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We consider the reducing subspaces of M,~ on A (D"), where k > 3, 2" = zf’l ---z:]k, and N; # N, fori # j. We prove that
each reducing subspace of M_~ is a direct sum of some minimal reducing subspaces. We also characterize the minimal reducing
subspaces in the cases that « = 0 and & € (-1, +00) \ @, respectively. Finally, we give a complete description of minimal reducing

subspaces of M_~ on Ai(ID3) with o > —1.

1. Introduction

Denote by D the open unit disk in the complex plane and
dA the normalized area measure on D. For -1 < a < 00,
denote dA,(z) = (a + 1)(1 - |z|*)*dA(z). For a positive
integer k, the weighted Bergman space Ai([Dk ) is the space of

all holomorphic functions on D* which are square integrable
with respect to the measure dv,(z) = dA, (z;)---dA, (zp).
Ai(le, dv,) is the Hilbert space with inner product

(f.9)= | F@ 5@, W

and ||f||‘2x = (f, f)q In particular, if k = 1, then Ai(ID) is
the weighted Bergman space on D. Denote by N the set of
all the nonnegative integers. For a k-dimension multi-index

B = (Bi.... ) € NE(B > 0 means that B, > 0 for any
i=1,2,...,k), write zf = zf‘ --~sz and Vg = IIZﬁII‘ZX. Then
Vg = wg, ---wﬁk,wherewﬁi = IIngi IIi = BII2+a)/TR+a+p)).
Obviously, {2/ \/V} pent is an orthogonal basis of Afx([Dk ).

For every bounded analytic function ¢ on D, the multi-
plication operator M, is defined by

M, (h) = h, Vhe A% (D). )

Recall that, in a Hilbert space 7, a (closed) subspace .#
is called reducing subspace of an operator T if T(M#) c M
and T* (M) c M. Moreover, A is called minimal if ./ does
not contain any proper reducing subspaces other than {0}.

Although the definition of multiplication operator M,
seems simple, the invariant subspace lattice LatM,, is very

complicated. Even on the Bergman space A*(D), the char-
acterization of invariant subspaces for the Bergman shift M,
remains a very fascinating open problem in operator theory.
To get some deeper information about LatM,, much effort
has been devoted to studying the structure of the reducing
subspaces of M, on A%(D) (see [1] and its references).
Firstly, it is proved that the multiplication operator M,
where B is the product of two Blaschke factors, has exactly
two nontrivial reducing subspaces by Sun and Wang [2]
and Zhu [3] independently. On the weighted sequence space
Hi, Stessin and Zhu [4] gave a complete description of the
reducing subspaces of weighted unilateral shift operators.
In particular, they show that M_» has n distinct minimal
reducing subspaces on A*(D). For finite Blaschke product
B, Hu et al. [5] obtained that Mj has at least a reducing
subspace on which the restriction of My is unitary equivalent
to M,. Later on, Xu and Yan [6] generalized this result to
the weighted Bergman space A2 (D) with a € N,. In 2009,
Guo et al. [7] proved that if B is a Blaschke product of
degree 3, then the number of minimal reducing subspaces
of Mj is at most 3. For finite Blaschke product B, they also
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raised a conjecture that the number of nontrivial minimal
reducing subspaces of My equals the number of connected
components of the Riemann surface of B~ o B over D. By
different techniques, some partial results are obtained in [8-
10]. Finally, an affirmative answer to the conjecture is given
by Douglas et al. [11]. Furthermore, when B is an infinite
Blaschke product, some relative results are obtained by Guo
and Huang in [12, 13].

On A% (D?), known results about the reducing subspaces
of M, are quite few. If ¢ is a monomial, the reducing
subspaces of M,, are characterized in [14-17]. If ¢ = 2" + 27,
Dan and Huang [18] described the minimal reducing sub-
spaces of M, and the commutant algebra {Mq,, M (’; V.

Let ./ be a nonzero reducing subspace of T,
Ai(IDZ) with a # 0. Suppose f € . satisfies (f, zfzg) + 0.
By [16], we know that every z/zJ must be in .. However,
on the unweighted Bergman space A*(D?), it is not true. For
example, ./ = span{(z,z; + zfz%)thzg’h :h=01,..}isa
reducing subspace of M_._;. But z,z; does not belong to /.

To know more about how « influences the structure of
reducing subspaces, we consider the reducing subspaces of
M~ over D* for k > 3.

Fix integer k > 3 and distinct positive integers N; for i =
1,...,k.Denote M n = sz"zﬁ’z---zﬁ’k for N = (N},...,Ni). In

Section 2, we prove that each reducing subspace of M, is a
direct sum of some minimal reducing subspaces. To classify
the minimal reducing subspaces, we consider three cases: (i)
« is irrational; (ii) & = 0; (iii) « is rational and « # 0. For
cases (i) and (ii), we describe the minimal reducing subspaces
of M_~. For case (iii), we find that the minimal reducing
subspaces of M~ are varied. In Section 3, we give a complete
characterization of the reducing subspaces of M~ when the
dimension k = 3.

n ON
2

2. Reducing Subspaces on Ai([l])k )

The aim of this section is to give a complete description of the
reducing subspaces of M~ on Afx([Dk). Denote

Q= {nz (ng,...,
Define an equivalence on Q) by
q~ 1" = Yg+hN = VnshNo

Write Y,y = [T @ o, = oy (01 + ANDIT(2 + ) /T(2 +
a +n; + hN;)) for h € N,. For n € Q, let
S,={qeQ:q~n}, %n::span{zI:IESn}. (5)

Clearly, |, . F, = Qand P, #, = spaniz’ : ] € Q},
where F is the partition of Q by the equivalence ~. Let P, be
the orthogonal projection from Ai(le) onto 7% ,,.

m.) € NS0 < n; < N, for some i}. (3)

Vh e N,. (4)

Theorem 1. Let ./ be a nonzero reducing subspace of M,x on
Ai(IDk). Then, M contains a minimal reducing subspace

[f] =5pan {f2"" : h e o, (6)

wheren € Qand f =} .« b]z] with coefficients b, € C.
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Proof. Let P, be the orthogonal projection from Afx([Dk)
onto .. For abbreviation, we denote M = My =
M N N, N
2L Zy TR

Firstly, we show that P ,(z") € %, for every m € §,,.
Let I = (I},...,];) € ng. We only need to prove that if
(P,2",2) # 0,thenl € G, If] ¢ O, then! = N; that is,
I; > N for 1 < i < k. Therefore,

<P/%zm,zl> = <P/”zm,lefN> = <PﬂM*zm,zl’N> =0.

(7)
If I € Q, we find that
k w. .
MM (z’) _ 1—[ JthN; g _ Y}+hNZ] (8)
-1 W, Y
for J = (ji»-..» ji) € NE. Then,
Ym+hN <Pﬂz"’,zl> _ <PﬂM*thZm,Zl>
Ym
_ <M*thP/%Zm)Zl>
9)
= (P,2" M M"Z")
Yi+nN I
= ? <P‘/%Zm,z > .
Thus, we get that if (P ,z™, Z'y # 0, then
ko k
[T - [T, vheN, (10)
izl Pm i1 W

. . k
Sincelimy, _, , oo (@, 11N, /@1y, )= 1, we have Hizl(wzi/wmi) =
1. Therefore,

k k
sz,.+hN,. = meﬁth Vh € Ny, (11)

i=1 i=1
which implies € F,, = 3,

Thus P ,(z™) € #,. We also obtain that P/%(zl) 1 %, for
anyl ¢ ,.

Next, we claim that there is a nonzero function fin 7, N
A for some positive integer .

Choose a nonzero function f in /. Let h; be the minimal

integer such that P, M*™( f) # 0, where P, is the orthogonal
projection from Afx(IDk) onto spﬁ{zl : J € Q}. Namely, there
exists n, € Q such that f;, = PnUM*th = PHOPQM*th =
Zléﬁno b,z] # 0. Then, we can prove that f, = P, f, € #.In
fact,

(i) ifm e Sy then
(Pufoz™y = (PyP, M f,2")
=(M"™ f,P,P, 2"
(12)
= (P, P, M f,2")

={fo2")>
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where the second equality comes from z™, P ,(z") €
7, and the last equality comes from M *ho f e

(ii) if m is out of ¥, , then (Pyfo2™ =0=(f,,2™).

Therefore, we get [f,] < ., where [f,] is the reducing
subspace of M induced by f,. Notice that

(a) M1 (fthN) = £,z N for h,q > 0;

Yy +hN £,z BN f
(b) M*1 ( foe™ ) = 4 Vng+(h-9N
0, if0<h<g;

h>g>1

(C) fOzthJ‘fOZhZN
<fOZhIN,f0Zh2N>
(M" fo, M f,)

Vg th, N (foz™ 7N, fo), if by >y >0

My

with h, # h,, since

%WMNQ%Jﬂ%%mw’ if hy > h, > 0.
Y,
(13)

Hence, we conclude that [ f,] = span{f,z™ : h € Ny} =

;% span{f,z"™} ¢ J is a minimal reducing subspace of
M. O

In the following, we will prove that each nonzero reducing
subspace of M~ is the orthogonal sum of some minimal
reducing subspaces.

Theorem 2. Let ./ be a nonzero reducing subspace of M~ on
Ai(le). Then,

=P [pa], (14)

neF

where [P, ] is the reducing subspace of M~ induced by P, M.
IfP, M + {0}, then

+00 q
[t =D 2" Ptl = [e,,;] (15)
h=0 j=1

where {en,j}?:l is the orthogonal basis of P, # and 1 < q < +0o0.

Proof. Denote M = M. Firstly, we know that [P,.#] =
BN P, M, since
() 2"NP. 1 2N P,
(i) M(z"NP ) = 2"NP w;
(iii) M* (P, 4) = {0}, M*(Z"VP,. ) =
h>1;
(iv) M*M(Z"NP, ) =
2Pl forh > 1.

Z5INp 4 for

Z"Np o, MM* (z"NPat) =

Secondly, we prove that # = P, [P, #]. On the one
hand, in the proof of Theorem 1, we get P,.#4 C .. Then,
[P, #] C A.On the other hand, if # # P, g[P,#], choose
anonzero function f L @, p[P,#]in 4. Theorem 1shows
that there are 1, and h, such that 0 # f, = P, M *ho fed.
However, { f,, g) = (f, MhﬂPnog) = 0for g € M, whichisa
contradiction.

Finally, we prove that if P,.# + {0}, then [P, /]

IAN I

7 1[e,;]. Choose an orthogonal basis {e,, } (g
+00) of the subspace P,.#. Theorem 1 shows that le,;] =
span{en,jth : h € Ny} ¢ . We have that [empl] 1 [em,pz]
for n # m, since

N h,N
<e”’Plzl ’em)Pzz ’ >
h h
= <M le”’Pl’M ze””al’z>
Ym+n,N h—h,)N .
2 <en’Plz( 1) ,em,p2>, ifthy>h,>0
Ym
Yn+h N h,—h )N .
) (enpemp,z™NY, if by > hy 2 0.

(16)

Let 4, EB _1le, ;1. Clearly, 4, c [P,.]. Assume that
M, # (P, M. Take a nonzero function g € [P, /] © M. As
in Theorem 1, there is an integer h,, such that g, := P,M “hy ge€
P, M and g, # 0.Since g L M,, we have (gp.e,;) =

(9, MhOPnen’ j» = 0, which is in contradiction with g, # 0.
So we finish the proof. O

From this theorem, we know that the reducing subspaces
of M~ are determined by the sets {{,},cq. There arises
the following question: what are the elements in the set
3, exactly? We begin the research with the case that « is
irrational.

Lemma 3. If « is irrational, then ,, = {n} for everyn € Q.

Proof. Supposem € J,; thatis, y,,,n = Vinenno forall i e Ng.
Then, we have

YuihN _ Ym+nN , VYhe N0~ (17)
Ynr(it )N Vme(he1)N
This is equivalent to
1—H%[ni+hN,-+oc+1+j
il m+hN+j
(18)

i m;+hN;+a+1+j

.

=1

, VheN,.

. m; + hN; + j

.



Write
N,

i

g()t):HH[(ni+/\Ni+(x+1+j)(mi+)LNi+j)]
i=1 j=1

k N

—HH[(mi+ANi+oc+1+j)(ni+/\Ni+j)].

i=1

i =1

.

(19)

Clearly, g is a polynomial over C and g(h) = O forany h € N,.
Fundamental theorem of algebra shows that g(1) = 0, for all
A € C. Denote

m+oa+l+j
E, = {’T_]:jzl,...,N,., i= 1,...,k},

1

E,

4
{u j=1,...,N, i= 1,...,k},
N.

1

(20)

m+a+1+j

1

cj=1,...,N; i= 1,...,k},

m;+j .
F, =1— tj=L...,N, i=1,...,k¢.
2 { Ni J i }
Since « is irrational, E; N E, = F; N F, = 0. Then, g(A) = 0
implies E, UF, = E, UF,.SowegetE, = F, and E, = F,.
Without loss of generality, we may assume max F, =
(my. + Ni)/Ny. Then there exist nonnegative integers i and
j making
mtatl+j mt+a+2
N, N

1

(21)

Ifi # k, then & = ((n +2)N; - (m; + 1+ j)N,) /(N —N;) €
Q, which is in contradiction with the assumption. So i = k.

Equality (21) implies (m;. + j)/N, = (n + 1)/N,. Then,
max E, > (n + Ni)/Ny = (my + N + j— 1)/N; = max F,.
Hence, we get j = 1 and my = n.

Therefore,
k‘lﬁni+hNi+cx+1+j
i1ja mthN;+j
(22)
k-1 N, .
b+ hN; +a+ 1+
- MiTAN T YT yheN,.
i=1 j=1 m; + hN; + j
Let
= i toa+1+
E1={”’ ) j=1,..,N, =1, .,k—l},
N;
= n+j
= =1,...,N,i=1,...,k—-1¢,
2 { Ni J i }
~ m+a+1+
1={ ’ J.i=1, N,-,i=1,...,k—1},
N;
- m;+ j .
= =1,...,N,i=1,....,k—-1¢.
2 { Ni ] i }
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Without loss of generality, assume max F, = (m;_, + Ni_,)/
Ny._;. As above, it is easy to get m;_, = n;_;. Applying this
process again, we can prove thatm; =n; fori =1,...,k. [

By Theorems 1 and 2 and Lemma 3, we obtain the fol-
lowing theorem.

Theorem 4. If « is irrational, then each reducing subspace M

of M~ on A%(D¥) is a direct sum of some minimal reducing
subspaces of the form

span {z”+hN the NO} , (24)
wherene d ={ne Q:z" e M}

Proof. Lemma 3 shows that ,, = {n}. In light of Theorem 1,
we have &/ # @. For n € ¢, Theorem 2 implies that P,.# =

span{z"}, [2"] = span{z"™™N : h e N,}. Thus, /4 =
Dreal2"]. O

Next, we consider the case that « = 0. Denote by S, the
permutation group of the set {1,2,...,k}. Let p;;(x) = (x +
1N;/N; -1 for x € R.

Lemma 5. Ifa = 0, then
Bn = {(Pmu) (”0(1))7P20(2) (”a(z)) >+ o Pro(k) (na(k))) :

o €S}

Proof. Suppose m € . By the definition of ,,, we have

k k

[N, +m;+1) = [T (hN; +n;+1), VheN,. (26)
i=1 i=1

Let g(A) = [T, (A + (m; + 1)/N) =TT, (A + (1 + 1)/N,). We

have g(1) = 0, since g is a polynomial on C with infinitely

many roots. Therefore,

{”"I\’;l i = 1,...,k} - {mg\;l :i=1,...,k}. (27)

i i

For each j € {1,2,...,k}, there is only one integer i € {1,2,
..., k} such that

n;+1 _mi+1

Nj N, ; (28)
that is, m; = (nj + l)Ni/Nj -1= pij(nj). Let
E= {(Pla(l) (”a(l)) > P20 (2) (”o(z)) >+ o Pro(k) (no(k))) : (29)

o €S}

Hencem € E.
Conversely, for every m € E, (m; + 1)/N; = (pio) () +
1)/N;. By definition of p;;(11;), we have

Piotiy (o) + 1 Mgyt 1
N. Na(i)

1

(30)

Therefore, equality (27) holds, implying m € ,,. Therefore,
3n =L O

From this result, we find Card(g,,) < n!.



Abstract and Applied Analysis

Example 6. Let

2 3 2.3 5
f @) =a1z125 + 212,25 + 43212)25 + 44212523
(31)
11 5 3 11
+a52,2; + 062,25 + ;2] Z3.

Denote by .# = [f] the reducing subspace of M, s on
A%*(D?) induced by f. Let

(i) M, = spanif,(2)z'2izS" © h = 0,1,2,...} for
H(2) = 212355

(ii) #, = span{fz(z)thz;‘zgh : h = 0,1,2,...} for
£:(2) = 0,202,725 + 4,212,723 + a5z, 23 + 462,23

(iii) #, = spanify(2)z'zhzS" : h = 0,1,2,...} for
f3(z) = a3zfz§z3 + a7zi1z3.

Then, 4 = &, M,

Proof. Letn=(n;,ny,n;)=(2,1,3)andletm = (m,,m,, m;) =
(11,0, 1). It is easy to check that

(1,1,5) = (p13 (13) Pz (m2)» P31 (my)) 5
(5,0,3) = (Plz (”2) > P21 (”1) > P33 (”3)) > (32)

(1,0,11) = (p13 (13) > par (1) P32 (12)) -
That is,
3,.=121,3),(1,1,5),(1,0,11),(5,0,3)}. (33)
Similarly,

S =1(11,0,1),(2,3,1),(0,3,5),(0,0,23)} . (34)

By Lemma 5, we get f,(z) = azzfzzzg + a4zlzzz§ + aSleél +
a2z, € [fland f3(2) = a;z] 2,2, +a,z, 'z € [ f]. Therefore,
a,z,25 € [ f]. Notice that

3
wfi(2) 29PN, ifo<h<q
M*thf (Z) — ; (35)

0, if0<qg<h,

where y; = V(1,0,1)+qN/Y(1,0,1)+(q—h)N’ Wy = V(2,3,1)+qN/

Y2,3,1)+(g-m)N> and p; = Y(11,o,1)+qN/ Y(11,0,1)+(g-m)N- So

3

116D 1) =D . 6)

i=1 i=1
O

If « is a nonzero rational number, the structure of mini-
mal reducing subspace turns to be more complicated. In
particular, we will study the reducing subspaces of M~ on

Ai(ID3) in the next section.

3. Reducing Subspaces on Ai([[])3 )

Let o # 0 be rational. We consider the reducing subspaces of
M~ on Ai([D3). Recall

Q= {n = (n,m,,13) €N, : 0 < n; < N for some i}, (37)

and §, = {g € Q : g ~ n}; thatis, m € , if and only if
VYminN = Vosnn for b € Ny, For everyn € Q,ifm € §,,, we
assume that m; # n; for i = 1,2, 3. Otherwise, if there exists j
such that m; = n;, we can prove that m; = n; fori =1,2,3as
in [16]. Since y; = [T} wp, = [T (BT + @)/T(2 + a + B,))
and wp are decreasing as f; is increasing, there exist i and j
satisfying n; > m; and n; < m;.

This section is organized as follows. Firstly, we consider
m € §, under the assumption that n, > m;, n, > m,, and
my >ny. LetQ, ={1,2,...,n,..},Q, = {a € Q\Q, : @ > 0},
and Q; = (-1,0) N Q. We give a description of m € J,, in
the cases that « is in Q,, Q,, and Qj;, respectively. Secondly,
we get all the possible cases by symmetry (see Corollaries 11

and 13). Finally, we obtain Card({¥,) < 2 and Theorem 14.

Lemma 7. Let « € Q, and letn € Q. If m € JF, satisfies
n, > my, n, > m,, and my > ns, then one of the following
statements holds:

OHm=n-(1,1-1)

2ym=n-(1,1,-2).

Proof. Let m € §,. By definition of {§,,, as in Lemma 3, we
have

ﬁ""_mini+a+2—j+/\Ni
i1 jo1 Mt j+hN;
(38)
_mﬁ‘3m3+¢x+2—j+/\N3
- i N3 + j+ hN;
for any A € C. Denote
E_{ni+<x+1 n+a m,-+oc+2}
i Ni > Ni Y Ni >
E _{m3 my — 1 n3+1}
3 = N3a N3 PRI N3 >
(39)
F—{ﬁ n—1 mi+1}
i Ni) Ni 300 Nl. >
F _{m3+(x+1 ms + o n3+oc+2}
- N3 > N3 Yt N3 >

fori=1,2. Then,

|i| E; :|i| E, (40)

where | | denotes the disjoint union. Since & > 0 is not an
integer, E; N F; = @ fori = 1,2,3.



It is easy to see that

> >

{n1+oc+1 ny+a+l m3}
max —
N, N, Ny

(41)

{nl ny m3+(x+1}
= max se—
N,”N,’ N,

Since (n;+a+1)/N; > n;/N; fori = 1,2 and (m;+a+1)/N; >
ms/Nj, we have

my+oa+1 m+a+l ny+a+l
€ , . (42)
Ny Ny N,
Without loss of generality, assume
m+at+l my+a+l
= . (43)
Ny N;

Firstly, we prove that n, —m, = 1 by contradiction. Other-

wise, if n; — m,; > 2, then
{nl + o+ 1})

s ([ ] 2

=max<|l;|Fi\{%o:+l}>.

Since max{(n; +«)/Ny, (n,+a+1)/N,} > max{n,;/N;,n,/N,},
we have m; — n; > 2 and

I:w

(44)

{n1+(x n+a+l m3}
max|———, ————
Ny N, N
(45)

ms+oa m
3 S M

n n m,; + «
e {11, o] |
N3 N3

N,’N,” N,

Therefore, (m; +«)/N, €
N, # N, it holds that

{(n, +a)/Ny, (n, +a+1)/N,}. Since

my+a mta+l
= . (46)

N; N,

We will find the contradictions under the assumptions (a)
n, —m, > 2 and (b) n, — m, = 1, respectively.

(a) If n, — m, > 2, then max{(n, + «)/N,,(n, + «)/
N,,m;/N;} > max{n,/N,,n,/N,}. So m; — ny > 3 and

n+0¢n+0cm
max{l R 3}

N, N, 'N;
(47)
:max{ﬂ,ﬁ,m3+‘x_l}.
Ny N, N
Since N, # N;, we have
my+a—-1 n +«
= . (48)

N, Ny
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By (43) and (48), we get 1/N; = 2/N; and m;/N; > n,/
N;. It follows that

n+a—-1n+a m

>

N, N, N,
(49)
> me1x<[—n2 * g @} > max{ﬂ, &} .
N, N Ny N,
Thus, m; —n; > 4 and
my+a—-2 {nl n, m3+oc—2} (50)
N; B NN, N, .
By N, # N, and equality (48), we conclude that
my+oa—-2 m+a 51)
N; N,

Equalities (46) and (51) imply 2/N; = 1/N,. Thus, N, =
N, which is in contradiction with the assumption.

(b) Suppose n, — m, = 1. Notice that E, = {(n, + a« + 1)/
N,} C F,.

If F, = {n,/N,} C E,, then equality (40) implies F, = E;.
Equivalently, n, /N, = m;/N5 and (n, —1)/N, = (m;— 1)/N3.
Hence, N; = N5, which is impossible.

If F, = {n,/N,} C E;, then F, UF, = E;. It follows that
max{n, /Ny, n,/N,} = m;/N;. Since N, # N, equality (43)
implies m;/N; = n,/N,. Therefore, n; /N, = (m; — 1)/N,
and (n; — 1)/N, = (m; — 2)/N5. Then, N; = N, which is a
contradiction.

Summing up, we must have n, —m, = 1.

Next, we prove that n, —m, = 1.

If F, C E,, then F, = E,; that is,

nh_ M
N, N, (52)
In this case, n,—m, = m3—n; = 1. Otherwise, n,/N, = m;/N;
and (n,—1)/N, = (m;—1)/N;, which is in contradiction with
N, # N,

If F; C E;, then E, = F; \ {(m3 + a + 1)/N;}. It follows
that

m+a+l my+a
N, Ny

(53)

In this case, n, —m, = 1 and m; —n; = 2. Orelse, (n, + o +
1)/N, = (m; + «)/N5 and (n, + «)/N, = (m; + « — 1)/N3,
which is in contradiction with N, # N;. So we get the desired
results. O

Lemma 8. Fixa € Q, andn € Q. If m € F,, satisfiesn, > m,,

n, > m,, and my > ns, then one of the following statements
holds:

Om=n-01,1-1);
2ym=n-(1,1,-2).
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Proof. Let k; = min{a + 1, |n; —

S+ o+ 2—j+ AN,
HH m; + j + AN;

i=1 j=1

m;|} fori = 1,2, 3. Then,

(54)
_llﬁlm3+oc+2—j+)tN3
i N3+ j+ AN,
for A € C. Let
{n +oc+1 "+« ni+oc+2—ki}.
N, N, ;
_{n3+1 n3+2 n3+k3}'
N, N, (55)
={m +1 m+2’m)m,-+ki};
N;

= m;+a+1 m;+a
F3: > Yo ey
N;

m3+oc+2—k3}
N;
fori =1,2. Then,

N

3 3
LR e

=1 i

and E; N F, = @ fori = 1,2,3. As in Lemma 7, we assume
equality (43) holds. Then, we can prove that (k;, k,,k;) =
(1,1,2) or (ky, kyy ks) = (1,1, 1).
Sinceaw +1 > 1, we have k; = n, —m; = land k, =
n, —m, = 1. It means Card(E;) = Card(F,) = 1 fori = 1,2.
If k5 = m; — n5, then statement (1) or statement (2) holds.
If ky = a + 1, then Card(E;) = Card(F;) = k; = 2 and
« = 1. Equalities (43) and (53) imply that

m+2 my+2
N, Ny
(57)
m+2 my+1
Ny N,
Since N, N,, and Nj are distinct, equality (56) shows that
n, n3+2
N, Ny
(58)
n ny+l
NN,

Then, we have Ny : N, : N; = 2:6:3 and (ny, ny, ms,n;) =
r(Ny, Ny, N3, N3)+(0,2, 1, -1). In this case, m; —n; = 2 = k.
Hence, statement (2) holds. O

Lemma 9. Fix a rational number o« > 0 and a vector n € Q. If
m=n-(1,1,-1) € F,, then one of the following statements

holds:
(1) 1/N; +1/N, —1/N; = 0 and
0) ir € R} S
(59)

N N
€ {r(Nl,NZ,N3)+<((x+2) —La-1,-32,
N3 N3

(2) 1/N, +1/N, —1/N; = 0 and

N N

€ {r(Nl,NZ,N3)+<—1,((x+2) —2 —oc—l,O) ‘re R} :
N3 N3

(60)

Proof. Asin Lemma 7, we have (m; + « + 1)/N; € {(n; + « +
1)/Ny, (n, + o + 1)/N,}.

If (n; + « + 1)/N; = (m; + « + 1)/N;, Lemmas 7 and 8
show that

m+a+l myt+a+l
N, - N; ’
ms _m
NN (61)
N; N,
n mtatl
NN,
Therefore,
(”1>”2am3) = ”(N1>N2’N3)
(62)
N.
((oc+2)——oc—1 2,1),
N; N;

wherer € Rand 1/N,+1/N,-1/Nj; = 0. Statement (1) holds.
If (n, + « + 1)/N, = (m5 + a + 1)/ N3, then we have

m+a+l my+a+l
N, Ny
ms _m
N, TN, (63)
n, mta+l
N, N,
In this case,
(”1”"2»""3) = r(Nl’Nz)Na)
N N. (64)
+<—1,((x+2)—2—0c—1,1>,
N; N;

where r € R and 1/N; + 1/N, — 1/N; = 0. So statement (2)
holds. -

Lemma 10. Fix a rational number o« > 0 and a vector n € Q.
Ifm=n-(1,1,-2) € §,, then one of the following statements
holds:

(1) N;:Ny: Ny =ala+1): (a+ 1)(ax+2): ol + 2) and

N
€ {r(Nl,Nz,N3)+(0,ﬁ2,—1> :reR}, (65)
3



Q) N|:N,:Ny=(a+ 1)(a+2):a(a+1):a(x +2) and

N
ne {r(Nl,NZ,N3)+<ﬁ1,O,—1>:rE[R}. (66)
3

In this case, 1/N, + 1/N, —2/N; = 0.

Proof. Asin Lemma 8, if (n; + « + 1)/N; = (m; + a + 1)/N;,
then (n, + a + 1)/N, = (m; + «)/Nj;. Since N, # N, we have
ny /N, # m;/Nj. Similarly, equality (53) implies that n,/N, #
(m5 — 1)/ Nj. Therefore,

m+a+l my+a+l
Nl N3 ’

mt+at+l m;t+a

>

N, N;
(67)
n, my
N, - N,

mo_ml

N Nj
Hence,

N.
(ny, 1, m3) =7’(N1’N2’N3)+<0’ﬁ2)1>’ (68)
3

wherer €e Rand N, : N, : N5 = oo+ 1): (a+1)(a+2) : ex(cx +
2). In this case, 1/N; + 1/N, — 2/N; = 0. Thus, we get (1).

If (n, + « + 1)/N, = (m3 + o + 1)/Nj, then it is easy to
check that (2) holds. O

By symmetry, we can get the following corollary.

Corollary 11. Fix a rational number « > 0 and n € Q. If
m € 3, \ {n}, then one of the following statements holds.

D) Moy = Moy = Mgy = Mo = LMoy = M) + 1,
whereo € S;. Inthis case, 1/N,(;)+1/Ny2)—1/Nyes) =
0 and

ne {r (N, Ny, Ny) + (kKo ky)

(69)
((x + 2) No‘(l)
o) = T %~ 1
Na(3)

- Ny reR

o(2) — N

a(3)

ka.(3) = 0,
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(2) myqy = Ny + LMy (a) = Ny(0) + 1,M4(3) = Mo(3) = 1,
whereo € S;. Inthis case, 1/ N, 1)+ 1/Ny2)—1/Nyes) =
0 and

ne {r (N, Ny, Ny) + (ky Ky ks)

(70)
(OC + 2) No‘(l)
o) = o —a—2
Ny 3)

- Ny reR

o TN 1

a(3)

ka(3) = 1,

(3) M) = Moy = LMga) = Ny = Lmgay = g3 + 2,
where o € Sy. In this case, N1y : Ny(a) : Ny(3) = oo +
D:(a+1)(x+2): (e +2) and

ne {r (N, Ny, Ny) + (ky, Ky ky)

(71)
ko‘(l) = O
k. = Now ;e
o(2) — N
a(3)
ko.(3) = —1,

(4) mg(l) = na(l) + 1, mo.(z) = ng(z) + 1, m0(3) = n0(3) - 2,
where o € Sy. In this case, N1y : Nyg) : Ny(3) = oo +
:(a+ 1)(x+2): (e + 2) and

ne {r (N, Ny, Ny) + (kKo ks)

(72)
kg = -1
ko = Now 1 r€R
o(2) — N -
a(3)
kg(3) = 1,

Lemma 12. Fix a rational number o € (-1,0) andn € Q. If
there exists m € ,, such that n; > my, n, > m,, and my > ns,
then one of the following statements holds:

(1) m =n—-(1,1,-1). In this case, 1/N;+1/N,+1/N; =0
and
ne {r(Nl,NZ,N3)
(73)

N N
+<(06+2)—1—06—1,—2,0>:re[R},
N, N,
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or

ne {r (N, N,,N;)
(74)

N N
+<—1,(06+2)—2—<x—1,0>:re|R]»,
N3 N3

(2) m =n—(2,1,-1). In this case, N; : N, : N; = —a(« +
2):(a+ D(ax+2): —ala+ 1) and

ne {r(Nl,NZ,N3) + <1,(oc+ 1) %,—1) T € IR}. (75)
1

3)m = n—(1,2,-1). In this case, N, : N,: N; = (« +
D(+2): —ala+2): —ala+ 1) and

ne {r(Nl,NZ,N3) + (((x +1) % 1,—1) ire [R{} . (76)
2

Proof. Define E; and F; as in the proof of Lemma 7. Then,
|_|f:1Ei = |_|1'3:1Fi and E; N F, = 0 fori = 1,2, 3. Assume that

m+a+l myt+a+l
N, Ny

€ F. (77)

Then,

max(i_[llEi\ {%})
:max<|l;|Fi\ {%})

Since (n, + « +1)/N, > n,/N,, (n, + ®)/N; < n; /Ny, and
(m5 + a)/N; < m; /N5, we have

+a+1
max{w,@} _m (79)
NZ N3 Nl

(78)

By (77) and N, # N5, we get

n mta+l
— = —~———¢EL, 80
N~ N ¢E (80)

(a) If n; —m; = 1, then F, = E;. Therefore, n, — m, =
my — ny = 1. Otherwise, n,/N, = m;/N; and (n, — 1)/N,
(m5 — 1)/N;, which is in contradiction with N, # Nj.

In this case, we have

mt+at+l my+a+l

>

N, N;
n mta+tl (81)
NN,

mn, s

N, Ny

Hence,

N N.
(n,ny,my) =r (NI,NZ,N3)+<(0c+2) L a-1,-2, 1) ,

N Ny
(82)
where r € R and
L1 )
NN, N,
or, equivalently,
N N.
n:r(Nl,Nz,N3)+((cx+2)—1 - 1,—2,0>;
N, N, (84)

m=(n -1n—1Lny+1).

So (i) holds.

(b) Assume n; —m, > 2.

Since (n; — 1)/Ny < (1, + a)/Ny, (n, + «)/N, < n,/N,,
and (m; + a)/N; < m; /N5, we get

n+a n,+o m
max{———, ———, —
Ny N, N

,
N,

n +a @} (85)

- max {2
N, N

We prove that (n, + «)/N, = n,/N, by contradiction.
Otherwise, if m;/N; = n,/N,, then equalities (77) and (80)
imply equality (83). Therefore, 1/N; > 1/N, and (n, +
«)/N; > (m; + a)/N;. Since —1 < « < 0, we have

{n1+<x m3—1} {nl—l m3+(x}
max , > max > >
N,y N N, N;

nta ny+a my—1
max{1 2, =2 } (86)
Nl N2 N3
-1 -1 +
>max{n1 el (X},
N, N, N
which contradicts | |, E; = | |, F.. Thus,
mta _ny
N, N, (87)
Combining equality (80), we get
a _a+l (88)
NN

In the following, we prove that n, — m, = 1 by contradic-
tion. Assume n, —m, > 2. By (n, — 1)/N; > (n; + « — 1)/N},
(ny+«)/N, > (n, —1)/N,, and m3 /N3 > (m; + «)/N;, we get

{n2+(x m3} {nl—l n2—1} n -1

max , — t = max , = .

N, N; N N, N
(89)
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If (n, — 1)/N; = (n, + «)/N,, combining the equalities
(87) and (88), we get N, = N,, which is a contradiction.

If (n,—1)/N, = m;/Nj;, equality (77) shows that N, : N5 =
(@ +2): (e + 1). We also have m; — ny > 2, since

+a-1 + -2 -1
max{&,’12 a}>max{nl—,nz—}. (90)

N, N, N, N,
Therefore,
max{nl +o- 1,n2+oc’m3—1}
N, N, N
(91)
_myta :max{n1—2,n2—1,m3+oc}'
N; N, N, N3
We conclude that
ms; +« + +a-1
3 =max{u,&}. (92)
N, N, N,
If (m; + &)/ N3 = (n, + « — 1)/ Ny, equality (77) shows that
N;:N;=2:1. (93)

So(ax+2):(a+1)=2:1;thatis, « = 0 which is in contradic-
tion with « < 0.
If (m; + «)/N; = (n, + «)/N,, the fact

> >

n+a—-1n+a—-1 my—1
ma{l 2 3

N, N, Ny
(94)
=maX{n1—2’n2—l’m3+a—l})
N, N, N,
implies that
-1 -1 -1
NN S
N, N N,

However, (n,—1)/N, # (m;—1)/N; because of (m;+«)/N; =
(ny + «)/N, and N, # N; and (n, — 1)/N, # (n, + a —
1)/N;, because of equality (87) and N; # N,. We also get
a contradiction. Hence, n, — m, = 1.

Therefore, E, = {(n,+a+1)/N,} ¢ F,and F, = {n,/N,} C
E,. Further, F; \ {n;/N,} = E;. It follows that m; — ny; = 1,
ny—my = 2,and m; /N5 = (n, —1)/N,. Summing up, we have

mt+a+l mt+a+l
Nl N3 ’

n mtat+l
N N,

>

(96)
n, m+a

N, N,

my  ny—1

N, N,
Hence, (n;,n,,m;) = r(N;,N,,N;) + (1, (0 + 1)N,/N;,0),
where r € R and

Ni:Ny:Ny=—a(a+2): (a+1)(@+2): —ax(x+1).
(97)

Thus, (2) holds. In this case, 2/N; + 1/N, — 1/N; = 0.
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Similarly, if (n,+a+1)/N, = (m;+a+1)/N;, by symmetry,
we can get (3) and another part of (1). O

By symmetry, we also have the following corollary.

Corollary 13. Leta € (-=1,0)NQ and let n € Q. If there exists
m € §, such that n #+ m, then there is a permutation o € S;,
such that one of the following statements holds.

(1) 1/NO'(1) + I/NO'(Z) - 1/N0(3) =0 and

ne {r(Ny, Ny, Ny) + (ky Ky k5)

( ) (98)
a+2)N
o) = —"(1) —a-1
N3
(2) reR
Ky = ——
o(2) NJ(3)
k0(3) = 0,

In this case, my(y) = Hyqy = 1, Myoy = Ny — 1, and
mg(3) = n0(3) + 1.

(2) 1/N0'(1) + 1/No.(2) - 1/N0'(3) =0 and

ne {r(Ny, Ny, Ny) + (ky Ky ks)

( ) (99)
a+2)N
(1) = —‘7(1) —a-=-2

N Ny 3)

(2) reR
ko’(2) = NG - 1
a(3)

ky@ =1,

In this case, My(y) = Ny + 1, My = Ny + 1, and
ma(3) = no.(3) - 1.

(3) NU(I) :NG(Z) : o(3) = —OC(OC+2) : (OC+ 1)((X+2) : —“(C('f'
1) an

ne 4r (N, Ny, Ny) + (ky, ko ky)

(100)
koay=1
ka(z) _ (o + l)NU(z) FER
Nsay
ki) = -1,

In this case, my(y) = N5y = 2, Myo) = Ny — 1, and
mu(3) = no.(?,) + 1.
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(4) No'(l) :Ng(z) .'No.(3) = —(X((X+2) : (a+1)(“+2) —(X((X+
1) and

ne {r (N, Ny, Ny) + (kKo ks)

(101)
k(T(l) =-1
o) = CrDNow ) rer
Na(l)
ko‘(S) = 0,

In this case, my(y) = Ny + 2, Myo) = Ny + 1, and
ma(3) = n0(3) - 1.

By careful computation, we find that each choice of n
and N cannot simultaneously satisfy two of the statements
in Corollary 11 or Corollary 13. So Card({,) < 2. Moreover,
there are finite numbers of n € Q) such that Card(J,) = 2.
Denote

(i) 4, = span{z"™"™ : h e N}
(ii) #, = span{(az" + bz "' e Ny}, (G, j, k) is
a permutation of {1, 1,-1} or {1, 1, -2};
(iii) /A, = span{(az” + bz BIR)IN L € Nob (G, j, k) is
a permutation of {1, 1, -1} or {2,1, -1}.

Theorem 2 implies the following statements.

(a) If « > 0, then each reducing subspace of M~ is the
direct sum of some minimal reducing as in (i) and
(ii), where the number of reducing subspaces as (ii)
is finite.

(b) If -1 < « < 0, then each reducing subspace of M~
is the direct sum of some minimal reducing as in (i)
and (iii), where the number of reducing subspaces as
(iii) is finite.

Finally, we consider the reducing subspaces from the
viewpoint of von Neumann algebras. Denote by %"*(z")
the von Neumann algebra generated by M, and v*(z")
the commutant of 7* (z"). Then v* (") is a von Neumann
algebra, and it is generated by its self-adjoint projections.
For each reducing subspace 4 of M,v, denote by P, the
orthogonal projection from A% (D*) onto .. It is known that
P, is a self-adjoint projection in v*(z"). Conversely, if P is
a self-adjoint projection in v*(z"), then the range of P is a
reducing subspace of M ~. So our results can be written in
the following form.

Theorem 14. The von Neumann algebra v* (2N) is *— isomor-
phic to

+00

Gro®(Be)

(102)

where 0 < m < +o00.
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