug + £;))
+¢, 2t<u, A<2r,
u_y =« (uy + pu(-Auy + gy))
Uy ~ Uye-
o
AT T
+ (A - [; T- 5) (f[A/T] - Au[)t/r]))

+¢, u<2r, 21<A,

Nz Ulyjz) — Ulp/r)-1
M_N=OC<M[‘M/T] +(‘u— _;]T> —T )

u —-Uu
[A/7] [A/7]-1
+ ﬁ <f

+{A- % T—% (f[/\/r]—A”[A/r])
(-[2)3) )

+@, 2T< W, 2T <A,

difference schemes for approximately solving boundary value
problem (244) were presented. For the solution of these
difference schemes, the following stability estimates are
established.
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Theorem 104 (see [82]). Suppose that ¢ € D(A), g, €

D(AY?), and f, € D(A"?). Then, for the solution of difference
scheme (246), the following stability estimates hold:

_max ],

< Ik #4725, + 4ol

+ max A (f- fio) 7|,

-1/2
+ max "A -
—N<k<0 (gk

ac) ],

1/2
max "A / uk"
—~N<k<N H

< 3[4l + Uik + Dok

" zsrl?sa}\fx_l “(fk = fie1) T71||H
+—(NI1112)DS(1<§0 “ = G- 1 " ] (249)

+ max ||Auk||H

-2
max ”‘r (theyy — 20y + uk,l)" _max

1<k<N-1

+ max

—(N-1)<k<0 "T (uk He- 1)"

=M [I|A¢||H Al

+ ”(fz - fl)T_IHH

s |(ferr = 2f+ fic) 772,

+[ag0l; + (00 - 97

T max 1|'(gk+1 29k + Gi-1) 72||H]>

where M does not depend on 7, f, 1 <k < N, gi,—N < k <
0, or @.

Theorem 105 (see [82]). Suppose that ¢ € D(A), g, €
D(A'?), and f, € D(A"?). Then for the solution of difference
schemes (247) and (248) the following stability estimates hold:

_max ]y

< [l L

ATL2
e | G fed)]
-1/2
+ max (9 = 9c1) H] ,

47
“max (4%,
M |42l + Lol + ol
* 15%211\)7( 1 “ = fi1) "H
S (g W
12kEN-1 "T_Z (101 = 2+ uk—l)"H +omax, (pUA
i _(Noekso ”T_l (g = 4g1) " H
< M [Jagl, + |4 o, + 0 - 77
+o e, “(fkﬂ -2fi+ fio1) T_2||H
+ ”Al/zgo “H + "(go -9.1) T_I“H
+—(N£111faé)1(cs—1 ”(gk“ = 29¢ + Ge1) T_ZHH] >
(250)

where M does not depend on t, fi,0 <k <N, g;,—N < k <0,
or @.

In applications, the stability estimates for the solutions
of the difference schemes of the mixed type boundary value
problems for hyperbolic-parabolic equations were obtained.
The theoretical statements for the solution of these difference
schemes for hyperbolic-parabolic equation were supported
by the results of numerical experiments.

The generalization of stability estimates results of [82, 83]
was presented in [84, 85] for the solution of the multipoint
nonlocal boundary value problem

2
d;§t)+Au(t)=f(t) 0<t<T),
du(t)
— tAu) =g (-T<t<0),

(251)

N L
u(-T) = Z“iu () + Zﬁi“’ (A) + o
in i=1

N L
Yl <1, 0<Y|Bl<1, 0<p, 4,<T,
i=1 i=1

for differential equations of mixed type in Hilbert space H
with self-adjoint positive definite operator A.

In practice, the stability estimates for the solutions of
difference schemes of the nonlocal boundary value problems
for one-dimensional hyperbolic-parabolic equations with
nonlocal boundary conditions in space variable and multidi-
mensional hyperbolic-parabolic equations with Dirichlet and
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Neumann conditions in space variables were obtained. The
method was illustrated by numerical examples.
In [90, 91], the nonlocal boundary value problem

d’u (1)

AU =f(O) 0st=T),
MO =g (T<t<0), (252)
Au(-T)=oau(u)+¢, 0<u<T,

for differential equations of hyperbolic-Schrédinger type in
Hilbert space H with self-adjoint positive definite operator A
was considered.

Theorem 106 (see [90]). Suppose that ¢ € D(A'?), £(0) €
D(A'?), and g(0) € D(AY?). Let f(t) be continuously
differentiable on [0,T] and let g(t) be twice continuously
differentiable on [-T,0] functions. Then, there is a unique
solution of problem (252) and the following stability inequalities

max |u (¢t
max Ju (@)l

<m (|4, <[4 g 0,

+ max 479" @),

+max |47 )], |,

du (t)

5 4"

H

—T<t<T ll —T<t<T

<M [nsonH +g @]+ max [47% @),

—-T<t<0

smax [ )],,].

0<t<T

d*u (t)
dr?

du (t)

max

+ max ||Au(t
—-T<t<0 —-1<t<1 ” ( )"H

H

il
0<t<T
sM[HA%liH+uA“zg<o>||H+ng' ol,

s o 0l + 2 0,

-T<t<0

+max |42 @],

(253)

hold, where M is independent of f(t), t € [0,T],
[-T,0], and ¢.

g(t), t €

In applications, the stability estimates for the solutions
of the mixed type boundary value problems for hyperbolic-
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Schrodinger equations were obtained. Difference schemes of
first and second order of accuracy for approximate solutions
of nonlocal boundary value problem (252) for hyperbolic-
Schrodinger equations were investigated. Stability estimates
for the solutions of these difference schemes were obtained.
A finite difference method and some results of numerical
experiments are presented in order to support theoretical
statements.

In [126], difference schemes for the approximate numer-
ical solutions of difference schemes of multipoint non-
local boundary value problem for the multidimensional
hyperbolic-parabolic equations with Dirichlet and Neumann
conditions were investigated. Stability estimates for the
solution of these difference schemes and their first and
second orders difference derivatives were obtained. Numer-
ical experiments of one-dimensional hyperbolic-parabolic
equations with variable conditions in x and two-dimensional
hyperbolic-parabolic equations were given. The theoretical
statements for the solution of these difference schemes are
supported by numerical examples.

Second, we consider the nonlocal boundary value prob-
lem

u, () +Au(t) = f(t), 0<t<T,

—u, () +Au(t)=g(t), -T<t<0, (254)

u(-T)=u(M),  u(0)=

for hyperbolic-elliptic differential equations in Hilbert
space H, with the self-adjoint positive definite operator
A.

Function u(t) is called a solution of problem (254) if the
following conditions are satisfied:

(1) u(t) is twice continuously differentiable in the region
[-T,0) U (0, T] and continuously differentiable on the
segment [T, T].

(ii) The element u(t) belongs to D(A) for all t € [-T,T],
and the function Au(t) is continuous on [-T, T].

(iii) u(t) satisfies the equations and boundary conditions
(254).

Theorem 107 (see [77]). Suppose that ¢ € D(A), and let
f(t) be continuously differentiable on [0,T] and let g(t) be
continuously differentiable on [T, 0] functions. Then there is a
unique solution of problem (254) and the stability inequalities

max |u(f
_mg” Ol

A I

0<t<T

< M lglly + max a9 1),

-T<t<0

max
=T<t<T

“ max ax [Au ()|,
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12 0 T
< m (|4, + [ do@lgde+ [ 15 @lpte].

2

u
max ||—| + max |[Au(t
“T<t<T || dt? ~T<t<T 4w @)l

H

<M [uAgouH g O+ 1f Ol

0 T
o I A e T e
(255)

hold, where M does not depend on f(t), t € [0,T], g(t), t €
[-T,0], and ¢.

In [77], applying the first order of accuracy difference
scheme for hyperbolic equations and the second order of
accuracy difference scheme for elliptic equations and the first
order approximation formulae for nonlocal condition and
continuity condition at t = 0, the following first order of
accuracy difference scheme

Upyy = 2y + Uy
) + Augyy = fio

fio = f(ten)s

tk+l = (k+ 1)T,

T

1<k<N-1, Nt =T,

Uprr — 2ty + Uy
-t 4 Ay = g

2 (256)
gc =9 (t)»
tr=kr, -N+1<k<-1,
U_N = Uy U =9

U —Ug=Uy—U_y,

for approximately solving nonlocal boundary value problem
(254), was presented.

Theorem 108 (see [77]). Let ¢ € D(A). Then, for the solution
of difference scheme (256), the stability inequalities

_max [
<M [IIfPIIH + max a2

49
-1/2
¢ max |44
U = Uy 1/2
e | e Al
1/2 -1 N-1
<m||A], 4 Y rugk||H+zfnfkuH},
=-N+1 k=1
Uy = 2Up + Uy
N 2 - +_max, lAw]l
< M | Al + [0l + 1l
-1 N-1
S P e T —fkluH]
k=—N+1 k=2
(257)

hold, where M does not depend on 7, ¢, or f, 1 < k < N -
L, g -N+1<k<-L

In [77], applying the second order of accuracy difference
scheme for hyperbolic equations and elliptic equations and
the second order approximation formulae for nonlocal con-
dition and continuity condition att = 0, the following second
order of accuracy difference schemes

Upyy = 2y + Uy

2
T 42
2 + Auy + ZA Uy = fio

T
fie=f (),
ty=kr, 1<k<N-1, Nt=T,
uk —2uk+uk_
_HTI"'Auk:gk,
g =9 (t),
ty=kr, -N+1<k<-1,
2
T
Uy uo_g(fo_Auo)
2
T
:”0_”71_?(90_‘4”0)
fOZf(O)’ go:g(o),
Uy =P, U_n =uns

(258)
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Uperr — 2y + Uy

1 1
5 + EAuk 2 (A + Ay y) = fio

T
fi=f )
ty=kr, 1<k<N-1, Nt=T,
Upy = 2up + Uy, + Ay =
2 TAmT g
9 =9 (t),
t,=kt, -N+1<k<-1,

2

<I+T2TA>(u1—uo)—T—(f0—Auo)

2
2
T
:”0_”—1_?(90_14“0)’
fo=£(0), g0 =9(0),
Uy = ¢, U_N =uUn»

(259)

for approximately solving nonlocal boundary value problem
(254), was presented.

Theorem 109 (see [77]). Let ¢ € D(A). Then, for the solution
of difference scheme (258), the stability inequalities

~max_fue]y

< M lgl; +_gmax

-1/2
A"qy
—N+1<t<0 “ Ikl

-1/2
+ max A7 ]
0<t<N-1 fk H|’

max IM + max “Al/zuk“
—N+1<t<N T H —-N<t<N H
1/ 0 N-1
< |17, e ¥ sl Telal |
k=—N+1 k=0
Uy — 2Up + Uy,
max |F | max A
<M || Aglly + 9ol + | foll

oS o-gal S 1 —fk_1||H]
k=1

k=—N+1
(260)

hold, where M does not depend on 1, ¢, or f, 0 < k < N -
L, g,-N+1<k<o.
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Theorem 110 (see [77]). Let ¢ € D(A*?). Then, for the
solution of difference scheme (259), the stability inequalities

_max [

<m[[(1 24"l

+ max

-1/2
A
—~N+1<t<0 “ Ikl

v max JA72f, ]

max [ s ma 4w,
<M | A (1A o], (261

b Y clad - ir||fk||H],

k=—N+1 k=0

Uy = 2up + Uy

_NJH]SEE(N_I 2 - + _I\n,lﬁi(N "A”k” H
<M |[a(r=iA)g], +lgolly + [ foll

0 N-1
e S a-adt S 1 —fk_lnH]
k=1

k=—N+1

hold, where M does not depend on t, ¢, or f, 0 < k < N -
L, g»-N+1<k<o.

The generalization of stability estimates results of [77,126]
was presented in [86] for the solution of the multipoint
nonlocal boundary value problem

u, ) +Aut)=f(@), 0<t<T,

—u, () +Au(t)=g(t), -T<t<0,

P
u(=1) = Y au(6) + ¢, (262)
k=1

0<0, <---<0p<T,

u(0)=0

for hyperbolic-elliptic differential equations of mixed type in
Hilbert space H with self-adjoint positive definite operator
A.

In practice, the stability estimates for the solutions of dif-
ference schemes of the nonlocal boundary value problems for
one-dimensional hyperbolic-elliptic equations with nonlocal
boundary conditions in space variable and multidimensional
hyperbolic-elliptic equations with Dirichlet and Neumann
conditions in space variables were obtained. The method was
illustrated by numerical examples.



Abstract and Applied Analysis

7.5. Stochastic Hyperbolic Equations. It is known that most
problems for stochastic differential equations are applied to
model diverse phenomena such as fluctuating stock prices
or physical system subject to thermal fluctuations. Typi-
cally, stochastic differential equations incorporate white noise
which can be thought of as the derivative of Brownian motion
(or the Wiener process); however, it should be mentioned that
other types of random fluctuations are possible, such as jump
processes.

It is known that initial-boundary value problems for
stochastic hyperbolic equations can be reduced to the Cauchy
problem

Vi) dt = —Av(t)dt + f (t)dw,, 0<t<T,
v(0) =0,
, (263)
v (0) =0,

w, = V&g, EeN(0,1),

for the second order stochastic differential equation in
Hilbert space H with self-adjoint positive definite operator
A with A > 8I, where § > §, > 0. Here,

(i) w, is a standard Wiener process given on the proba-
bility space (Q, F, P);

(ii) for any z € [0,T], f(z) is an element of the space
M ([0,T], H,), where H, is a subspace of H.

Here, Mij([O, T1, H) denote the space of H-valued mea-
surable processes which satisfy the following:

(a) ¢(t) is F, measurable, a.e. in t.
(b) Consider E [ [$(t)lldt < co.

It is clear that under assumptions (i)-(ii) Cauchy problem
(263) has a unique mild solution, which is represented by the
following formula:

v(t) = Lt St-24) f (z)dw,. (264)

Theorem 111 (see [93]). Let v(t;) be the solution of (263) at

the grid pointst = t;. Then {v(tk)}oN is the solution of the initial
value problem for the following difference equation:

1
= (v (1) = 20 (1) + v (81))
+ _[2—2 (I-C(t,A)v(ty) = frs

1
fi= . (fikr +S(1,A) f1.—C(1, A) fix)

1

fumt [ ste-nn)f@du, O

1 (%
Sk == L C(ty—2A) f (2)dw,,
1<k<N-1,

v(0) =0, v(1) = Tf1 ;.
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For the approximate solution of problem (263), we need
to approximate the expressions

1k
Jik = - L St~ 2 A) f (2) dw,,

= [ clhnn) f@aw, 9

2

exp (iiTAl/z).

Using Taylor’s formula and Padé approximation of the func-
tion e “ at z = 0, we can construct the following two-step
difference scheme:

1 1 1
= (tgsr = 20 + 1y ) + SAU+ AU + A,

1 1 ~ ~ 1 ~
-7 ((I + ZTZA> Jrksr + Thog = (I - ZTZA> f1,k> ]
tr=kr, 1<k<N-1,
uy, =0, Uy =‘rfl,1,
(267)
for the approximate solution of problem (263).
Theorem 112 (see [93]). Assume that
T
EJHANM&&SC. (268)
0

Then the estimate of convergence

N 172
(ZEWOQ—wﬁ> <C, (O (269)
k=1
holds. Here, C,(0) does not depend on .

In applications, the initial-boundary value problem for
one-dimensional stochastic hyperbolic equation

uy (%) dt = (a(x)u,) dt +0u(t,x)dt = f (t,x) dw,,

0<t<T, 0<x<1,
u(0,x)=u,(0,x)=0, 0<x<1,
u(t,0)=u(tl), u,(t,0)=u (1), 0<t<T,
(270)

was considered. Here 6 > 0, a(x) = a > 0, a(l) =
a(0) (x € (0,1)), and f(t,x) (t € [0,T],x € [0,1]) are
smooth functions with respect to x.

The discretization of problem (270) is carried out in two
steps. In the first step, we define the grid space

[0,1],={x=x,:x,=nh,0<n< M,Mh=1}. (271)

Let us introduce the Hilbert space L,;, = L,([0,1];,) of the
grid functions ¢"(x) = {9, }M" defined on [0, 1], equipped

with the norm
172
|¢@Wh> :

- ( 5

x€[0,1],

(272)
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To the differential operator A generated by problem (270), we
assign the difference operator A}, by the formula

; M-1

ALl (x) = @@ )., + 5(pn}l (273)

acting in the space of grid functions ¢ (x) = {%}évz satistying
the conditions ¢, = ¢pp @1 — Po = Ppr — Par_y- 1t is well-
known that Aj is a self-adjoint positive definite operator in
L,;,. With the help of A}, we arrive at the following initial
value problem:

uft (t,x)dt + A’;luh (t,x)dt = f" (t, x) dw,,

0<t<T, xe€l0,1],, (274)
h h
u (0,x)=u, (0,x)=0, x¢€[0,1],.

In the second step, we replace (274) with difference scheme
(267):

1 L
= (uZJrl (x) - ZuZ (x) + ”2—1 (x)) + EAth (x)

1
t (AZuZH (x) + Aiuz_l (x)) = (pZ (x),

1 1 x
9L () = ((I + ZTZAh> Prier () + 7@ (%)

1o,
(137 el0).

tk
(Pil,k (x) = ‘% L (z - t) f" (z,%) dw,, 275)

2%

1
e+ |

5]

f (z)dw,,

ty,=kr, 1<k<N-1, x€[0,1],,

ug (x)=0, u}l' (x)=- J-OT (z—-1) fh (z,x)dw,,

X € [O,I]h

Theorem 113 (see [93]). Let T and h be sufficiently small
numbers. Then, the solutions of difference scheme (275) satisfy
the following convergence estimate:

N 1/2
(zwaa@_um§> cCO)arm, @)
pd 2h

where C(8) does not depend on T or h.

The proof of Theorem 113 is based on the abstract
Theorem 112 and the symmetry properties of the difference
operator A}, defined by formula (273).

Second, let Q) be the unit open cube in the n-dimensional
Euclidean space R” = {x = (x;,...,x,) : 0 < x; < 1,i =
1,...,n} with boundary S, Q= QusS. In [0, T] x Q, the mixed

Abstract and Applied Analysis

boundary value problem for the multidimensional parabolic
equation

n

u,, (t,x) dt — Z (a, (x) ”xr)x dt = f (t,x) dw,,

r=1

0<t<T, x=(x,...,x,) €Q,

(277)

u(0,x) =u,(0,x) =0, x e

u(t,x)=0, x€8, 0<t<T,

with the Dirichlet condition, was considered. Here a,(x), (x €
Q),and f(t, x) (t € (0,1), x € Q) are given smooth functions
with respect to x and a,(x) > a > 0.

The discretization of problem (277) is carried out in two
steps. In the first step, define the grid space Q, = {x = x,, =
(hymy,....h,m,);m = (my,...,m,),0 < m, < N,hN, =
Lr=1,...,n,Q,=Q,nQ,8,=Q,nS.

Let L,;, denote the Hilbert space

(278)

The differential operator A in (277) is replaced with

n

Al (x) = _Z (ar (x) ”;) g

X,
r
r=1

(279)

where the difference operator Aj is defined on those grid

functions 1/ (x) = 0, for all x € Sp,- It is well-known that A},
is a self-adjoint positive definite operator in L.

Using (279), we arrive at the following initial value
problem:

ull (t,x)dt + ATl (t,x) dt = [ (t, x) dw,,

0<t<T, x€Q, (280)

u" 0,x) = uf (0,x)=0, xc¢€ ﬁh.
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In the second step, we replace (280) with difference
scheme (267):

1 1«
= (uZJr1 (x) - ZMZ (x) + “2—1 (x)) + EAth (x)

+— (A (0 + Afu_ (0) = 9 (1),

m»—

1 1 x
- <<I + ZTZAh) <pik+1 (x) + TS"Z,k (x)

1 24
(1= 374)ol0).

1

Pl () = -

g (x) =

h 1 (%
b= 2| f@du,
T Jy

tr=kt, 1<k<N-1, xeQy,

ulg (x)=0, ui’ (x)=- LT (z-1) fh (z,x)dw

xEQh.

Theorem 114 (see [93]). Let T and |h| = [l +---+h2

be sufficiently small numbers. Then, the solution of difference
scheme (281) satisfies the following convergence estimate:

N
(y%@u%><mmmm 2s2)
k=1

where C(8) does not depend on  or |h|.

The proof of Theorem 114 is based on the abstract
Theorem 112 and the symmetry properties of the difference
operator A} defined by formula (279).

Third, in [0, T] x €, the mixed boundary value problem
for the multidimensional parabolic equation

n

uy (t,x)dt = ) (a, (x)

r=1

+0u(t,x)dt = f (¢, x)dw,,

uxr)Xr dt

0<t<T, x=(x,....x,)€Q, (283)
u(0,x) =u, (0,x) =0, x e
a >
ubX) o xes 0<t<T,
on

with the Neumann condition, was considered. Here # is the
normal vector to Q. Here § > 04,(x), (x € Q), and
f(t,x) (t € (0,1), x € Q) are given smooth functions with
respect to x and a,(x) > a > 0.
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The discretization of problem (283) is carried out in two
steps. In the first step, the differential operator A in (283) is
replaced with

n

A’;uh (x) = —z (a, (x) u;)x

r=1

ot su (x), (284)

where the difference operator A} is defined on those grid
functions D"u/(x) = 0, for all x € Sy» where D'l'(x) = 0
is the second order of approximation of du(t, x)/0ii. It is easy
to see that A} is a self-adjoint positive definite operator in L,,.
Using (284), we arrive at the following initial value problem:

’/‘Z (t, x)dt + A’;luh (t,x)dt = fh (t, x) dw,,

0<t<T, xely, (285)

u" 0,x) = u? (0,x)=0, xc¢€ ﬁh.

In the second step, we replace (285) with the difference
scheme (267):

1 1
= (uZ+1 (x) - ZuZ (x) + uﬁ_l (x)) + zA’,iuZ (x)

1, . x
+ 4_1 (AthJrl (x) + Ahu271 (X)) = (Plil (x) >

1 1
‘PZ (x) = - ((I + ZTZA}Z> 9"}11,1&1 (x) + T(P?,k (x)

~(1- 3740 ).

e =1 [ ¢

T

z—t) f (z,x) dw,, (286)

h 1 (%
hi=7]" f@du,
T Joy,

tk:kT, ISkSN—l,XEQh,

u}f (x) = - JOT (z-1) fh (z,x)dw,,

uf)' (x) =0,

Xth.

Theorem 115 (see [93]). Let T and |h| = \|hi+---+h2

be sufficiently small numbers. Then, the solution of difference
scheme (286) satisfies the following convergence estimate:

N 1/2
(zEpw%yﬁm§> cC@)(re i), (8
=1 2h

where C(8) does not depend on T or |h|.

The proof of Theorem 115 is based on the abstract
Theorem 112 and the symmetry properties of the difference
operator A}, defined by formula (284).
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Fourth, in [0, T'] x Q, the mixed boundary value problem
for the multidimensional parabolic equation

n

u,, (t,x) dt — Z (ar (x) ”xr)x dt

r=1
+8u(t,x)dt = f (¢, x)dw,,

0<t<T, x=(x,...,x,) €Q,

u(0,x) =u,(0,x) =0, xc¢€ Q; (288)
ou (t, x) B
on

0<t<T,

0, x¢€8§,,

S,US, =S8,

u(t,x)=0, x¢€8§,

with the Dirichlet and Neumann conditions was considered.
Here 7i is the normal vector to Q. Here § > 0 a,(x), (x € Q),
and f(t,x) (t € (0,1),x € Q) are given smooth functions
with respect to x and a,(x) > a > 0.

The discretization of problem (288) is carried out in two
steps. In the first step, the differential operator A in (288) is
replaced with

A" (x) ==Y (a, (x)ul +8u" (%),

w0 =Y (0w ), +ou' (), (289
where the difference operator A} is defined on those grid
functions 1 (x) = 0, forall x € S;l and D"u"'(x) = 0, for all
X € Si, S;ﬂUSf1 = §;,, where D""(x) = 0is the second order of
approximation of ou(t, x)/o#. By [101], we can conclude that
A7, is a self-adjoint positive definite operator in L,,. Using
(289), we arrive at initial value problem (285).

In the second step, we replace (285) with difference
scheme (267):

1 I

= (uZH (x) - ZuZ (x) + ”2—1 (x)) + EAth (x)
1 X X
+ 7 (A3 (0 + A, () = 9 (),
h 1 Lo x\ & h
o) = = ((1+ 3743 9l (0 + 100 ()
1 24X h
- (I - ZT Ah)%,k (x)),

=1 [" - endw, O

)

1 (%
dw =2 [ fEdu,

et

ty=kr, 1<k<N-1, Nt=T, xe€y,

ug (x) = 0, lﬁ(x)=—J:(z—ryﬂ%zxgdwp

Xth.
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Theorem 116 (see [93]). Let 7 and |h| = \|hi+---+h3

be sufficiently small numbers. Then, the solution of difference
scheme (290) satisfies the following convergence estimate:

N 1/2
(ZE"uh(tk)_uﬂﬁ) cc@(crml), @
= 2h

where C(0) does not depend on T or |h|.

The proof of Theorem116 is based on abstract
Theorem 112 and the symmetry properties of the difference
operator A} defined by formula (284).

In [92], the initial value problem

dv(t) + Av () dt = f (t) dw,,
v(0) = o,

0<t<T,
(292)
v(0) = v,

for a stochastic hyperbolic equation in Hilbert space H with
self-adjoint positive definite operator A with A > 81, where
6 > §, > 0, was investigated. In addition to (i) and (ii), we
put the following:

(iii) ¢ and y are elements of the space Mi([(), T], H,)
of H,-valued measurable processes, where H, is a
subspace of H.

Then, under assumptions (i), (i), and (iii), initial value
problem (292) has a unique mild solution given by the
formula

t

wo=cmAm+samw+Jsa-sz@an
0
(293)

Applying the method of [93] and formula (293), the differ-
ence scheme for the approximate solution of initial value
problem (292) was constructed and investigated. The con-
vergence estimate for the solution of the difference scheme
was proved. In applications, the theorems on convergence
estimates for the solution of difference schemes for the
approximate solution of initial-boundary value problems for
hyperbolic equations with Neumann, Dirichlet, Dirichlet-
Neumann, and Neumann-Dirichlet conditions were proved.
Thus, results show that the error is stable and decreases in an
exponential manner.

7.6. Fractional Hyperbolic Equations. In [96], the initial value
problem

2
d;tgt) +DPv() + Av(t) = (1), 0<t<T, (204)

v(0)=0, vV (0)=vy,
for the fractional differential equation of the hyperbolic type

in Hilbert space H with self-adjoint positive definite operator
A with A > 8I, where § > §, > 0 was considered.
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Function v(t) is called a solution of problem (294) if the
following conditions are satisfied:

(i) v(t) is twice continuously differentiable on the seg-
ment [0, T1].

(ii) The element v(t) belongs to D(A) for all ¢t € [0,T]
and the function Av(t) is continuous on the segment
[0,T].

(iii) u(t) satisfies the equation and initial conditions (294).

Theorem 117 (see [96]). Suppose that w € H and let f(t) be
a continuous function defined on [0,T]. Then, the following
stability estimates hold:

max v (Ol + max Ivell s

+ max ”Dtl/zv(t)“H + (gt;i)% Hvtt +v (t)||H

0<t<T (295)

< M max | Ol + ]

0<t<T

Suppose that v = 0 and f(t) is a continuously differentiable
function defined [0, T]. Then, the following stability estimates
hold:

a*v (t)
dr?

3/2
+ Av (t + D t
max | Av (0l + max [D;”v 1),

0<t<T

< M[1f Oy + max |7 @)],]

0<t<T
(296)
Here M does not depend on w or f(t), t € [0,T].

In applications, the stability estimates for the solution of
two problems were established. First, the mixed problem for
the fractional hyperbolic equation

Uy + Dtl/zu ) - (a(x)u,), +0u=f(tx),

0<t<T,
u, (0,x) =0,

0<x<1,
(297)

u(0,x) =0, 0<x<1,

u(,0)=u(t1), u,(t,0)=u, (1), 0<t<T,

was considered. Problem (297) has unique smooth solution
u(t,x) for § > 0 and the smooth functions a(x) > a > 0,
a(0) = a(1) (x € (0,1)), and f(t,x) (t € [0,T], x € [0,1]).
This allows us to reduce mixed problem (297) to initial-
boundary value problem (294) in Hilbert space H = L, [0, 1]
with self-adjoint positive definite operator A* defined by
formula (297).
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Theorem 118 (see [96]). For solutions of mixed problem (297),
one has the following stability inequalities:

g?t?]{ llee (£ )z 10,17 + ggtaé "ut (t, ')||L2[0,1]

< Mo 1 G

(298)

onax e (2, ‘)||L2[0,1] + max e (2 ')“Lz[o,ll

< M [max 1, )l o 1 @l o]

where M does not depend on f(t, x).

The proof of Theorem118 is based on abstract
Theorem 117 and the symmetry properties of the operator
A* defined by formula (297).

Second, let Q) be the unit open cube in the m-dimensional
Euclidean space R {x = (x},...,x,,) : 0 < xj<lLl<j<
m} with boundary S, Q = QUS. In[0,T] x Q, the mixed
boundary value problem for the multidimensional fractional
hyperbolic equation

Fut,x) &
2 (@@u,), +D U = f %),
r=1 ’
x=(xp...,x,)€Q, 0<t<T,
u(0,x)=0, u(0,x)=0, x¢€ Q;
u(t,x)=0, x¢€S,
(299)

was considered. Here a,(x), (x € Q), and f(t,x) (t €
(0,T), x € Q) are given smooth functions and a,(x) > a > 0.
Problem (299) has a unique smooth solution u(t, x)
for the smooth functions a,(x) and f(t,x). This allows us
to reduce mixed problem (299) to initial-boundary value
problem (294) in Hilbert space H = L,(Q) with self-adjoint
positive definite operator A* defined by formula (299).

Theorem 119 (see [96]). For the solutions of mixed problem
(299), the following stability inequalities

max |fu(t,- =y + max |\u, (t, - =
ostg)%ll ( )lle(Q) OStS)](““ a )“Lz(Q)

< Mmax || f (6], @ »

3

(300)

max
OStSTr

o4, @0, + max g 8],

1 L,(Q)

< M [ max |, () + 1 @]

0<t<T
hold, where M does not depend on f(t, x).

The proof of Theorem 119 is based on Theorem 117, the
symmetry properties of the operator A* defined by formula
(299), and Theorem 70 on the coercivity inequality for the

solution of the elliptic differential problem in L, ().
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Let us associate initial-boundary value problem (294)
with corresponding first order of accuracy difference scheme

)
T (Ugey = 20 + ) + vty
k
1 1 JOO kem-1/2 —t
t e dt
\/ﬁmzz:l (k - m)' 0
fm B fm—l _
1/2 - fk’
T (301)
fio=f(t),
ty=kr, 1<k<N-1, Nt=T;

Uy =0,
(I + TZA) 7 (1) - uy) = v

Theorem 120 (see [96]). Suppose that y € D(AY?). Then, for
the solution of difference scheme (301), the stability inequalities

L)

0<k<N

] < M { >4,

N-1
max ”Al/Zuk“H <M { Z ISl T+ ||w||H]> ,
s=1

0<k<N (302)

+ max ||Auk||H

-2
max ”T (thpeyy — 20 + uk,l)“ max

1<k<N-1

N-1
oM, { > 1= el Uil ||A“2w||H}

hold, where M, does not depend on 7, y, or f, 1 <s < N —1.

First, initial-boundary value problem (297) for one-
dimensional fractional hyperbolic equation was considered.
The discretization of problem (297) is carried out in two steps.
In the first step, let us define the grid space

[0,1], ={x:x, =rh,0<r < M,Mh = 1}. (303)

We introduce the Hilbert space L,;, = L,([0,1];,) of the grid
functions ¢"(x) = {¢p"})""" defined on [0, 1],, equipped with

the norm
, Ml 1/2
o (Seln)

To the differential operator A generated by problem (297), we
assign the difference operator A}, by the formula

(304)

A" () = [~ (a () g5),, + 09, (309)

acting in the space of grid functions ¢"(x) = {0, 10" satisfying
the conditions ¢, = @, @ =90 = Prr—Pas; - Itis well-known

Abstract and Applied Analysis

that A}, is a self-adjoint positive definite operator in L. With
the help of A}, we arrive the following initial value problem

&V (¢t x
LELD DI (430 + A3 (20 = £ 1),
0<t<T, xelo1], 300
V' (0,x) =0, v (0,x)=0, xe€[0,1],,

for an infinite system of ordinary fractional differential
equations.

In the second step, we replace problem (306) with
difference scheme (301):

iy (6) = 20 () + ), (%)
T2
1 [ (k-m+1/2) —ul,
Z (k —m)! ( 12 1)
+A71”Z+1 = fl? (x), x€[0,1],
h (307)
fk+1 (X) = f (tk+1>xn) >

thy=(k+1)1, 1<k<N-1, Nr=T,

(1+7°45 .

:0’

ul(x)=0, x€[0,1],.
Theorem 121 (see [96]). Let T and h be sufficiently small
numbers. Then, the solutions of difference scheme (307) satisfy
the following stability estimates:

max "u
0<k<N

h
o+ g 5 )
Ly 0<k<N Xps

<M, max [ £l
1<k<N 1

bl
Ly,

-2
max "T (uZJrl - ZMZ + ”ZA)

1<k<N-1 Loy, (308)

+ max Z || Mk
0<k<N X Xpsjr

-1 h h
o b ymax [ (fk—fH)nL%]-

2<k<N-1

< At

Here M, does not depend on 7, h, or f,?, 1<k <N.

The proof of Theorem121 is based on abstract
Theorem 117 and the symmetry properties of the operator
A7, defined by (305).

Second, initial-boundary value problem (299) for the
m-dimensional hyperbolic equation is considered. The dis-
cretization of problem (299) is carried out in two steps.
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In the first step, let us define the grid sets

Q, = {x:xr =(ry o hyry)r = (5.0 1),

0<r;<N,hN;=1,j=1,...,m}, (309)

thﬁhnﬂ, Sh=5hﬂs.

We introduce the Banach space L,, = L,(Q,) of the

grid functions ¢"(x) = {p(h,r},...,h,r,,)} defined on Q,
equipped with the norm
1/2
2
W= ( 2 el ) oo
xeQ,

To the differential operator A generated by problem (299), we
assign the difference operator A}, by the formula

hu = Z(a (x)u ) i (311)

acting in the space of grid functions u"(x), satisfying the
conditions 1 (x) = 0 for all x € Sy.. It is known that A7 is

a self-adjoint positive definite operator in L,((),). With the
help of A}, we arrive at the initial-boundary value problem

a’ (t, x)
Tar DV (8, x) + ALV (8, x) = £ (£,%),
0<t<T, xeQ (312)
h av' (0, x) —
v (0,x) =0, ——==0, x¢€Q,

dt

for an infinite system of ordinary fractional differential
equations.

In the second step, we replace problem (312) with differ-
ence scheme (301):

ZuZ (x) + “2—1 (x)
2

h
Upiq (x) -

T

1 T(k-m+1/2) —ul,
Z (k —m)! ( T1/2 1)

m 1

Xeﬁh,

= fi (%),

Foa 09 = f (b %),
thyy=(k+1)1, 1<k<N-1, Nr=T,

+ AJ;:”ZH
(313)

ui’ (x) — ug (x)
T

(1+7°43) =0,

ué’ (x)=0, x eﬁh.
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Theorem 122 (see [94, 96]). Let T and |h| be sufficiently small
numbers. Then, the solutions of difference scheme (313) satisfy
the following stability estimates:

max "u
0<k<N

h
k + max Z || uk
Lop 0<ksN 4 XpsJir

h
< M, max " fr
1<k<N 1

b
Ly,

max <72 (u,

h h
- 2uy + ”kq)“
1<k<N-1 Ly,

(314)

+ max Z || X
0<k<N X Xpsjr Ly,

+ max "T
Lo 2<k<N-1

(-l |

Here M, does not depend on 7, h, or f,? 1 <k<N.

<, ||t

The proof of Theorem122 is based on abstract
Theorem 117, the symmetry properties of the operator
A} defined by formula (311), and Theorem76 on the
coercivity inequality for the solution of the elliptic difference
problem in L,,.

In [94], a procedure of modified Gauss elimination
method was used for obtaining the solution of difference
scheme (313) in the case of one-dimensional fractional hyper-
bolic partial differential equations. The theoretical statements
for the solution of this difference scheme were supported by
the results of the numerical experiment.

In [95, 97], the numerical and analytic solutions of the
mixed problem for multidimensional fractional hyperbolic
partial differential equations with the Neumann condition
were presented. The stable difference scheme for the numer-
ical solution of the mixed problem for the multidimensional
fractional hyperbolic equation with the Neumann condition
was presented. Stability estimates for the solution of this dif-
ference scheme and for the first and second order difference
derivatives were obtained. A procedure of modified Gauss
elimination method was used for solving this difference
scheme in the case of one-dimensional fractional hyper-
bolic partial differential equations. He’s variational iteration
method was applied. The comparison of these methods
was presented. Application of variational iteration technique
to this problem has shown the rapid convergence of the
sequence constructed by this method to the exact solution.

Finally, in [127], the initial-boundary value problem
for partial differential equations of higher order involving
the Caputo fractional derivative was studied. Theorems on
existence and uniqueness of a solution and its continuous
dependence on the initial data and on the right-hand side of
the equation were established.

7.7. Singular Perturbation Hyperbolic Problems. We consider
the abstract Cauchy problem for hyperbolic equations:

eV )+ AV = f(t) (0<t<T),

(315)

v(0) =g, v (0)=
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in Hilbert space H with the self -adjoint positive definite
operator A and ¢ € (0, 00).

Function v(¢) is called a solution of problem (315) if the
following conditions are satisfied:

(i) v(t) is twice continuously differentiable on the seg-
ment [0, T1].

(ii) The element v(t) belongs to D(A) for all ¢t € [0,T]
and the function Av(t) is continuous on the segment
[0,T].

(iii) v(t) satisfies the equations and initial conditions (109).

If the function f(f) is not only continuous, but also
continuously differentiable on [0,T], ¢ € D(A), and y €

D(AY?), it is easy to show that the formula

t t
v(t) = (8 )V0+S<s )v(')
(316)
1 (f /t-s
+ =2 Jo S(_s ,A)f(s)ds
gives a solution of problem (315). Here
¢ ei(t/s)A”2 + e—i(t/e)Al/z
C <—, A) = ,
¢ 2 (317)
. 1/2 » A2
¢ 1 ez(t/s)A —e i(t/e)
S (—,A) =cA
£ 2i

Theorem 123 (see [99]). Assume that the function f(t) has
2m + 3 derivatives and

|Fe @), <M, ost<T. (318)

Then for small € and an even number m the following (m+2)th
order asymptotic formula for the solution of (316) holds:

v(t) = isi [u,- ) +w; <£>] +o0 (sm+2);
i=0

for small € and an odd number m the following (m+ 1)th order
asymptotic formula for the solution of (316) holds:

v(t) = isi [ui (t) + w; (é)] +o(em+1),
i=0

,m} are defined by the

(319)

(320)

where u;(t) and w;(t/e) fori € {1,...

following formulas
u () =A" (), w ()=0,
w(t)=-A"u' @), i=2,...,m,
(w{’)EE &) +Aw,(§)=0, i=0,1,...,m
wy (0) = ¢ — 14y (0), (321)
w; (0) = —u4; (0), i=1,...,m,
(), @ =0, (w}),(0) =y ~1y(0),

”1{—1 ), i=2,...,m

(), © = -
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In Section 71, the stability of the high order of accuracy
difference schemes generated by an exact difference scheme
or by Taylor’s decomposition on the three points for the
numerical solutions of abstract initial value problem (315) for
€ = 1 was presented. Unfortunately, these difference schemes
can not be applied for the approximate solutions of (315) in
the general cases ¢ € (0,00). In [100, 101], the high order of
accuracy two-step uniform difference schemes of the approx-
imate solutions for differential equations of the hyperbolic
type with arbitrary parameter ¢ at the highest derivative was
presented. The stability estimates of the solutions of these
difference schemes were obtained.

By Theorem 71, we have the following exact two-step
difference scheme:

(te) =26 (5 4) (o) +v(te)

L[ s(s
e ) e

k

+ J:: S (z _stkfl,A) f(z) dz} ,

1<k<N-1,

A) f(z)dz

v(0) = Vo>

v(t) - v(0)
-(e(z4) o
(o [5(

A) f(2)dz

(322)

or

P2 (v(ti) = 2v (8) + v (t0))
=2p? (C (EA) - I) v(t) + 7 f

()7

~ = T
fi=fign + S(;,A)

= ()" L s(tkg z,A) f(2)dz, .
fog = (521)71 L C( , ) (z) dz,
1<k<N
o = Vo
" = C<£,A)v(0) +S<£,A) Y (0) + 1],
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In [100, 101], applying this exact two-step difference
scheme, the following high order of accuracy difference
schemes

P (s — 20y + 1)
=20 (C(pA) - Dup+7 '€ fro
Ji=fign +S (p, A) fox—C (p, A) fre

Uy = vy,
u, =C(p, A)v(0) +S(p, A)v' (0) + Tfy,

fux = @AY [f (8) - C(p A) f (150)]
- (TA)_l mi ij(jH) (ter) >
j=0
for= = (£27) 7 S(p. A) £ (1)

_ m—1 .
+ (82‘[) ' Z;]ij(]ﬂ) (ti1)s (324)
=

By=S(p.A), B, =cA7 (1-C(p.A)),
. j . 2i-1
2 ,-1)\/ 2 —1\J-itl T
szz(sA )BO—;(&‘A ) (21'—1)!’
2<2j<sm-1,

. j . 2i
—1\J _1\J-i+tl T
sz+1 = (SZA 1) Bl - Z(SZA 1) —_',
= (2i)!
3<2j+l<m-1,
Co=A (1-C(p,A)),

c;z_@aglal+@aq‘§§

§ I<j<m-1

was constructed for the approximate solutions of initial value

problem (315). Here 7 = pe.

Theorem 124 (see [101]). For the solution of two-step differ-
ence scheme (324), the following stability inequality holds:

max s < M | max Ll +ema 471,

te "A’I/ZV(')“H + ||v0||H] ,
(325)

where M does not depend on ¢, T, f, f0» 1 <k < N, or vy,
!
Vo-

Stability inequality (325) permits us to obtain the estimate
of convergence of two-step difference scheme (324).
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Theorem 125 (see [101]). Suppose that the function f(t) has
m + 1 derivatives and

“f“"“) (t)||H <M, 0<t<T. (326)

Then, for the solution of difference problem (324), the following
convergence estimate is valid:

max ||v(t) - we]l; < MyT™,

1SkeN (327)

where M, does not depend on T or e.
In [98, 100, 101], applying this approach, the high order of

accuracy uniform difference schemes for the following three
types of singular perturbation problems

SV OV O =AvE) + () 0<t<T),
v =9 VO =y

&V - O =A@+ ) 0<t<T),
v =9, VO =y

2.n

V') +v () =(CA+B)vO+f(t) (0<t<T),
v =¢, VvV (0)=y
(328)

involving second order differential equations in Banach space
E was presented and investigated. Here A, B are linear, gen-
erally unbounded operators in E. Theorems on the stability

estimates of the solutions of these difference schemes were
established.
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