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We consider a three-component reaction-diffusion system with a chemoattraction. The purpose of this work is to analyze the
chemotactic effects due to the gradient of the chemotactic sensitivity and the shape of the interface. Conditions for existence of
stationary solutions and the Hopf bifurcation in the interfacial problem as the bifurcation parameters vary are obtained analytically.

1. Introduction

We are interested in the effects of diffusivity and chemotaxis
on the competition of several species for limited resources.
Chemotaxis is an oriented movement of cells in response to a
concentration gradient of chemical substances in their envi-
ronment. It was observed that diffusivity and chemotaxis of
cells play a dominant role in cell growth; when several species
of cells compete for limited resources, the species with a
smaller diffusion rate and larger chemotaxis rate grow better,
even when other species have superior growth kinetics.

Mathematical modeling on chemotaxis was initiated in
1970 by Keller and Segel (see [1]) with the use of the following
system of PDEs:

u, =V (Vu—-yuvv),
ey

v,=DVv+au—-by, t>0, xeR",

where D is a diffusion coefficient, a and b are positive con-
stants, and y is the chemotaxis coeflicient. In many biological
processes, cells often interact with combinations of repul-
sive and attractive signalling chemicals to produce various

interesting biological patterns. In this paper, we consider the
attraction chemotaxis system [2-4]:

eou, = €Vu—exV(u-Vy(v) —u+H (u-aw) -

v, =Vv+uu—-v, t>0, xeR"

2
w,=Vw+tu+v-w-s, t>0, xeR",

2)

where ¢, o, ¢, and s, are positive constants, H is a Heaviside
step function, and a'(w) > 0 for all w. Here, V is the gradient
operator, y is the chemical sensitivity function of the chemical
repulsion satisfying y'(v) > 0 for v > 0, and « is a positive
constant.

Chemotaxis describes the direct migration of cells along
the concentration gradient of a specific chemical produced by
the cells. The prototype of the population-based chemotaxis
model was described in the above mentioned work of Keller
and Segal [1].

Schaaf [5] discussed the existence of nonconstant equi-
librium solutions which exhibit aggregating patterns in a
bounded domain. In [4, 6], equations describing the dynam-
ics of the interfaces near equilibrium and the stability of the
planar standing pulse solutions in the channel domain are
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obtained for sufficiently small e. Results for several versions
of the Keller-Segel system and its related models are discussed
in Horstmann [7, 8] and Ward [9]. The effect of chemotaxis or
that of lateral inhibition on an activator in reaction-diffusion
systems has been studied by several authors (see [10-13]).

In the present work, chemotaxis growth under the influ-
ence of lateral inhibition in a three-component reaction-
diffusion system is considered. We derive a free boundary
problem of this system when & = 0 and then find conditions
which are necessary for occurrence of the Hopf bifurcation
of chemotaxis and the lateral inhibition on an activator. We
derive an evolutional equation of interfaces that is controlled
by the two inhibitors v and w.

Suppose that there is only one interfacial curve x = #(t) in
[0, 00) in such a way that [0, c0) = Q, Uy(t)UQ,, where O, =
{x € [0,00) : u(x,t) > a(w(x,t))} and Q, = {x € [0,00) :
u(x,t) < a(w(x,t))}. Let (x,, t,) lie on this curve; that is, x, =
n(ty). Using a stretching transformation at (x, f,) we make
the following substitutions:

g=X"%  ,_tth (3)

& &

Then, the system (2) at (x,, t,) becomes

ou, = Ug — KXI (Vo) vyttg + F (u, v, wy)

(4)
Fu,vww)=-u+H@Ww-a(w))-v
and the boundary conditions are
u (+o0) = hy (v,) (5)

when ¢ tends to zero, where v, = v(x,, t,) and w, = w(x,, t,).
We put the equation into a traveling coordinate system by
setting z = £—0p with velocity 6. Thus, U(z) = u(§, p) satisfies
the following conditions:

Uzz + (06 — KX’ (VO) Vx) Uz +F (U) Vo’wo) — 0’
(6)
U (xo0) = b ().

The existence of a solution U(z) is given in [12, 14] and 0
satisfies 00 = C(v) + kx' (vy) v,(xo,t,). Hence, the velocity
of the one-dimensional interface #(t) is given by

dn® _ 1

B0 =Lty emd (v (10.0),  xen,

7)

where v; is the value of v on the interface #(¢) and C is a
continuously differentiable function defined on an interval
I := (—a(w), 1 — a(w)), which is given by [14-16]

C(v(n):a(w(n))
1-2a(w(n)) - 2v(n) ®
Vo) +aw) (1-a(w () -v(n)
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Hence, a free boundary problem of (2) when ¢ is equal to
zero is given by

v =Vv—(u+)v+pu, t>0, x€Q,

v, =Vy—(u+1)v, t>0, x €O,

v(n ()= 0,t) = v(n (t) +0,1),
Vx(f’](t)—o,t): x(n(t)+03t))
lemOOv (x,t) =0,
2 ©)
w,=Vw-w+1l-s;, t>0, x€,

wt=V2w—w—sO, t>0, x € Qy,

w(n)-0,t) =w(n ) +0,t),
w, (7(t) = 0,t) = w, (7 (t) +0,t),

lim w (x,t) = —s,.
X — 00

In this paper, we establish the existence of the Hopf
bifurcation described above by an application of the implicit
function theorem along the lines of the results in [17]. In
order to apply the implicit function theorem, we require more
regularity of the solution than that obtained in the papers
[4, 6, 13]. Our approach to the problem of well-posedness
and to the Hopf bifurcation is to write (9) in the form of an
abstract evolution equation on a Banach space, which is the
product of a function space and an interval of real numbers.
Once we have done this, we are able to apply standard results
from the theory of nonlinear evolution equations (see for
instance, [18]) to show the well-posedness of the problem and,
more importantly, to give an analysis of the Hopf bifurcation.

The organization of the paper is as follows. In Section 2,
a change of variables is given which regularizes problem
(9) in such a way that results from the theory of nonlinear
evolution equations can be applied. In this way, we obtain a
regularity of the solution which is sufficient for an analysis
of the bifurcation. In Section 3, we show the existence of
equilibrium solutions for (9) and obtain the linearization of
problem (9). In the last section, we investigate the conditions
to obtain the periodic solutions and the bifurcation of the
interface problem as the parameter o varies.

2. Regularization of the Interface Equation

Now, we consider the existence problem of (9):

v

Vt:@_(”+1)v+yH(x—l1(t))r
o*w
wt:ﬁ—w-‘rH(x_rl(t))_so’

v, (0,t) =0, lim v, (x,£)=0, ¢t>0,
X — 00

w, (0,1) =0, lemoowx (x,t) = =55, t>0,
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o' (t) =C(v(n);a(w(n)))
+xx (v(n(®),1) v, (1) 1),

t>0; 1(0) =g,
(10)

Let w(x,t) = w(x,t) +s,. Let A be an operator defined by
A= —(d*/dx?) + ¢ + 1 with domain D(A) = {v € H**(R) :
v(0,t) = 0,lim,_, v (x,t) = 0}. Let A, := —(3*/0x?) + 1
with domain D(A;) = {w € H**((0,0)) : w,(0,t) =
0,lim, _, W, (x,t) = 0}. In order to apply semigroup theory
to (10), we choose the space X := L,(0, co) with norm || - |,.

To get differential dependence on initial conditions, we
decompose v in (10) into two parts: u which is a solution
to a more regular problem and g which is less regular but
explicitly known in terms of the Green function G of the
operator A. Namely, we define g : [0,00) x [0,00) — R

by

g(x.n) = A7 (uH (- - 1) (x))
oo (1)
= uL G(x,y)H(y-n)dy,

where G : [0,00) X [0,00) — R is a Green’s function of
A satisfying the Neumann boundary conditions, and y :
[0,00) — Ris given by

y(n)=g(n.n). (12)

If we take a transformation u(t)(x) = v(x,t) — g(x,5(t)),
we have (u,)(t)(x) = v (x,t) — g, (x,n(t)). Since G, (x,n) is
discontinuous at x = #, we cannot obtain one step more
regular than that of (10).

To overcome this difficulty, let p(x,t) = v.(x,t). Then
p satisfies p, + Ap = ud(x — 1), where A = —(d*/dx*) +
i + 1 with domain D(A) = {p € H*(R) : p(0,t) = 0,
lim, _, . p(x,t) = 0}. Define g : [0, 00) x [0,00) — R

glxn) = A7 (ud (- - 1) (x))

zyjoooé(x,y)S(y—ﬂ)dJ”

(13)

where G : [0,00) x [0,00) — R is a Green’s function
of A satistying the Dirichlet boundary conditions, and y :
[0,00) — Ris given by

7(n) =g (mn). (14)
We define j : [0,00) x [0,00) — R,
) = A5 (H(=n) @) = | T () Hy=m)dy
(15)
anda: [0,00)xC — C

a(n):=j(mn), (16)

where J : [0,00)* — R is a Green's function of A, satisfying
the boundary conditions.

Applying the transformations u(t)(x) = v(x,t) — g(x,
7)), z(t)(x) = p(x,t) — g(x, y(t)), and q(t)(x) = w(x,t) -
j(x,n(t)) to (10), we get

u, +Au = fe (1)
o

X (Cun)+y(m)salan)+aln) -s))

+ix (u(n) +y () (z (1) + 7 (1)),

1y~
Az = --EG(x,
z, + Az o (x,n)

X (C (u(n) +v (n)sa(q(n) + a(n) - )

+ix’ (u(n) +y () (z (1) + 7 (1)),
(17)

q+Aoq = él (x,7)
x(Clu(n) +y(n)s alq(n) +a(n) -s))
iy (u () +y () (2 () +7 ().
70 = = (Cluln) +y ()salan) + () - )

+ix (u(n) +y () - (z(n) +7 ()
t>0.

Thus, we obtain an abstract evolution equation equivalent to
(10):

d _ 1
o waan) + Alwz.qn) = ;f(u)z)q, 1), )

(Ll, 2,9, ’1) (0) = (uO (.X') > 20 (.X') >0 (X) > ;10) ?

where A is a 4 x 4 matrix with the main diagonal entries being
the operators A, A, A, and O (the zero operator), and all the
other terms are zero. The nonlinear forcing term f is

f(u.z,q.1)
fi () (for (wz.q.m) + for (02,9, 1))
() (fo (wz.q.1) + fo, (42,9, 1))

() (fo (wz.q.m) + fo, (02,9, 1)) ’

for (2,9,m) + fr (u,2,9,7)
(19)

where f; : (0,00) — X, fl(q)ix) = uGx,n), f, :
(0,00) - X, fz(n)(x) = —([.l/ﬂ)G(X,I’]), f3 : (0,00) -
X, f3(m(x) = JCon), fr + W — G fluz,q,1) =
Clu(n) + y(msa(q(n) + aln) — sp)), and f,, : W — C,



foz,q,m) = wx (i) +y() - (2(n) + §() and W :=
{(u,z,q,m) € C'(0,00) x C'(0,00) x C'(0,00) x (0,00) :
uln) + y(n) € L zn) + yin) € L qln) + aln) — s, €
I}CpenC (R) x C'(R) x C'(R) X R.

The well-posedness of solutions of (18) is shown in [4, 10,
11], using the fractional powers of degree 0 € (3/4,1] of A,
Ay, and A and the methods of the theory of semigroups of
operators. Moreover, the nonlinear term f is a continuously
differentiable function from WnX? to X, where X := D(A) =
D(A) x D(A) x D(A,) x R, X := D(A?), X% := D(A%), and
X? .= D(A?) = X% x X4 x X8 xR.

The velocity of # is denoted by

C(u(n)+y(n)salqn) +eln)-s))

=C(S(wq.n))

_ 1-2S(u,q,n)
VS (s g,7) (1= S (. 17))

(20)

>

where S(u, q, 1) = u(n) + y(n) + alq(n) + a(r) — sq)-
The derivative of f can be obtained following [19].

Lemma 1. The functions G(~ 1) : (0,00) — X, G(-#) : (0,
) = X, J(n) : (0,00) - X,C() : W — C, and
f*W = X xR are continuously differentiable with derivati-
ves given by
Dfy, (u.2,q,1) (%2, 7)
= Cs (S(wq.m) - (u (M7 +a(n) +v (n)7)
+a' (q(n) +a(n) = 5)
(d A+ +ao' (n)7),
Dfy, (u.2,q,1) (4.2,4,7)
=xx (w(n)+y (@) (' ) 7a+2 ) +7 (1) 7).
+xx" (u(n) +y (1))
(@) +d M a+y)7)) (2 () +7 (),
Df (u,2,q,1) (42, 3,7)
= (fa (wz.9.1) + f1, (0, 2,9,17))
(A ) f5 (), f1(n),0) 7
+(Dfy (u:2,q,1) + Dfy, (u.2,,1)) (8,2, 3,7)

(A (), fa(n)s f3 (), 1)
(21)
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3. Equilibrium Solutions and Linearization of
the Interface Equation

In this section, we will examine the existence of equilibrium
solutions of (18). We look for (u*,z*,q*,n*) € D(A)nW
satisfying the following equations:

1
Au = ~uG (x,
u=—p (x.7)

x (C (u(n)+y(n)salqn)+eln)-s))
+xx (w(n)+ym)- (=) +7(),

1y~
Az =——=G(x,
2= =G )

x(C(u(n)+y()salqg(n) +aln)-s,))
+xx (u(n) +y () (z(n) +7 (1)),
Ayq = él (1) (C(u(n) +y(n)salqg(n) +a(n) —so))

+xx w(n) +y()- () +7 (1)),
0=C(u(n)+yn)salgn)+aln)-s))
+xx (u(n)+y () - (z(n) +7 (1)),

W (0)=0=1u'(c0), z(0) =0 =z (00),
g (0)=0=q (co).
(22)

Theorem 2. Suppose that (1/2) —a(l - s;) < u/(1 + p) and
C'(y(m); alen) = o)) +x X" (y)P) — kT + u ' (y() >
0 for all y > 0. Then (18) has at least one equilibrium solution
(0,0,0,7) for k < x,, where k. is a solution of

C(y(00);a(a(o0) - s,))
, , (23)
+1.x' (y(00)) (¥' (00) + 4G (00, 00)) = 0.

The linearization of f at the stationary solution (0,0,0,7")
is

)Q(#,2,4,7) @4

where Q(i1, 2,4, 7) = (4+xx" (y(n W™ ) @(n™) +y' (n")7) +
kX' (Y NG ) +7 (")) +4a’ (aln*) = so)(@Gn* ) +a' (17)7).
The pair (0,0,0,1%) corresponds to a unique steady state
v, phw, ") of (10) for 00 with vi(x) = g(x,7%),
p*(x) = glx,n"), and w* (x) = j(x, ") = s,
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Proof. From the system of (22), we have u* = 0, z" = 0, and
q" = 0. In order to show existence of ", we define

C(y(m)sa(a(n) —so) +xx (y(n)-7(n).

(25)

I (n,%) =

Then
%F (1) = (C' (y (m)sa(a(n) - 50)) +xx" (v () 7 ()
Y () +xx' (v (1)) 7' ()

+C' (y(n)sa(a(n) - s))
a' (a(n) - sp)-o ().

(26)

Since y'(11) < 0and oc'(q) < Oforally > 0,I'(y,x) = 0is
solvable with #* if ['(0,x) > 0, [(co,x) < 0, and (3/0%)
I'(y,x) < 0, which means that C(y(0); a(«(0) — s5)) > 0,
C(y(00); ala(oo) — 5)) +xx' (y(00))P(00) < 0, and C'(y(n);
ala(n) — s0)) + k" ()p() — kT + px' (y(n)) > 0.

Let x, be a solution of

C(y(00);a(a(00) = 50))

(27)
) (¥ (00) + 4G (00,00)) = 0

+x' (v (00

Then I'(co,x) < T'(co,k.) < T(0,%.) with I'(co,x.) = 0.
Hence, 1" exists for k < ..

The formula for Df(0,0,0,#") follows from the relat-
ion C'(1/2) = 4, and the corresponding steady state (v*, p*,
w*,n") for (10) is obtained by using Theorem 2.1in [19]. O

4. A Hopf Bifurcation

In this section, we show that there exists a Hopf bifurcation
from the curve o+ (0,0,0,7") of the equilibrium solution.
First, let us introduce the following relevant definition.

Definition 3. Under the assumptions of Theorem 2, define
(for 1 > @ > 3/4) the linear operator B from Xt X by

B:=Df(0,0,0,1"). (28)

We then define (0,0, 0,%") to be a Hopf point for (18) if and
only if there exist an €, > 0 and a C'-curve

(—eo+ 7", 7" +€) — (A (1), ¢ (1)) € Cx X¢ (29)

(Yo denotes the complexification of the real space Y) of
eigendata for —A + 7B with

(i) (A + TB)($(1)) = AD)$(7), (-A + TB)($(7)) =
M) ¢(2),

(ii) A(z*) = iB with B > 0,

(iii) Re (1) #0 for all A in the spectrum of (-A + 7°B) \
{£ip},
(iv) Re A/ (1) # 0 (transversality),

where 7 = 1/0.

Next, we check (18) for the Hopf points. For this, we solve
the eigenvalue problem:

-A(u,z,q.1) + 1B (w,2,qn) = AL, (u,z,9,17),  (30)
where I, is a 4 x 4 identity matrix. This is equivalent to
(A+Vu=G(.n")
x (dy (u(n™) + ¥ (1" m)
+xdy (z(n") +7 ("))
+ay (q(n") + o' (")),
- GG)
x (dy (u(n™) + v (1))
+xd, (z(n") +7 (1) n)
+ay (q(n") +o' (")),
a=1(-n")
x (dy (u(n™) +¥' (7))
+xdy (2(n") +9' (1))
+ay (q(n") + o' (")),
A= (dy (ulr) +v' (1) n)
+xdy (2(n") +9' (1))

+a, (q(n") +o (1)),

(A+MN)z=

(Ag+1)

(31)

where d, = x'(y(n")), d, = 4+ xx" (y(n")p(n*), and a; =
4a' (a(n*) - sp).-

In the following theorem, we show that an equilibrium
solution is a Hopf point.

Theorem 4. Suppose that (1/2) —a(1 —s,) < (u/(1 + ) and
C'(y(m)s alaln) - sp)) + Kx"(y(n)))?(n) > wT+px' (y(n)
for all v > 0. Assume that c' (p*)sala(n™) — sp) +

(y(11 NY#HY) > &/n* )X (y(y™)). Additionally, suppose
that the operator —A + T*B has a unique pazr {+ip}, B >
0 of purely imaginary eigenvalues for some ™ > 0. Then,
(0,0,0,%%,7") is a Hopf point for (18).

Proof. We assume, without loss of generality, that § > 0,
and ®* is the (normalized) eigenfunction of —A + 7* B with



eigenvalue if3. We have to show that (®*,i8) can be extended
toa Cl-curve 7 — (®O(7), A(1)) of eigendata for —A + B with
Re(A' (%)) #0.

For this, let ®* = (y,, 2¢> o> ) € D(A) x D(A) x
D(A,) x R. First, we note that 7, # 0. Otherwise, by (31),
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(A+ifyw, = pifn, GGn*) = 0and (A + if)z, =
~(u/n*) i 1y G(1*) = 0, which is not possible because A
is symmetric. So, without loss of generality, let 7, = 1. Then
E(vy, 2o 4o i, T°) = 0 by (31), where

E:D(A)¢ x D(A)¢ X D(Ag)c X C xR — X X X x Xe x C,

A+ N u-1uG (") (dy (u (™) +y' (1)) +xdy (2 (") + 7' (77) + @y - (q () + a (7))

E(u,z,q, A7) =

(A +A)Z+T,%5(-,n*) (dy (u(n®) +y" (")) +xdy (z(0") + 7' (17) + @y - (q (") + a (7))

(Ag+ M) q =T (o) (dy (u () +y' (")) + xdy (2 (7)) + 9" (1) +ay - (a (") + (7))
A=(dy (u(n™)+y (")) +xdy (z(17) +9' (1) +ay - (q(n") + (7))

The equation E(u, z, g, A, 7) = 0 is equivalent to A being an

eigenvalue of —-A + B with eigenfunction (u, z, g, 1). We will

(32)

apply the implicit function theorem to E. For this, we check
that E is of C'-class and that

Dz g0 E (Vo> 20> qo» iB T7)
€ L(D(A)¢ x D(A)¢ x D(Ag) X C xR, (33)
XX Xgx Xe xC)

is an isomorphism. In addition, the mapping

(A+iB)ai+Ayy — 7°uG (") (dyi (") + xd 2 (n°) + @, (7))

D(u,z,q,){)E (l//0> 20> o> lﬁ’ T*) (17, 2’ Q’ X) =

(A+if)Z + Az +7° nﬁ*@(»n*) (dyit (") + xdy2 (1) + @@ (1))

(34)

(Ag+iB)a+Aqy — 7] (o) (dyti (") + xd 2 (") + a3 (1))

is a compact perturbation of the mapping

(52,3, A) — ((A+iB) @, (A+iB)Z, (A +if) G )
(35)

which is invertible. Thus, Dy, o1 E(o, 20, G0, if77) is a

Fredholm operator of index 0. Therefore, in order to verify
(33), it suffices to show that the system of equations

D(u,z,q,/\)E (WO’ZO’ 90> iﬁ’T*) (ﬁ> 2’ q\’ X) =0 (36)
which is equivalent to
(A+iB)a+dyy = 1°uG(-n")
x(dyii (") +xdiZ (") +aiq (n")),

(A+iB)Z+ A&, = —T*ﬂﬁ*é(.,n*)

x (it (n") +xdi2 (") + g ("))

A-t* (dyu(n*) +xd,z2(n") + a1 (1))

(Ao +iB)q+Ago =7"] (21°)

x (dyi(n") +xd\Z(n") +aq (")),
A=1" (da(n") +xdiZ(n") +aq(n’))
(37)

necessarily implies that 7 = 0,Z = 0, § = 0,and A = 0. If

we define ¢ = yo — uG(, "), § i= 2o + (u/n")G(-n"), and
p =qy,—J(-n"), then (37) becomes

(A+iB)ii+Ap =0, (38)
(A+ip)z+AE =0, (39)
(Ag +iB)G+Ap =0, (40)
%=dzﬁ(n*)+1<d12(f7*)+a1r7(n*). (41)
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On the other hand, since E(y,, 2y, qo> i3> T°) = 0, ¢, & and
p are solutions to the equations, we have
(A+if)p=—ud,., (42)
(A+ip)e= Lo, (43)
(N
(Ao +iB)p =6, (44)

=d, (¢ (") +uG (", n") +v' (n*))

* U =/ « « ok
o (80 =2 GO )47 6)) 49
+a, (p(n")+T (") + o' (%))

Multiplying (39) and (43) by ¢ and (38) and (42) by & and
subtracting one from the other, we obtain

au(n )=-n"z(n"), d)=-n"&Mx). (46

Multiplying (38) by d,, (39) by —;*xd,p, and (40) by a,p
and adding the resultants to each, we have

—dyuii(n") - wdypz (n") —ayq (1)

+ (917 "y JE]” + o] (47)

+2if J (dzﬁq_b - n"xd,ZE + a@ﬁ) =

Multiplying (42) by d,¢, (43) by —n*«d, p, and (44) by a,p
and adding the resultants to each, we obtain

2, 2 2
| A~ n"wed, A28 + ar| A
+ip (||| - " xed, JE|* + ar o) (48)
= —d, pp (n*) — pd & (n*) —arp (n*).
From (45), we get
o gl ey ) + ol (49)

and thus (47) implies that

J (dyig— ", ZE + a,3 B) = 0. (50)

Now, multiplying (38) by d, i, (42) by —"xd, Z, and (40)
by a,4 and adding the resultants to each, we have

(d)a*2a] - y'xd, | A2 + | aY4]")
+iB (@l - xd 1217 + a1l (51)
A J (dz(pﬁ -n"kd 2 + alpﬁ) =

From (50), we get

oAl ' |42 + i a] = 0
(52)
a1 - ' xd, IZI +a, g = 0.
Multiplying (42) by ¢ and (43) by &, we get
|A2] + iBlgl =~ (),
(53)

[arzg] EEor).

+ilel =
and applying (46) to the above equation, we have

= (") I6° = (Y. o)

Now, multiplying (38) by 2i8it and (42) by Azi and subtracting
the resultants to each other, we obtain

2B (|4l - Y|4 2])
— 28 (1l - (") 1212) + A (] - (")

1/2

a4l

I17)-

(55)

Applying (54) to the above equation, we have

2 2 % ~
[aal ~ ) |az =0 1@’ - ()l =o,
(56)
and thus (52) implies that
d
< 2 Kﬁ)"ﬁ"“adlﬂlz:o. (57)

Since d, — (kd,/n*) > 0and a, > 0, we have i = 0 and g = 0,
andso,Z=0and A = 0. 0

Theorem 5. Under the same condition as in Theorem 4, (0,0,
0,1",7") satisfies the transversality condition. Hence, this is a

Hopf point for (18).

Proof. By the implicit differentiation of E(y,(1),z,(7),
qo(1), A1), T) = 0, we find
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Dz qE (Vo> 20- 40> i, T°) (1/’(’) ("), Z(,) ("), ‘Z(’) (%), A (v ))

uG (1) (dy (wo (1) +9' (%)) +xedy (20 (1) + 7" (%)) + @y (2 (") + (7))

—W—Pi@(-, 1) (dy (wo (1) + 9 (7)) + xdy (20 (") + 7' (7)) + a1 (g0 (") + (1)) | (58)

TCn) (dy (wo (1) +9' (1)) +xdy (20 (%) + 9" (7)) + @y (g0 (") + & (1))
dy (o (") +v' (1)) +xdy (20 (1) + 9 (")) + ay (o (1) + a (17"))

This means that the functions 7 := y\(t*), Z := z,(t"), §:=
q(/)(r*), and A =\ (1%) satisfy the equations

(A+iB)a+ Ay, —7°uG (7")
x(dyfi (") +xdyZ (") + 0,3 ("))
=uG (") (dy (o (17) + ¥ (1))
+xdy (20 (1) +7 (1)) + oy (a0 (") + (")),
(A+ip)Z + A&, +T*nﬁ*6(-,q*)
x(dyii (") +xdyZ (") + a,q (7))
== Gl (@ (v (1) +y' (1))

+xdy (20 (") + 7 (7)) +a, (90 () + (7)),
(Ao +iB)G+Apy =TT (~11")
x(dyii (") +xdiZ (") + g (n"))
=T (n") (da (vo (") +9' ("))
+xdy (20 (") + 7' (")) +a, (90 () + (7)),
A= (dyit (n") + kdyz (") + g ("))
=dy (o (1) +¥ ("))

+xdy (20 (1) +7 (n*)) +ay (20 (1) + ("))
(59)

By letting ¢ := v, — uG(-1*), &€=z, + (u/n*)G(~%"), and
p =qy—J(-n") as before, we obtain

(A+if)ii+Ap =0, (60)
(A+iB)Z+AE =0, (61)
(Ay+iB)g+Ap =0, (62)
-t (@i (r) +xdz () + () = L. (63

T*

Multiplying (60) by d,, (61) by —;*xd, &, and (62) by a, pand
adding the resultants to each, we obtain

~ ot (") —xduz (") - g (")
+ X (el - " wdy JEI° + arlp]) (64)
R R

From (49) and (63), the above equation implies that

iﬁ(T‘: . +2if J (dyiip —n'kd\ZE+a,3p) = 0.  (65)

Multiplying (60) by d,, (61) by —"xd, Z and (62) by a,3
and adding the resultants to each, we have

I e )

vaaial

) (66)
+iB (ol - "y |2 + a,]q]")
A J (d,i — " xed ZE + a,3p) = .
From (65), we have
e - ot el
i ) - (67)
+ip (Al —n"wd |2 a]) = X s
and the real part is
d2||A1/2£Z”2 3 ”*KdIHAl/zZ”z +a "A})/zq“z - 2(5*)2 Re \.
(68)

Now, multiplying (60) by 2i# and (61) by Aii and applying
(54) to resultants, we obtain

[a ) ~ (a2 =0, k- )iz = o,
(69)

and thus (68) implies that

s red= (-0 e ol oo
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which is positive since d, — (kd,/n*) > 0 and a; > 0.
We have ReA'(t*) > 0 for B > 0, and thus, by the Hopf-
bifurcation theorem in [19], there exists a family of periodic
solutions which bifurcates from the stationary solution as 7
passes T”. O

Now, we show that there exists a unique 7* > 0 such that
(0,0,1",7") is a Hopf point; thus 7" is the origin of a branch
of nontrivial periodic orbits.

Lemma 6. Suppose that d, — (kd,/n*) > 0. Let G, éﬁ, and
Jg be Green functions of the differential operators A + if3,
A +i/p and A, + if satisfying (42), (43), and (44), respec-
tively. Then, d, Re(Gl;(q*, 7)) - (kd,/n") Re(Gﬁ(n*, 7)) and
Re(]ﬁ(;y*, n")) are strictly decreasing in 3 € R with

ReGo (r",n") =Grn"),  Jim ReGy(n",n°) = 0.

(71)

Moreover, d, Im(Gﬁ(n*,n*)) = (kd,/n") Im(éﬁ(n*,n*)) >0
and Im(Jg(n*,n")) < 0 for > 0.

Proof. First, we have (A + i[)’)_1 = (A- i[)’)(A2 + ﬁz)_l. So,
if L(B) := Re(A +if)™", then L(B) = A(A* + *)". More-
over, L(f) — Alasp — Oand L(B) — Oasf —
00, which results in the corresponding limiting behavior for
Re(Gp(W*”'I*))-

To show that § — (d, Re(Gﬁ(n*,n*)) - (kd\/n")

Re(aﬁ(n*,r]*))) is strictly increasing, we define h(8)(x) :=
d,Gg(x,1") — (kd, [n")Galx, ") = dy,G(x,1*) + (edy /)G
(x,71"). Then (in the weak sense initially)

. di ~, .
(A+B)1(B) = ~ip (4,6 (") = 52G () ). (72
As a result, h(f) € D(A)c and h : RT — D(A)¢ is

differentiable with ih(B) + (A + i)W (B) = -i(d,G(, 1) -
(rd, /)G (-~ 1")), and therefore

' . sy Kdy =
(4+B)1 (8) =i 4Gy (o) - 2G5 () ). 9
Thus, we get

—i<d2— ’“il
'7

= [+ ip?H (B (B) (yax

)7 Er)

- [a+ip) (B)- (4 +ip)H (B)ax
= |an (B)| - B (B)|dx + 2ip| ™K ().
(74)

It follows that

. <d2 . "Uil) Re (' (B) (")) = 264" (B)[] > .
(75)

Since (d, — (xd;/n")) > 0, we have (0/0f)(d, Re(Gﬁ(n*,
n*)) - (d, /n") Re(Gg(n*,1*))) < 0 for B> 0.

In order to show (d, Im(G4(17*, 11*))~(xd, /11") Im(éﬁ(q*,
7)) > 0, from (72), we have

18 (dy = =2 )R (B )
B JA(A +iB)h(B) () h(B) (x) dx  (76)

~ AR B +iB|a"h (B[]

which implies that —f(d, — (xd,/#"))Imh(B)(n*) =
IIAh(,B)II2 > 0. Since (d, — (xd; /")) > 0, we have Im h(f3)
(n") < 0for B> 0.

Let k(B)(x) = Jp(x, 7*) = J(x,1"). Then we have (0/9f)
(Re(]ﬁ(r]*,n*))) <0andIm]ﬁ(17*,17*) < 0for > 0. O
Theorem 7. Under the same condition as in Theorem 4, for
a unique critical point T° > 0, there exists a unique, purely
imaginary eigenvalue A = i3 of (31) with 8 > 0.

Proof. We only need to show that the function (u,z,

q,B>7) — E(u,z,q,iP, 7) has a unique zero with 3 > 0 and
7 > 0. This means solving the system of (31) with A = if3,

u=v-uG(,n"), z = p+([4/r]*)@(-,11*),andq =w-J(n"),
(A+if)v=—ud,,
(A+ip)z = %811*’
1
(Ag+iB)q = -6,
lrﬁ* =d, (v(n") + uG(n*,n") +y' ("))
e (201 = 26 ) +7 ()
+a, (q(n*)+T(n'sn") +a (1)).

The real and imaginary parts of the above equation are given
by

f—* = dyIm (~uGy (7".1"))
+xd, Im(ﬂ% Gy (n"w’“)) —a;Im(J(n"1")),
0=d, (Re(-uGg (n",1")) +uG (n",n") +y' ("))
+ wd, <Re<nﬁ,ﬁﬁ ('7*,11*)) - %5(11*,'1*)
() )

+a; (Re(=Jz(n",n")) + T (0", ") + o' (7).
(78)
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Since d, Im(-uGg(n*,1")) + xd; Im((y/q*)éﬁ(fy*,n*)) -
a; Im(J ﬁ(n*,n*)) > 0 by Lemma 6, there is a critical point
7%, provided the existence of 5. We now define

T (B) = d, (Re (-uGg (1" 1")) + uG (n*,n") +y' ("))
TP
+xd, <Re<’1—*Gﬁ (n".n ))
U=/ 5 « o
LG 7o)

+ay (Re(=Jg(n" n") + T (0", n") + o (7).
(79)
Using Lemma 6, we have T'(,B) > 0for B > 0and T(0) =
d,y' (") + kd\ 7' () + ayd (7*) = (dy — wd T+ )y (") +
a,' (%) < 0if d, > xd, \/T + p. Moreover,

Jim T (B) = d (4G (1"n") +v' ()

U=, « =« ~ ok
+xd, (—n—*G(r] ) +y (n ))
+a, (](17*,71*)+0" (’7*))

= (dz—Kﬂ—‘il>(uG(n*xﬂ*)+V' ("))

+xdy 7 (") +a, (J (") +o (7)) > 0
(80)

for d, > (xd,/n") and a; > 0. Hence, there exists a unique
B>0. O

The following theorem summarizes the results above.

Theorem 8. Suppose that (1/2) —a(l —sy) < (u/(1 + u)) and
C'(y(); ale(n) = so)) + wx" (Y)p(n) > w1+ py' (y(n)
for all > 0. Then (18) and (10) have at least one stationary
solution (u*,z",q",n"), where u* = z* = q" = 0, and
V', phw*, ") where v (x) = g(x,7%), p*(x) = glx,n") and
w*(x) = j(x,n") — sy, for all T and for k < x,, respectively,
where K is a solution of

C(y (00);a(a(00) - 5))
(81)
+1.x' (y(00)) (¥' (00) + 4G (00,00)) = 0.

Assume that C'(y(n*); a(a(n™) — sp)) + xx" (y(1*)) y(n*) >
(k/n*)x' (y(")). Then there exists a unique T such that
the linearization —A + T*B has a purely imaginary pair of
eigenvalues. The point (0,0,0,1*,7%) is then a Hopf point
for (18), and there exists a C’-curve of nontrivial periodic
orbits for (18) and (10), bifurcating from (0, 0, 0, #*, ") and
(v, 25w, ", "), respectively.
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