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The exterior Bernoulli free boundary problem is being considered. The solution to the problem is studied via shape optimization
techniques. The goal is to determine a domain having a specific regularity that gives a minimum value for the Kohn-Vogelius-
type cost functional while simultaneously solving two PDE constraints: a pure Dirichlet boundary value problem and a Neumann
boundary value problem. This paper focuses on the rigorous computation of the first-order shape derivative of the cost functional
using the Holder continuity of the state variables and not the usual approach which uses the shape derivatives of states.

1. Introduction

The Bernoulli problem is the prototype of a stationary free
boundary problem. It arises in various applications such as
electrochemical machining, potential flow in fluid mechan-
ics, tumor growth, optimal insulation, molecular diffusion,
and steel and glass production [1-6]. A characteristic feature
of free boundary problems is that not only the state variable
is unknown but also the domain on which the state equation
is posed. This represents a significant theoretical as well as
numerical challenge. One can characterize the Bernoulli
problem, at least along general lines, by finding a connected
domain as well as a function which is harmonic on this
domain. One component on the boundary is known. The
other one is determined by a set of overdetermined boundary
conditions (a Dirichlet condition and a Neumann condition)
for the state. If the free boundary component is strictly
exterior to the fixed part of the boundary, the problem is
called exterior Bernoulli problem and interior Bernoulli
problem otherwise. For more discussions related to interior
and exterior Bernoulli problems, we refer the reader to [1, 4,
7-10].

Recent strategies to compute a numerical solution are
based on reformulating the Bernoulli problem as a shape

optimization problem. This can be achieved in several ways.
For a given domain, one can choose one of the boundary
conditions on the free boundary to obtain a well-posed state
equation. The domain is determined by the requirement that
the other condition on the free boundary is satisfied in a least
squares sense (cf. [11-13]). Alternatively, one can compute
on a given domain two auxiliary states: u;, which satisfies
the Dirichlet condition and u, which satisfies the Neumann
condition on the free boundary. The underlying domain is

selected such that the difference J(Q) = |up — uNIf{I(Q) is
as small as possible. In fact, if J(Q2) = 0 for a domain Q
then up = uy and (up, Q) is a solution of the Bernoulli

problem. Sometimes J is called Kohn-Vogelius functional
since Kohn and Vogelius were among the first who used such
a functional in the context of inverse problems [14]. Standard
algorithms to minimize J require some gradient information.
So in this paper, the first-order sensitivity analysis is carried
out for the functional J for the exterior Bernoulli problem.
The main contribution in this paper is the application of
a shape optimization technique that leads to the explicit
expression for the shape derivative of the cost functional. This
is done through variational means similar to the techniques
developed in [9, 10, 13], wherein we use the Holder continuity
of the state variables satisfying the Dirichlet and Neumann



problems but we do not introduce any adjoint variables. In
our approach, we also bypass the use of the material deriva-
tives of the states (which was done in [1]) and the use of states’
shape derivatives.

The rest of the paper is structured as follows. Section 2
presents the Bernoulli free boundary problem and its shape
optimization formulations. Section 3 provides a list of shape
optimization tools that are needed in the analysis for the
shape derivatives of the Kohn-Vogelius cost functional J.
Section 4 presents an exhaustive discussion on the first-order
shape derivative of J. Finally, Section 5 draws conclusion and
observation.

2. The Bernoulli Problem

The exterior Bernoulli free boundary problem is formulated as
follows. Given a bounded and connected domain A ¢ R?
with a fixed boundary T' := 0A and a constant A < 0, one
needs to find abounded connected domain B ¢ R? with a free
boundary ¥, containing the closure of A, and an associated
state function u : QO — R, where Q = B\ 4, such that the
overdetermined conditions are satisfied:

-Au=0 1in Q,

u=1 on I,

u=0 on 2, @
ou

— =A on X

on

On the other hand, the interior Bernoulli free boundary
problem has the following formulation. Given a bounded and
connected domain B ¢ R* with a fixed boundary T := 0B
and a constant A > 0, one determines a bounded connected
domain A ¢ B with a free boundary ¥ and an associated
state function u : Q — R, where Q = B\ A, subject to
the following constraints:

-Au=0 in Q,

u=0 on I,

u=1 on 2, )
ou

—=A on X

on

In both problems n is the outward unit normal vector to Z.
The difference in the domains of these two types of Bernoulli
problems is depicted in Figure 1.

Methods of shape optimization can be employed in solv-
ing the exterior Bernoulli free boundary problem (1). As we
observe, this boundary problem is ill-posed due to the fact
that we have overdetermined conditions on the free bound-
ary 2. So to overcome the difficulty of solving it, one can
reformulate it as one of the following shape optimization
problems which involves now a well-posed state equation.

Abstract and Applied Analysis
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FIGURE 1: The domain Q) for the interior Bernoulli problem (a) and
exterior problem (b).

(1) Tracking Neumann data [11, 12] as

min], (%) = min> L (%Lf _ /\)2 ds, 3)
where the state function u, is the solution to the Dir-
ichlet problem

—-Aup =0 in Q,
up=1 on T, (4)
up=0 on 2.

(2) Tracking Dirichlet data [11, 13] as
inf, (2) = min> | i )
minJ, = min_ zuN s,

where the state function uy; is the solution to the Neu-
mann problem

—Aupy =0 in Q,
uy=1 on T, 6)
aau—nN =A on X
(3) Minimizing the Kohn-Vogelius type cost functional
[12,15] as
m&n} Q) = mﬂin% J;) |V (up - uN)|2dx, (7)

where state functions up, and uy satisty (4) and (6),
respectively.

In this paper, we are just interested in the study of min-
imizing the Kohn-Vogelius functional J.

3. Tools in Shape Optimization

3.1. Feasible Domain Q. In this work, we are interested in
C*!-domains, where k > 0. Aside from being C*' we also
assume that these are bounded and connected subsets of a
bigger set U which is also a bounded connected C*! domain.
This U is called the universal or the hold-all domain. The
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smoothness of these domains can be defined in the following
sense (cf. [16]).

Consider the standard unit orthonormal basis {e;, e,, ...,
e,} in R". For a point x = (x,,%,,...,%,) € R", let x' =
(X15 Xg5 -5 X, 1) € R"" 50 as to write x = (x', x,,). Consider
the unit ball B(0, 1) and introduce the subsets

B (0,1) := {x € B(0,1) : x,, > 0},
B (0,1) :={x € B(0,1) : x,, < 0}, (8)
B’(0,1) := {x € B(0,1) : x,, = 0}.

Definition 1. A domain Q ¢ R" with a nonempty boundary
0Q is called a C*'-domain, where 0 < k, 0 < I < 1, if for
every y € 0Q) there exists a neighborhood N, of y and a cH
diffeomorphism fy : N, — B(0,1) such that (a) fy(Ny n
Q) = B*(0,1), (b) f,(N, NoQ) = B°(0, 1), and (c) £ (N, N
Q) =B(0,1).

To illustrate this for n = 2 and k = [ = 1, see Figure 2.

Note that if Q) is a bounded, open, connected set with a
C%! boundary, then int Q = Q. This was given in [17] and we
prove it as follows.

Theorem 2 (see [17]). If Q) is a bounded open connected subset
of R" with Lipschitz continuous boundary, then int Q = Q.

Proof. The interior of Q is the largest open set contained in
the set Q. Moreover, Q € Q. It follows that Q C int Q. Next,
we show that int Q € Q. Clearly, int Q € Q. We now show
that if x € int Q, then x ¢ 0Q.

Suppose x € dQ and x € int Q. We need to show that
any open set N containing x contains an element not in Q.
We first note that by definition of C*' domain, there exists
a neighborhood N, of x € 0Q and a diffeomorphism f, :
N, — B(0,1). Let N be an open set containing x with N ¢
N,. It follows that f,(IN) is an open set containing 0 and this
set is contained in B(0, 1). Hence, there exists z € f,.(NN) such
that z € B7(0, 1). This implies that f.'(z) € N n Q" Thus,
N contains an element not in Q, which is a contradiction.
Therefore, x ¢ int . We have proven that if x € 0Q, then
x ¢ int Q. Taking the contrapositive of this statement we get
that if x € int Q, then x ¢ 0Q. Since x € Q but x ¢ 9Q,
we conclude x € Q. Thus, int Q € Q. We have shown that
Q cint Qand int Q € Q. Therefore, int Q = Q. O

3.2. The Perturbation of Identity Technique. Given bounded
connected domains Q and U of R?, where Q ¢ U, and a
linear space © of vector fields V, one can deform Q via the
perturbation of identity operator

Tt:(_f—>[R{2, T, (x) = x+ 1tV (x), xeU, (9)

where V € ©. For a given t we denote the deformed domain
to be Q,, which is the image of Q under T,.

Throughout the paper, we use the usual infinity norms in
the spaces C(X; R), C(X; R?), and C(X; R** %), where X is a

FIGURE 2: A C*'-domain Q, where fy is a diffeomorphism from the
neighborhood N, to the ball B(0, 1).

compact subset of R?. In addition to this, we also denote the
Frobenius norm of M(x) to be

2 1/2
IM (x)|p = ( D IM,-j(x)|2> : (10)

ij=1

This norm and the infinity norm of the matrix M can be
related as

This can be shown easily. One can also show that if M €
C(X;R**?) and y € L*(X;R?), then the vector My is
bounded in L*(X; R?). In fact,

IMy| 2 < 2IM o] ¥] 200 (12)

and the proof is trivial. Finally, the symbols | - | or | - |, will
refer to the usual Euclidean norm.

The Perturbed Domain €),. The domains ), that are consid-
ered in this work are of annulus type with boundary 0Q,,
which is the union of two disjoint sets I}, and X, referred to
as the fixed and free boundaries, respectively. These domains
are obtained through the operator defined in (9), where V
belongs to ®, which is defined as

®={veC" (U,R?): Vi =0}. (13)

For t = 0, we obtain the reference domain Q := Q,, with a
fixed boundary I' := I}, and a free boundary X := X,.

The main objective in this subsection is to show that T,
is a diffeomorphism from Q to Q, for sufficiently small ¢. To
verify this, we need the following results, which are given and
proven in [17].

Theorem 3. If Q) is a bounded, open, connected set in R" such
that int QO = Q and ¢ is a continuous injective mapping from
Q to R", then

9(Q)=9@), ¢ =int9(Q),

9 (0Q) = 39 (Q) = 99 (Q).

(14)



Theorem 4. Suppose

(1) Q is a bounded, open, connected set in R" such that
int Q=0Q,

(2) ¢y € C(Q, R?) where g, is injective,
(3) ¢ € C(Q, R*) N C(Q, R?) such that
det Do (x) >0 VxeQ,

(15)

@ (x) =@y (x) Vx e

Then

(i) ¢: o= go(ﬁ) is a homeomorphism (i.e., ¢ is a bijec-
tion, ¢ is continuous, and ¢~ is continuous),

(i) g : Q — @(Q) is a C'-diffeomorphism (i.e., ¢ is a
bijection, ¢ € cl(Q), (p"l € Cl((p(Q))),

(ii) () = (), P(Q) = 9, (V).

We also consider the following property of a domain,
which is also found in [17, page 52].

Lemma 5. If Q is a bounded, open, connected subset of R"
having a Lipschitz continuous boundary, then there is a number
c(Q) such that, for any given points x,y € Q, one can find
a finite sequence of points y, k = 1,...,1 + 1, satisfying the
following properties:

@y, =%y e€Qfor2<k<l y,, =y,
(b) (Vo Viey1) € Qfor1 <k <1,
(©) Thet Wkt = 2l < c(@)lx = 1.

We also recall the useful property of the determinant of
the Jacobian of T, which is given in the next lemma. Here we
use the notation

I, (x) = det DT, (x), xe€U. (16)
Lemma 6 (see [9,13]). Consider the operator T, defined by (9),
where V € ©, which is described by (13). Then

(i) I, = 1 + t div V + t* detDV,

(ii) there exist ty,, &), &, > 0 suchthat 0 < «; < I,(x) < «,,
for |t] < ty, x € U.

Proof. In general, for n-dimensional case, the Jacobian of T,
is given by DT, = (a;;), where a;; = t(0V;/0x)) if, i # j, and
a; = 1+ t(0V;/0x;). By definition of the determinant, we can
write det DT, as

det DTt = Z sgn (0) A o(1)P2,002) " Mno(n)

o€S,
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+ Z sgn.(0) A1 5(1)0(2) *** Ana(n)
o€F,\{i}

+ Z sgn (0) A1,0()%,602) """ Ano(n)

o0€S,\F,

= I+ 1II+1II,
(17)
where S, refers to the set of all permutations of {1,2,...,n},
i is the identity permutation, F, = {0 € S, : o(k) = k for

some positive integer k < n}, and sgn(o) is either 1 (if
the number of inversions is even) or —1 (if the number of
inversions is odd). We observe that the expression I can
be written as I = 1 + tdivV + t’R,(t, V), where R, ¢
C(R,C” (U)). We also observe that, for n > 2, each term
of the expression II has at least 2 factors that are of the
form t(av;/axj), i# j. Hence we can write II = t2R2(t, V),
where R, is in C(R, C*(U)). All terms of III have factors of
the form t(aVi/axj), i# j, and thus we have III = t”E(V),
which can be written as t2R3(t, V), where R, € C(R, cy).
Combining I, II, and III, we get

det DT, = 1 +tdivV + R (£, V) (18)

with R € C(R,C*(U)). In particular, for n = 2, the deter-
minant is computed as follows:

detDT, = 1 +tdivV + t* det DV. (19)

This verifies (i). To show (ii) we first get the lower bound
for I,(x). Take

1
tV:min{ - ,1}. (20)
2(|div Vieg, + |det DV

For [t| < ty,, we obtain
I, (x) 2 1 - [t| [div Ve, - [t]°|det DV,

>1-|t] IdiVVIC(U) - ¢ |detDV|C(U) (21)

. 1
=1-|t|(|div Ve, + [det DV| g, ) = >

On the other hand, by triangle inequality we have
I, (x) < 1+ |t] |div Ve, + [t|*|det DV] g
< 1+ ty|div V], + ty|det DV|.g, (22)
Vx e U.

Hence, we have shown that there are positive constants «; =
1/2and oy, = 1+ tVIdi_VVIC@ + tf,ldetDVIC@ such that
o) < I(x) < «a, forx € U. O

Considering the theorems and lemmas presented before-
hand, we are now ready to prove the following theorem.
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Theorem 7. Let Q) and U be nonempty bounded open con-
nected subsets of R? with Lipschitz continuous boundaries, such
that Q € U, and 0Q is the union of two disjoint boundaries T
and X. Let T, be defined as in (9) where V belongs to ©, defined
as (13).

Then for sufficiently small t,

1) T, :U - Uisa homeomorphism,

(2) T, U — U isaC" diffeomorphism, and in
particular, T, : Q — Q, is a C"' diffeomorphism,

(3) rt = Tt(r) =T,
(4) 0Q, = TUT,(Z).

Proof. First,becauseUisa C®! domain, it follows thatint U =
U by Theorem 2. Second, T, = I € C(U,R?), and it is
injective. Third, it is evident that T, is C"' because V is C'.
For x € 0U, T,(x) = x because V vanishes on oU. For x € U,
the determinant of the Jacobian of the perturbation of identity
operator T, is given by (19). By Lemma 6, there existsat,, > 0,
given by (20), such that det DT,(x) > 0 for all x € U and
for [t| < ty,. Hence, by applying Theorem 4, we conclude that
T, (U)=Uand T,(U) = U forall |t| < ty,and T, : U — U is
a homeomorphism. Furthermore, by Theorem 4, we find that
T,:U — UisaC" diffeomorphism. To show that T, isa C'
diffeomorphism, we are left to show that DT, " is Lipschitz
continuous. To verify this we use Lemma 5.

Given any two points u, v € U we choose {y;} such that
properties (a)-(c) of Lemma 5 are satisfied. For fixed |t| < ¢,
differentiating the identities T, o T, ' = Iand T} ' o T, = I will
lead to

DT, (T;' (2)) DT; ' (2) = 1,

(23)
DT;' (2) DT, (T, (2)) = I,
for all z € U. Thus,
DTt (Tt_l (yk+1))DTt_1 (yk+1) =1,
(24)
-1 -1
DT, () DT, (T, (31)) = I.
This implies
DT (u) - DT, ()
l 1
Z |DT (yx) - DT, ()’k+1)|

(25)

1l
MN

|DTt_1 ()

>~
Il
—

< [DT, (1, (5n)) = DI (1 ()]

x DT;I (yk+1)|'

Applying the infinity norm in the space C(X; R*) we have
DT (u) - DT, (v)|
l 1 1
<y |DT; (J’k)| |DT; (J’k+1)|
k=1
X |PT (17" () - DT, (17

< max|DT;" (y)|”
yeUu

(yk))| (26)

X Z |DT t )’k+1)) - DT, (Tt_l ()’k))'

Since DT, is Lipschitz continuous, we have
DT () - DT ()

2 @)
= max|DT; ()| L
yeU

!
12 'Tfl (V1) = Tfl (;Vk)|’
k=1
where L, is the maximum of all Lipschitz constants of DT, for

all [t| < ty,. Then finally, using the mean value theorem and
property (c) in Lemma 5, we obtain

[DT;" () - DT} ()] < max|DT; (7)[ L
yeu

!
12 |}’k+1 - )’kl
k=1

< mag'DT{l (y)'3L1c U) lu—vl.
yeUu
(28)

Hence DT, !
U — UisaC" diffeomorphism for sufficiently small [t|.
Restricting to Q, this proves that T, : Q — Q, isa C"'
diffeomorphism. (2) is clear because the fixed boundary is
invariant under T}; that is, [, := T,(T') = I since V vanishes
on I Lastly, using Theorem 3 deﬁnltlon of T}, (1), and (2), we
obtain (3). O

is Lipschitz continuous which shows that T, :

Corollary 8. Let Q and U be two domains of R* with C"!
boundary. Then for |t| < t, where t, is given by (20), the
perturbed domain Q, := T,(Q) is also of class C"'.

Proof. Given y € 0Q,, we let x = T,'(y) € oQ.
Then there exists a neighborhood N, of x and a dif-
feomorphism g, € C“'(N,,B(0,1)) such that g (N, n
Q) = B'(0,1), g,(N, n 9Q) = B°(0,1), and g, (N, n
Q) = B7(0,1). We have also shown that T, defined in
Theorem 7 is a C*' diffeomorphism. Since T, ! is continuous,

T,(N,) = (I;)'(N,) = N

, is a neighborhood of y
in U. Define g,

= g, o T;'. This is bijective because
g, and Tt_1 ire_bijective. gy € Cl’l(Ny,B(O,l)) because
T;l e CM'Y(U,U) (hence T;l € Cl’l(Ny,Nx)) and g, €
CM{(N,, B(0,1)). Also, g' =T, o g;' € C"'(B(0, 1), N,).



T, e C*'(U)
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gx € CY (N, B)

cl

7

—1 1,1
;, eC

N.

NX

g. e C"!

y
T, e CM!

Nx
g)—cl c Cl,l

FIGURE 3: The action of T, on a C"'-domain.

Next, we note that 0Q2, N N, = T,(0Q) N N, = T,(0Q) N
T,(N,). Since T, is injective, we have 0Q, NN, = T,(0QNN,).
Thus by definition of g, we get

g9,(09,nN,) =g, (T, @QNN,))

:gx(aQan) :BO 0,1).

We also observe the following:

gy (Qt n Ny) = gy (Tt (Q n Nx))

=g,(QNN,)

(29)

=B(0,1),
. . (30)
9y (Qt n Ny) =9y (Tt (Q n Nx))

=0.(Q'nN,)
=B (0,1).
This shows that €, is indeed of class C*'. O

Remark 9. Theorem 7 and Corollary 8 tell us that the refer-
ence Q) and the perturbed domain Q, have the same topo-
logical structure and regularity under the perturbation of
identity operator T, for sufficiently small t. See Figure 3 for
illustration.

Properties of T,. In addition to (16) we also use the following
notations throughout the work:

M, (x) = (DT, (x))_T, xeU,
A (%)=L (M ()M, (x), xeU, 31)

w, (x) = I, (x) '(DTt x)) "n (x)|, xex

Remark 10. We note the following observations for fixed, suf-
ficiently small £.

) I, e C*H(U).

(2) M,, M € C(U; R**?).
(3) A, € C(U; R**?).

(4) w, € C(Z; R).

(5) V e C"(U;R?) implies that [V|,, and [DV],, are
both finite.

We now provide several properties of T;.

Lemmall (see [9,13,16,18]). Consider the transformation T,,
where the fixed vector field V belongs to ©, defined in (13). Then
there exists ty, > 0 such that T, and the functions in (16) and
(31) restricted to the interval I, = (—ty, t,) have the following
regularity and properties.

() t = T, € C(I,,C"' (U, R?)).

(2) t I, € C (I, C*'(U)).

()t T, ' € C(I,,,C' (U, R?)).

(4) t = w, € C'(I,;, C(2)).

(5) t— A, € C(I,, C{U, R** ?)).

(6) There is 3 > 0 such that A,(x) > BI for x € U.

(7) (d[dD)T,],—o = V.

(8) (d/dt)T;  ,.g = - V.

(9) (d/df)DT,|,— = DV.

(10) (d/dt)(DT,)™"|,., = -DV.

(1) (d/dt)L,|,y = div V.

(12) (d/dt)A,l,_, = (divV)I - (DV + (DV)") = A.
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(13) lim,_, w, = L.
(14) (d/dt)wyl,—y = divyV,
where the surface divergence divy, is defined by
divyV = div V]y — (DVn) - n. (32)

We provide proofs for properties (3) and (8). The rest can
be seen in [19].

Proof. (3) Suppose x € U, t,h € I, and y= Tgl(x). Then
7 (%) - T, (x)

=T (T, (y) - T, (T, () (33)

=T, (T, () = T, (T ().

Using Lemma 5, we connect T,(y) and T,(y) by a chain y,,
k=1,...,1+1, satistying

D)y =T,y yp€Ufor2<k<l,y,, =Ty,

(i) Yoy Yerr = 2l < eI, () = T,

and then we get

17! () - T, ()|

I
< YT ) - T ()|
i1

1
< max [DT; ()] Y 7k = Y| (34)
uelU k=1
< cU)max|DT;" @) [T, () = T, ()]
ue

<c(U) meg(|DTt_1 @|[V(y)|1t - hl.
ue

Thus,
max [T} " (x) = T;," (x)| < ¢ (U) max [DT, " ()| [V, It - Al
xeU uelU
(35)

By reducing ¢, if necessary, we can assume without loss of
generality that [tDV|, < 1fort € (—ty, /). This allows us to
represent (DT;)”" as a Neumann series:

DT, (x) = (DT,) " o T, (x) = i(—t)k(mk (17" (),
k=0

(36)
and its norm is estimated as follows:
(o)
DT ()|, < X |6 OV (T, ()|
k=0
- (37)
1 - [t[|DV]y
1

<— =
1-t,|DV|,

This shows uniform convergence in t € I, and x € U. Hence,
for every € > 0 one can choose a § := €/c(U)M|V|, > 0
which implies that, for every t,h € Iy, |T;1 - Tﬁ1|oo < €
whenever |t — h| < §. In other words, t +— T;l e C(Iy,
C(U, R?)).

To show that t — T, is continuous from I, to C'(U,
R?), we only need to show that for every t € I,
IDTt_1 - DT,:ll00 < € whenever |t — h| < §and h € I;,. Let
zeU. Using (37), estimate |[DT, Y(z) - DT, 1(2)| as follows:

DT (2) - DT (2)
=|(o1)™ (17" (2))
~(D1,) " (13, (@)
=|(o1)" (17 (2)
x (DT, (T, (2))
-(DT) (17" (2)))
x (D1,) " (13, (2)]
<M*|(D1,) (T, (2))

- (DTt) (Tt_l (Z)) | .
(38)

Using the definition of Jacobian of a transformation and the
regularity of V, we further simplify (38) as follows:

DT (2) - DT, (2)
< M* |hDV (T;" (2)) - tDV (T, " (2))|
< M* |h-t||DV (T, (2)))| (39)
+ M |t| DV (T, (2)) - DV (T, (2))]
< MK |h—t|+ M*t, L|T;" (2) - T, (2)],

where L is the Lipshitz constant for DV and K is upper
bound for |DV]|,. Taking the maximum of both sides of the
inequality for all z € U and using (34) we get
|DT;1 -DT,'| <alh-1, (40)
where « = M?K + MthLc(U)MIVloo. Thus, for any € > 0,
we choose § = €/a, so that if 0 < |h — t| < &, then
IDT;1 —DT,:llOO < €. Therefore, t +— Tt_1 € C(IV,Cl(ﬁ,
R?)).
Proof of property (8) in Lemma 11 s as follows. Given x €
U, we have T,(T; Y(x)) = x. This implies that

Toon (Tr () = T, (T; (%)) = 0. (41)



Manipulating the left hand side of (41), we get

(T (T2, ) = T, (T2, )

+ (T, (T, %)) = T, (T, (x))) = A+ B.

(42)

We first work on A. Applying the definition of T;, we get

A=T, (x)+(t+h)V(T;), ()
— T () =tV (T}, () (43)
=hv (T}, ().
Thus,
lim %A =V (T (). (44)

Similarly, we can write B as follows:

B=T.}, (x) =T, (x) +tV (T}, () =tV (T, (x)).
(45)

Hence, we have

1 1
ZB=_—
h h

e (V(174,00) -V (17 00))

(T ) =T (%))
(46)

Suppose v is a coordinate function of V. By the mean value
theorem, we observe that

(v(Toh @) = v (17" )

S =

. (47)
=Dv(o) (To (0 - T, (),

where c is a point on the segment joining T} ' (x) and T}, (x),
and as h tends to infinity, (47) tends to (Dv)(d/dt)T, L(x).
Thus,

lood - d,
_B= — — . 4
lim oB= T, (x) +tDV (T} (x)) il (x). (48)

Combining (44) and (48), we get
V(T (x)) + (I+tDV (T} (x))) %T;l (x)=0, (49)

which implies that

d,. 1 _ -1 -1 -1
il (x) = -(I+tDV (T, (x))) V(T;' (). (50)

Evaluating (50) at t = 0, we get (d/dt)Tt_1 ;g = —V. L]
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3.3. The Method of Mapping. If u is defined in Q and u,
is defined in Q,, then the direct comparison of u, with u
is generally not possible since the functions are defined on
different domains. To overcome this difficulty, one maps u,
back to Q by composing it with T}; that is, one defines v, o
T, : Q@ — R. With this new mapping one can define the
material and the shape derivatives of states, the domain and
boundary integral transformations, and derivatives of inte-
grals, as well as the Eulerian derivative of the shape func-
tional. This technique is called the method of mapping.

Material and Shape Derivatives. The material and shape deriv-
atives of state variables are defined as follows [20, 21].

Definition 12. Let u be defined in [0, ¢,,] X U. An element i1 €
H*(Q), called the material derivative of u, is defined as

u(t,T, (x)) —u(0,x)

(x):=u(0,x):= tlir%

t
(51)
= iu(t x +tV(x))
Cdt t=0
if the limit exists in (H*(Q)).
Remark 13. 'The material derivative can be written as
oT —
i(x) = lim w0 Ty(x) —ulx) _ i(ut o T,(x)) (52)
t—0t t dt t=0

It characterizes the behavior of the functionuat x € Q c U
in the direction V(x).

Definition 14. Let u be defined in [0, t,,] xU. An element u' €
H"(Q) is called the shape derivative of u at () in the direction
V, if the following limit exists in H kQ):

u' (x) = (0,x)

(53)

Cou(t,x) —u(0,x)
lim —————=.
t—0t t

Remark 15. The shape derivative of u is also defined as fol-
lows:

1y O
u (x):= 3 u,(x) o (54)

We note that if & and Vu - V exist in H* (Q)), then the shape
derivative can be written as

u (x) =i (x) = (Vu- V) (x). (55)

In general, if £1(x) and Vu - V(x) both exist in W™ (Q), then
' (x) also exists in that space.

Domain and Boundary Transformations

Lemmal6 (see [18]). (1) Let¢, € L'(Q,). Then ¢,°T, € L' (Q)
and

j P dx, = J @, o T, dx. (56)
Q, Q
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(2) Let ¢, € L'(0Q,). Then ¢, o T, € L' (3Q) and

J p,ds; = J ¢, ° Tyw,ds, (57)
20, 20
where I, and w, are defined in (31).

Proofs can be found in [13, 18].

Domain and Boundary Differentiation. We recall some results
concerning the derivative of integrals with respect to the
domain of integration. For the first theorem, it is sufficient
to have C*' domains while the second theorem requires C*'
domains. For proofs, see [18].

Theorem 17 (domain differentiation formula). Let u € C(Iy,
W) and suppose 11(0,-) = (d/dt)u(t, T,(-))|,=, exists in
LY(U). Then

% J-Q, u(t, x)dx

= J- u' (0, x)dx + J 1 (0,5) V- nds.
o Ja s
(58)

Theorem 18 (boundary differentiation formula). Let u be
defined in a neighborhood of T. If u € C(I,, W>'(U)) and
1(0,-) € WHL(U), then

d
T Lt u(t,s)ds

t=0 (59)

0
= J' u' (0,5)ds + J (_u +u(0,s)K>V-nds,
b s \0n
where « is the mean curvature of the free boundary X.
The First-Order Eulerian Derivative

Definition 19. The Eulerian derivative of the shape functional
J : O — R defined in (7) at the domain Q in the direction
of the deformation field V € © is given by

—t >

dj (;V) = tlin(‘)l+ (60)

if the limit exists.

Remark 20. ] is said to be shape differentiable at Q if d](Q; V)
exists for all V € © and is linear and continuous with respect
to'V.

4. Main Result

In this section we derive in a rigorous manner the first-order
shape derivative of the Kohn-Vogelius functional J, defined
by (7), subject to the Dirichlet and Neumann boundary
value problems (BVPs) (4) and (6), respectively. Our strategy
bypasses the material or shape derivatives of states. In the
derivation, we have employed techniques used in [9, 10, 13]
but there is no need to use adjoint variables.

This section discusses the variational forms of the PDEs,
the state variables in the perturbed domains, the Holder

continuity of the state variables, and the higher regularity of
the solutions to the BVPs. The rest of the proof is presented
in the last part of this section.

4.1. Variational Forms of the Dirichlet and Neumann Problems.
We recall that we are considering the shape optimization
problem (7) where u, solves the pure Dirichlet problem (4)
and u, solves the Neumann problem (6). As in [13], we
consider the Hilbert space

Hi, = {p e H' Q) : gl = 0}, (61)
which is endowed with the norm
fof; = | IvoPax (6

and a linear manifold defined by
Hy, ={p e H' (Q): ol; = v} (63)

forv e H/2(T).

First, we determine the variational equations for the
Dirichlet and the Neumann problems. The variational form
of the Dirichlet problem (4) is given by the following.

Find up, € H'(Q) such that

(Vup, V) =0 Vy € Hy (Q)

up=1 on T, (64)

up=0 on 2.

Equation (64) can be shown to have a unique solution using
Theorem 2.4.2.5 of [22]. Similarly, the variational form of the
Neumann problem (6) is formulated as follows.

Find uy € H'(Q) such that

(Vin, V) — (L@)s =0 Vo € Hy ()
(65)

uy=1 onI.

It is also well known that (65) has a unique solution.

4.2. Analysis of State Variables in Deformed Domains. We
now consider the class of perturbed problems:

1
n(l)in] (Qt) = 5 J |v (”D,t - ”N,t)lzdx> (66)
t Q

t

where up,, solves the pure Dirichlet problem

—Aup,; =0 in Q,,
up;=1 onT, (67)
up, =0 on X,

and uy, solves the Neumann problem

—Auy, =0 in Q,
uy,=1 on T, (68)
ou
Nt ) on %,
on,
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Here, n, is the outward unit normal to the deformed free
boundary X,. The variational form of (67) is formulated as
follows.

Find up,, € H'(Q,) such that

(VuD,t’Vv/t)Qt =0 Vy, ¢ Hé Q)
up;, =1 onT, (69)

up; =0 on Z,.

It is known that (69) has a unique solution.

Remark 21. The function u, : Q, — R can be referred to as
the reference domain by composing u, with T; that is,

U =uoT,: QO —R (70)
and by chain rule of differentiation, we get
(Vu,) o T, = (DT,) " Vii' = M,Vid'. (71)

Let up, be the solution of (69). Applying Lemma 16 for
ally, € H)(Q,) we have

(VuD,t’VV/t)Qt = JQ Vup, - Vy,
‘ (72)

= L) I, (V”D,t ° Tt) : (Vll’t ° Tt) .

Applying (71) and noting that y* « Hé (Q) because vy, €
H,(€,), we obtain

(Vup, V‘l’t)g, = JQ I,M,Vup, - M,Vy'
=I LM M,V - Vy' (73)
Q
t
= (AtVuD, VV)Q,
where v = y* € Hy(Q). Hence, if up,, solves the variational
equation (69), then u}, = up, o T, satisfies the variational
equation,
(A,Vup, Vv) 6=0 (74)
forallv € Hé(Q), utD =1lonT, andutD =0onZ.
Now we show that u, is the unique solution of (74) in

H'(Q). First, we show that y' = u}) — up € H(Q) is the
unique solution to

(A, Vv),, = ~(AVup, Vv), (75)

forall v € Hé(Q). The bilinear form b,(-,) : Hé(Q) X
HS(Q) — R defined by

b, (yt,v) = J;) ANy Vv, VYy,ve Hé (Q) (76)
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is continuous, because

'bt (yt,v)| = |JQAtVyt - Vv

t
< |Atv)’ |L2(Q)|VV|L2(Q)

(77)
< 2|At|OO|Vyt

12(Q) |VVIL2(Q)

= ﬁ|yt'H1(Q)|V|HOI(Q)'

The bilinear form is also coercive. To show this we recall that
lim, ,,A, = I uniformly on Q. This is equivalent to the
statement

Ve >0 36 >0 such that |t|<8=>|At—I|OO<e. (78)

Let € = 1/2. So for sufficiently small £, |A, — I|, < 1/2,and

b(y'y') = J AVy VY
Q

=|J (A, -D)Vy -Vy' + Vo[
¢ (79)

> |Vyt

2 (2
2Q) IAf B I|00|Vy 12(Q)

> 1| t|2
=2V o
So b,(y', v) is coercive.

Next, we show that the functional f : Hé(Q) - Ris
bounded:

G =|-[, Ao
< 2|A,| o [Vup| 20y VY20 (80)
= 2|A | luplip o)V @ < ClVla1@)-

Therefore, by the Lax-Milgram lemma, y* = u}, — up, is the
unique solution to the variational equation

(AVY,Vv), = ~(AVup, Vv),, ¥veHy(Q).  (81)

This implies the existence of a unique solution u}, of (74) as
verified below.
Let u, = y' + up. Using (81) we obtain

(AtVuB, VV)Q = (AtVyt,Vv)Q + (A, Vup, Vv),
Vv € H, (Q)

= —(A,Vup, Vv)o + (A, Vup, Vv), = 0.
(82)

Thus (74) is satisfied. The boundary conditions are also
satisfied because on T, y* = 0 and u, = 1 and on X, both
y" and up, are zero. To show uniqueness, we let u}, and i},
be solutions of (74). This implies that there exist y* and 7'
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such that u}, = y' + up and @iy, = 7 + up, where y* and 7
are solutions to (81). Taking the difference of ug and 1753 and
considering that solution to (81) is unique, we get uj, = i,
Next, we consider (68) whose variational form is formu-
lated as follows.
Find uy, € H'(Q,) such that

(VMN,I"V(PL‘)Qt - (A ‘Pt)zt =0 Vg, € H1},o (), (3)

uys;=1 onI.

Similarly, if u, solves the variational problem (83), then u},
solves the variational equation

(Atvug\n V¢)Q - (wt/\’ ‘/5)2 =0, V¢e Hrl,o (@), (84)

where u}; = LonT.
As shown before, the bilinear form b,(-,-)
Hll’O(Q) — R defined by

: Hrl)O(Q) X

b, (zt,v) = JQ AtVzt Vv, VzZ,ve H%)O Q), (85)

is coercive and continuous. The linear functional f
H{o(Q) — R defined by (f,¢) = [, Aw,¢ is continuous
on HFI,O(Q) because

|<f) ¢>H4ng = Hz Aw,p| < Al |w, L l¢|

=M lwtloo|z|1/2|Y¢|L2(z) (86)

< M wel oo 212 ¥ 1855

By the Lax-Milgram lemma, 7z = ui\, -1¢€ H%,O(Q) is the
unique solution in HFI’O(Q) of

L ANZ V=1 L wp, Ve Hpo(Q). (87)
Let uy, = z' + 1. Then, by (87), we get
(AtVu;,, qu)ﬂ - (wA )5 = (AtVzt, V(/S)Q - (WA ¢)s =0

¢ € Hy(Q).
(88)

Since z' € HE,O(Q), uy, = z' + 1 = 1 onT. Uniqueness of u},
follows from the uniqueness of z*. Therefore, ), is the unique
solution of the variational problem (84) in H LQ).

4.3. Holder Continuity of the States. We show that u}, and u};
are Holder continuous on t.

Theorem 22 (see [13]). The solutions utD of (74) are uniformly
bounded in HI(Q)fort € (~ty,ty) and

oLy 2
th—%ﬂuD - ”D|Hl(o) =0, (89)

where up, is the weak solution of (4).

1

Proof. We first prove the uniform boundedness of u, in
HY(Q) fort € (=ty, ty). Since utD —up € Hé (Q), by using
coercivity of A, we get

(405 (= 40). (= 45)) = 517 (= 0)

(90)
Also, by applying (81), we have
(A (u —up), V (up - up)),,
= —(AVup, V (up —up)), (91)

< |At|00|uDlHl(Q)'utD - ”D'Hgm)'
Therefore,

|u§)'HI(Q) < |u§3 - uD|Hg(Q) + |uD|H1(Q) < Aty + |uD|H1(Q).
(92)

Now we take the difference between the weak form of (4)
and the variational equation (74), to get

(A Vup, Vv) = (Vup, V) =0, Vv € Hy (Q)
(93)

A -1
( tt )VuD,Vv) .

1
<AtV;(utD - uD),Vv)Q = —< .

Note thatup,, € Hrl,l(Qt). This implies that u}, = up,, o T, isin
H%’I(Q). Note also that up, € H%’I(Q). Let yt = (l/t)(utD—uD).
So for sufficiently small ¢, y* € H,(Q). Now choosing v =
" as a test function and by the uniform coercivity of A, one
obtains

o < (ALY,

(x'Vyt

- (A -DVup V) o9

1 t
< l; (A, —I)IOO|VuD|L2(Q)|Vy o

If Vy' = 0, then the inequality above holds. For Vy' #0
we have

2

t 1 t
oc'Vy o <7 (A, -1) VuD|L2(Q)'Vy

JEI)

X (95)

< ?(At—l)l |VuD|L2(Q)|Vy’
(o)

(VN

Hence,

1_ 1 ‘ 1 l
=V(up - < —|=(A, = I)| |Vuplr2q-
‘t (up —up) co - alt (4, )Oo| up|, @ (96)
Squaring and multiplying ¢ on both sides of the inequality
give us

111

1 2 2 )
?|V (u;) - uD)'LZ(Q) < t; ; (At - I)|OO|VHD|L2(Q). (97)
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Since [(1/t)(A,-1) |f>o is uniformly bounded in t by Lemma 11,

Ly 2 T t 2 _
fim 2l = i gy = Hm |V (uh ~ ) oy =0 (98)
follows. O

Theorem 23. The solutions uy of (84) are uniformly bounded
in HI(Q)fort € (—ty,ty) and

=0, (99)

where uy is the solution of (65).

Proof. Subtracting (65) from (84) for all ¢ € HFI,O(Q) we get

0 = (A,Vuy, V) - (wh 9); — (Vun, Vo) + (L, 9)y

= (AtVu;, — Vi, + Viy = Vuy, V(p)Q - (wA -2, 9),.

(100)
Hence
(V (u;] - uN) . V(P)Q - _((At 1) Vuly, V(P)Q (101)
+(wA = A, 9)s.
Note that u}, — 1 belongs to Hrl)O(Q)- Hence
'”gv - ’“‘Nﬁzl(o) = (A=) Veapo ¥ (s - uN))Q (102)
+ /\(w, -1, uﬁ\, - MN)Z-
By Cauchy-Schwarz inequality, we obtain
juy - ”Nﬁﬂ(o) < | = 1) V] g |9 (s = 08
M oy = 1o ey = ]
(103)

t
Furthermore, by trace theorem we have |uy —uylp) <
t
cluy - uNlHl(Q)' Therefore,

' : |2
Uy —U
N T UN|g(g)

<c(](a, - 1) vuy

LZ(Q) + |A| |wt - lloo) '”5\] - uN|Ig1(Q))
104

holds, where C = max{1, c}. This implies

.u;] - uN|H1(Q) =C (|(At B I) Vu;\’|L2(Q) " |th - AlLZ(Z)) '
(105)
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which entails

Ly
$|”N - ”N|Hl(n)

LX(Q)

o))

= \/Zc<|% (A, - 1)

1
<C I—A—I‘ Vi
(g a0, o

+ A2 (106)

|Vu§V'L2(Q)

LX(Q)

o)),

We now show that Vujy; is bounded uniformly in ¢ in
L*(Q). Since uﬁ\, -le HFI’O(Q), we have

+ A Z?

oc|Vu§\] ;(n) = ‘X|V (“5\1 - 1)|i2(0)

< LAtv(u;—l)-v(u;q)

_ J A Vil 9 (uy - 1) (107)
Q
~ I [ (uy - 1)
p

< e A w212 ] Vit

Consequently,
|Vut | < mc|w| |2|1/2| | (108)
Nip@) = "o 1 w

and this shows that Vu;, is uniformly bounded in L*(Q)
because |w,|,, is bounded. In addition, A, and w, are dif-
ferentiable at ¢ = 0 by Lemma 11. Therefore,

rmog N T BNl T (109E)]

4.4. Higher Regularity of the Solutions. In this section we
will show that the solutions to the PDEs (4) and (6) have
higher regularity. We begin by considering the state variable
up,y € H'(Q). For C*' domains, we show that these
solutions also exist in H>(Q) and more generally in H k2(0)
if domains are of class C¥*', k > 0.

To prove higher regularity of u,, we require the following
two theorems, which are proven in [22].

Theorem 24 (see [22, page 124]). Let Q) be a bounded open
subset of R" with a C"' boundary. Consider the Dirichlet
boundary value problem:
Au=f inQ,
(110)
u=g onodQ,
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where

n n
A= Z D, (a,-iju) + ZaiD,-u + ayu. (111)

ij=1 i=1

Let a; ; be uniformly Lipschitz functions and let a; be bounded
measurable functions such that a;; = a; j, 1 <1i, j < n and that
there exists o > 0 with

Z a; j (x) (¢ < _"‘|C|2 (112)

ij=1

for all { € R" and for almost every x € Q. Assume in addition
that either

(i)a; =0, 1 <i<mnanday>0a.e.or
(ii) ay = B> 0 a.e

Then for every f € LP(Q) and every g € W>"/PP(3Q), there
exists a unique u € W2P(Q) that solves (110).

Theorem 25 (see [22, page 128]). Let Q) be a bounded open
subset of R" with a C**™' boundary. Consider the operator A
defined by (110) with a;; = a;; € C*(Q), and assume that
there exists o« > 0 such that (112) holds for all { € R” and

for every x € Q. Also, consider a real boundary operator B
which is either the identity operator (order d = 0) or Bu =

¢ bDu withb, € CP'(Q), 1 < i < n (orderd = 1) and
Y% bn'#£0 (n' is the ith component of n) everywhere on
T := 0Q. Furthermore, assume that u € W>*P(Q) satisfies
Au = f € WFP(Q) and yBu = g € W 4"VPP(T), Then
u e WH2P(Q).

We will also justify the higher regularity of u,;. We use the
following results whose proofs are given in the corresponding
texts.

Theorem 26 (see [23, page 316]). Let Q) be a bounded open
subset of R". Suppose u € H' (Q) is a weak solution of the PDE

Lu=f inQ, (113)

where

n

Lu=- Z (aij (x) uxi)x. + Zbi () u, +e(x)u.  (114)
7=l

ij=1
Assume furthermore that a”’,b',c € C®(Q) for i,j =
1,2,...,n and f € C*°(Q). Then u € C*(Q).

Theorem 27 (see [24, page 12]). Let QO C R" be a bounded

domain with C*""! boundary 9Q for some nonnegative integer

k. Suppose the data f and g of the problem
-Au = in Q,
u=f in (15)
u=g onoQ

are in W*P(Q) and W*1PP(DQ)), respectively, for some real
number p with 1 < p < co. Then u € W*>P(Q).

For proof, see [22].

13

Theorem 28 (see [22, page 84]). Let QO C R" be a bounded
domain with C*' boundary T and 1 < p < co. Consider the
Neumann problem

-Au+ayu=f inQ,
ou (116)
ya—n =g onT.
If0 < ay € L®(Q), f € LP(Q), and g € W'PP(3Q), then
the weak solution u to (116) exists in W>P(Q).

For proof, see [22].

Using the theorems presented above, we will now prove
our claim that the solutions to the PDEs (4) and (6) have
indeed higher regularity. This result is given in the following
theorem.

Theorem 29. Let Q) be a bounded domain with boundary of
class C"'. Let up, uy € H'(Q) be weak solutions of the BV Ps
(4) and (6), respectively. Then up, and uy also belong to H*(Q).
More generally, if ) is of class C**", where k is a nonnegative
integer, then up, and uy are elements of H*"(().

Proof. We first consider the solution u, € H 1(Q) to the
Dirichlet problem (4). We use Theorem 25 to show that uj, is
an element of H2(Q). Here, (110) is applied with the following

settings.

We consider n = 2. The domain Q is of class C"'.
L = -A, and hence g;; = a; = -1fori = janda; =
aj; = 0 fori#j, withi,j = 1,2. We also observe that

Zi2,j=1 aij(x)CiCj = _((1)2 - ((2)2 = —IICIZ, for all( = ((1:(2)T-
Thus o = 1. Furthermore, we have the following data: f =
0 € L*(Q), g=1c¢€ HY(T), g=0c¢ H>*(X). Therefore,
by using Theorem 24, there exists a unique u = up, € H*(Q),
which is a solution to (4).

For higher regularity of u, we apply Theorem 25. At first
we consider C*'-domains. In this case, k = 1. We have a; =
a; = —1lfori = janda; = a; = 0fori#j,i,j=1,2.The
operator B is the identity operator, thus of order d = 0. From
the first consequence, it is known that u € H 2(Q) satisfies
~Au = 0Oand u = g on 0Q, where g = 1 € H*(I), g =
0 € H*/*(2). Therefore, by applying Theorem 25, we have u =
up € H Q). In general, for smoother domains with Cki
boundaries, solutions to (4) are elements of H**2.

Next, we recall that, for C*' domain, there is a weak
solution uy € H L(Q) to the boundary value problem (6).
We also show that the solution actually lies in H 2(Q) and
if the domain is more regular, then so is the solution. More
precisely, we want to show that if () is a domain whose
boundary is of class C*"!, then uy is in H*"?(Q), where k is
a nonnegative integer. For this purpose we need Theorem 26
which implies uy € C*(Q).

Choose a bounded connected domain G with C* bound-
ary I, such that A ¢ Gand G ¢ B, where A and B are the
domains described in Section 2. Let Q; be the annulus having
boundaries I and T}, and let ), be the other annulus with
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boundaries I', and X. First, we consider the following elliptic
problem on Q;:

-Aw =0 in Q,
w=1 on T, 117)
w=uy on Ij.

Since Q, is bounded with compact boundaries, we have
C®@T uT,) ¢ H***( uT)). So by applying Theorem 27,
we get w € Hk“(ﬂl). Since uNIQ1 also solves (117), then by
uniqueness we have w = uylg . If A is a domain with ch!
boundary I', then by Theorem 27 we have uyl, € H*(Q,).
Moreover, if Aisa C**"'-domain, then uy |, isin H***(Q,).

Second, we consider the following boundary value prob-
lem:

—-Av+v=uy in Q,,
ov  Ouy
n - on Mo (118)
ov
— =2 3.
n on

Because uylq € H'(Q,), it follows that uylo, € L*(€Q,). We
have also shown that uy € C*°(Q). This implies that uy €
C*™(T}). Hence, (Juy/on) € HY*(T)). Also, A € H'*(%).
Since B is a domain of class C*, then by Theorem 28, we infer
that (118) has a unique solution v € HZ(QZ). Note, however,
that uy|, also solves (118). So by uniqueness of the solution,

we getuylg, = v. Therefore, uylg € H?(Q,). Now, if domain
B is of class C¥**! and uylo, € H*(Q,) ¢ H'(Q,), we get
v € H(Q,) by applying Theorem 25 and so is uylq,. Doing
this recursively, we end up with uy| € H 2Q).

Hence, for C**'_domains Q(:= B\ A), if we combine
uylg, € H**(Q,) and uylg, € H*2(Q,), we get uy €
H*?(Q, U Q,). Moreover, uy is C® in a neighborhood of
I, because uy € C®(Q). Therefore, uy € H(Q). O

Remark 30. In the computation of the first-order shape
derivative, since we are dealing with C"'-domains, we may
consider H?-regularity for the solutions up and uy, as
justified by Theorem 29.

4.5. The Shape Derivative of J. First, we state and prove the
following lemma.

Lemma 31. Let Q ¢ R” be a bounded Lipschitz domain. Then
the following equation:

—J (divF) gdx = J F-Vgdx - J g(F-n)ds (119)
Q Q 20
is valid for vector field F and scalar function g having the
following regularity:

(i) F e H'(Q;R") and g € H'(Q);

(ii) F € C'(;R") and g € W"'(Q).
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Proof. First we recall the Gauss’ divergence theorem in R”
saying that if a domain Q < R" is a bounded Lipschitz
domain, then we have

J divFdx = J
Q 0

for a vector field F € C'(Q, R"). Second we take the diver-
gence of the product of a scalar function g and the vector field
F to get

F-nds (120)

div(gF) = gdivF+F-Vg. (121)

Then, integrating both sides over Q) and applying the diver-
gence theorem to the vector field gF we obtain (119).

Q) IfF € H(Q;R") and g € H'(Q), then (divF)g €
L'(Q), F-Vg e L'(Q),and the integral Ja(z g(F-n) isbounded.
Hence, (119) is well defined. Note that the formula

—J (divF)gdx:J F~ngx—J g@F-n)ds (122)
Q Q 20
holds for F € C'(Q;R™) and g € C'(Q). We write

—J (divF)gdsz F-ngx—J Y09 (VoF - n) ds,
Q Q a0
(123)

where y, : HY Q) — L*©0Q) is a trace operator. Let F ¢
H'(Q;R™) and g € H'(Q). By density, we pick {F,} ¢ C'(Q
and {g;} ¢ C1(Q) such that F, — Fin H'(Q; R") and I —
gin H'(Q). By (122),

—J (divF,) gy dx = J Fk-ngdx—J 9i (Fy - n)ds.
o Q 20
(124)

Note that yoF, = Filsq and yygr = gilaq- Also F, — F
in H'(Q; R") implies that divF, — divF in L*(Q). More-
over, g — g in H'(Q) implies Vg, — Vg in L*(Q).
Furthermore, since y, € ZL(H (Q), L*(0Q)), YoFx — WF
and y,g; — Y9 in L*(0Q). Therefore, (119) holds for F €
H'(Q;R")and g € H'(Q).

(i) If F € C'((;R™) and g € W"'(Q), then (divF)g €
L'(Q) and F - Vg € L'(Q). Note that yg € L'(0Q) (cf. [25,
page 316]), where yg refers to the trace of g on 00, hence g(F-
n) € L'(0Q). Therefore, (119) is also well defined for this case.
Using similar arguments as above and using the density of
C'(Q) in W (Q) we can show that (119) is also valid for this
case. U

Now we apply Lemma 31 to prove the next lemma.
Lemma 32 (see [1]). Let up, and uy belonging to H*(Q)
satisfy the Dirichlet problem (4) and the Neumann problem (6),
respectively. Then

J AVup - Vup = - J (Vup -n)’V - n, (125)
o s

I AVuy - Vuy = J Vi 'V - n - ZAJ V- Vuy, (126)
Q z z

where A is given by property (12) of Lemma 11.
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Proof. From Lemma 11, we recall the expression for A, which
is given by A = (divV)I - (DV) + (DV)T). Our first goal is
to derive an expression for IQ AVu - Vy for u, v € H*(Q). We
begin by writing JQ AVu - Vv as follows:

J AVu-Vv = J (divV)Vu - Vv - J (DV)Vu - Vv
Q Q Q
(127)
—j (DV) ' Vu - V.
Q

We manipulate each term on the right-hand side of (127).
First, because u, v € H*(Q), we have Vu-Vv € W(Q). Hence
we can use (119) by taking g = Vu- Vv and by choosing F = V.
In addition, we take into account that V vanishes on the fixed
boundary I'. This leads to

—I (diVV)Vu'Vv=J V(Vu-Vvv)-V
Q Q
(128)
—J (Vu-Vv)V-n.
b

The other two terms on the right hand side of (127) are
manipulated as follows. The term V(Vu - Vv) - V is written
as

V(Vu-Vv)-V= (VV)T ((Vzu) V) +VvT ((Vzv) Vu) ,
(129)

2 . . .
where V-u represents the Hessian of u. Because Hessian is
symmetric, we obtain

V(Vu-Vv)- V= (VuVv+VVu) V. (130)
Substituting (130) into (128) we get
J (divV)Vu - Vv
Q
=- L} ((Vu) Vv + (V?v) Vu) - v (131)

+J Vu-Vv)V-n.
b

Next, we expand the expression div ((V - Vu)Vv) using (121)
as

div(V-Vu) Vv) = (V- Vu) Av+ Vv - (V - Vu)
= (V- Vu) Av + Vv [(DV) Vu + V?uV]
= (DV)Vv-Vu

+ (V)" (V2u) V + (V- Vi) Av.
(132)

Integrating both sides of (132) over €, applying Stoke’s
theorem, and considering V = 0 on I we end up with

T 2
L (DV) Vv - Vu + L (V0" (V2u) V + JQ (V- Vu) Av

= J (V-Vu)Vv-n,
* (133)

15
or equivalently
J (DV)Vv-Vu
Q

d
= —JQ(AV)(V-Vu)—L(Vzu)Vv-V+ Lé(V-Vu),
(134)

Interchanging v and u we get
J (DV)Vu - Vv
Q

d
= —JQ(Au)V-Vv— L(vzv)Vu-VJrLﬁ(v.W).
(135)

Also, because (DV) Vv - Vi = (DV)Vu - Vv, we obtain
J (DV) Vv - Vu
Q
2 ou
= —J (Au)V-VV—J (v v)Vu-V+J — (V- V).
Q Q s on

(136)
Thus,

J (DV)'Vu - Vv
Q
d
=—L(M)V-W—L(vzu)w-V+Lgvl(v-w).

(137)
Adding (131), (135), and (137) altogether, we express (127) as

J AVu-Vv = J Au (V- Vv)
Q Q
ov
+ L Av(V-Vu) — L 3n (V- Vu) (138)

0
—j —”(V.W)+J (Vi -Vv)V -n.
z On )
Set u = v = up, in (138). The first two integrals on the right
hand side of (138) vanish because —Aup, = 0 in Q. Moreover,

since up, = 0 on X we have Vuy, = (dup/on)n. Thus, we can
write (138) as follows:

J- AVup - Vup
Q
:—ZJ (VuD-n)(V-VuD)+J (Vup - Vup)V-n
p> b
dup \ [ Oup ) J (auD>2
:—2 R — —— . _ .
Jz<8n><anvn+z on ven

= —J (Vup -n)’V-n.
)
(139)

Therefore, (125) is satisfied.
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On the other hand, by replacing both u and v by u; and
by considering that —Auy = 0in Q and 0uy/0n = A on X, we
derive (126) as

J AVuy - Vuy
Q
Ouy
__ j —(v.VuN)+j (Vity - Vi) V -
s On s

=J |VuN|2V-n—2AJ V- Vuy.
z z

(140)
O

Now, we derive the explicit form of the first-order shape
derivative of J.

Theorem 33. For C"' bounded domain Q, the first-order
shape derivative of the Kohn-Vogelius cost functional

J(Q) = % L IV (up — uy)| dx (141)

in the direction of a perturbation field V. € ©, where ®
is defined by (13) and the state functions up, and uy satisfy
the Dirichlet problem (4) and the Neumann problem (6),
respectively, is given by

A (V) = J (A - (Vup - n)*
2 ) (142)
+2Akuy — (Vuy - 1)2) V- nds,

where n is the unit exterior normal vector to %, T is a unit
tangent vector to X, and x is the mean curvature of .

Proof. First we consider the functionals defined on the refer-
ence domain and perturbed domains

J(Q) = ! J IV (up — uy)| dx,
2 (143)
143
1
J () = > L |V (4 — “N,t)|2dxt-

t

Letz, = up, — uy, and z = up, — uy. Note thatif z* = z, o T},
then we have Dz’ = (Dz, » T,)(DT,). Hence
M\NVzZ' = (Vz,)o T, (144)

By this together with Lemma 16, we can write J(€2,) as follows:

1 1
J(Q) = 5 ,L) |Vzt|2dxt =3 J;) L|(Vz,) - T,|2dx
[ (145)
! J LM,V [ dx = lj (v, 4,72
2 Q t t 2 Q > t .
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Then we write J(Q,) — J(Q) as
J(Q,)-T(Q) = % JQ ((V2',A,Vz") - (Vz,Vz)) dx

- % JQ ((v'. (4, - D ve')

+ ('Vzt|2 - |Vz|2)) dx

(146)

=L O+, ).

Using Lemma 11, the symmetry of A, and noting that z' — z
ast — 0 we have

Ji(8) = % L (VZ', (A, -1)Vz')dx, ], (0)=0. (147)

Hence,

]-1 (0) _ }%]1 (t) - ]1 (0)

t
A, -1
imj <Vzt, ! Vzt>dx
-0 Jo t

J (Vz,AVz) dx
Q

N | =
1

(148)
J, (7 (0= 00 A7 (1 )

N = N = N =

1
J AVup - Vupdx + = J AVuy - Vuydx
Q 2 Ja

- j AVup, - Vuydx.
Q

To manipulate J,(t) we use the identity a-b =(@-b’+
2b(a —b) as

T, (t) = % L (|vZf|2 - V2l ) dx

LR R KA

= ]21 (t) + ]22 (t) .
(149)
J5: (t) is manipulated as follows:
1
=5 | [v(-2)f
1 t t 2
() - o) 050

< [V Q=)+ [ [V (=)
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Applying Theorems 22 and 23 yields J,, = 0. J,,(t) is treated
as follows:

Iy () = JQ <Vz, \ (zt - z)> dx
[ 0.9 (- ) - s - )
- [ (09 s 0)) = [ (7 (o )

- L <V (up —uy),V (ug\] - uN)> dx.
(151)

Since u}, — up, € Hy(Q), the variational equation for up, and
uy implies

I (8) = - JQ <V (up —uy),V (”5\1 - ”N)> dx
_ L, (Viur, V (i — i) (152)
_ L (Vi V (up - uy) ) dx.

Choosing up, — uy € H%’O(Q) as test function and applying
(65) and (84), J,,(t) can be written as

Jo () = A L (up —uy) - JQ <AtV”§\J’ V (up - ”N)>
. JQ (A =) Vil ¥ (11 - 1))
(153)
=1 L (1-w,) (up —uy)ds
. JQ ((A; = 1) Vid, ¥ (1t - ).
From this we obtain
Jo (0) = A J uy divs V + J (AVun, V (up —uy)), (154)
b Q
and therefore,

j,(0) = A L Uy divyV + j@ (AViu, V (up - ). (155)

Combining J,(0) and /,(0) we get

Q)-TQ) . .
T T _j 0450

dj (Q;V) = tlino1+

—

1 1
:—J AVuD‘VuD+—J AVuy - Vuy
2 Ja 2 Jo

- J AVup, - Vuy + AJ (divs V) uy
Q )

17
+ J (AVuy, V (up —uy))
Q
1 1
= —J AVuD-VuD——j AVuy - Vuy
2 Ja 2 Jo
+A J (dive V) uy.
p>
(156)

We know from the previous section that 1, and uy exist
in H*(Q) since Q is of class C"'. Using this smoothness we
can now apply Lemma 32 and write (156) as follows:

1
dJ (V) = -3 L (VuD-n)2V.n

Vuo|'V-n-21| V.-vu
N N
> >

(157)

Since

J ((Vuy) - V +uydivyV) = J (A + upydivgn) V-n (158)
s s

and |VMN|2 =\ + (Vuy - 7)?, we obtain the first-order shape
derivative of J:

A7 (V) = L (=22 = (Vuay - 7)°

o | =

+20% + 2k — (Vup - n)z) V-n
(159)

O

5. Conclusion

In this paper we derived the explicit form of the first-
order Eulerian shape derivative of the Kohn-Vogelius cost
functional given by (7) in a rigorous manner. As seen in the
presentation, we can avoid working on the shape derivatives
of the states and apply their Holder continuity instead. We
employed techniques similar to [9, 13] but it was not necessary
to introduce adjoint variables. For the shape derivative of
the cost functional to be well defined we observe that we
can consider domains with C"' boundaries and we need H*
regularity for the state variables.

Rewriting the first-order shape derivative as dJ(Q; V) =
Jz FV - n, where

F= % (—(VuN 1)’ = (Vup -n)’ + A% + 2AuNK), (160)
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we conclude that J is shape differentiable at Q). This is because
dJ(Q; V) exists for all V € © and the mapping V — dJ(Q; V)
is linear and continuous with respect to V € © since
|d] (Q; V)] < |F|Ll(z)|V|C(>:) < |F|L1(z)|V|Cl,1(U)- (161)

We also observe that the shape derivative of J which

is formulated from the Bernoulli free boundary problem
depends on the normal component of the deformation field

V at the free boundary Z; that is, there exists a function g,
defined on the free boundary X such that

dj (Q;V) = L goV - nds. (162)

This agrees with the Hadamard structure theorem [26, 27].

Theorem 34 (see [26, page 318]). Let Q2 be a domain with ck!
boundaryT for some integer k > 0. Assuming that at Q a shape
gradient of J(Q) exists. Then there exists a scalar distribution

g in D) such that

aj (V) = <g Q),v- n>9k(r)’><9’<(r)’ (163)
where D*(I) is the space of C* functions from T to R", and V-n
is the normal component of V on I,

Proof. See [26]. O
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