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1. Introduction

In this paper, we are concerned with the existence and uniqueness of periodic solutions for
the first-order functional differential equation (cf., e.g., [1-5])

y'(H) =—ay(t) + fi(ty(t-1(t)) + folt, y(t-7(1))), (L.1)
xX'(t) = a()x(t) - filt, x(t-7(1)) - f2(t, x(t - 7(1))), (1.2)

where we will assume that a = a(t) and 7 = 7(t) are continuous T-periodic functions, that
T >0,that f1, f,€C (R?,R) and T-periodic with respect to the first variable, and that a(t) > 0
fort € R.

Functional differential equations with periodic delays such as those stated above
appear in a number of ecological, economical, control and physiological, and other models.
One important question is whether these equations can support periodic solutions, and
whether they are unique. The existence question has been studied extensively by many
authors (see, e.g., [1-5]). The uniqueness problem seems to be more difficult, and less studies
are known.
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We will tackle the existence and uniqueness question by fixed point theorems for
mixed monotone operators. We choose this approach because such fixed point methods,
besides providing the usual existence and uniqueness results, sometimes may also provide
additional numerical schemes for the computation of solutions.

We first recall some useful terminologies (see [6, 7]). Let E be a real Banach space
with zero element 6. A nonempty closed convex set P C E is called a cone if it satisfies the
following two conditions: (i) x e Pand A > 0= Ax € P; (ii) x e Pand -x e P= x = 0.

Every cone P C E induces an ordering in E given by x <y, ifand only if y —x € P. A
cone P is called normal if there is M > O such that x,y € Eand 0 < x <y = ||x|| < M]y||. P
is said to be solid if the interior P’ of P is nonempty.

Assume that ug, vy € E and uy < vg. The set {x € E : 1y < x < vy} is denoted by [ug, vo].
Assume that h > 0. Let P, = {x € E : 3\, u > 0 such that \h < x < ph}. Obviously if P is a
solid cone and h € P?, then P, = P°.

Definition 1.1. Let E be an ordered Banach space, and let D C E. An operator is called mixed
monotoneon D x Dif A: D x D — Eand A(x1,y1) < A(xy, y2) for any x1,x2, 1,2 € D that
satisfy x1 < xp and y» < y1.Also, x* € D is called a fixed point of A if A(x*, x*) = x*.

A function f : I C R — Rissaid tobe convexin I if f(tx+(1-t)y) <tf(x)+(1-t)f(y)
forany t € [0,1] and any x,y € I. We say that the function f is a concave function if —f is a
convex function.

Definition 1.2. Assume f : I C R — Rand 0 < a < 1.Then, f is said to be an a-concave or
—a-convex function if f(tx) > t* f(x) or, respectively, f(tx) <t f(x) forx €  and t € (0,1).

Definition 1.3. Let D C E, and let A : D x D — E. The operator A is called (¢-concave)-(—¢-
convex) if there exist functions ¢ : (0,1] x D — (0,00) and ¢ : (0,1] x D — (0, 00) such
that

(Ho) t< ¢(t, x)gp(t,x) <1lforxe Dandt e (0,1),
(Hy) A(tx,y) 2 ¢(t,x)A(x,y) forany t € (0,1) and (x,y) € D x D,
(Ho) A(x, ty) < A(x,y)/¢(t,y) forany t € (0,1) and (x,y) € D x D.
Assume that I C R and xq € I. Recall that a function f : I — R is said to be left lower
semicontinuous at x if liminf, _,  f (x,) > f(x0) for any monotonically increasing sequence

{x,} C I that converges to xo.
The proof of the following theorem can be found in [7].

Theorem 1.4. Let P be a normal cone of E. Let ug, vy € E such that uy < vy, and let A : [ug, vg] x
[to,v0] — E be a mixed monotone operator. If A is a (¢p-concave)-(—y-convex) operator and satisfies
the following three conditions:

(A1) there exists ro > 0 such that uy > rovo;

(AZ) uy < A(uo,vo) and A(UQ, uo) < vy;

(A3) there exists wy € [uo, vo] such that minye[y, v, Pt x)p(t, x) = P(t, wo)y(t, wo) for each
t € (0,1), and ¢p(t, wo)y(t, wo) is left lower semicontinuous at any t € (0,1),

then A has a unique fixed point x* € [ug, vo], that is, x* = A(x*,x*), and for any xo, yo € [ug, vol, if
we set Xy, = A(Xp-1, Yn-1) and y, = A(Yn-1, Xn-1) forn € N, then lim,, _, ., = x* and lim,, _, . ¥, =

*

X



Abstract and Applied Analysis 3

Remark 1.5. Condition (A3) in Theorem 1.4 can be replaced by (A3") ¢(t, x)g(t, x) is
monotone in x and left lower semicontinuous at any t € (0,1).

2. Main Results

A real T-periodic continuous function y : R — Ris said to be a T-periodic solution of (1.1) if
substitution of it into (1.1) yields an identity for all € R.

It is well known (see, e.g., [1, 2]) that (1.1) has a T-periodic solution y(t) if, and only
if, y(t) is a T-periodic solution of the equation

t+T

t+T
y(t) = J‘t G(t,s)f1(s,y(s—7(s)))ds + j G(t,s) f2(s,y(s —7(s)))ds, (2.1)

t

where

exp(ffa(u)du)

G(t,s) = ’
9 exp(jia(u)du)—l

(2.2)

and (1.2) has a T-periodic solution x(t) if, and only if, x(t) is a T-periodic solution of the
equation

t t

x(t) = H(t,s) f1(s,x(s —7(s)))ds + H(t,s) fa(s, x(s = 7(s)))ds, (2.3)
=T =T
where
exp <f2a(u)du>
H(t,s) = > . (2.4)
exp <j0 a(u)du) -1
Furthermore, the Cauchy function G(t, s) satisfies
O<m= Oé%g;TG(t, s) < G(t,s) < OrSrt\,zSi;(TG(t, S)=M < oo. (2.5)

Now let Cr(R) be the Banach space of all real T-periodic continuous functions y : R —
R endowed with the usual linear structure as well as the norm

[l = sup |y(®)]. (2.6)
te[0,T]

Then P = {¢ € Cr(R) : ¢(x) >0, x € R} is a normal cone of Cr(R).
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Definition 2.1. The functions vy, wy € C1(R) are said to form a pair of lower and upper
quasisolutions of (1.1) if vy(t) < wy(t) and

vp(t) < —a(t)vo(t) + fi(t, vo(t = T(1))) + falt, wo(t - T(t))), (2.7)
as well as
wy(t) > —a(t)wo(t) + fit,wo(t —T(t))) + f2(t, vo(t - T(t))). (2.8)

We remark that the term quasi is used in the above definition to remind us that they
are different from the traditional concept of lower and upper solutions (cf. (2.7) with v (t) <

—a(t)vo(t) + f1(t, vo(t = T(t))) + fo(t, vo(t - 7(1)))).
Let A: Px P — Cr(R) be defined by

t+T

t+T
Au,v)(t) = L G(t,s) fi(s,u(s — 7(s)))ds + I G(t,8) fa(s,v(s = 7(s)))ds. (2.9)

t

We need two basic assumptions in the main results:

(By) for any s € R, fi(s,x) is an increasing function of x, and f,(s, x) is a decreasing
function of x;

(By) there exist ug, vy € P such that 1y and vy form a respective pair of lower and upper
quasisolutions for (1.1).

Theorem 2.2. Suppose that conditions (By) and (By) hold, and
(C1) for any s € R, f1(s,-) is an a-concave function, f»(s,-) is a convex function;
(C2) there exist € > 1/(2 — a) such that A(ug,vg) > eA(vy, 0).

Then (1.1) has a unique solution x* € [up,vo], and for any xo,yo € [uo,vo], if we set x, =
A(Xp-1, Yn-1) and v, = A(Yn-1, Xn-1), then limy, _, ,x, = x* and lim,, _, .y, = x*.

Proof. The mapping A: P x P — Cr(R) is a mixed monotone operator in view of (B1). Let
z+T z+T
ui(z) = f G(z,8) fi(s,uo(s — 7(s)))ds + f G(z,5) f2(s,v0(s — 7(s)))ds. (2.10)

Then
1) (z) = —a(z)u (z) + G(z, 2+ T) fi(z + T,uo(z + T - 7(z + T)))
- G(z,2) f1(z,uo(z — 7(2)))
+G(z,z+T) fa(z +T,v0(z + T - 7(z + T))) - G(2, 2) f2(z, vo(z - 7(2)))
=-a(z)u1(z) + G(z,z+T) fi(z,uo(z - 7(2))) - G(z, 2) f1(z, uo(z - 7(2)))
+G(z,z+T) fa(z,v0(z - 7(2))) - G(z, 2) f2(2,v0(z - T(2)))

= —a(z)u1(z) + f1(z,uo(z = 7(2))) + f2(z,00(z = 7(2)))-

(2.11)
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Set m(z) = u1(z) — up(z). Then

m'(z) = u}(z) —uy(z) > —a(z)m(z). (2.12)
Next, we will prove that m(z) > 0. Suppose to the contrary that there exists zg € R such that

m(zo) = minm(z) <0. (2.13)

Then m'(zy) > —a(zg)m(zy) > 0, which is a contradiction since m(zg) = mil? m(z). Thus
zE

up < A(ug,vp). Similarly, we can prove A(vy, up) < vo. Then we have

u S A(ul,'U]), A(vlrul) S 01,
(2.14)
uy<up Sup < Suy <L, < <0 S0 S

From condition (C2), we know that u; > €v;. Since u; < v1, we must have 0 < ¢ < 1.
We will prove that A : [uj,v1] x [u1,v1] — Cr(R) is a (¢-concave)-(—g-convex)
operator, where

£

P(tu) =t%,  ¢(tv) = (ot

E)t’ te (0/1)/ u,ve [‘I/l(), UO]' (215)

In fact, for any u, v € [ug, vo], t € (0,1), and z € G, we have
A(u,tv)(z) = A(u, tv+ (1 -1)0)(z)

z+T
:f G(z,s) fi(s,u(s — 7(s)))ds

z+T
+ J G(z,5) f2(s, (tv+ (1 -1)0)(s — 7(s)))ds

z+T

z+T
< f G(z,s)fi(s,u(s —7(s)))ds + tf G(z,8) fa(s,v(s - 7(s)))ds

z z

z+T
+(1- t)j G(z,s) f2(s,0(s — 7(s)))ds (2.16)

=tA(u,v)(z) + (1 -t)A(u,0)(z)

<tA(u,v)(z) + (1 - 1) Ay, 0)(z) < tA(u,v)(z) + ?A(uo,vo)(Z)
gm%w@+%;Mww®

1
= WA(% v)(z),
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thus

A(u, tv) < A(u,v),

w(t,v)

z+T z+T

G(z,s) f1(s, tu(s = 7(s)))ds + J G(z,s) f2(s,v(s = T(s)))ds

z

A(tu,v)(z) = j

z

4T 4T (217)
> [ Gl fils,uts = To)ds + [ Glz8) s, vls - ()
> t*A(u,v)(z)
= ¢(t, u)A(u,v)(2),
so that
A(tu,v) > ¢(t, u)A(u,v). (2.18)
Further we can prove
t<pt,u)p(t,u)<l (2.19)
forany t € (0,1) and u € [ug, vo]. Indeed, since
Pt 1) (t, 1) = ﬁ te (0,1), u € [uo, vol, (2.20)
hence, we only need to prove
< % <1, te(01). (2.21)
From 0 < € <1, we know that et* —et +t <t* <1 for any 0 < t < 1, therefore
% <1, te(0,1). (2.22)
On the other hand, the function
gty =et" 1+ (1-¢)t-1, te[0,1] (2.23)

satisfies ¢(1) = 0and ¢'(t) = e(a—1)t*2+1—¢. Frome > 1/(2-a), wehave e(1-a)/(1-¢) > 1.
Then t>% < g(1-a)/(1-¢) for 0 < t < 1. Thus e(a-1)t*2+1-¢ < 0, that is, ¢'(t) < 0. Therefore,
g(t) >0 forany 0 < t < 1. Finally,

et”

— 1). 2.24
“Toprar (€O (2:24)
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Therefore, A : [u1, v1]x[u1, v1] — Cr(R) is a ($-concave)-(—g-convex) operator. From (2.20),
¢(t,u)y(t, u) is monotone in u and is left lower semicontinuous at t. By Theorem 1.4, we know
that A has a unique fixed point x* € [uy,v1] C [uo, v9]. Hence (1.1) has a unique solution
x* € [ug, vo], and for any xo, yo € [uo, vo], if we set x,, = A(xy-1, Yn-1) and v, = A(Yn-1, Xn-1),
then lim,, _, ,x, = x* and lim, _, .y, = x*. The proof is complete. ]

Theorem 2.3. Suppose that conditions (B1) and (By) hold, and

(D1) there exist ro > 0 such that uy > ryvo;
(D2) forany s € R, f1(s,-) is an a-concave function and fa(s,ty) < [(1+n)t] ™ fa(s, y) for any
y € Pandt € [0,1], where 1 = n(t, y) satisfies the following conditions:

(DH.) 5(t,y) is monotone in y and left lower semicontinuous in t;
(DH,) for any (t,y) € (0,1) x [uo, o],

1 1 1
t_ﬂl_1<rl(t’y>5?_1<tl_+a_1' (225)

Then (1.1) has a unique solution x* € [ug,vg], and for any xo,yo € [uo, vol, if we set x, =
A(xp-1,Yn-1) and y, = A(Yn-1, Xp-1) for n € N, then lim,, _, . x,, and lim,, _, oy, = x™*.

Proof. We assert that A : [ug,vg] x [ug,v9] — Cr(R) is a (¢-concave)-(—¢g-convex) mixed
monotone operator, where

(t,u) =t*, ¢(t,v)=[1+nt o)t forte (0,1), u,v € [uy,vol. (2.26)

In fact,

A(tu,v) > t"A(u,v) = ¢(t,u)A(u,v),
1 1 (2.27)

A(u, tU) < mA(H, U) = qr(t,v) A(u,v)

for any u,v € [uy,v9] and t € (0,1). From (2.25), we know that t < ¢ (¢, u)y(t,u) < 1. Thus
A [ug, vo] x [ug,v9] — Cr(R) is a (¢-concave)-(—¢-convex) mixed monotone operator. We
may now complete our proof by Theorem 1.4. O

Theorem 2.4. Suppose that conditions (B1) and (By) hold, and

(E1) forany s € R, fi(s,-) is a concave function; f»(s,ty) < [(1 + n)t]_lfz(s,y)for anyy € P
and t € [0,1], and n = y(t,y) satisfies the following conditions:

(EH,) there exists € € (0,1] such that A(6,vy) > eA(vy, Up);
(EH2) for any (t,y) € (0,1) x [uo, vo],

1

1 1
- - <1< —" 1. .
t+e(l-t) L<n(ty) Tt 1< 2 +et(l-t) ! (2.28)
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Then (1.1) has unique solution x* € [ug,vg], and for any xo,yo € [uo,vo], if we set x, =

*

A(Xp-1, Yn1) and y, = A(Yn-1, Xp-1) for n € N, then lim,, _, . x,, = x* and lim, , ,Yn = x*.
Proof. Set u, = A(uy-1,v4-1) and v, = A(vy-1, Uy-1) for n € N. Then we know that
u < A(u,v1), A(v,up) <y,

(2.29)
Up<up SuUp < SuUp << < <2 vy <.

From (EH;) we have u; > v;. Next we will prove that A : [uy,v1] x [ug,v1] — Cr(R) is a
(¢-concave)-(—g-convex) operator, where

ptu)y=t+e(l-t), @¢tv)=[1+n(tv)]t forte(0,1), u,v e [uy,v]. (2.30)

In fact, for any u, v € [up, vo] and t € (0,1),

A(tu,v) = A(tu+ (1 -1)0,v) > tA(u,v) + (1 -t)A(6,v)
>tA(u,v) + (1 -t)A(0,v9) > tA(u,v) + (1 —t) A(vg, uy)
> tA(u,v) + £(1 - 1) A(u,v) = ¢(t,u) A(u,v), (2.31)

u,v) = LA(u, v).

1
Alu, o) < [1+ q(t,v)]tA( o (t,0)

From (2.28), we know that t < ¢(t,u)g(t,u) < 1. Thus A : [u3,v1] x [u1, 1] — Cr(R) is
a (¢-concave)-(—g-convex) mixed monotone operator. We may now complete our proof by
Theorem 1.4. O

Theorem 2.5. Suppose that conditions (B1) and (By) hold, and

(F1) there exists rq > 0 such that uy > rovo;

(F2) fi(s,x) > 0 and fy(s,x) > O for any s,x € R, and there exist e > 0, f1(s,tx) > (1 +
mtfi(s,x) forany x € Poand t € (0,1), where P, = {x € E : 3\, u > Osuch that Ae < x <

pel, fo(s,tx) < [(1+ g)t]_lfz(s,x)for any x € Pand t € [0,1];17 = n(t, x), ¢ = ¢(t, x)
satisfies the following conditions:

(FH1) (1 +n(t, x))(1 + {(t, x)) is monotone in x and left lower semicontinuous in t;
(FHy) for any (t,x) € (0,1) x [ug, vo],

1+n(t,x) <

| =
~

1+etx) <2,
t
(2.32)

% -1 <t x) + &t x) + 7t x)¢(t, x) < tlz -1.
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Then (1.1) has a unique solution x* € [ug,vg], and for any xo,yo € [uo, vol, if we set x, =

A(Xp-1, Yn1) and y, = A(Yn-1, Xp-1) for n € N, then lim,, _, . x,, = x* and lim, , ,Yn = x*.
Proof. We may easily prove that A : [ug, vo] x [19,v9] — Cr(R) is a (¢-concave)-(—¢-convex)
mixed monotone operator, where

p(tu) = [1+ntu)]t, ¢tov)=[1+{(Etv)]t forte (0,1), u,v € [ug, vyl (2.33)
And from (FH;) we know that

t<pt,up(tu) <1 (2.34)

for any t € (0,1) and u € [uy, v9]. Now the proof can be completed by means of Theorem 1.4.
O

Theorem 2.6. Suppose that conditions (B1) and (By) hold, and

(G1) if ug < vy, there exists ry such that uy > rovy;

(G2) fi(s,x) > 0and fr(s,x) > 0 for any s, x € R; there exist e > 0 and n = y(t, x) such that
fi(s,tx) > (1 + )t fi(s,x) for any x € P, and t € (0,1), where P, = {x € E: 3\, p >0
such that Xe < x < pe}; for any s € R, fa(s,-) is a (—a)-convex function, and 1 = 1(t, x)
satisfies the following conditions:

(GH,y) #(t, x) is monotone in x and left lower semicontinuous in t;
(GHy) for any (t,x) € (0,1) x [uo, vo],

1+7(tx) < %,
. (2.35)

tlra -1

1 1
t—a—1<71(t,x)§?—1<

Then (1.1) has a unique solution x* € [ug,vy], and for any xo,yo € [uo, vo), if we set x, =
A(xXp-1, Yn-1) and y, = A(Yn-1,Xp-1) for n € N, then lim,, _, . x,, = x* and lim, _, . yn = x*.

Proof. Itis easily seen that A : [ug, vo] x [ug, v9] — Cr(R) is a (¢-concave)-(—g-convex) mixed
monotone operator, where

p(tu) = [L+ntu)]t, ¢tov)=t* forte (0,1), u,v € [uo,vo]. (2.36)

From (GH,), we know that t < ¢(t, u)g(t,u) < 1. Then A : [ug, vo] x [ug,v0] — Cr(R) is
a (¢-concave)-(—(-convex) mixed monotone operator. The proof may now be completed by
means of Theorem 1.4. O

Theorem 2.7. Suppose that conditions (B1) and (By) hold, and

(J1) fi(s,x) > 0 and fa(s,x) > O for any s,x € R; fi(s,tx) > (1 + n)tfi(s,x) for any
x € P,and t € (0,1), where P, = {x € E : 3\, u > 0 such that e < x < pe}; for any
s € R, fa(s,) is a convex function; 1 = n(t, x) satisfies the following conditions:
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(JH;) n(t, x) is monotone in x and left lower semicontinuous in t;
(JH,) there exists € € (1/2,1) such that A(ug, vy) > eA(vy, 0) and
A-tH(1-¢) 1 1-¢
<l 1<t 2.37
- <nt,x) < -l<— (2.37)

fOT’ any (t, x) € (Orl) X [uOrUO]-

Then (1.1) has unique solution x* € [ug, vo], and for any xo,yo € [uo, vo], if we set x,
A(Xn-1, Yn-1) and Yy, = A(Yn-1, Xn-1) for n € N, then lim,, _, . x,, = x* and lim, _, . yn = x*.

Proof. Set u, = A(uy-1,94-1) and v, = A(vp-1,uu-1) for n € N. Then we have u; <
A(uy,v1), A(vy,up) < vy, and
ug<up <up < Sup << <4 < vy <01 < (2.38)

From (JH,) we can see that u; > £v;.

Next we will prove that A : [u1,v1] x [u1,v1] — Cr(R) is a (¢-concave)-(—¢-convex)
operator. We need only to verify that A : [ug, vo] x [ug,v9] — Cr(R) is a (¢-concave)-(—¢-
convex) operator, where

p(t,u) = [L+ntu))t, ¢to)= ﬁt for t € (0,1), u,v € [uo, vo]. (2.39)

In fact, for any u, v € [up, vo] and t € (0,1), we have

A(tu,v) > [1+n(t u)|tA(u,v) = ¢(t,u)A(u,v),
A(u,tv) = A(u,tv+ (1 -1)0) <tA(u,v) + (1 -t)A(u,0)

< tA®,v) + (1 - ) A(vo, 0) < tA(u, v) + ; Auo, v0) (2.40)

<tA(u,v) + %A(u,v) = A(u,v).

1
w(t,v)

From (JH,), we have t < ¢(t,u)g(t,u) < 1. Then A : [ug,v1] x [ug,v1] — Cr(R) is
a (¢-concave)-(—g-convex) mixed monotone operator. The rest of the proof follows from
Theorem 1.4. O

Theorem 2.8. Suppose that conditions (B1) and (By) hold, and

(K1) forany s € R, fi(s,-) is an ay-concave function, f>(s,-) is a (—az)-convex function; where
0<m+ax<1;
(K2) there exist ry > 0 such that uy > ryvy.

Then (1.1) has unique solution x* € [ug,vo], and for any xo,yo € [uo,vo], if we set x, =
A(xp-1, Yn-1) and y, = A(Yn-1,Xp-1) for n € N, then lim,, _, . x,, = x* and lim, , . yn = x*.
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Indeed, it is easily seen that A : [ug, vo] x [ug,v9] — Cr(R) is a (¢p-concave)-(—¢-
convex) mixed monotone operator, where

¢(t,u) =t", ¢t,v)=t" forte (0,1), u,v e [uy, vyl (2.41)
The rest of the proof now follows from Theorem 1.4.
If P is a solid cone, we have the following result.
Theorem 2.9. Suppose that P is a solid cone of E, that condition (By) holds, and that

(L1) for any s € R, f1(s,") is a ay-concave function, f,(s,-) is a (—ay)-convex function, where
0<ai+ar<1;

(L2) there exist up,v9 € P° such that ug(t) and vo(t) form a pair of lower and upper
quasisolutions for (1.1).

Then (1.1) has unique solution x* € [ug,vo], and for any xo,yo € [uo,vo], if we set x, =
A(Xp-1,Yn1) and yn = A(Yn-1, Xn-1), then x, — x*, y, — x*(n — o).

Indeed, from ug, vy € P°, we know that there exists ry > 0 such that 1y > ryv,. The rest
of the proof is similar to that of Theorem 2.7.

3. An Example

As an example, consider the equation
Y1) = =a®y(®) + [pOy" - 7)) + g0y 2 -(1)], (3.1)

where p(t) and g(t) are nonnegative continuous T-periodic functions; a(t) and 7(t) are
continuous T-periodic functions and satisfy

Pmax + 103/2qmax < a(t) < 1Ozpmin + 1O3qmin/ (32)

where prax = maxee(o )P (t), Pmin = Minge(oP(t), Gmax = MaXee[o,714(t), Gmin = Mineo11q(t),
and pmax + vV 1000gmax < 100pmin + 1000gmin. Then (3.1) will have a unique solution y = y*(t)
that satisfies 107 < y*(t) < 1. Furthermore, if we set vy(t) = 1072, wy(t) =1,

Ou(t) = IZ+TG(t, s) [p(s)v1/3(s —7(5)) + q(s)w /*(s - T(s))]ds neN,

n-1 n-1
(3.3)
t+T
wn(t) = L G(t, s) [p(s)w;ﬁ(s —7(s)) +q(s)v, /(s - T(S))]ds neN,

then {v,} and {w,} converge uniformly to y*.
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Indeed, let Cr(R) be the Banach space of all real T-periodic continuous functions
defined on R and endowed with the usual linear structure as well as the norm

= su |-
Il = sup ) 64

The set P = {¢ € Cr(R) : ¢(x) > 0, x € R} is a normal cone of Cr(R). Equation (3.1) has a
T-periodic solution y(t), if and only if, y(t) is a T-periodic solution of the equation

t+T
y(®) = [ Glt9) [y = (s) + o)y (s = ()] ds (35)
where
exp([; a(u)du)
G(t,s) = .
(49 exp(fia(u)du) -1 (3.6
Set

t+T

Ay = [ 69 [pEx 6oy +ae Ao Te)]ds, 6)

t

vo(t) = 1073, wo(t) =1, ay =1/3,and a, = 1/2. Then vy(t) and wy(t) form a pair of lower and
upper quasisolutions for (3.1). By Theorem 2.8, we know that (3.1) has a unique solution y* €
[1073,1], and if we set v, = A(Vp-1,Wn-1), Wy = A(Wny-1,0y-1) for n € N, then lim,,_, ,,0,, = y*
and lim,, _, ,w, = y*.

Other examples can be constructed to illustrate the other results in the previous
section.
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