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Positive solutions for a kind of third-order multipoint boundary value problem under the non-resonant conditions and the resonant
conditions are considered. In the nonresonant case, by using Leggett-Williams fixed-point theorem, the existence of at least three
positive solutions is obtained. In the resonant case, by using Leggett-Williams norm-type theorem due to O’Regan and Zima,
existence result of at least one positive solution is established. The results obtained are valid and new for the problem discussed.

Two examples are given to illustrate the main results.

1. Introduction

We consider the third-order m-point boundary value prob-
lem given by

M)+ fx(@) =0, tel01]

m—2
XO)=0, %0 = Yax' (&),
i=1

ey
m-2
x(1) = Zﬁix(fi)’
i=1
where 0 < & <& <o <&, , <1, 0<aq, B <1,
i=1,2...,m-2 Yr'la < LY'?B < l,and f €

C([0, 1] x [0, 00), R). For the convenience of writing later, we
denote &, =0, , =l,andoy = o, = By = SB,,1 = 0.

If condition ZZ}Z B; #1 holds, the problem is nonreso-
nant; that is, the associated linear problem

") =0, tel0,1]

m—2

x' (0) = Z ax' (&),

i=1

X" (0) =0,

x(1) = 2 Bix (&)
i=1
2)

has only zero solution, and the differential operator with
boundary conditions is invertible. Otherwise, the problem is
at resonance.

Third-order differential equations arise in many different
areas of applied mathematics and physics, as the varying
cross-section or deflection of a curved beam having a con-
stant, three-layer beam and so on [1]. Recently, there have
been extensive studies on positive solutions for nonreso-
nant two-point or three-point boundary value problems for
nonlinear third-order ordinary differential equations. For
examples, Anderson [2] established the existence of at least
three positive solutions to problem

=" (6 + f (x (1) = 0,

x(0) =x"(t,) =x" (1) =0,

t €(0,1)
3)

where f: R — [0, +00) is continuous and 1/2 < t, < 1.



By using the well-known Guo-Krasnosel'skii fixed-point
theorem [3], Palamides and Smyrlis [4] proved that there
exists at least one positive solution for the third-order three-
point problem:

M) =at) ft,x()),

x" (n) =0, x(0) n€(0,1).

In another paper [5], Graef and Kong studied the exis-
tence of positive solutions for the third-order semipositone
boundary value problem:

III Aftu

te(0,1),
(4)
=x(1) =

)+e(t), te(0,1),

! ! " (5)
u(0)=u(p)=j w(s)u (s)ds=0
q

where 1/2 < p < g < 1 are constants and A > O isa
parameter. Also f : (0,1) x [0, c0) — R,e: (0,1) — R,
and e € L(0,1). Moreover w : [g, 1] — [0,00) are
continuous functions. By using the Guo-Krasnosel’skii fixed-
point theorem, the author established the existence of positive
solutions. For more existence results of positive solutions for
boundary value problems of third-order ordinary differential
equations, one can see [6-12] and references therein.

For boundary value problems of second-order or higher-
order differential equations at resonance, many existence
results of solutions have been established; see [13-25]. In [25],
the authors considered the following problem:

)= f(bxx)re), te(0,1),

x' (0) = x (1) = Bx(n), x(0) =

2 a;x ().
i=1
(6)

By using Mawhin continuation theorem [26], the existence
results of solut1ons were obtained under the resonant condi-
tions 3 = 1, Zl o = land Y ocf2 =0and 3 = 1/y,
Y2 =1,and Y €2 = 0, respectively.

It is well known that the problem of existence of positive
solution for nonlinear BVP is very difficult when the resonant
case is considered. Only few works gave the approach in this
area for first- and second-order differential equations [27-
34]. To our best knowledge, few paper dealt with the existence
result of positive solution for resonant third-order boundary
value problems. Motivated by the approach in [28-30, 35], we
study the positive solution for problem (1) under nonresonant
condition ¥7';* B; < 1 and resonant condition ¥7';* ; = 1,
respectively. By using Leggett-Williams fixed-point theorem
and its generalization [27, 29], we establish the existence
results of positive solutions. The results obtained in this paper
are interesting in the following aspects.

(1) In the nonresonant case, Green’s function is estab-
lished and the results obtained are more general than
those of earlier work.

(2) 1t is the first time that the positive solution is con-
sidered for third-order boundary value problem at
resonance.
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2. Background Definitions and Lemmas

Let X,Y be real Banach spaces. A nonempty closed convex
set C ¢ X is said to be a cone provided thatax € C, if x € C,
a > 0and x,—x € C implies x = 0.

Definition 1. The map y is a nonnegative continuous concave
functional on Cif y : C — +00 is continuous and

y(tx+(1-t)y) 2ty (x)+1-y(y),
x,yeC, tel0,1].

7)

Definition 2. Let constants 0 < a < b be given and let y be
a nonnegative continuous concave functional on the cone C.
Define the convex sets C, and C(y, a, b) as follow:

C.,={xeC|lx| <r},

(8)
C(y,a,b)={xeCla<y(x),|x| <b}.
Lemma 3 (Leggett-Williams fixed-point theorem [35]). Let
T :C, — C, be a completely continuous operator and let y
be a nonnegative continuous concave functional on C such that
w(x) < x| for all x € C,. Suppose that there exist 0 < a < b <
d < ¢ such that

(Hy) {x € C(y,b,d) | v(x) > by# @ and y(Tx) > b for
x € C(y, b,d),

(Hy) |Tx|| < a for ||x]| < a,
(H3) w(Tx) > b for x € C(y, b, c) with | Tx|| > d.

Then operator T has at least triple fixed-points x|, x,, and x
with ||lx, || < a,b < y(x,), lx;ll > a, and y(x;) <b.

Operator L : domL ¢ X — Y is called a Fredholm
operator with index zero, which means that Im L is closed and
dim Ker L = codim Im L < o0, and there exist continuous
projections P : X — XandQ :Y — Y suchthatImP =
Ker L and Ker Q = Im L. Furthermore, for dim Im Q = codim
Im L, there exists an isomorphism J : InQ — Ker L. Denote
by Lp the restriction of L to Ker P N dom L to Im L and its
inverse by Kp, so Kp : ImL — KerP N domL and the
coincidence equation Lx = Nx is equivalent to the operator
equation:

x=(P+]JQN)x+Kp(I-Q)Nx. 9)

Lety : X — C be a retraction, which means a continuous
mapping such that yx = x for all x € C and

¥:=P+JQN+Kpy(I-QN, ¥,:=¥oyp.  (10)

Lemma 4 (Leggett-Williams norm-type theorem [28]).
Assume that C is a cone in X and that Q; and Q, are open
bounded subsets of X with Q; ¢ Q, and C N (Q, \ Q) #0.
Suppose that L : domL ¢ X — Y is a Fredholm operator of
index zero and that
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(C1) QN : X — Y is bounded and continuous and Kp(I —
Q)N : X — X is compact on every bounded subset of
X:

(C2) Lx# ANx forallx e CNnoQ, ndomL and A € (0,1),
(C3) y maps subsets of Q, into bounded subsets of C,

(C4) dg([I-(P+JQN)Y]lker - Ker LN QY,,0) # 0, where dg
stands for the Brouwer degree,

(C5) there exists u, € C\ {0} such that ||x|| < o(uy)|¥x|| for
x € C(uy) N0, where C(u,y) = {x € C : pu, < x} for
some y > 0 and o(uy) is such that ||x +uyll = o(ug)llx||
for every x € C,

(C6) (P + JQN)y(0Q,) c C,

(C7) ¥,(2,\ Q) cC.

Then the equation Lx = Nx has a solution in the set C 0 (Q, \
).

3. Main Results for Nonresonant Case

In this section we consider the positive solution for the
nonresonant case with the condition 0 < ¥7';' 8; < 1 and
we always suppose that f € C([0, 1] x [0, 00), [0, 00)).

Firstly, we consider the third-order m-point boundary
value problem given by

M)+ y) =0, tel0,1] (11)

%" (0) = x' (0)

m—2
= Z“z‘x’ (&),

(12)
m—2
x(1) = Bx (&)
i=1

Lemma 5. Suppose y(t) € C[0, 1]. Then problem (11) and (12)
is equivalent to

1
x(t) = Jo G(t,s) y(s)ds, (13)

where fori=1,2,...,m—1
t<s, &, <s<i,

a;t + ay,
G(t,s) =
®s) Lp t>s & <s<&,

——t“+ bt +b,
2 1 0

Zl:_il a (s — &)

1= m—1 >

1= k=0 %
i~1 -1
b S Z;c:o &S — kazi o
1= m—1
1= k=0 %
Zk o (s — &)
- (S e im0
k o X

+ ("’z‘ Bidi — 1)
k=i

i-1 m—1
§ = Dhmo OS5 = Dy 0
1 m—1
~ Zk=0 %k

Lol lmz_lﬁ (& +5%)
27 T2 2&TkVk

1i—1 5 1m—1 5 1
+ ‘Zﬁks -3 Zﬁkfk +
2i% 2

+<Zﬁk5k— 1)
k=i

_ yinl
S= Do (xks

Yt oy )

Zko“k

(14)

Proof. Let G(t, s) be Green’s function of problem X"t =0
with boundary condition (12). We can suppose

ot vat+ay, t<s &, <s<i,
i=12,...,m-1

G(t,s) = 15
() bt* +bt+by, t>s &, <s<i, (15)
i=12,....m-1,

where a,, a,,a,, by, by, and b, are undetermined coeflicients.



Considering the properties of Green’s function together
with boundary condition (12), we have

a,s° +as + a, = bys* +bys + by
2a,s +a; = 2b,s + by,

~2b,=1, a,=0,

i—1 m—1
a, = Z“k (a8 +ay) + Z“k (20,8 +by),
k=0 k=i

(16)

i—1

b, +b +b = Zﬂk (az'fi + a8+ “0) >
k=0

m—1

+ Y Be(boEe + b +by).

k=i

The explicit expression of Green’s function is obtained by
solving the linear function systems. O

Lemma 6. Green’s function G(t,s) satisfies that G(t,s) >
0,t,s € [0,1].

Proof. For&,_ <s<¢&,i=1,2,...,m—1,andt <s,

oG (t,s)

at = 611 < 0) (17)

which means that G(t, s) is decreasing on variable t. Thus

G(t,s) >G(s,s), 0<t<s. (18)
On the other hand, for &, | <s<¢&,i=1,2,...,m—-1,and
t>s,
oG (t,s)
=—t+b
ot !
PO ;c_lo xS — ZIT_II i
B (19)
Zk =0 Ok
m—1
oo (s—
< Lk=i kigl &) <0
1= 2 k=0 %
Thus,
G(t,s)>G(l,s), s<t<l. (20)
Furthermore,

3G (1, 5)
ass (1—;)%) Zﬁk(l_gk 0. (21)
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Thus, for t,s € [0, 1],
G(t,s)>2G(1,1)

1
=——+b +b
2 1 0

(22)
Zk 0 “k)
I_Zk o %k

x <1—§ﬁk>_l> = 0.

This gives that G(¢,s) > 0,¢,s € [0, 1]. ]

Lemma 7. If y(t) > 0, t € [0, 1], and x(t) is the solution of
problem (11) and (12), then

min |x (£)] > 6 max |x (1), (23)
where 8 = (Y12 B(1 — E)/(1 - Y2 BE) is a positive
constant.

Proof. From
") =-yt)<0, telo,1], (24)

we see that x” () is decreasing on [0, 1]. Considering x"' (0) =
0, we have x”(t) < 0, t € (0, 1). Next we claim that x'(0) < 0.
Suppose that, on the contrary, x'(0) > 0. We have

m-2
0=x"(0)-x'(0) =x"(0) - Y ax’ (&)

i=1

(25)
m—2
> Y o (x' (0)-x"(§)) 20, a contradiction.
i=1
Thus,
(r)rglgx(t) =x(0), gl;tisr}x(t) =x(1). (26)
From the concavity of x(t), we have
& (x(1) ~x(0)) < x(§) - x(0). (27)

Multiplying left and right sides by f; and considering x(1) =
Y2 Bix(&,), we have

(1‘251‘fi>x(1)2 iﬁi(l—fi)x(O)- (28)

This completes the proof of Lemma 7. O
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Let the Banach space E = C[0, 1] be endowed with the
maximum norm. We define the cone C c E by

C= {x €E|x(t)=0,x"(0) =0,
m-2
X' (0)= Y ax' (&),
i=1

m—2
x(1) = Zﬁix (&), x(t) is concave on [0, 1]} .

i=1

(29)

Define the continuous nonnegative concave functional
y:C — [0,00) by

¥ (x) = minx (), x¢cC. (30)

<t<

Define the constants m”, m, by

1
m” ngaxj G (t,s)ds,

1
- m, = minJ- G(t,s)ds. (31)
0<t<1 Jo 0<t<1 Jo

Theorem 8. Suppose that there exist constants 0 < a < b <
b/8 < c such that

(A1) f(t,x) < a/m", (t,x) € [0,1] x [0, a],

(A2) f(t,x) > b/m,, (t,x) € [0,1] x [b,b/6],

(A3) f(t,x) < c/m", (t,x) € [0,1] x [0, c].

Then problem (1) has at least three positive solutions x,, x,, and
X5 satisfying

1] < a b< gl;tisr}xz,
_ (32)
5] > a minx; < b.
Proof. The operator T : C — E is defined by
1
Tx (t) = J G(t,s) f (s, x(s))ds. (33)
0

Itis clear that T : C — C and it is completely continuous.
Next, the conditions of Lemma 3 are checked. If x € C,,
then |lx|| € ¢ and condition (A3) implies that

ftx)s—, 0<t<l (34)

Then

1
IT GOl = max | G 69 f (5. () ds
<t<1 Jo
(33)

1
c
<max | G(t,s)dsx — <c.
0<t<1 Jo m*

Thus, T:C, — C

c*

Similar to the proof above, we obtain that T: C, — C,.
Hence, condition (H,) of Lemma 3 is satisfied.

The fact that the constant function x(t) = b/§ ¢
{P(y,b,b/8) | w(x) > b} implies that {P(y,b,b/5) | w(x) >
b} +Q.1f x € P(y,b,b/$), from assumption (A2),

b
ftx) > . (36)
Thus
1
v (Tx) = min J G(t,s) f (s, x(s))ds
0<t<1 Jo
(37)

b b,

*

1
> min J G (t,s)ds x
0<t<1 Jo

which ensures that condition (H;) of Lemma 3 is satisfied.
Finally we show that condition (H;) of Lemma 3 also holds.
Suppose that x € P(y, b, ¢) with ||[Tx|| > b/8. Then

v (Tx) = 6ninTx () =20 x| Tx]|| > & x g =b. (38)

<t<1

So, condition (H;) of Lemma 3 is satisfied. Thus, an appli-
cation of Lemma3 implies that the nonresonant third-
order boundary value problem (1) has at least three positive
solutions x, x,, and x; satisfying

[x1] < a b< glsqtisnl Xy
(39)
5] > a, gtignl x5 < b.

Here an example is given to illustrate the main results of
this section. We consider the following nonresonant three-
point boundary value problem:

")+ f(t,x) =0, te(0,1)
” ‘©=37(3) < (5)
0) =0, 0) =— -1, 1)==x(=),
x (0) x (0) 5% 3 x (1) 5*(3
(40)
where
1 3
Eet xr , 0<x<6
ftx)= (41)
1, 221
—e + —, xX=6
10 V14



Herea, =1/2, 3, =1/2, & =1/3,and
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Thus all conditions of Theorem 8 hold. This ensures that
problem (40) has at least three positive solutions x,;, x,, and
x5 satisfying

1
552 +st——s max x; < 1, g}g Xy >4,
(44)
1 3 1
—5t+5, OSSSE,tSS, (1)’1;1{3<)§X3>1 (%Etg}x?’<4
——t* + 25t — ~t 4. Main Results for Resonant Case
10 3 1 In this section the condition Z:’:Z B; = 1 is considered.
G(ts) =1 35ty 0<s< 3’ tzs,  (42) Obviously, problem (1) is at resonance under this condition.
) The norm-type Leggett-Williams fixed-point theorem will be
(s—1)% —<s<1, t<s, used to establish the existence results of positive solution.
3 We define the spaces X = Y = CJ0, 1] endowed with the
12 i g maximum norm. Itis well known that X and Y are the Banach
spaces.
1 Define the linear operator L : domL ¢ X — Y and
+1 —2s, §S5S1,t25
(Lx) (t) = —x"" (t), te[0,1], (45)
where
By a simple computation, we can get that
domL = {x eX|x" eC[0,1],x" (0) =
. . (46)
* = = — !
(43)
1 16 and the nonlinear operator N:X ->Y w1th
m, = minJ G(t,s)ds = —.
ost=1 Jo 81 (Nx)(t) = f (t,x(t)), te[0,1]. (47)

We choose a = 1, b =4, and ¢ = 32. It is easy to check that

(1) f(t, x) <81/32,[t,x] € [0,1] x [0, 1],

It is obvious that Ker L = {x € domL : x(t) = ¢,t € [0,1]}.
Denote the function G(s), s € [0, 1] as follow:

m—2
G()=(1-97 =Y Be(& )
k=i

+2 ﬂkﬁk Zcx )
() f(t,x) > 81/4, [t,x] € [0,1] x [4, 10, e
Ezl—S<€l’ i:1,2,...,m—2.
(3) f(t,x) <81, [t,x] € [0,1] x [0,32]. Define the function k(t, s) as follow:
%(1 _3231 - %(t—s)z2 —st+ %s—koz
Be(/2)s —fks+(1/2>fk)(1/z—t)) (55 & <5<k,
k(ts)=191 R 1 1_210[311 )
g( —s) —st+§s—k0
NACE: —gks+(1/2)£k)(1/2—t) (<o b cs<k,
1_21 0 /31 i
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fOI‘l = 1,2,...,m—1and k; = (1/2 - t)[1 - (1/2)(1 -
Tl BED)-
'Ihe function U(t, s) and positive number « are given by
1
U(t,s) = k(t,s) + & (1 —J k(t,s)ds),
_[ G(s)ds 0
t,s € [0,1],
_[01 G(s)ds 1 (50)
K :=min {1, min =————, min ———
selo1]  G(s) tselonU (t,s)
m—=2 2
o= 14 BEL N
I- Zz 1 &;

Theorem 9. Suppose that there exists positive constant R €
(0,00) such that f : [0,1] x [0,R] — (-00, +00) is
continuous and satisfies the following conditions:

(S1) f(t,x) = —«x, for (t,x) € [0,1] x [0, R],

(82) f(t,x) <0 for[t,x] € [0,1] x [(1 - (x0/2))R, R],

(83) there exist r € (0,R), M € (0,1), t, € [0,1], a €

(0, 11, and continuous functions

g:10,1] — [0,+00), h:(0,r] — [0,400)  (51)

such that

ftx)=gt)h(x), [t,x]e[0,1]x(0,r] (52)

and h(x)/x" is nonincreasing on (0, r] with

(53)

hr(r)J' U (ty,s) g (s)ds > -

Then resonant problem (1) has at least one positive solution.

Proof. Firstly we prove that
1
ImL:{yEYlj G(s)y(s)ds:O}. (54)
0
Indeed, foreach y € {y € Y | IOI G(s)y(s)ds = 0}, we choose

xa)z-%ﬁxt—gﬁmgds

m—2 s (55)
_1_ m2 Z(xlj & —s)y(s)ds.
We can check that
=" () =y, x"(0) = x"(0) =
, m—2 , m=2 (56)
x (0) = Zoc,-x (&), x(1) = Zﬁix (&)
i=1 i=1

which means x(t) € dom L. Thus

{er|JOIG(s)y(s)ds=0}CImL. (57)

On the other hand, for each y(t) € Im L, there exists x(t) €
dom L such that

=" =y, x"(0) =0, x"(0) =
m-2 m=2 (58)
X' (0) = Y ax' (&), x(1)= ) Bx(&)-
i=1 i=1
Integrating both sides on [0, ], we have
Y 2 Loy 2
x(t) = —EJ'O(t—s)y(s)ds+Ex 0)t (59)

+x (0)t+x(0).

Considering the boundary condition together with the reso-
nant condition zim:;l B; = 1, we have

1 5 m—2 &
L (I=9)"y(s)ds- ;ﬁi,[o (

& —s)y(s)ds

(60)
I—Z i ~
1—2,1 , ,1“J & —s)y(s)ds=0.
Thus,
1
ImL:{yEYIJ G(s)y(s)ds:O}. (61)
0

It is obvious that dim Ker L = 1 and Im L is closed.
Secondly we see Y =Y, & Im L, where

1
Y, = y1|y1=1;jG(s)y(s)ds,y€Y .
IOG(s)ds 0
(62)

In fact, for each y(t) € Y, we have

1
Lcuny®—me=0- (63)

This induces that y—y, € Im L. Since Y; N\Im L = {0}, we have
Y = Y, @ ImL. Thus L is a Fredholm operator with index
zZero.

Define two projections P: X — XandQ:Y — Y by

1
Px = J x (s)ds,
0

) (64)

- | GGO)y()d
IG(s)dsJ vy

Clearly, In P = Ker L and Ker Q = Im L. Note that, for y ¢
Im L, the inverse K of L is given by

mﬁy=Lkm9ﬂ9%. (65)



In fact, It is easy to check that

"

1
LK) = (- [ kwoy©as) =y
(66)

1
Kp (L) (x) = L k(t,s) (—x"" (s))ds = x (t).

Next we will check that every condition of Lemma 4 is
fulfilled. Remark that f can be extended continuously on
[0, 1] X (—00, +00) and condition (C1) of Lemma 4 is fulfilled.

Define the set of nonnegative functions C and subsets of
X0y, Q, by

C={xeX:x(t)=0,te[0,1]},
Q= {xeX:r>x@®)|>Mlxl,t€[0,1]},  (67)
Q,= {xeX:|x®] <Rtel01]}.

Remark that Q; and Q), are open and bounded sets. Further-
more

={xeX:r>|x@)|=M|x|,t €[0,1]}
. (68)
cQ,, CNQ,\Q,#0.

Let the isomorphism J = I and (yx)(t) = |x(¢)| for x € X.
Then y is a retraction and maps subsets of Q, into bounded
subsets of C, which ensures that condition (C3) of Lemma 4
is fulfilled.

Then we prove that (C2) of Lemma 4 is fulfilled. For this
purpose, suppose that there exist x, € C N 0Q, N dom L and
Ay € (0,1) such that Lx, = A,Nx,. Then

~xg’ (1) = Ao f (t.%) (69)
forall t € [0,1]. Thus

xg (t) = =My J: £ (s,%(5)) ds, (70)
xp(t) = — A, Lt (t—5) f (s, %y (s))ds
m2 g
o= o o J =5) f (s, xy () ds.

(71)

Let x,(t,) = ll%,ll = R. The proof is divided into three cases.

(1) We show that t, # 1. Suppose, on the contrary, that
xo(t) achieves maximum value R only at t, = L

Then the boundary condition x(1) = Y\ [3, xO (&;)in

combination with the resonant condltlon ZI:I Bi =
1 yields that max;_,, ,x,(§;) = R, which is a
contradiction.

(2) We claim that t, # 0. Suppose, on the contrary, that
X, (t) achieves maximum value R at t{, = 0. From
condition (82), there exists t; > 0 near to zero such
that

f(tx, @) <0, telot]. (72)
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Then
xp(t) = — A, Jo (t=3s) f(sx0(s))ds

1 m-2 &
“A——— ociJ ;=) f(s,x)ds >0,
ol_zgz“i; RGEDFICE)

€ot],
(73)
which contradicts the fact that x,(t) achieves maxi-

mum value at t, = 0.

(3) Thus there exists ¢, € (0, 1) such that x,(t,) = R =
max,,.;X,(t). We may choose # < t, nearest to t,

with x; () = 0. From the mean value theory, we claim
that there exists & € (#,t,) such that
xo (1) = xo (to) - x(') @ (to—1n)- (74)
However,
, 3
X © = [ €97 (x)ds

1 m=2 &
g 2 ), G

14
< Aok L (E—5s)xy(s)ds

m—2
+ Agk————

I—Z %I (& — s) xods (75)

061 i=1

13
< /\OKRJ (E-s)ds
0

m=2
+/\0KR —Z lzloc,J (&-s)d
~ 1 ) Zm—Z 52
= EAOKR(E + Zl 1 a)

Thus
xo (1) = %0 (to) — x4 (€) (t, = 1)

m—2 2
+ Zl-l—m‘le> (to - n) R
1-30

m—2 2
> [1—5(1+—Zi:1m0f’f" )]R
2 1-20 o

1
>R - EAOK (Ez

(76)
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Then, considering assumption (S2), we have

to
0> x! (1) — %! () = A, L F(s.%,(9))ds >0, (77)

which is a contradiction. Thus (C2) of Lemma 4 is fulfilled.
O

Remark 10. The sign of third-order derivative of a function
h(t) at point t, cannot be confirmed when ¢, is a maximal
value of h(t). Thus the methods in [28] are not applicable
directly to this problem.

For x € KerL n Q,, define the projection H(x, ) as
follows:

1
H(x,A) =x-Al|x| - #J' G (s) f (s, |x|) ds,
fOG(s)ds 0

(78)

where A € [0, 1] and x € Ker LN Q,. Suppose H(x,A) = 0. In
view of (S1) we obtain

1
C:A|c|+%J G(s) f (s ]cl) ds

0 (s)ds Jo
1
2)»|c|—1;J G(s)x|c|ds 79)
fOG(s)ds 0
=AlcJ(1-x)=0.

Hence H(x,A) = 0 implies ¢ > 0. Hence, if H(R,A) = 0, we
get

1 1

OSR(I—A)j G(s)ds=AJ G(s) f (s R)ds,  (80)
0

0

contradicting (S2). Thus H(x,A) #0 for x € 0Q, and A €
[0, 1]. Therefore

dg (H (x,0),Ker LN Q,,0) =dg (H (x,1),Ker LN Q,,0)

=dg (I, KerLNQ,,0) = 1.
(81)

This ensures

dp ([T = (P+ JQN) ] lger 1 Ker LN Q,,0)
(82)
=dg(H (x,1),Ker LN Q,,0) #0.

Letx € 52 \ Q, and t € [0, 1]. From condition (S1), we see

1

1
(¥,x) () = J |x (£)] dt + 1; j G(s) f (s, |x (s)]) ds

0 OG(s)ds 0

+ Ll k(t,s)

1

JOI G(s)ds

X [f(s, lx (s)]) =

y le(T)f(T, Ix(T)I)dT] ds
0

1 1
=J |x(t)|dt+J- Ut,s) f (s, 1 (s)]) ds
0 0

> J: |x (s)|ds —x Jl U (t,s)]|x(s)|ds

0

Jl (1-«U (t,5)) |x (s)|ds = 0.
0
(83)

Hence ¥,(Q,) \ ©, ¢ C. Moreover, for x € 00, we have

1

(P + JQN) yx = j Ix ()| ds

0

1
+1;j G(s) f (s, |x (s)]) ds
jOG(s)ds 0

(- fea®)
> J 1= ————G(s) ||x(s)|ds >0,
0 I G(s)ds

0
(84)

which means (P + JQN)y(0Q),) ¢ C. These ensure that (C6)
and (C7) of Lemma 4 hold.

At last, we confirm that (C5) is satisfied. Taking uy(¢) = 1
on [0, 1], we see

u, € C\ {0}, C(uy)={xeC|x()>0 on [0,1]}

(85)
and we can choose 0(u,) = 1. For x € C(1,) N 0Q,, we have

x(#) >0, te[0,1], 0< x| <,
(86)

x(t)>M]|x| on [0,1].
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Therefore, in view of (§3), we obtain, for all x € C(u,) N 0Q,,

(W) (£,) = I x(s)ds+rU(to,s)f(s,x(s))ds

1
> M |x| + L U (ty,s) g (s)h(x(s))ds

h(x(s) a

1
=M||x||+J. U (ty,s) g(s) —— 05

(s)ds

> Ml + MJ U (t0r5) g () MO|x]ds

> M x| + (1 - M) x| = |lx].
(87)

So llxll < o(uy)¥Wx|l for all x € C(u,) N 0Q;, which means
(C5) of Lemma 4 holds.

Thus with the application of Lemma 4, we confirm that
the equation Lx = Nx has a solution x € C n (Q, \ Q,),
which implies that the resonant problem (1) has at least one
positive solution.

Finally an example is given to illustrate the main results
of the resonance case. We investigate the resonant third-order
three-point boundary value problem:

x Vx2—6x+10=0, [0,1]
1 2 2
X" (0) = X (0) = -x’<-), x(O):x<—>,
3 3
(88)
wherea; = 1/2,8=1,& =2/3,and
1 1 5 11
f(t,x)= (—Et2+5t+ E)(x —4x+?>
(89)
x Vx% — 6x + 10.
Here
4 2
l1-=s, 0<s<-—
G(s) = 3, 3
(1-s)% ESSSL
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-(1— s)’ - (t—S)
5/1 2
—st+—s——<——t>, t2s, 0<s<—
2 6\2 3
—(1-s)* —st
1 5/1 2
+—s——<——t>, t<s, 0<s<-—
2 6\2 3
1 1
~(1-9)° = ~(t -5’
k(ts)-«6 2
| G
—Sst+—-s—| - —t
2 2
3 3 2
x(—52—25+—>, t>2s, —<s<1
2 2 3

1 3 1
—(1-s)" —st+ —s
6( ) 2

(3-1)

3, 3 2
><<—s —25+—), t1<s,-<s<1
2 2 3
(90)
By a simple computation, we have
31 13
J G(s)ds = o=—,
81’ 9
1 e
31
= —, J U (0,s)ds = 1.
81 0
ChooseR=1,r=1/4,t;=0,a=1,and M = 1/2.
We take
1, 1 5
g = ——t + 3t+1—6, tel0,1],
. (92)
h(x)=Vx*-6x+10, x¢ [0’4_1] .
Then,
7 53 31
< <—<—, tel0,1],
<9< <op [0,1]
(93)
5 11
x—4x+?2—x, € [0,1].
It is easy to check that

(1) f(t,x) >—(31/81)x, for all (t,x) € [0,1] x [0, 1],

(2) f(t,x) <0, forall (t,x) € [0,1] x [1055/1458, 1],

(3) f(t,x) = (101/80)(—(1/2)* + (1/3)t + (5/16))
Va2 —6x+10 > g(t)h(x),[t,x] € [0,1]x (0,1/4],
and h(x)/x = Vx? - 6x + 10/x is nonincreasing on
(0,1/4] with

h(r) 7V/137 Ly l-M

ra

13 YO (94)

1
J U(0,s)g(s)ds >
0

Then all conditions of Theorem 9 are satisfied. This ensures
that the resonant problem has at least one solution, positive
on [0, 1].
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