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This paper investigates the problem of global finite-time stabilization by output feedback for a class of nonholonomic systems
in chained form with uncertainties. By using backstepping recursive technique and the homogeneous domination approach, a
constructive design procedure for output feedback control is given. Together with a novel switching control strategy, the designed
controller renders that the states of closed-loop system are regulated to zero in a finite time. A simulation example is provided to

illustrate the effectiveness of the proposed approach.

1. Introduction

Over the past decade, nonholonomic systems have attracted
much attention because they can be used to model many real
systems, such as mobile robots, car-like vehicle, and under-
actuated satellites. An important feature of a nonholonomic
system is that the number of its inputs is less than the number
of its degree of freedom, which makes the control problems
of a nonholonomic system challenging. As pointed out by
Brockett in [1], there does not exist a pure-state feedback
control law for a nonholonomic system such that its state con-
verges to its equilibrium. To overcome this difficulty, with the
effort of many researchers a number of intelligent approaches
have been proposed, which can be classified into discontinu-
ous control laws [2, 3], time-varying control laws [4-6], and
hybrid control laws [7, 8]; see the survey paper [9] for more
details and references therein. Considering the difficulty of
measuring full states and the inevitability of uncertainties
in engineering practice, the output feedback issue of non-
holonomic systems with drift uncertainties has recently been
studied [10-16]. However, it should be mentioned that the
aforementioned works only consider the feedback stabilizer
that makes the trajectories of the systems converge to the
equilibrium as the time goes to infinity.

Compared to the asymptotic stabilization, the finite-time
stabilization, which renders the trajectories of the closed-loop
systems convergent to the origin in a finite time, has many

advantages such as fast response, high tracking precision, and
disturbance-rejection properties [17]. Hence, it is more mean-
ingful to investigate the finite-time stabilization problem than
the classical asymptotical stability. In recent years, the prob-
lem of finite-time stabilization for nonlinear systems has been
studied and some interesting results have been obtained [18-
25]. However, the finite-time stabilization of nonholonomic
systems is a relatively new problem. In fact, even in the case
of finite-time stabilization using state feedback, there are very
few results in the literature [26-28]. In the case when parts
of the states are not measurable, to stabilize a nonholonomic
system in a finite time only using limited measurable states
becomes challenging.

To illustrate the difficulties in finite-time control of
nonholonomic systems via output feedback, let us consider a
problem of finite time stabilizing the following simple system
at the origin:

Xy = U, Xy = XU, Xy = Uy, @)
where x, and x, are measurable and x, is not available for
feedback.

In discontinuous approach, as seen, for example, in [26-
28], assuming that x,(t,) # 0 one might design the control u,

as follows:

0<040=ﬁ<1, (2)

Uy (xo) = —koxg“’, o
2



where k; is a positive design parameter and «;, i = 1,2, are

positive odd numbers. It is easy to verify that the u, in (2)

renders x,, globally converging to zero in a finite time T},.
Next, we need to stabilize the x-subsystem

%, = —koxp° x5, X, = Uy (3)
within a settling time T satisfying T; < T;. By introducing
the input-state-scaling transformation x; = x,/u, and z, =
X,, the system (3) can be rewritten as
. Uy .
Z,=2,+ —2, Zy = U,. (4)
Uy

However, the system (3) possesses the time-varying coef-
ficient —koxg0 (or the system (4) dissatisfies the low-order
growth condition), which renders the existing finite-time
control methods highly difficult to the control problem of the
x-subsystem or even inapplicable. To the best of the authors’
knowledge, there is no result referred to the finite-time
stabilization of nonholonomic systems by output feedback.

Motivated by the aforementioned discussion, in this
paper we aim to tackle this challenging question and provide a
solution to the problem of global finite-time output feedback
stabilization for nonholonomic systems with uncertainties by
applying the homogeneous domination approach. The main
contribution of this paper is twofold. (i) Compared to the
existing output feedback stabilization results for nonholo-
nomic systems, the finite-time stabilizer proposed in this
paper leads to faster convergence rate. (ii) As the common
assumption to guarantee the existence of global finite-time
output feedback stabilizer for a nonlinear system, the low-
order growth (the order less than one) of system nonlinear-
ities renders the discontinuous change of coordinates (i.e.,
the o-process) inapplicable to the finite-time output feedback
control problem of the nonholonomic systems, even the ideal
chained systems, and how to deal with this constitutes one of
the main contributions of this paper.

The rest of this paper is organized as follows. Section 2
provides the problem formation and preliminary knowledge.
Section 3 presents the control design procedure and the main
result, while Section 4 gives a simulation example to illustrate
the theoretical finding of this paper. Finally, concluding
remarks are proposed in Section 5.

2. Problem Formulation and Preliminaries

In this paper, we consider the following uncertain nonholo-
nomic systems:

%o = dotig + ¢y (£, %) ,

X; = dixptg + ¢ (x,x), i=1,...,n—1,

xn = dnul + (l)n (t’ xO"x) >
T
y = (x0,%1)",

wherez(xo,x)T = (X X1 %,)" € R u = (ug,u,)" € R,
y € R” are the system state, control input, and system output,
respectively, d;’s are disturbed virtual control coefficients, and

Abstract and Applied Analysis

¢;’s denote the input and states driven uncertainties, which
are called the nonlinear drifts of the system (5).

The objective of this paper is to design an output feedback
controller in the form
up=uy (%), (6)

5?:9(3?,)/), uy =ty (xo) 5

such that the finite-time regulation of the states is achieved;
that is, lim, _, 7(|xo(8)| + [x(¢)]) = 0 and (x,(t), x(t)) = (0,0)
for any t > T, where T is a finite settling time.

To this end, the following assumptions regarding system
(5) are imposed.

Assumption 1. Fori=0,1,..
¢;; and ¢, such that

., 1, there are positive constants

¢ <d; <¢,. (7)
Assumption 2. For ¢, there is a positive constant a such that

| (. x0)| < a]x|. (8)

Assumption 3. Fori = 1,...,n, there are constants b > 0 and
7 € (-=1/n,0) such that

|¢i (t, xo’x)| <b (|x1|(fi+f)/r1 Loy lxi|(r,-+r)/ri )) )
wherer; =1+ (i — 1)1,

For simplicity, in this paper we assume 7 = —p/q with p
being any even integer and g being any odd integer. Based on
this, we know that r; € (0, 1) is a ratio of two positive odd
integers.

Remark 4. Assumptions 1-2 are common and similar to the
one usually imposed on the nonlinear systems [10]. Relatively
speaking, Assumption 3 seems to be quite restrictive; how-
ever, it plays an essential role in ensuring the existence of
finite-time output feedback stabilizer for nonholonomic sys-
tem (5). Furthermore, it is worth pointing out that there are a
number of nonlinear functions such as sin x and In(1 + x?)
that can be bounded by a function |x|™ for any constant
m € (0, 1) actually satisfying this assumption.

The following definitions and lemmas will serve as the
basis of the coming control design and performance analysis.

Definition 5 (see [17]). Consider a system
x=f(x)

where f : U, — R"is continuous with respect to x on an
open neighborhood Uj, of the origin x = 0. The equilibrium
x = 0 of the system is (locally) finite-time stable if it is Lya-
punov stable and finite-time convergent in a neighborhood
U € U, of the origin. By “finite-time convergence,” we mean
that if, for any initial condition, x(0) € U, there is a settling
time T > 0, such that every solution x(t) with x(0) as its initial
condition of (10) is well defined with x(0) € U \ {0} for ¢t €
[0, T) and satisfies lim, _, ;x(t) = 0 and x(t) = O forany ¢ > T.
IfU = U, = R" the origin is a globally finite-time stable
equilibrium.

with f(0) =0, x € R", (10)
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Lemma 6 (see [17]). Consider the nonlinear system described
in (10). Suppose that there is a C' function V(x) defined in a

neighborhood U € R" of the origin, real numbers ¢ > 0, and
0 < « < 1, such that

(i) V(x) is positive definite on U;
(i) V(x) + cV¥(x) < 0, Vx € U.
Then, the origin of system (10) is locally finite-time stable with

V()

I'< c(l-a)

(11)
for initial condition x(0) in some open neighborhood U € U of
the origin. IfU = R" and V (x) is also radially unbounded (i.e.,
V(x) — +o0oasx — +00), the origin of system (10) is glo-
bally finite-time stable.

Definition 7 (see [29]). Weighted homogeneity: for fixed
coordinates (xi,...,x,) € R" and real numbers r; > 0,
i =1,...,n, one has the following.

(i) The dilation A .(x) is defined by A (x) = (¢"xy,...,
e"x,) for any € > 0, where r; is called the weights
of the coordinates. For simplicity, we define dilation
weight A = (ry,...,1,).

(i) A function V' € (R",R) is said to be homogeneous
of degree 7 if there is a real number 7 € R such that
V(A (x)) ="V (xy,...,x,) forany x € R"\{0},& > 0.

(iii) A vector field f € (R",R") is said to be homogeneous
of degree 7 if there is a real number 7 € R such that
fi(A(x) = i fi(x), for any x € R"\ {0}, ¢ > 0,
i=1,...,n

(iv) A homogeneous p-norm is defined as | x| Ap =

1
L, |xi|p/"’) /P for all x € R", for a constant p > 1.

For simplicity, in this paper, one chooses p = 2 and
writes [| x|, for [l x| 5 5.

Lemma 8 (see [30]). Suppose that V : R" — R is a homoge-
neous function of degree T with respect to the dilation weight A.
Then the following hold.
(i) oV /0x; is homogeneous of degree T — r; with r; being
the homogeneous weight of x;.
(ii) There s a constant c such that V (x) < c|x|y. Moreover,
if V(x) is positive definite, then c| x| < V(x), where c
is a constant.

Lemma 9 (see [31]). Forx € R, y € R, and p > 1 which is a
constant, the following inequalities hold:

|x+y|P < 2Pt |xP+yP|,
(5l + [y)"? < 1617 + [y] 2 < 27727 (1] + | y) 7.
(12)
If p > 1is odd, then

e = y|" <27 P - 57,
(13)
|x1/p _ yl/p| < z(p—l)/p(|x _ y|)1/P.

Lemma 10 (see [32]). Let x, y be real variables; then for any
positive real numbers a, m, and n, one has

alx["|y["

< b|X|m+n + L(m_+n>_m/na(m+n)/nb—m/n|y|m+n,
m+n m
(14)

where b > 0 is any real number.

Lemmall (see [33]). Forx, y € Rand positive real number p,
the following inequality holds:
[ = 7] < ple =yl [+ 577
(15)

<cla— |G- )y,

wherec = pforl1 < p<2andc=p2!~" forp>2.

3. Finite-Time Output Feedback
Controller Design

In this section, we give a constructive procedure for the finite-
time stabilizer of system (5) by output feedback. The design of
finite-time output feedback controller is divided into the fol-
lowing two steps.

(i) We first stabilize the x-subsystem in a finite time by
output feedback.

(ii) Then we design a controller such that the x,-subsys-
tem is finite-time stable.

3.1. Finite-Time Output Feedback Stabilization of the x-Subsys-
tem. For the x,-subsystem, we choose the control u, as

Uy = Uy, (16)

where 1 is a positive constant. In this case, the x,-subsystem
becomes

%o = dottg + ¢y (£, %) - (17)

Noting that ¢, (, x,) satisfies the linear growth condition,
it is easy to obtain that the solution of x,-subsystem is
bounded, for any given finite time ¢, > 0. Hence, x, is well
defined on [0, ¢,]. Under the control law (16), the x-subsystem
can be written as

% =dugxiq + ¢ (Hx0,x), i=1,...,n—1,
(18)
X, =du; + ¢, (t, x0,x) .

Next we consider the finite-time output feedback stabilizer
for system (18). For convenience, we define the following
change of coordinates:

dious ™ x, i=2,...,n (19)

§i=d -

6 = xp,



under which system (18) is transformed into
G =G + fi (%0, 0),
én = dul + fn (t’ xO’C) >

whered =d, ---d,u;"", f;=d, -+ d,_ju;"' ¢, and the state
{; = x, is measurable.

i=1,....,n-1,

(20)

Remark 12. Ttis worth pointing out that, in terms of the trans-
formation (19), the stabilizing control design of system (18) is
equivalent to that of system (20). Thus, in what follows, we
turn to designing the output feedback stabilizing controller
for system (20) rather than (18). Moreover, with the help of
Assumptions 1 and 3, it can be verified that f;,i = 1,...,n,
satisfy

|fl (t, xO,C)| <b (l(1|(n+r)/r1 i n |Ci|(ri+r)/ri) (21)

with a new growth rate b.

To construct a global output feedback controller for
system (20), we will employ the homogeneous domination
approach introduced in [34]. We will first construct specifi-
cally a homogeneous output feedback controller for the nom-
inal system without considering perturbing terms f;’s. Then,
we utilize a scaling gain in the controller to dominate the
uncertain nonlinearities f;s.

3.1.1. Homogeneous Output Feedback Control of the Nominal
System. In this subsection, we will construct an output feed-
back stabilizer for the following nominal system:

Z;=z,, i=1...,n-1, %,=dvw (22)

The design of output feedback controller is divided into
two steps. In Step A, we suppose that all the states are mea-
surable and develop a recursive design method to explicitly
construct a state feedback control law for system (22). Then in
Step B, by constructing a nonsmooth reduced-order observer,

we design an output feedback controller.

(A) State Feedback Controller Design

Step 1. Choose the Lyapunov function V; = xf /2. Clearly, the
first virtual controller

z, = —nzp? = =B, &2 (23)
with &, = z, and f3; = nrenders
T+ (z-2y). (24)

Step i (2 < i < n). In this step, we can obtain the following
property.

V, < —nEf

Proposition 13. For the ith Lyapunov function defined by

1

Zi w1/r\2-T;
V.=V, + J (sl/’f -z l/r’) ds (25)
"

i
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under the coordinate transformation

1 %1 .
Z = _ﬁk—lg;;k,p & = Zk/r" -z, e k=2,
(26)

—,B,fil/r"“ such that

-t g1‘2”) + Eiz_ri (Zi+1 - Z;:l) >
(27)

there exists the C° virtual controller z},, =

V<—(n—z+l)( 2T

where 3; >0, j =1,...,i are constants.

Proof. The detailed proof can be found in [20] and hence is
omitted here. O

From the inductive steps, we can design
Zue1 = —ﬁnf:fﬂ
_ _ﬁ ( l/rn +ﬁ1/1‘
n
y (Z Ity B (2 +ﬁi/”zl)))rﬂ”

1 — r,+T

S (28)
28
where
Bi:{fﬁ/rfi"'ﬁ;/ml) jz;,...,n—l (29)
such that

v, <—( 2”+m+£fl”)+déz_r“ (v—z,,,). (30)

(B) Output Feedback Controller Design. Since z,,...,z, are
unmeasurable, we construct a homogeneous observer
. -~ Ps - /T .
i = —li1Zp Zi=(m+1a20)"" i=2..n,
(3D

where Z; = z; and; > 0;i = 1,...,n — 1 are the gains
to be determined. By the certainty equivalence principle, we
can replace z; with Z; in (28) and obtain an output feedback
controller

v@) =B (B2 + B2+t Biz), (3D)

where Z = (2,,2,,...,%,).
Considering
L=Vl
_ ! i /(2-1,2y)

W, = e (s ! Vo yi)ds, (33)
where y; = #; +1,_,2z;_;, and setting ¢; = (z; - Ei)l/r", fori =
2,...,n, from (22), (31), and (33), it follows that

. 2—1;,_ ot
‘/Vi _ i lzfz 1 =1 )/ ( Ty /1 )’1) Zi
T
lz 1‘31 (zz(z i)/t 252_’i—1)/ri) (34)
_1l le ( 2@/ _ ,})(Z_ri—l)/ri—l)
1— i >

where z,,.,; = v(2).
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Each term on the right-hand side of (34) can be estimated
by the following propositions whose proofs are given in the
Appendix.

Proposition 14. There exists a positive constant A; such that

_li—le? (Z§Z—ri_1)/ri _ EEZ—r,-_l)/r,‘) < _li—l/\iez'z+r~ (35)
Proposition 15. Fori=2,...,n—1,
2-1, Q@=riy=r) /1 (_ricalTi
2= oo (et )z
T
i+1 5 2 5 (36)
Ty +T +T
ZE +gz(11)ezl>

]11

where g; is a continuous function of I;,_,, m; > 0 is a constant,
and g, =0

Proposition 16. For the controller v(Z), one obtains

2-r
n-1 _Q2-r,
—Zn "

Tn

1 < 24T o 24T 24T
< gZEJ + Czei + In (ln—l) €1
j=1 i=2

1) Ty (z;n—l/rn - yn) v(2)

(37)

where g, is a continuous function ofl,_, and c > 0 is a constant.

Proposition 17. Fori = 3,...,n,
ll 16 (ZI(Z 1)1 yl(z ri)/Ti 1)
1 (38)
< = (glz:rlr +£i2+r) 2+r +h (lz l)ezz+1T’

16

where h; is a continuous function of I;_,.

Choosing W = Y, W,, by Propositions 14-17, we get

W = ZEZ+T+( LA, +my+c+gs (L) +hy (L)) e

1 1

n-1

+ Z (<lia A +mi+ L e+ giy () + by (1) 61‘2+T

i=3

+ (LA, +1+c) e

(39)

By (28), (32), and Assumptionl, we can estimate

dEiZ_r"(v - z,.,) in (29) by the following proposition, whose
proof is given in the Appendix.

Proposition 18. There exists a positive constant y such that

Z 2+T ZeZ-f-‘r) (40)

where g, is a continuous function of ,,_;.

dgz K (V zn+1)

With the help of Proposition 18, defining U = V,, + W,
combining (29) and (39), and recursively choosing

L, =27, <4+1+c+‘u>

iy = /1;1 <;11 +m+ L+ pt gy () + hyy (L‘)):

(41)
i=n-1,...,3,
L 2)61(}1+m2+c+!"+ga(lz)+h3(lz)>
we obtain
1¢ Iy
25T (42)
i=1 i=2

Since U is positive definite and proper with respect to Z =
(Zys- s Zp T - - 1,) "> (42) implies that the closed-loop sys-
tem can be rewritten as the following compact form:

ozpdviiy..n)" (43)

which is homogeneous with the dilation weight

Z=F(Z)=(z,..

AN I STOUI N TS
for zy,...z,  for n,...n,
(44)
=(1,..,1+(n-11,1,...,1+(n-2)71
for zy,...2, for #,...1,

It can be shown that (43) is homogeneous of degree 7. In
addition, U is homogeneous of degree 2. By Lemma 8, there
is a constant ¢;, such that

U <512l (45)

where ¢, > 0 and | Z], = \l(zzn ! |Zl-|2/r"). Similarly, since

the right-hand side of (42) is homogeneous of degree 2 + 7,
by Lemma 8 there is a constant ¢, such that
aU 1¢ 1 _
=, F (@) < ZZ&?*T - Zzef” < GIZIFT.  (46)
i=1 i=2

Combining (45) and (46), it can be deduced from (42)
that

U < —ku*"? (47)

for a constant k > 0. By Lemma 6 with &« = (2 + 7)/2 < 1, the
closed-loop system is globally finite-time stable.

Remark 19. It should be pointed out that the output feedback
controller (32) is only continuous (rather than continuously
differentiable) due to the presence of the powers r,, + 7, which
is less than one. As a consequence, the closed-loop system
(22) and (32) is not locally Lipschitz. Therefore, the unique-
ness of the solution of system (22) and (32) is not guaranteed.
Fortunately, as shown in the work [35], the existence of the
solution can still be guaranteed for a continuous system
without Lipschitz condition.



3.1.2. Homogeneous Output Feedback Control of the Sys-
tem (20). Together with the homogeneous controller and
observer established previously, in this subsection we are
ready to use the homogeneous domination approach to glo-
bally stabilize (20) via output feedback under (21). First, we
introduce the change of coordinates

_ N
Z; = F,
(48)
Lol

v’

where L > 1 is a constant to be determined later. Under (48),
system (20) can be rewritten as

(49)

Now we construct an observer with a gain L as follows:

/i .
Vil = on

(50)

;= —-Llz;, Zi=(m+ 1,2,

In addition, we design ¢, using the same construction of (32),
specifically,

~1 - Al/n — T, tT
= -L"B (B2 + B,z + o+ Brzy) . (5D

Now, the closed-loop system (49)-(51) can be written as

Z’=LF(Z)+<f1 <->,f2L('),---s{’LE})’

T
0,...,0). (52)

Hence, it can be concluded from (46) that

. T
<f1() fzo,...,f’ﬂff,o,...,o) .
(53)

U< -Le)IZI3" +

From (21), (48), and L > 1, we can find constants §; > 0
and ; < 1 such that

O]

Lzl

] 1) r+‘r)/r
(ri+)/1; . :
= Z Li-1 'Zj' ] SS!’L(X’"Z”ZH' (54)
1

Noting that, fori = 1,...
degree 2 — r;, we know that

, 1, 0U/0Z; is homogeneous of

a_U (|Z1|(ri+7’)/r1 + -

7 |(r )T )

+|z; (55)
is homogeneous of degree 2 + 7.

With (54) and (55) in mind, we can find a positive con-
stant ¢; such that

ozl

< GLY|ZI3". (56)
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Substituting (56) into (53) yields

Us<-L <Ez - Zc,-L"“) 1ZIy

=1
(57)

n
<-L <zz - ZciL“"““_1> 1Z15,
i=1

where o, = max,_;,{«;} < 1. Apparently, by choosing a
large enough L, the right-hand side of (57) is negative definite.

Furthermore, it can be deduced from (57) that there is a
constant ¢ such that

U < ¢, U2, (58)

ByLemma 6 (U =V,c=¢;5,anda = (2+71)/2 < 1), (58)
leads to the conclusion that the closed-loop system (20), (50),
and (51) is globally finite-time stable, which yields that system
(18) can be globally finite-time stabilized by the output feed-
back. In addition, the settling time T} satisfies

20 (0
3

3.2. Finite-Time Output Feedback Stabilization of the x,-Sub-
system. From Section 3.1, we know that x(t) = 0 when t >
T,. Therefore, we just need to stabilize the x,-subsystem in a
finite time. When ¢ > T}, for the x,-subsystem, we can take
the following control law:

%

0<oy=—
2%}

Uy (x0) = go (x0) X <1

(60)

1
9o (x0) = =— (ko + ¢ (%)),
1
where k, is a positive design constant, «;, i = 1,2 are positive
odd numbers, and ¢ (x,) = alxoll_“" > 0 is a smooth func-
tion. For instance, we can simply choose ¢ (x,) = a(1 + x7).
Taking the Lyapunov function V, = x}/2, a simple
computation gives
Vi < —koxg ™ < —ko V{0, (61)
Thus, by Lemma 6, x,, tends to 0 within a settling time
denoted by T, and

1- 2
- ZVO( o)/ (0)
2

<=2 - (62)
ko (1 - “o)

Up to now, we have finished the finite-time output feed-
back stabilizing controller design of the system (5). Conse-
quently, the following theorem can be obtained to summarize
the main result of the paper.

Theorem 20. Under Assumptions 1-3, if the proposed control
design procedure together with the above switching control
strategy is applied to system (5), then, for any initial conditions
in the state space (xy, x) € R, the closed-loop system is glo-
bally finite-time regulated at origin.
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4. Simulation Example

To verify our proposed controller, we consider the following
low-dimensional system:

xo = douo + 60 (t) X0>
iy = dyxyuy + 0, ()In(1+x7), (63)
X, = dyu; + 0, sinx,,

where d;, i = 0,1,2 are unknown constants and 0;(¢t), i =
0, 1, 2 are unknown functions.

It should be mentioned that, when d;, = d, = 1 and
0,(t) = 0,(t) = 0,(t) = 0, the system (63) collapses into a
third-order chained form system which can be viewed as the
bilinear model of a mobile robot with small angle measure-
ment error (see [10, 36] for more details). This means that the
system (63) is a simple one; however, it comes from real world.

For simplicity, it is assumed that d; € [0.5,1] and |6;(¢)| <
1,i = 1,2,3. From this and Remark 4, it is not difficult to
verify that Assumptions 1-3 hold. Firstly, we define the con-
trol law #, = 1 and introduce the change of coordinates

¢ =xp, §,=dx, (64)

under which the x-subsystem of (63) is transformed into
G =0+0,0)In(1+7),
$y = didyu; +d,6, () sin (.

(65)

If we pick T = -2/5, the dilation is defined as r; = 1 and
r, = 3/5. Then, according to the design procedure shown
in Section 3, we can explicitly construct an output feedback
controller for system (65). We can choose specifically

3/5

M, = —LLZ,, Z, = (n, +1z))

1/5 (66)

=L /32(4/3 /35/3 )

with appropriate positive constants [}, f3;, 3,, and a large
enough gain L such that output feedback controller (66)
renders the system (65) (i.e., the x-subsystem of (63)) globally
finite-time stable with a settling time T}.

Then, when ¢t > T, for the x,-subsystem, we switch the
control input u, to

uy (x0) = —2koxi”, (67)

where k,, is a positive design constant.

In the simulation, we assume d, = d;, = d, = 1 and
0,(t) = 0,(t) = 0,(t) = sint. When (x,(0), x,(0), x,(0),
1,(0)) = (0, 1, -1, 0), by choosing the gains for the output laws
asL=2,6=2,5,=9,1, =20,and k; = 1, the simulation
shown in Figure 1 demonstrates the global finite-time stability
property of the closed-loop system (63)-(67).

Remark 21. Although system (63) was asymptotically stabi-
lized by the existing output feedback controller in [10, 13], the
system (66)-(67) is the first output feedback controller which

globally finite-time stabilizes system (63). Compared to the
existing asymptotical stabilization results, the proposed con-
troller demonstrates more advantages such as faster con-
vergence rates, higher accuracies, and better disturbance
rejection properties [17].

5. Conclusion

This paper has solved the problem of global finite-time output
feedback stabilization for a class of nonholonomic systems in
chained form with uncertainties. With the help of backstep-
ping recursive technique and the homogeneous domination
approach, a constructive design procedure for output feed-
back control is given. It is shown that the designed control
laws can guarantee that the closed-loop system states are
globally finite-time regulated to zero. In this direction, there
are still remaining problems to be investigated. For example,
an interesting research problem is how to design a finite-time
output feedback stabilizing controller for nonholonomic sys-
tems in stochastic setting.

Appendix

Proof of Proposition 14. By Lemma 9, one obtains

i (2=r;_)/1; ~Q2-1_)/r;
-l (Zi ez )

r; 1/r; 2-1; ~1/r; 2-1;
=g (=@ @y
< -l LetT,
where A; > 0 is a constant. O

Proof of Proposition 15. Using y; = 0; +1;_,z;_,, (26), (31), and
Lemmas 9-11, it follows that

2- i-1 _(2-1iy-1)/7; (rie)/1;
£ N1 Z, 1 (Zi 1

T

- Yi) Zit1

2- Tioy 2-1;-1;

(& - B E) " (& - BITE)

i
% (77~ 2“1 (2~ 21)
<k (|gi+1 g, r,.ﬂ)
(T e
x[le ™ + el (Jel™ "+l ")

iy lei | ]
1 i+1 5 2 5
+ + +
<EZ€ Tme " + g (L) el

(A.2)

where k;; > 0, m; > 0 are constants and g; is a continuous
function of /,_,. By e; = 0, one has g, = 0. O
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FIGURE 1: The responses of the closed-loop system (63)-(67).
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Proof of Proposition 16. By (26), (32),¢; = (z; — Ei)l/r", and the
definition of the homogeneous norm, one gets

v @) < kulzly™

- n (A.3)
r,+7)/1; n Zlei
i=1 i=1

rn+‘r>

7 Z Tn+T 2 Tn+7.'
<k, Z|§, + Z|ei ,
=1

i=1

where k,,, k,,, and k,,, are positive constants.
Similar to (A.2), with the use of Lemmas 9-11 and (A.3),
(37) holds immediately. O

Proof of Proposition 17. From e; = (z; —Ei)l/r", (26), and
Lemma 9, there is a positive constant k;; such that
(2] = l2i = ]| < Jai| + [ei] " < ks (€| + &I + ]eil”).
(A4)

According to y; = 0; + I;_,z;_;, (31), (A.4), and Lemmas 9-11,
one obtains

_ li—le:i (2(2—7;-1)/”; _ yfz—ri—1>/’i—1)

1 1
7 = \@-riy)/ris
=1l_,¢ ((Ui +112,) e
-1/
—(oi+liyzi) 1)

< kisliz—l |ei|n~ |ei—1 |rH

(A5)
(-2r,y)/r;- 2213 2-2r_
X (li—l R U R S S
+|€i|2—21’i,1 + Iei|2—2ri,1)
1 2+ 2+ 2+ 2+
< 16 (EHT +&; T) +e b () e,
where h; is a continuous function of [;_;. O

Proof of Proposition 18. By (26), (31), and Lemmas 9-11, it
follows that

dEiZ*f,, (V - Z:+1)
2-1,, 2 Az e 2\t
=_d£i rﬁn [( nzn/r +ﬁnflzn—rl ' +”'+ﬁlzl)
— - 1/
- (/';nzrll/rn + ﬁn—lznirln '

P Elz1)7n+‘r:|

< ks |£i |2_rn

" 4T
% |:Z |zi _ 2i| (lzi _ Eil(l—n-)/n- +|Zi|(1—f,~)/fi) ]
i=2

9
= %n6|gi|2_rn
n T +T
[ Dlel” (|ei|Hi G +|‘fi|Hi)
i=2
1 n n
< _ZEiZH' + “ZeiZJrr’
4 i=2
(A.6)
where k,, k, s, and u are positive constants. O
Acknowledgments

The authors would like to thank the editor and the anony-
mous reviewers for their constructive comments and sugges-
tions for improving the quality of the paper. This work has
been supported in part by the National Natural Science Foun-
dation of China under Grant 61073065 and the Key Program
of Science Technology Research of Education Department of
Henan Province under Grant 13A120016.

References

[1] R.W.Brockett, “Asymptotic stability and feedback stabilization,”
in Differential Geometric Control Theory, R. W. Brockett, R. S.
Millman, and H. J. Sussmann, Eds., pp. 2961-2963, 1983.

[2] A. Astolfi, “Discontinuous control of nonholonomic systems,”
Systems & Control Letters, vol. 27, no. 1, pp. 37-45, 1996.

[3] W.L.Xuand W. Huo, “Variable structure exponential stabiliza-
tion of chained systems based on the extended nonholonomic
integrator;” Systems & Control Letters, vol. 41, no. 4, pp. 225-235,
2000.

[4] R. M. Murray and S. S. Sastry, “Nonholonomic motion plan-
ning: steering using sinusoids,” IEEE Transactions on Automatic
Control, vol. 38, no. 5, pp. 700-716, 1993.

[5] Z.-P. Jiang, “Iterative design of time-varying stabilizers for
multi-input systems in chained form,” Systems &~ Control Letters,
vol. 28, no. 5, pp. 255-262, 1996.

[6] Y.-P.Tianand S. Li, “Exponential stabilization of nonholonomic
dynamic systems by smooth time-varying control,” Automatica,
vol. 38, no. 7, pp. 1139-1146, 2002.

[7] G.C. Walsh and L. G. Bushnell, “Stabilization of multiple input
chained form control systems,” Systems & Control Letters, vol.
25, no. 3, pp. 227-234,1995.

[8] J. P. Hespanha, D. Liberzon, and A. S. Morse, “Towards the
supervisory control of uncertain nonholonomic systems,” in
Proceedings of the American Control Conference (ACC *99), pp.
3520-3524, San Diego, Calif, USA, June 1999.

[9] Z.-Y. Liang and C.-L. Wang, “Robust stabilization of nonholo-
nomic chained form systems with uncertainties,” Acta Automat-
ica Sinica, vol. 37, no. 2, pp. 129-142, 2011.

[10] Z.-P. Jiang, “Robust exponential regulation of nonholonomic
systems with uncertainties,” Automatica, vol. 36, no. 2, pp. 189-
209, 2000.

[11] S. S. Ge, Z. Wang, and T. H. Lee, “Adaptive stabilization of
uncertain nonholonomic systems by state and output feedback,”
Automatica, vol. 39, no. 8, pp. 1451-1460, 2003.

[12] Y.-G. Liu and J.-E Zhang, “Output-feedback adaptive stabi-
lization control design for non-holonomic systems with strong



10

non-linear drifts,” International Journal of Control, vol. 78, no. 7,
pp. 474-490, 2005.

[13] Z. Xi, G. Feng, Z. P. Jiang, and D. Cheng, “Output feedback
exponential stabilization of uncertain chained systems,” Journal
of the Franklin Institute, vol. 344, no. 1, pp. 36-57, 2007.

[14] X.Zhengand Y. Wu, “Adaptive output feedback stabilization for
nonholonomic systems with strong nonlinear drifts,” Nonlinear
Analysis: Theory, Methods & Applications, vol. 70, no. 2, pp. 904
920, 2009.

[15] G.Ju, Y. Wu, and W. Sun, “Output-feedback control for non-
holonomic systems with linear growth condition,” Journal of
Systems Science & Complexity, vol. 24, no. 5, pp. 862-874, 2011.

[16] Y. Zhao and Y. Q. Wu, “Control of nonholonomic systems with
nonlinear unmeasured dynamics by output feedback,” Journal
of Control Theory and Applications , vol. 11, no. 3, pp. 504-512,
2013.

[17] S. P. Bhat and D. S. Bernstein, “Finite-time stability of con-
tinuous autonomous systems,” SIAM Journal on Control and
Optimization, vol. 38, no. 3, pp. 751-766, 2000.

[18] Y. Hong, “Finite-time stabilization and stabilizability of a class
of controllable systems,” Systems &~ Control Letters, vol. 46, no. 4,
pp. 231-236, 2002.

[19] Y. Hong, J. Huang, and Y. Xu, “On an output feedback finite-
time stabilization problem,” IEEE Transactions on Automatic
Control, vol. 46, no. 2, pp. 305-309, 2001.

[20] X. Huang, W. Lin, and B. Yang, “Global finite-time stabilization
of a class of uncertain nonlinear systems,” Automatica, vol. 41,
no. 5, pp. 881-888, 2005.

[21] Y. Hong, J. Wang, and D. Cheng, “Adaptive finite-time control
of nonlinear systems with parametric uncertainty,” I[EEE Trans-
actions on Automatic Control, vol. 51, no. 5, pp. 858-862, 2006.

[22] J. Li and C. Qian, “Global finite-time stabilization by dynamic
output feedback for a class of continuous nonlinear systems,”
IEEE Transactions on Automatic Control, vol. 51, no. 5, pp. 879-
884, 2006.

[23] J. Li, C. Qian, and S. Ding, “Global finite-time stabilisation by

output feedback for a class of uncertain nonlinear systems,”

International Journal of Control, vol. 83, no. 11, pp. 2241-2252,

2010.

Y. Shen and Y. Huang, “Global finite-time stabilisation for a class

of nonlinear systems,” International Journal of Systems Science,

vol. 43, no. 1, pp. 73-78, 2012.

[25] J. Y. Zhai, “Global finite-time output feedback stabilisation for a
class of uncertain nontriangular nonlinear systems,” Interna-
tional Journal of Systems Science, vol. 45, no. 3, pp. 637-646,
2012.

[26] Y. Hong, J. Wang, and Z. Xi, “Stabilization of uncertain chained
form systems within finite settling time,” IEEE Transactions on
Automatic Control, vol. 50, no. 9, pp. 1379-1384, 2005.

[27] J. Wang, G. Zhang, and H. Li, “Adaptive control of uncertain
nonholonomic systems in finite time,” Kybernetika, vol. 45, no.
5, pp. 809-824, 2009.

[28] E Gao, Y. Shang, and E Yuan, “Robust adaptive finite-time stabi-
lization of nonlinearly parameterized nonholonomic systems,”
Acta Applicandae Mathematicae, vol. 123, no. 1, pp. 157-173, 2013.

[29] H. Hermes, “Homogeneous coordinates and continuous
asymptotically stabilizing feedback controls,” in Differential
Equations, vol. 127, pp. 249-260, Dekker, New York, NY, USA,
1991.

[30] A. Bacciotti and L. Rosier, Liapunov Functions and Stability in
Control Theory, Springer, Berlin, Germany, 2005.

[24

Abstract and Applied Analysis

[31] J. Polendo and C. Qian, “A generalized homogeneous domina-
tion approach for global stabilization of inherently nonlinear
systems via output feedback;” International Journal of Robust
and Nonlinear Control, vol. 17, no. 7, pp. 605-629, 2007.

[32] C. Qian and W. Lin, “A continuous feedback approach to global
strong stabilization of nonlinear systems,” IEEE Transactions on
Automatic Control, vol. 46, no. 7, pp. 1061-1079, 2001.

[33] J. Polendo and C. Qian, “A generalized framework for global
output feedback stabilization of genuinely nonlinear systems,”
in Proceedings of the 44th IEEE Conference on Decision and Con-
trol, and the European Control Conference (CDC-ECC ’05), pp.
2646-2651, December 2005.

[34] C. Qian, “A homogeneous domination approach for global
output feedback stabilization of a class of nonlinear systems,”
in Proceedings of the American Control Conference (ACC ’5), pp.
4708-4715, June 2005.

[35] J. Kurzweil, “On the inversion of Lyapunov’s second theorem on
the stability of motion,” Annals of Mathematical Society Trans-
lations, vol. 24, no. 2, pp. 19-77,1956.

[36] P. Morin, J. B. Pomet, and C. Samson, “Developments in
time varying feedback stabilization of nonlinear systems,” in
Preprints of Nonlinear Control Systems Design Symposium, pp.

587-594, Enschede, The Netherlands, 1998.



