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This paper concerns initial boundary value problem for 3-dimensional compressible bipolar Navier-Stokes-Poisson equations
with density-dependent viscosities. When the initial data is large, discontinuous, and spherically symmetric, we prove the global

existence of the weak solution.

1. Introduction

Bipolar Navier-Stokes-Poisson (BNSP) has been used to sim-
ulate the transport of charged particles under the influence
of electrostatic force governed by the self-consistent Poisson
equation. In this paper, we consider the initial boundary value
problem (IBVP) for 3-dimensional isentropic compressible
BNSP with density-dependent viscosities:

p, +div (pU) = 0,
(pU), + div (pU® U) + VP (p)
=div(h(p) D (U)) + V(g(p) divU) + pVO,
n, + div (nV) = 0, @
(nV), + div (nV ® V) + VP (n)
= div(h(n) D (V) + V(g (n) div V) — nV®,
AD =p—n,

where the unknown functions are the charges densities
p(x,t), n(x,t), the velocities U(x,t), V(x,t), the pressure
functions P(p) = pY, P(n) = n” (y > 1), and the electrostatic
potential ®(x,t). In (1), the strain tensors D(U) and D(V)
are defined by D(U) = (1/2)(VU + VUT), D(V) = (1/2)

(VV + VV7), and the Lamé viscosity coefficients satisfying
h(p) = 0, h(p) + Ng(p) = 0, h(n) > 0, h(n) + Ng(n) > 0.
There have been extensive studies on the global existence
and asymptotic behavior of weak solution to the unipolar
Navier-Stokes-Poisson system (NSP). The global existence of
weak solution to NSP with general initial data was proved in
[1, 2]. The quasineutral and some related asymptotic limits
were studied in [3-5]. In the case when the Poisson equation
describes the self-gravitational force for stellar gases, the
global existence of weak solution and asymptotic behavior
were also investigated together with the stability analysis;
refer to [6, 7] and the references therein. In addition, Hao
and Li [8] proved the global well-posedness of NSP in the
Besov space. Li et al. in [9] proved the global existence and
the optimal time convergence rates of the classical solution.
For bipolar Navier-Stokes-Poisson system, there are also
abundant results on the existence and asymptotic behavior
of the global solution. Li et al. [10] proved optimal L*
time convergence rate for the global classical solution for a
small initial perturbation of the constant equilibrium state.
The optimal time decay rate of global strong solution was
established in [11, 12]. Liu and Lian in [13] proved global
existence of weak solution to free boundary value problem.
Liu et al. [14] established global existence and asymptotic
behavior of weak solution to initial boundary value problem
in one-dimensional case. Lin et al. [15] studied the global
existence and uniqueness of the strong solution in hybrid
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Besov spaces with the initial data close to an equilibrium
state. As a continuation of the study in this direction, in this
paper, we will deal with the initial boundary value problem
for BNSP.

The rest of this paper is as follows. In Section 2, we state
the main results of this paper. In Section 3, we give the entropy
estimates and the pointwise bounds of the density of the
smooth approximate solution. In Section 4, we prove the
global existence of weak solution.

2. Main Results

For the sake of simplicity, the viscosity terms are assumed to
satisty h(p) = p, g(p) = 0, h(n) = n, and g(n) = 0, and the
strain tensors are given by D(U) = VU, D(V) = VV. Then (1)
is reduced to

p, +div (pU) = 0,
(pU), +div(pU e U) + Vp' = pV® + V - (pVU),
n, + div (nV) =0, (2)
(nV), +div(nVe V) + Vn' = -nV® + V- (nVV),
AD =p-n,
f03r (x,t) € A x [0, T] with T > 0 and Q being the unit ball in
a The boundary condition is taken as
m, (x,t)=p(xt)U(xt)=0,

m, (x,t) =n(xt)V(xt) =0,

3)
VO .y=0,
x € 0Q),
where v is outward pointing unit normal vector of Q.
The initial data is
(p,U,n, V,V®) (x,0) = (py, Up, 119, Vi, VD) (x), X € Q,
m;, (x,0) = Po (x) U, (%),
m,, (x,0) =n, (x) Vy (x),
x € Q.
(4)

Definition 1. (p,U,n, V,V®) is said to be a weak solution to
the initial boundary value problem (2)-(4) on Q x [0,T],
provided that

0<pnel™(0, ;LN (QNL (),
pVU, vV € L (0, ;W' (),
VP, Ve L% (0,T;H' (©)), )
Vp U, Vu Ve L™ (0,T; L (),

Vo e L (0, ;W (Q)),
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and the equations are satisfied in the sense of distributions.
Namely, it holds for any t, > t; > O and ¢ € Ccl(Q x[0,T))
that

L ppdx]2, = f L (pgr +pU - V) dx dt,
(6)

tz
J ne dx|;2=t1 J j (n¢, +nV - Vo) dx dt,
Q t, Ja

and fory = (y', y*, y°) € C'(Qx[0, T]) satisfying y/(x,t) = 0
on 0Q and y(x,T) = 0 that

J my, -y (x,0) dx
Q
T
+L JQ[\/ﬁ(\/ﬁU)-atl/H@U@@U:Wx]dxdt
T T
+j J p”divt//dxdtJrJ J oy - VO dxdt
0 JQ 0 JQ
T
—J J pVU : Vydxdt =0,
0 JOQ

(7)

J m,,; - ¥ (x,0) dx
Q
T
+j J [V (Vi V) -0,y + Vi Ve Vi V: Vy] dxdt
0 JQ

T T
+j J nydivwdxdt—J j ny - VO dx dt
) 0o Ja

0

T
—J J nVV : Vydxdt = 0.
0 Jo

(8)

Before stating the main result, we make the following
assumptions on the initial data (4):

X

Po =P0(|X|): U, = u, (Ix]) ;: ny = Ny (IxD),
X
V, = -,
0=V (Ix]) ;

Po20 aeinQ, p,ewW"(Q),

ny>0 ae inQ, n;e€ wh (),
m,, =0, ae on{xeQ|p,(x)=0},
m2+;1
mj, € L' (Q), llfﬂ el'(Q),

Po



Abstract and Applied Analysis

m,, =0, ae on{xeQ|ny(x)=0},
2+n
mj, € L' (Q),
n,
V/ps € L (Q), Vi, € L (Q), Vd, € L* (Q),
)

where # > 0 is small enough. It follows from (9) that

P €LY (Q); pUMe L' (Q); pUs el (Q), w0
10

ny € L°(Q); ngVoe L' (Q); nVe e L' (Q).

Then, we have the following results for global weak
solution.

Theorem 2. Let 1 < y < 3. If the initial data satisfies (9),
then the initial boundary value problem (2)-(4) has a global
spherically symmetric weak solution

(p,U,n, V,VOD) (x,1)

=<p(r,t),u(r,t)f,n(r,t),v(r,t)f,vcp(r,t)), (1)
r r

r=|x|,
which satisfies, for all T > 0,
px.t) € C([0,77:L7 (),
n(xt) € C([o T1; L7 (Q)),
VP U e L% ([0, T]; L (),
Vn Ve L®([0,T]; L% (), @)
J p(x,t)dx:J po (x)dx,
Q Q
J n(x,t)dx = J- n, (x)dx,
Q Q
vo e L* ([0, T]; W72 ().
Moreover,
Loops Lo L
t:[‘éﬂ] JQ <2P|U| tonIVIT+ T

+

vy %W(Dlz)dx <C,  (13)

su v/pl” + V\/ﬁ2 dx <C,
p | (Ivval

te[0,T] JQ

where C > 0 is a constant.

3. Approximate Solutions and Their Estimates

The key point of the proof of Theorem 2 is to construct
smooth approximate solution satisfying the a priori estimates

required in the L' stability analysis. The crucial issue is to
obtain lower and upper bounds of the density. To this end,
we study the following approximate system of (2):

p, +div (pU) = 0, (14)
(pU), +div(pUe U) —div((p+8p3/4) )
#V (G divu) 1 v = pro,
n, + div(nV) =0,

(15)
(nV), +div (nV ® V) - div ((n + en”*) VV)

+V (2”3/4 divV) + Vi = —nVO,

AD =p-—n,

where 0 < & < 11is a constant.

Set p(x,t) = p(r, 1), U(x, t) = u(r, t)(x/r), n(x,t) = n(r, t),
V(x,t) = v(r,t)(x/r), and O(x,t) = O(r,t), and rewrite (15)
in the form

2
po+ (pu), + = =0,

2pu2 2u
o (prer™),

(o 20 2))

2
n, + (nv), + o 0,
r

(pu), + (pu2 + p")r +

P r
2 J-s (p—n)s*ds,

V' 2
(nv), + (nv2 + n”) + —V(n + sn3/4)
r r r r
3¢ 3/4 2v n (" 2
- <(n+ Zn/ ><vr+7>>r—r—2L (p—n)s-ds,
(16)

forr > 0. We will first construct the smooth solution of (16) in
the truncated region 0 < & < r < 1 with the initial condition

(p, pu) (r,0) = (py + & my0) s

7)
(1,1v) (1,0) = (ng + &,1my) ,
and the boundary condition
u(r, )| = u(r,t)],.; =0,
(18)

V(T', t)lr:s = V(T', t)erI =0.

For the approximate solution which will have lower
bound of the density (see Lemma 8), the boundary condition
of (18) is equivalent to pu(r,t)|.., = pu(r,t)l,., = 0,
(1, t)],—, = nv(r,t)],—; = 0.

We assume that the initial data is smooth and satisfies (9)
with constants independent of e.

In the following, we will state the energy and
entropy estimates for approximate solution (p,n,u,v,®,).



First, making use of similar arguments as in [16] with
modifications, we can establish the following Lemma 3, of
which we omit the details.

Lemma 3. Let (p,n,u,v,®,) be smooth solution of (16)
defined on [, 1] x [0, T] with boundary conditions (18) such
that p > 0, n > 0. Then there exists a constant C, independent
of &, such that

Jl (p(r,t) + n(r,t)) r*dr < C, (19)

1
1 1 1 1 1

J (—pu2 +-m’ + pl+——n+ —®f>r2dr
e \2 2 y-1 y-1 2

N JTJI (<p+ £p3/4> (r2u2 +u2)
0 Je 4 ’
+ (n + f1/13/4) (rzvf + v2)> drdt <C,
4

(20)

1 3¢ _ 2
J <5P|u+ (logp), + 0 "p,
&€

—5/4
/1’[

+%nv+(logn)r+%n .

2
)rzdr

Tl _ 3e _
+ L J ((VPV e 9/4>Pf

+ (yny_z + %yn]’_%l) nf) r’drdt

+ JT Ll ((P ) +e (:03/4 - ”3/4) (p- ”)) r’drdt

0

(21)

Lemma 4. Given ¢ > 0, there is an absolute constant C, which
is independent of €, such that

ng(r,t)sg, OSn(r,t)ng, (22)
£

™

fore<r<landt>0.

Proof. Define characteristic line: dr(t)/dt = u(r(t),t). Then,
along the particle path, (16), can be solved to obtain

P (0,07 = py (r (0) r(O)e P49 (23)

which implies that p > 0 provided that p, > 0.
It follows from (20) and (21) that

1p2
J o ldr < C, (24)
e P

for some absolute constant C independent of ¢.
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Then, it follows from (19) and (24) that

1

1
p(r,t) < j p(r,t) dr+J |arp (r,t)|dr
1 (! 2 1 by ! Pr2 2
< = L p(r,t)ridr+ = (L prodr + L Fr dr
C
S Y
&2
(25)
fore<r<landt>0.
Similarly, we also have
0<n(rt)< 92 (26)
>
The proof of the lemma is finished. O

To derive a priori estimates about the velocity of the
approximate solution, the crucial step is to obtain lower
bounds of the density. For this purpose and for simplicity,
we solve the IBVP (16) in Lagrangian coordinates. Since the
process is the same, we just deal with (16),-(16) ,.

Let ¢ > 0 be fixed and define

x(r,t) = J przdr, T="t (27)

Without loss of generality, we set Ll pr*dr = 1. Then,

2 0x 2 or or

a—x—r — =-pru — =
or P TP -0

and (16),-(16), becomes
prt pz(rzu)x =0,

= (750, o

2u
r

(p + sp3/4)x + p®@,,

fort >0and0<x < 1.
The corresponding initial data is

(b, pu) (x,0) = (py + & m10). (30)
and the boundary condition is
u(0,7) =0, u(l,7)=0. (31)

For this system, the following a priori estimates hold.
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Lemma 5. Forall T € [0, T], it holds that

1 T rl 2
J (lu2+;py_l>dx+J, J 21+pru dxds
0o \2 y-1 0o Jo \ r?

(e W € 7/44 2
+ L L (5—p1/4r2 + P dx ds

e 1
< L (Eug + FPO >dx+C(e,T)
(32)
0<p(x,7)<C(eT), (33)
e<r(x1) <1, (34)

1 T rl 2
4u
J u4dx+J J <—+6p2r4u4u2
0 0 Jo r

2eu’ 704,42 2
+p1/4r2 +epru dxds (35)

1
SJ ugdx+C(s,T).
0

Proof. Multiplying (29), by r*u, using (29); and integration
by parts, we can get

d 1, 1 .,
il Gyt )os
! 3¢ 714 2\ \2
+J (p 5P )((r u)x) dx

1
_ 3/4 2 2
- X
Jl (p+ ep )(Zru )xdx+ J pr ud, dx
0 0

1

=4 Ll (p + sp3/4) uu,rdx +2 L (1 + sp_1/4) i—jdx

1
+ J przuCDx dx.
0
(36)

((rzu)x)2 = (2_u + rzux>2 = 4;’22 y Ay rhul, 37
then from (36), we get
;‘r J. < LA F11PVI> dx + JOI (2%2 + pzuir‘l)dx
JER

1 1
=¢ J p3/4uuxr dx + J priud, dx
0 0

1 (Y e 1 (!
< - J ——dx+ - J sp7/4u2r4dx
2 Jo p1/41’2 2 Jo

1/2

1 1 8142 1 1 7/4 2 4
SzJ;) Fﬂ/—‘lﬂdx+EJ08p urdx+C(s).
(38)

Thus (32) holds.
Next, (33) follows from Lemma 4 and (34) holds trivially.
Now, we prove (35). In fact, multiplying (29), by i,
using (29), and integration by parts, we get

élldi'r Jl u'dx + J (p + 3¢ p7/4> (<r2u>x)2u2dx
0

! 3¢
+2 <2+—
Jo P 4

1 1
= —4J <p+ §p3/4>u3uxrdx+j py<u3r2) dx
4 0 X

p7/4) u2u2 rdx

+ Ll (p + sp3/4) (2u4r)xdx + J: p®, r*1u’dx.
(39)

Thus

1 1 1 2 4
—ij u4dx+J <i+3p2u2u2r4>dx
4dt Jo 0 r

1 4
eu 9¢
+ J, <m + —p7/4u2u2r4> dx
o \ pl/ir

1
:2J sp3/4 u rdx+J

3
<2py_1 Ly 3pyu2uxr2) dx
0 r

J p® u’dx.
(40)

Using Holder inequality, Young’s inequality, and Lemma 4,
we estimate the right hand side of (40) as follows:

Yo 1t e’ 7042 2 4
ZJ ep uurdx<—J dx+ZJ ep M uturdx;
0 2 p1/42

1 1/4 1 u4 3/4
ZJ —dx < 2<J 42y ) (j _zdx)
0 or

1
J dx +C;
0

1 1
3J pyuzuxrzdxs3<J- P U’ )
0 0
1 1/2
><<J prutuirtd )
0

U-)Ir—d
ﬁmlt
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3 1
3 J 2 d + = J prutuirtdx
0

22 24 1t
puurdx+— —dx+C,
307’

IA

'—a NSHON

CDdr

([

1
<C(eT) J pu’dr

1
J pCDxr wd
0

1,3
=C(s,T)J L dx
o7

1 1,2

1,4
u u
< g J;) r—de +C(e,T) J;) r—zdx
(41)
Putting the above estimates into (40) and using (32), one gets

1
J- utdx
0

T 1 4 4
4du 2eu
+J j (— +6,02u2 2t i +£p7/4u2u2r4) dxds
0 Jo \ 7? pl/4r

1
< J ugdx+C(e,T).
0
(42)
This proves (35). O

Remark 6. Consider

1 . 1 m4
J ul dx = J 2P *dr<C (¢) ”mIOHL" (43)
0 (Po )

Lemma 7. There is a positive constant C =

C(s, T, ||p0||W1,4(Q), ||m10||L4(Q)) such that

Ll (")) "wodr<c vreloT].  (49)

Proof. We rewrite (29), in the form

[(p + 3 p7/4> (r u)x] . (45)

X

(p+er™), =
Then substituting (45) into (29) , , one gets
2u
3/4) - 7(;) + sp3/4)x +pD,;
(46)

ru+ (p"), = —(p+ep

that is,

~u, —r*(p"), + pr’o,.
(47)

rz(p + £p3/4)x1 + 2ur(p + ep3/4)x =
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Since 0r/0t = u, the above equation can be rewritten as

(P (p+er™),),

Integrating it over [0, 7], one gets

=—Ur - rZ(P)’)X + przq)x‘ (48)

u(x,7) — gy (x) + JT rz(py)x (x,s)ds
0
=i (3R v e)au () (507 +€) o (o)

+ J pr’®, ds.
0
(49)

Multiplying (49) by (rzax(p3/ “))? and integrating over [0, 1]
with respect to x, one gets

J-Ol (é_;pl/4 + 8) (rzax (p3/4))4dx
[ R (A o () (o (0 e
+ J-Ol (rzax (p3/4))3 J.OT pr’®, dsdx

_ J-l «[u — Uy + J: rz(p")x (x,s) ds} (rzax (p3/4))3dx

4

X{W—%M+W(£ﬂ

Joas) o ([oiia) ]

(50)

in which

1

1
JJ prd) dxds
0

[
[ -

(&T).

J pr (D drds

o

(51)

Using Lemma 5 and Young’s inequality, we deduce from (50)
that there is a positive constant C, depending on || pyllyy1410,1>
4]l 1310.1)> & and T', such that

vy 3/4\\4 e (/. 3/4\\4
e[ (Fo.(p)'ax< 5 | (o (o)) ax
C J-T Jl (3,p") dx ds + C;
0 Jo

(52)
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that is,

[} Gl ax

) (53)
T
<C+ CJ max (p4y—3) J (ax (p3/4))4dx ds.
o [0.1] 0

Applying Gronwall’s inequality to (53), we have

1

| () ax<c (54)

0

This proves (44). O

Now we can obtain the lower bound of the density p.

Lemma 8. There is a positive constant C = C(eT,
llpollyris (> Mgl 22 (r)) such that
p=2C, Vxel0,1],7€[0,T]. (55)

Proof. Set v(x,7) = 1/p(x, 1) and V() = maxq ;)x[o,,] V(% 5)-
Equation (29), can be written as v, = (r*u)_, which implies
that fol v(x, T)dx = IOI v(x,0)dx < C,. Then it follows from

Sobolev’s embedding wh([0,1]) < L*®([0, 1]) that, for any
0<p<l,

1 1
W (x,7) < J WP (x,7)dx +J |axv‘8| dx
0 0

! g ! B+3/4| P,
< vdx) + J y =
<Jo P 0 pl/4

<C+ c;%(Ll ()Y 3dx>3/4
o[ ()'ex)
ccvepi([ ) ([ (")) ax)

0 0

dx

<C+CpVPr.
(56)

Choosing 8 > 0 small enough, which may depend on € and
T, we obtain

V(r)<C, (57)
where C = C(&, T, [l polly4(qy> Imygll 2 () The proof of the

lemma is completed. O

4. Proof of Theorem 2

Proof. With the estimates obtained in Section 3, we can apply
the method in [16] and references therein with modifications
to prove the existence of weak solution to the IBVP (2). The
details are omitted. O
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