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We consider the higher order nonlinear rational difference equation x,,,; = (a+ fx,+yx,_;)/(A+Bx,+Cx,_;),n = 0,1,2,..., where

the parameters «, 3,9, A, B, C are positive real numbers and the initial conditions x_, ...

,X_1» X, are nonnegative real numbers,

k € {1,2,...}. We give a necessary and sufficient condition for the equation to have a prime period-two solution. We show that the
period-two solution of the equation is locally asymptotically stable.

1. Introduction

Recently, dynamics of nonnegative solutions of higher order
rational difference equation has been an area of intense
interest. Related to this subject, researches are done by
Dehghan et al. [1-4], Zayed [5-7], Huang and Knopf [8,
9], Karatas [10, 11], and others. For the general theory of
difference equations, one can refer to the monographes of
Koci¢ and Ladas [12], Elaydi [13], Agarwal [14], Kulenovi¢
and Ladas [15], and Camouzis and Ladas [16]. Other related
results can be found in [17-24].

Our aim in this paper is to study the higher order
nonlinear rational difference equation

o+ ﬁxn T VXu-k

X, = , n=0,1,2,..., 1
"1 A+ Bx, +Cx, 4 g

where the parameters «, 3,9, A, B, C are positive real num-
bers and the initial conditions x_j, ..., x_;, x, are nonnega-
tive real numbers, k € {1, 2,...}. Our concentration is on the
periodic character of all positive solutions of (1).

The periodic character of positive solutions of (1) for
k = 1 has been investigated by the authors in [25]. They
showed that the period-two solution of (1) for k = 1 is locally
asymptotically stable if it exists.

Motivated by the above results, our interest is now to
study and generalize the previous results to the general case
depicted in (1).

The change of variable
Y
=L 2
Xp = S n )
reduces (1) to
r+ Pyn + Vn-k
=_——=7# /WR =0,1,2,...,
Yn+1 Z+qyn +yn7k n (3)
where
aC
r= 7: p = ga
(4)
e=4, 42
= ” R q= C

are positive real numbers and the initial conditions y_g,
..-»Y_1» ¥ are nonnegative real numbers.

This paper is organized besides this introduction in
three sections. In Section 2, we present some preliminaries
and some results which can be mainly deduced from the
general situation studied in [12-16, 26]. Our main results are



presented in Section 3; we give a necessary and sufficient con-
dition for the equation to have a prime period-two solution,
in addition to providing a necessary and sufficient conditions
for the prime period-two solution of the equation to be locally
asymptotically stable. In order to illustrate the results of the
previous section and to support our theoretical discussion,
we consider several numerical examples in Section 4; we use
MATLAB to see how the behaviors of (1) look like. Finally, we
conclude in Section 5 with suggestions for future research.

2. Preliminaries

For the sake of self-containment and convenience, we recall
the following definitions and results from [16].
Let I be some interval of real numbers and let

foIt — 1 (5)

be a continuously differentiable function. Then for every
set of initial conditions x_g,...,x_,x, € I, the difference
equation

n=012,..., (6)

Xp+1 = f (xn’xn—l’ tee ’xn—k) >

has a unique solution {x,}7> .
A solution of (6) that is constant for all n > —k is called
an equilibrium solution of (6). If

x,=x forn>-k (7)

is an equilibrium solution of (6), then X is called an equilib-
rium point or simply an equilibrium of (6).

Definition 1. (i) The equilibrium point X of (6) is called locally
stable if for every € > 0, there exists 6 > 0 such that if
X_joevor X1, X% € Land [x_p—x[+--, |x_; —X|+]x,—X| < 6,
we have

|xn - §| <e¢, Vn=-k (8)

(ii) The equilibrium point X of (6) is called locally
asymptotically stable if it is locally stable, and if there exists
y>0,ifx_g,...,x_,x € Land |[x_; — %[+, |x_; — %] +
|xy — x| < &, we have

nILr%O X, = X. 9)

(iii) The equilibrium point X of (6) is called a global
attractor if for every x_y, ..., x_;, x, € I, we have

nangO X, = X. (10)

(iv) The equilibrium point x of (6) is called globally
asymptotically stable if it is locally stable and a global
attractor.

(v) The equilibrium point x of (6) is called unstable if it is
not stable.

Definition 2. (i) A solution {x,} of (6) is said to be periodic
with period P if

Xpop = X,, Yn=-k. 1)
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(ii) A solution {x,} of (6) is said to be periodic with prime
period P if P is the least positive integer for which (11) holds.

Definition 3. Let
q; = g—i(%,%,...,%) (12)

denote the partial derivatives of f (i, u;,...
the equilibrium X of (6). Then the equation

, u) evaluated at

i1l = DoYn T D Vn1 Tt QVufo N= 0,1,2,..., (13)

is called the linearized equation associated with (6) about the
equilibrium point x. Its characteristic equation is

/\kﬂ—qo/\k—"'—qkq/\_%=0' (14)

Theorem 4 (linearized stability). (a) If all roots of (14) lie in
the open unit disk |A| < 1, then the equilibrium X of (6) is
locally asymptotically stable.

(b) If at least one of the roots of (14) has absolute value
greater than one, then X is unstable.

The following result from [26] will become handy in the
sequel.

Lemma 5. If
a; b
G a4 .bz '
F, = 6 .o , (15)
o
Cn—l an

then F, satisfies the following recursive formula:
Fn = anFn—l - bn—lcn—an—Z' (16)

The aforementioned lemma leads to the following conclu-
sion.

Corollary 6. If

0 1
-2 0 1
Dn = —)L ". ". > (17)
S|
-1 0
then
0 if nisodd,
" 2 {/\"/2 if nis even. 18)
3. Main Result

In this section, we give a necessary and sufficient condition
for (1) to have a prime period-two solution. We show that the
period-two solution of (1) is locally asymptotically stable.
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Equation (3) has a unique positive equilibrium given by

1+p—z+\/(1+p—z)2+4r(q+1) 19)
2(q+1) '

The linearized equation associated with (3) about the equilib-
rium is given by

7:

__P-qy 1-y
Cz4(g+ 1)7'2"Jr z+(gq+ 1)72”_"’ (20)

zn+1

and its characteristic equation is

—aqv 1-y
AkJrl_ p qy )\k— :0'
z+(q+1)y z+(q+1)y @)

Theorem 7. (a) If
pt+tz=>1, (22)

then (3) has no nonnegative prime period-two solution.

(b) If
p+z<l, (23)
then (3) has prime period-two solution
BENOR SUN S (24)

if and only if k is odd and

L (U-p-2)[g(1-p-2)-(1+3p-2)]
4

(25)

>

where the values of ® and Y are the positive and distinct
solutions of the quadratic equation

tz_(l_z_p)Hw

N =0, g>1. (26)

Proof. Assume that there exist distinct nonnegative real
numbers @ and ¥, such that

LLOVDY,. .. (27)

is a prime period-two solution of (3); there are two cases to
be considered.

Case 1 (k is even). In this case ® and ¥ satisfy

_r+p¥+ ¥ _r+pd+ O (28)

Cz+q¥+ VY Cz4+qD+ @
Furthermore,

zO0+(g+ )YO=r+(p+1)Y (29)

¥+ (q+1) 0¥ =r+(p+1)0. (30)

3
Subtracting (30) from (29), we have
z(@-¥)=(p+1)(¥-D), (31)
50
(@-¥)(z+p+1)=0
(32)

= 0=Yorz+p=-1

This contradicts the hypothesis that ® and ¥ are distinct
nonnegative real numbers. Also, z + p = —1 contradicts the
hypothesis that z and p are positive real numbers.

Case 2 (kis odd). (a) If
ptz=>1, (33)

then in this case ® and ¥ satisfy

r+p¥+ o r+ pd+¥
CD =, \II = Q0. (34)
z+q¥+ @ z+qd+V¥
Furthermore,
O(z+q¥+@)=r+p¥+Q, (35)
VY(z+qP+¥)=r+pd+V (36)
Subtracting (35) from (36), we have
(@+¥)=(1-z-p). (37)

But, p + z > 1, this implies that ® + ¥ < 0 which contradicts
the hypothesis that @, ¥ are distinct positive real numbers.

(b) If
p+z<l, (38)

then in this case ® and ¥ satisfy

r+p¥+ o
I AT (39)
r+pd+¥
= Z_Fzm (40)
Moreover,
O(z+q¥+@)=r+p¥+Q, (41)
Y(z+qD+¥)=r+pd+V (42)
Subtracting (41) from (42), we have
(@+¥)=(1-z-p). (43)



Furthermore, one adds (41) to (42), makes use of (43), and
then does some elementary algebraic manipulation; we have

oy LL=2-P)+r (44)
q-1
Equation (44) leads to the following conclusion:
q> 1, (45)
that follows from the facts that
oY > 0, 1-p-z>0. (46)

Notice that when g = 1 then adding (41) to (42) gives 2r +
2p(1 — p —z) = 0, which is impossible.
Construct the quadratic equation
l1-z-p)+
_(l_z_p)t_f_p(z—lpﬁrzo)
q-

So @ and VW are the positive and distinct solutions of the above
quadratic equation, that is,

2

t q>1. (47)

_(1=z=p)\(1-z=p)’~4((p (1-2p)+r) / (1)
2

t

>

q>1
(48)

O

Theorem 8. Suppose (3) has a prime period-two solution.
Then, the period-two solution is locally asymptotically stable.

Proof. To investigate the local stability of the two cycles
OV, (49)

we first vectorize (3) by introducing the following change of
variables:

A (l’l) = Y-k
2, (1) = Yyoks1

ZS (11) = yn—k+2’

(50)
2 (M) = Y1
Zky1 (1) = Yy
and write (3) in the equivalent form:
zy(n+1) z, (n)
zy,(n+1) z, (n)
: =T : , n=0,1,2...,
Z (n+1) zi (n)
21 (ﬂ + 1) 21 (i’l)
(51)
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where

2
z .
3
2
T : = : . (52)
21
Z T+ PZra + 2
21

2+ G2 2

Now @ and ¥ generate a period-two solution of (3) only if

sl

(53)

is a fixed point of T?, the second iterate of T. Furthermore,

Z fi(z1,250 2 Zks1)
22 f2 (Zl’zz’~-~,zk+1)
L = : . (54)
Zk fi(z1,255 05 Z41)
Zk+1 S (21,225 > Zin
where
fi(z1:200 - Zk01) = 25
f2 (ZI’ZZ)"->Zk+1) =Z4,
r+pzp + 2,
Z15Z9s.0s 2 SRR sad 52 Siad §
fk( 1> <2 > k+1) Z+qzk+1 +Zl
fk+1 (ZI’ZZ"">zk+1)

B r+p((r+ pzpsy +21) [ (2 + Gz, +21)) + 2,

24 q((r+ paen +21) /(2 + 42 +z1))+z2(' |
55

The prime period-two solution of (3) is asymptotically stable

if the eigenvalues of the Jacobian matrix J;2, evaluated at

[}
v

lie inside the unit disk.
o)
¥
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€ S

P()) =

We have

0 0 10 0

0 0 01 .. 0

0 0 001. 0

_ 0 0 00 1
1-® -

z+q¥+ @ z+q¥+ @
(p-q¥)(1-®) 1-v 0 (p—q®)(p-q%)
(z+q¥+ D) (z+q0+V¥) z+q0+V¥ T (z4qY+ D) (z+qP + )

Now let P(A) = det(J;2 — AI) be the characteristic polynomial
of Jr2. Then, by the Laplace expansion in the (k + 1) row,

Y 0 1 0 v - 0
0 ~A 0 1 +-- - 0
0 0 -A0 1 0
0 0 0 0 -1 - 1
_1-° 0 0 0 --- =\ _P-9%
z+q¥+0 z+q¥+ @
(p-q¥)(1-®) 1-v o 0 (p-4q¥)(p-4%)
(z2+q¥+®@)(z+qD+Y¥) z+qd+V¥ (z+q¥Y+®)(z+qD +Y)
0 1 0 «-- --- 0
B T S U 0
0 -A0 1 0
__ (p-qn)a -9 S .
\P (D (D \I] . . . .
(z+q¥+ @) (z+q0+Y) 0 0 0 -1 . ;
0 00 - p-a®
z+q¥+ @
Ak
- 1 0 «ov ve 0
0 0 1 --+ --- 0
0 -A0 1 0
1-¥ : .
Trao ¥ A
1 0 0 0 -1 - 1
1-0 p-q®
z+q¥+ O z+q¥+ @
By
) 0 1 0 «ov - 0
0 B T T RO 0
0 0 -A0 1
(S T
+q¥+0)(z+qd+Y¥ ‘ - ‘
(z+q¥+ ) (z+qP+¥) 0 0 0 010
1-0 A
z+q¥+ @

Cx

(57)



However; by Lemma 5, Corollary 6, and the fact that k is odd,

-q® -q®
Ak=—p q Dk_1+A,Dk_2=<—p q > (kil)/z)
z+q¥+ O z+q¥+ @
1-®
P VI (i EL
z+q¥+ O
-qd 1-®
S L [ e
z+q¥+ @ z+q¥+ O
_ 2 < i)
z+q¥+@)’

|-
C, = (-1 (—>D
= vy e ) Pe

=_Ak+< 1-0 )A(k—l)/z
z+q¥+® '
(58)
Therefore,
-g¥)(1 -0

Py - P=aV) (- ®)

(z+q¥+@)(z+qD+Y)

><< p—qP > (k-1)/2

z+q¥+ @

" (z +1q:D\I-/k \I’> [_)L(kﬂ)/z i <z +1q:qur O] )]
(e )

(z+q¥+®)(z+qD+Y¥) -

[t (Y]
z+q¥+ @

kel (p-q¥)(p—q?) 2k
(z+q¥+@)(z+qD+VY)

_( 1-Y¥ 4 1-O® ) (k+1)/2
z+qd+¥Y z+q¥+O
1-¥)(1-9)
(z+qP+¥)(z+q¥ + D)

(59)
Hence, the characteristic polynomial is given by
F) = A —QAf —A® Y2 o, (60)
where
(p-q®)(p-q¥)
(z+q®+¥)(z+q¥ + D)’

1= -V
Cz4+q¥+ D z+qd+ V¥ (61)

a b
B (1-®)(1-¥) B
C(z+qY¥+ D) (z+qD+VY)

Q:

ab.

H
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Assume that 0 < @ < V. Then, by (39),

. (r/®)+p(¥Y/D) +1 . 1

z+q¥+ @ z+q¥+ @ (62)
Hence,
z+q¥+ 0> 1. (63)
Similarly, we observe that
z+qd+¥ > 1. (64)

Furthermore, since p + z < 1, (43) implies the sum of ®, ¥ is
less than 1 and, a fortiori, each is less than 1. Indeed, we have

1
0<®<min{‘lf,z} <1 (65)
With that in mind, it is clear that

0<a, b<1. (66)

In addition, with understanding that

(@+¥)=(1-z-p)>0, @‘I’zz)(l%_lp)ﬂ
! (67)
and the fact that
q>1, (68)
we have to establish
Q>0, (69)
Q+L<1+p. (70)

First, we will establish inequality (69). To this end, observe
that inequality (69) is equivalent to

(p—q®)(p-q¥)

(z+q<D+‘I’)(z+q‘I’+d>)>o’ 0

which is true if and only if

P’ = pq(®+¥) + g* DY N
(z+qD+¥)(z+q¥ + D)

0, (72)

which is true if and only if

p’-pq(1-p-2)+q° ((p (1-p-z)+7) / (9-1))

(z+q®+Y¥) (z+q¥+D) >0, (73

which is true if and only if

p*(a-1)-pa(q-1) (1-p=2)+pq (1-p-2)+rq’
(g-1) (z+q@+Y¥) (z+q¥+D)

>

(74)
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which is true if and only if

pq-1)-pqa(1-p-2)[qg-1-q]+rq’

(q—l)(z+q®+\l’)(z+q\p+®) >0, (75)

which is true if and only if

PP a-1)+pg(1-p-z)+rq
-G zrqgrea) & 7O

which is clearly satisfied.
Next we will establish inequality (70). Observe that
inequality (70) is equivalent to
1-0 N 1-¥
z+q¥+® z+qd+V¥

(77)
(p-q®)(p-q¥)-(1-®)(1-¥)
(z+g9D+Y¥)(z +q¥ + D) ’
which is true if and only if
-0 1V
z+q¥+® z+qd+V¥
(78)

Pr-1+(@-1)0¥+(1-pq) (@ +Y)
(z+q®+¥)(z+q¥ + D)

which is true if and only if
1-0 N 1-Y¥
z+q¥+ 0 z+q0+V¥

+(p*-1+(q-1)(q+1)
x((p(1-p-2)+7)/(q-1)) 79)
+(1-pg)(1-p-2))

x((z+q0+¥)(z+q¥+ D))" <1,

which is true if and only if

1-O N 1-¥
z+q¥+® z+qd+V¥
) (80)
p—1+r(q+1)+(1—p—z)(p+1)<1
(z+q®+Y¥)(z+q¥Y + D) ’
which is true if and only if
1-@ . 1-Y¥
z+q¥+® z+qD+V¥
(81)
rae)-z(pr))
(z+q0®+¥)(z+q¥+ D)
which is true if and only if
(1-®)(z+qD+¥)
+(1-¥)(z+q¥+ D)
(82)

+r(q+1)-z(p+1)
<(z+q¥+ @) (z+q0+Y).

Now observe that the righthand side of (82) is
I=(z+q¥+®D)(z+qP+Y)
=22 +z(g+1) (¥ + D)
+q(‘P2+(I)2)+ (1 +q2)‘{’(D
=22 +z(qg+1) (Y + D)
+q((¥+ 0 -290) + (1+7°) YO
=2 +2z(q+1)(¥Y+ D)
+q(¥ + ©) + (q - 1)°¥0

=22+z(g+1)(1-p-2)

+‘1(1‘P‘2)2+(q—1)2(%)

(83)

=2 +r(q-1)+(1-p-2)
x(z(g+1)+q(1-p-2)+p(q-1))
=2 +r(q-1)+(1-p-2)(q-p+2)
r(@-1)-z(p-1)-(p-9q)(1-p-2)
=r(g-1)+z(1-q)+q(1-p)+p(1-p)
=@-nN(-q)+(p-q9)(p-1)

=zZ-r—qz+qr+p —p-qp+q.

The lefthand side of (82) is
II=(1-®)(z+q®+¥)
+(1-¥)(z+q¥+®)+r(qg+1)-z(p+1)
=22+ q(@+¥) + (D +¥)—z(D+¥)
—q(¥+0%)-20% +r(g+1)-z(p+1)
=2z+(q+1-2)(@+¥)-q(¥* + ©?)
—20¥ +r(q+1)-z(p+1)
=2z+(q+1-2)(@+¥)-q[(¥+ D)’ - 20|
—20¥ +r(qg+1)-z(p+1)
=22+ (q+1-2)(D+¥) - q(¥ + D)’
+2(g-1)O¥+r(qg+1)-z(p+1)
=22+ (q+1-2)(D+¥) - q(¥ + D)

+2(q_1)<p(1_p_z) +r

. )+r(q+1)—z(p+1)



=2z2+2r+(@+¥)[1-z+q-q(¥+P)+2p]
+r(q+1)-z(p+1)
=2z+2r+(1-p-2)(1-z+q-q(1-p-2z)+2p)
+r(g+1)-z(p+1)
=2z+2r+(1-p-2z)(1—z+qp+qz+2p)
)
=3r+1+p-z+rq+pq+zq-2pz

- 2pzq+ 2t - qz2 - qu - 2p2 - 2pz.
(84)

Hence, inequality (70) is true if and only if
Irtl+p-z+rq+pg+zq—2pz
—2pzq+7° —q2’ —qp> —2p° - 2pz (85)
<z-r—qzHqrp-p-qp+q
or equivalently
4r<q-qp-qz-1-3p+z-pqg+qp +qzp+p
+3p°—zp-zq+qzp+qz +z+3pz -2
—dr<(l1-p-z)[q-qp-g9z—-1-3p+z2]
e=4r<(1-p-2)[q(1-p-2)-(1+3p-2)]

L (U-p-2)[g(1-p-2)-(1+3p-2)]
4

—

>

(86)

which is clearly satisfied (condition (25)).

Now, by applying Theorem 4 we shall show that the zeros
of fin (60) lie in the open unit disk [A| < 1. To do so, suppose
to the contrary that f has a zero A such that [A| > 1. Then, by
the triangle inequality,

(|/\|(k+1)/2 B a) (Ml(kﬂ)/z B b)

p |()L(k+1)/2 3 a) (/\(k+1)/2 _ b)' - Q.

(87)

Thus,
FOAD = M QA =L * Y2 <o (88)

However, by the Descartes’ Rule of Signs f has either two
or no positive zeros. Furthermore,

f=p>0,
f(“"Xa) <o, (89)

f()=14u-Q-L>0,

and so, by the Intermediate Value Theorem, f(x) has two
positive zeros in the open interval (0,1). Moreover, since
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f(1) > 0, we conclude that f(x) > 0 for all x > 1 which
contradicts inequality (88).
The proof is complete. 0

Remark 9. The characteristic equation of the linearized equa-
tion at the equilibrium solution is given by

Ak+l p - q? )Lk 1 - 7

_z+(q+1)7 =0 (0

_z+(q+1)7_

Since the magnitude of the constant term is less than 1, the
equation has at least one root inside the unit disk. As such, by
the Stable Manifold Theorem, there is a manifold of solutions,
of dimension bigger than or equal to 1, that converge to the
equilibrium solution. Hence, the period-two solution cannot
be globally asymptotically stable.

4. Numerical Examples

In order to illustrate the results of the previous section and
to support our theoretical discussion, we consider several
numerical examples generated by MATLAB.

Case 1 (k is even). For this case we consider the following
example:

0.0001 + 0.4y, + ¥,
05+20y,+ ¥,

Yn+1 = (91)

The dynamics of (91) is shown in Figure 1, no prime period-
two solution.

Case 2 (k is odd). There are two cases to be considered.

Subcase 2.1 (p + z > 1). For this case we consider the
following example:

0.01+0.5y, +y, ;3

Yn+1 = (92)

0.7+2y,+ ¥,3

The dynamics of (92) is shown in Figure 2, no prime period-
two solution.

Subcase 2.2 (p+z<landr < ((1-p-2)[q(l-p-2)-(1+
3p—2z)]/4)). For this case we consider the following example:

0.01+04y, +y, 3
03+10y, + v, 5

yn+1 = (93)

The dynamics of (93) is shown in Figure 3; it has prime
period-two solution.
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0.05

0.045 A n R

A DA A Acrsorgs
\IUVVVVVNVVVV

0.04 |
0.035 | |
= 003 | 1
0.025 | |
0.02 | 1

0.015 H R

0.01

0 20 40 60 80 100 120

n

—— p=04,q=20,r=0.0001,z =05
The equilibrium point = 0.042968

FIGURE 1: Dynamics of y,.,, = (0.0001 + 0.4y, + y,_,)/(0.5+ 20y, +
yn72)'

0.35

0.3+ 1

0.25

0.2t

In

0.15

0.1F

0.05 |

0 20 40 60 80 100 120
n

e p=05,9=2,r=001,z=07
The equilibrium point = 0.27863

FIGURE 2: Dynamics of y,,,; = (0.01+0.5y,+¥,_3)/(0.7+2y,+ ¥,_3)-

5. Conclusion

In this paper, we showed that the period-two solution of the
higher order nonlinear rational difference equation

o+ ﬁxn T VX0-k

= 5 1’[20,1,2,..., 94
A+ Bx, +Cx,_; ®4)

Xn+1

where the parameters «, 3, y, A, B, C are positive real num-
bers and the initial conditions x_y,...,x_;, x, are nonneg-
ative real numbers, k € {1,2,...}, is locally asymptotically
stable if it exists.

We consider the aforementioned result as a step forward
in investigating bigger classes of difference equations which

AAAAMMMMMMMMMMMA
VVVVVVVWVWVVWWWWWVwww

n

— p=04,9=10,r=001,z=0.3
The equilibrium point = 0.10839

FIGURE 3: Dynamics of y,,,; = (0.01+0.4y,+y,_3)/(0.3+10y,+¥,_3).

afford the ELAS property; that is, the existence of a periodic
solution implies its local asymptotic stability.
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